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Preface
This monograph is an outgrowth of the books “Angular Momentum in
Quantum Physics” and “The Racah-Wigner Algebra in Quantum The-
ory,” by L. C. Biedenharn and myself, published in 1981, originally by
Addison-Wesley in the Gian-Carlo Rota series “Encyclopedia of Mathe-
matics and Its Applications,” and subsequently by Cambridge University
Press. Biedenharn and I planned to extend the results for SU(2), which
is the quantum mechanical rotation group of 2 x 2 unitary unimodular
matrices, to the general unitary group U(n), based on our research over
thirty years of collaboration. The plan was to use the methods of the
boson calculus because of its close relationship to the creation and an-
nihilation operators associated with physical processes and the natural
invariance of this calculus to unitary transformations. The broad outline
of such a monograph on unitary symmetry based on the boson calculus
was laid out some fifteen years ago, but was never implemented. Bieden-
harn became very interested in quantum groups and q-tensor operator
theory, while I, under the influence of Gian-Carlo Rota and his student,
William Y. C. Chen, became interested in the combinatorial basis of
group representation and tensor operator theory. Biedenharn’s death
in 1996 ended any possibility of a rejoining of efforts, but our earlier
collaborations have had a heavy bearing on the present work.

The role of combinatorics in the representation theory of groups is
more encompassing than possibly could have been forseen. The funda-
mental role developed here evolved from research with William Y. C.
Chen and Harold W. Galbraith, postdoctoral student of mine, and col-
laborator on a number of articles on symmetry in physics, all of which
was tempered by Rota’s global viewpoint of the pervasiveness of com-
binatorics. This monograph is about the discoveries made, as described
by a algorithmic approach to enhance the computability of the complex
objects encountered. It is against this background that the viewpoints
advanced in this monograph emerged.

Boson polynomials are homogeneous polynomials defined over a col-
lection of n2 commuting boson creation operators. These polynomials
give all the irreducible unitary representations of the general unitary
group U(n) by the simple device of replacing the boson operators by the
n2 elements of a unitary matrix. The multiplication property of these
matrix group respresentations of U(n) is preserved even by the boson
polynomials. This suggests that the boson operators should be taken to
be commuting indeterminates, and that the properties of these homoge-
neous polynomials should be developed in this context. The polynomials
are themselves the basic objects, independent of any interpretation of
the indeterminates over which they are defined. Then, not only are the
irreducible representations of U(n) (and the general linear group) ob-
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tained in one assignment of the indeterminates, but also in the original
assignment the rich physical interpretation in terms of boson operators
is regained.

But much more emerges. The group multiplication property of rep-
resentations is a consequence of a new class of identities among multi-
nomial coefficients, which themselves have a combinatorial origin and
proof, and which hold for arbitrary interpretations of the n2 indetermi-
nates, including even singular matrices of order n. The structure is fully
combinatorial. The study of these polynomials is thus brought under
the purview of combinatorics and special functions, extended to many
variables. These polynomials may be regarded as generalizations of the
functions that arise in the study of the symmetric group, with its as-
sociated catalog of symmetric functions, such as the Schur functions,
etc. Even more unexpected is that the famous MacMahon [129] Master
Theorem, a classical result in combinatorics, is the basis for Schwinger’s
[160] famous generating function approach to angular momentum theory.
Indeed, it is the MacMahon Master Theorem that unifies the angular mo-
mentum properties of composite systems in the binary build-up of such
systems from more elementary constituents.

This monograph consists, essentially, of three distinct, but interre-
lated parts: Chapters 1-4, Chapters 5-9, and Chapters 10-11. The last
two chapters are compendiums which define, develop, and summarize
concepts used in the first nine chapters.

Chapters 1-4 deal with basic angular momentum theory and the
properties of the famous Wigner D−functions, now extended to poly-
nomial forms over four commuting indeterminates, and with the prop-
erties of arbitrary many multiple Kronecker products of these extended
D−polynomials. These four chapters may be regarded as a summary of
results that subsume all of standard angular momentum theory with a
focus on the combinatorial underpinnings of these polynomials, as cap-
tured by the concept of SU(2) solid harmonics. As examples, the famous
Wigner-Clebsch-Gordan coefficients are shown to be objects that com-
binatorially come under the purview of the umbral calculus, while the
binary coupling theory of angular momentum is intrinsically an applica-
tion of the theory of graphs, specifically, binary trees, Cayley trivalent
trees, and cubic graphs. This leads to a number of combinatorial in-
terpretations of the well-known Racah sum rule and Biedenharn-Elliott
identity, and the fundamental role of Racah coefficients in the binary
recoupling theory of angular momenta.

Chapters 5-9 deal with the generalization of the solid harmonics to
polynomials called Dλ−polynomials, where λ is a partition, and these
polynomials are defined over n2 commuting indeterminates, which when
specialized to the elements of a complex matrix of order n give the in-
tegral irreducible representations of the general linear group of complex
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matrices of order n, and, in particular, all inequivalent irreducible repre-
sentations of the general unitary group of matrices of order n. Again, the
focus is on the combinatorial properties of the general polynomials them-
selves, such as their unique generation by shift operator actions, which
involve diagraphs, Sylvester’s identity, Schur functions, skew Schur func-
tions, Kostka numbers, and Littlewood-Richardson numbers, all combi-
natorial concepts underlying modern treatments of the symmetric group
Sn. It is the labeling of these polynomials by Gelfand-Tsetlin patterns,
which are one-to-one with the semistandard Young-Weyl tableau, that
underlies the relationship to the symmetric group. The reduction of
the single Kronecker product Dµ ⊗ Dν =

∑
λ c

λ
µν D

λ of two such ir-
reducible polynomials into a direct sum of irreducible polynomials is
extraordinarily rich in combinatorial structures.The Dλ−polynomials
subsume many of the properties of classical Schur functions, and the
matrix Dλ(Z) might well be called a matrix Schur function.The com-
plexity of these polynomials, although elegant in their structure, allows
us to deal comprehensibly only with the Kronecker product of a pair
of such polynomials. Multiple Kronecker products and the associated
concepts of Racah coefficients, etc., and the relationship to graph theory
is beyond our reach. New viewpoints of tensor operators as operator-
valued Dλ−polynomials emerge. A comprehensive theory of (general-
ized) Racah coefficients must await further developments.

The Littlewood-Richardson numbers cλµν that occur in the reduction
of the Kronecker product is so pervasive that we give a great deal of
attention to their properties (Compendium B). These numbers express
the number of repetitions of a given Dλ−polynomial in the Kronecker
product reduction. They give the generalization to the general unitary
group U(n) of the familiar addition rule

j = j1 + j2, j1 + j2 − 1, . . . , |j1 − j2|
of two interacting quantum-mechanical constituents with separate an-
gular momenta j1 and j2, constituting a composite system of angular
momentum j; the Littlewood-Richardson number is 0 or 1.

Three (at least) nontrivial combinatorial objects enter into the combi-
natorial interpretation of the Littlewood-Richardson numbers: Gelfand-
Tsetlin patterns, semistandard skew tableaux, and the lattice permu-
tations associated with these entities. The intricacies of such counting
methods would appear to be a rather high price for obtaining the rule for
the addition of two angular momenta, which was deduced by physicists
from experimental spectroscopy and subsequently from algebraic tech-
niques (see Condon and Shortley [45]) that involved neither Lie algebras
nor combinatorics. But the new insights gained are well worth the effort.

These techniques underlie the development of the properties of the
Dλ−polynomials over arbitrary commuting indeterminates. One of the
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principal purposes of this monograph is to demonstrate, by construction,
the details and inter-relations of these concepts.

Chapters 10-11 comprise the third part of this monograph. They
consist of two extensive Compendiums A and B of results from algebra,
analysis, and combinatorics that relate to the first two parts. They
have been included so as to be able to refer and use the results in the
main parts of the monograph without having to interrupt the flow of
presentation with technical asides. The presentation of the material in
the Compendiums is very uneven: some is given in great detail and some
is very brief, depending on their role in the main text.

There are a number of unsolved problems and unaddressed topics.
Unsolved problems include the following, where further details can be
found in the referenced sections:

1. Counting formula for the Clebsch-Gordon numbers that give the
multiplicity of a given state of total angular momentum in the cou-
pling of n angular momenta (Sect. 2.2).

2. The enumeration of the nonisomorphic unlabeled cubic graphs on
2n points that correspond to the coupling of n angular momenta
(Sects. 3.3, 3.4, 4.5, 4.6).

3. Extension of the step-function formulas for Kostka numbers and
Littlewood-Richardson numbers to n ≥ 4 with a geometrical inter-
pretation (Sects. 9.4.3, 9.6, 11.3.7, 11.3.8).

4. The geometrical meaning of operator patterns (Sects. 9.4, 9.6, 9.7.2).

5. A comprehensive theory of multiple Kronecker products of the
Dλ−polynomials and of the associated recoupling matrices; that
is, the generalization of 3n − j coefficients of SU(2) and of the
geometry of cubic graphs (p. 446).

Inadequately addressed and nonaddressed topics include the following:

(i). Full development of the properties of the skew-symmetric matrix
associated with a standard labeled binary tree corresponding to the
addition of angular momenta (Sect. 4.2 ).

(ii). Path formulation of recoupling matrices (Sect. 2.2.10).

(iii). Relation of Dλ−polynomials to special functions, such as a theory
of multivariable Hermite polynomials (Sect. 11.9.4).

(iv). Formulation of a comprehensive umbral calculus and invariant the-
ory approach to the Dλ−polynomials (Sect. 11.9.3).
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(v). Extension of combinatorial foundations to other groups.

(vi). Applications to physical problems.

The very detailed Table of Contents serves as a summary of topics
covered. The readership is intended to be graduate students and re-
searchers interested in learning of the relation between symmetry and
combinatorics and of challenging unsolved problems. The many exam-
ples serve partially as exercises. It is hoped that the topics presented
promote further and more rigorous developments.

We mention some unconventional matters of style. We present signif-
icant result in italics, but do not grade and stylize them as lemmas and
theorems. Such italicized statements serve as summaries of results, and
often do not merit the title as theorems. Diagrams and figures are inte-
grated into the text, and not set aside on nearby pages, so as to have a
smooth flow of ideas. Our informality of presentation, including proofs,
does not attain the status of rigor demanded in more formal approaches,
but our purpose is better served, and our objectives met, by focusing on
algorithmic, constructive methods, as illustrated by many examples. It
is particularly encouraging to read in Andrews, Askey, and Roy [3] about
the usefulness of algorithmic based, complex, mathematical relationships
in today’s computer oriented approach. Such relations encode informa-
tion amenable to computer processing; perhaps, not to extent envisioned
by Wolfram [187], but nonetheless naturally and innovatively.

This monograph is not democratically assembled. The enormous lit-
erature on physical applications of unitary symmetry are not amenable
to a synthesis of technique, except in the broadest sense of Lie algebra
and group representations. Moreover, the subject has received little at-
tention from the combinatorial orientation presented here. Accordingly,
the monograph is heavily biased toward the understanding I have been
able to acquire over a fifteen year period of presenting lectures on these
subjects at small conferences in Poland organized by Tadeusz and Bar-
bara Lulek on Symmetry and Structural Properties of Condensed Matter,
and also at Nankai University, PR China, at the invitation of William
Y. C. Chen, Director, The Center for Combinatorics. The opportunity
to address a sizeable number of students has been particularly reward-
ing. Important special contributions to the subject have come from my
colleagues Bill Chen, Harold Galbraith, and Miguel Méndez. General
encouragement from George Andrews, Bill Chen, Gordan Drake, Harold
Galbraith, Brian Judd, Ron King, Tadeusz and Barbara Lulek, Steven
Milne, Peter Paule, Gian-Carl Rota, and in earlier years, Larry Bieden-
harn, and in later years, my son Tom and wife Marge; all have helped
to sustain the effort. I have also been inspired by the many lectures
of Gian-Carlo Rota, the comprehensive book by Stanley [163], and the
terse, but scholarly book by Macdonald [126].

James D. Louck
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Notation
General symbols

R real numbers
C complex numbers
P positive numbers
Z integers
N nonnegative integers
Rn Cartesian n−space
Cn complex n−space
En Euclidean n−space
O(n,R) group of real orthogonal matrices of order n
SO(n,R) group of real, proper orthogonal matrices of order n
U(n) group of unitary matrices of order n
SU(n) group of unimodular unitary matrices of order n
GL(n,C) group of complex nonsingular matrices of order n
O(n,R) group of real orthogonal matrices of order n
Mp

n×n(α,α′) set of n× n matrix arrays with nonnegative
elements with row-sum α and column-sum α′

× ordinary multiplication in split product, direct product
⊕ direct sum of matrices
⊗ tensor product, Kronecker product of matrices
Parn set of partitions having n parts, including 0 as a part
δi,j the Kronecker delta for integers i, j
δA,B, δ(A,B) the Kroneker delta for sets A and B
K(λ, α) the Kostka numbers
cλµ ν the Littlewood-Richardson numbers

Specialized symbols

Lists of specialized symbols are found on pp. 532–533, 538, 557; others
are introduced as needed in the text.

xxi
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Chapter 1

Quantum Theory of
Angular Momentum:
Introduction

1.1 Background and Viewpoint

1.1.1 Euclidean and Cartesian 3-space

It is a basic tenet of Newtonian physics that physical phenomena take
place in Euclidean 3-space, denoted E3, which is a collection of enti-
ties called “points,” a point being a primitive undefined entity. Such
points are used in Euclidean geometry to construct other objects such
as lines, planes, triangles, etc., from a set of axioms that constitute a
deductive structure called Euclidean geometry. Euclidean geometry in
2-space and 3-space is the formalized mathematical method for deduc-
ing “facts” about the intuitive space of our surroundings and the objects
perceived to be part of those surroundings. Lines, planes, and other ob-
jects are constructed as subsets of points in E3. But the primitive object
“point” has no properties on its own; it is usually thought of as having no
“size;” a point cannot be taken apart in terms of still other points. Eu-
clidean geometry does not use the concept of “distance between points”
to characterize its objects, but rather the notion of congruence. Mac
Lane [128, p.127]) argues, however, that the notion of geometric magni-
tude is present in Euclid’s geometry and that together with congruence
and geometric ratios constitutes a geometrical description of the modern
concept of the real-number line.

Euclid’s geometry allows its objects to be “moved” around in the
E3 “space” in the modern sense of rigid body motions that includes

1



2 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

translations and rotations. But no explanation for the “cause” of such
motions is given; they are intrinsic properties of the “ambient” E3-space
( Mac Lane [128, p.76]).

Euclidean E3-space contains, as subsets, collections of three lines that
are mutually perpendicular and have a common unique point of inter-
section. The operation of perpendicular projection of a point p ∈ E3 to a
point L(p) on a given line L ⊂ E3 is defined for all points and all lines. It
is these notions of three perpendicular lines intersecting at a point, and
the operation of perpendicular projection onto these lines that is used to
describe physical phenomena in a concrete manner, based on the use of
the real numbers, and the notion of Cartesian 3-space, denoted R3.

Cartesian 3-space R3 is the real linear vector space whose elements
consist of the collection of all sequences x = (x1, x2, x3), xi ∈ R, i =
1, 2, 3, where R is the set of real numbers, where, of course, all the usual
operations of addition, multiplication by a scalar, and the distributive
rules that define a vector space are applied to such sequences. We refer
to a sequence of three real numbers (x1, x2, x3) ∈ R3 as a coordinate
point, and often as coordinates of a point in R3. Cartesian 3-space R3

comes equipped naturally with two functions defined on all pairs of points
x = (x1, x2, x3) and x′ = (x′1, x

′
2, x

′
3) belonging to R3, namely, a distance

function, denoted d(x, x′), and a scalar product denoted, x ·x′, given by

d(x, x′) =
√

(x1 − x′1)2 + (x2 − x′2)2 + (x3 − x′3)2, (1.1)

x ·x′ = x1x
′
1 + x2x

′
2 + x3x

′
3. (1.2)

The space R3 contains subsets called lines, for example, the set of co-
ordinate points {x1, a2, a3) |x1 ∈ R}, for fixed real numbers a1 and a2,
defines a line. In particular, the subsets of R3 defined by

L1 = {(x1, 0, 0)|x1 ∈ R},
L2 = {(0, x2, 0)|x2 ∈ R}, (1.3)
L3 = {(0, 0, x3)|x3 ∈ R},

determine three mutually perpendicular lines in R3, where perpendicular
means the scalar product of points belonging to the separate lines is 0.

To relate the geometrical methods of Euclidean E3−space geometry
over points to the vector space methods of the analytical geometry of
Cartesian R3−space over the real numbers, it is convenient make the
strong assumption (from Mac Lane’s [128] observations) that each line
L ⊂ E3 is identified with the real-number line L(R) = {p(x) |x ∈ R},
where it is the custom to identity the point p(x) on the real-number line
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L(R) with the real number x itself: p(x) �→ x. Thus, let q ∈ E3, and
let the three perpendicular lines L1(q), L2(q), L3(q) ⊂ E3, respectively,
have q as their (unique) intersection point. Identify each of these three
perpendicular geometrical lines with the real-number line L(R) = {x|x ∈
R}, so that the geometrical intersection point q is identified with a point

q �→ (q1, q2, q3) ∈ R3 = {(x1, x2, x3)|each xi ∈ R}. (1.4)

Thus, the three perpendicular lines L1(q), L2(q), L3(q) in E3 are identi-
fied with the three perpendicular lines in R3 given by

L1(q)→ L1(R3) = {(x1(q), q2, q3)|x1(q) ∈ R},
L2(q)→ L2(R3) = {(q1, x2(q), q3)|x2(q) ∈ R}, (1.5)

L3(q)→ L3(R3) = {(q1, q2, x3(q))|x3(q) ∈ R}.

A geometrical point p ∈ E3, which is obtained by geometric projec-
tion onto the three perpendicular lines L1(q), L2(q), L3(q) ⊂ E3 is now
mapped to a general coordinate point (x1(p), x2(p), x3(p)) ∈ R3 given by

p �→ (x1(p), x2(p), x3(p)) = (x1(q) + q1, x2(q) + q2, x3(q) + q3). (1.6)

The set of three perpendicular axes L1(R3), L2(R3), L3(R3) ⊂ R3 is
called a set-of-axes or a reference frame for the Cartesian R3 vector space.
The point q �→ (q1, q2, q3) ∈ R3 is called the origin of the Cartesian ref-
erence frame. Thus, the arithmetic description of points in Euclidean
space E3 is effected by two related objects in Cartesian space R3 : a ref-
erence frame and a set of coordinates relative to the reference frame. It
is convenient to denote this description of E3 by R3(q) : The underlying
ambient Euclidean 3-space E3 is unchanged by different choices of q ∈ E3;
the Cartesian 3-space R3(q), with origin located at q �→ (q1, q2, q3) is a
redescription of the (unchanged) points of E3. Equivalently, the coordi-
nate points corresponding to a coordinate frame located at any origin
(a1, a2, a3) are a redescription of the coordinate points corresponding to
a coordinate frame located at any other origin (a′1, a′2, a′3), each being a
different coordinate presentation of the same collection of points in the
underlying Euclidean space E3.

Discussions of the axioms of Euclidean geometry that suit our needs
and give a more complete picture than the brief discussion given here
can be found in Weyl [176, 177] and Mac Lane [128]. A discussion of
the origin and foundations of these concepts from the point of view of
cognitive scientists can be found in Lakoff and Núñez [100].

We complete our description of the relation between the spaces E3

and R3 by introducing the concept of a geometric vector as defined by
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physicists in terms of directed line segments (see, for example, Page
[139]). This notion is well-suited to Euclidean 3-space with its point
entities. A geometrical vector is a directed line segment in E3 (a line
segment with one point called the origin and a second point called the
terminal point of the vector). Two geometrical vectors are defined as
equal if they lie along parallel lines and have the same directional sense
and length (geometrical magnitude); addition is defined in terms of the
familiar parallelogram rule; multiplication by a scalar (real numbers) is
defined as a scaling of geometrical magnitude, including the possibility
(negative number) of the reversal of direction; and the vector 0, called the
zero vector, is the vector in which the origin coincides with the terminal
point. The set of geometrical vectors satisfy the following two rules for
all points a, b ∈ E3 : (i) x(a→ a) = 0; (ii) x(a→ b) +x(b→ c) = x(a→
c). The second property is called the transitive property of addition.
Together with the first rule, it implies that x(a → b) + x(b → a) = 0,
which gives the negative geometrical vector, x(b→ a) = −x(a→ b).

These definitions, together with the concept of parallel transport,
which allows for the “motion” of equal geometrical vectors necessary
to bring equal vectors into coincidence so that all geometrical vectors
can be added, determines a linear vector space of geometrical vectors
that offers an alternative means of implementing the ideas set forth by
Mac Lane [128, p.75]).

The linear space of geometric vectors with origin at point q ∈ E3
is denoted V3(q) and is isomorphic to the vector space R3(q). For q
identified as the origin (0, 0, 0), geometrical vectors are described in terms
of the corresponding Cartesian 3-space as follows: Unit vectors e1, e2, e3
are defined to be the directed line segments of unit length going from
the origin (0, 0, 0) to the respective points (1, 0, 0), (0, 1, 0), (0, 0, 1). The
general vector x = x1e1 + x2e2 + x3e3 is then the directed line segment
going from the origin (0, 0, 0) to the coordinate point (x1, x2, x3), and its
length is |x| =

√
x21 + x22 + x23.

It is convenient to think of the isomorphic vector spaces R3(q) and
V3(q) with origin at q �→ (q1, q2, q3) as superposed over the point q ∈ E3.
This merger of “pictures” of vector spaces makes quite clear the one-to-
one relation between vectors and coordinate points. In this sense, we
speak of a triad of unit vectors along the coordinate axes as a unit refer-
ence frame , or simply as a reference frame. Thus, we may characterize
the Euclidean 3-space corresponding to each point q ∈ E3 as consist-
ing of the two sets of objects: a reference frame (e1(q), e2(q)), e3(q))
located at the origin q �→ (q1, q2, q3), and the set of coordinate points
(x1(q), x2(q), x3(q)) projected onto the corresponding coordinate axes
with directional and orientational sense defined by these unit geomet-
rical vectors. This picture allows us to speak of the Cartesian 3-space
located at the Euclidean point q and having an arbitrary orientation of its
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reference frame in Euclidean space, thus simplifying the description. We
do not, however, identify all the isomorphic vector spaces R3(q), q ∈ E3,
since the notion of the redescription of Euclidean 3−space by different
reference frames and coordinate points has important implications for
the description of the behavior of physical systems. (The same state-
ment applies to V3(q).)

The family of isomorphic Cartesian 3-spaces R3(q), q ∈ E3 can be
transformed into one another by geometrical congruence and other oper-
ations that leave the geometrical objects in E3 “unchanged.” For physics,
the meaning of unchanged is to be decided by experimental observation.
Physical theory must in some sense be invariant under such transforma-
tions, since the different Cartesian 3-spaces R3(q) are just a redescription
of the properties of the objects in E3 constituting a physical system. But
how a specified choice of reference frame is used to “measure” the prop-
erties of a given physical system, and how such measurements might
influence these properties, are questions that, as yet, have no universal
answers: the answers depend on additional assumptions. For example,
in Newtonian physics, it is assumed that “equations of motion” gov-
ern the motion of an object against the background Euclidean space,
and that the observation of an object and its motion have negligible (or
accountable) influence on the object and no influence on the space. In
nonrelativistic quantum theory, it is assumed that “equations of motion”
still govern the behavior of an object against the background Euclidean
space, but the new equations of motion are such that the concept of a
“property” of an object and the “measurement” of that property, such as
“point” particle and measurement of the location of the point, become
interwoven in ways that dramatically negate their classical (Newtonian)
meaning. While the equations of motion themselves are deterministic in
their time evolution, the transformation of the “properties” of the system
during the measurement process are subject to various interpretations
that need not be continuous against the Euclidean background. Special
and general relativity “correct” Newtonian relativity in a different con-
text by recognizing that objects and space do not have mutually exclusive
properties, but relate to one another in ways that require abandonment
of the Euclidean space and its assigned universal Newtonian time. De-
terministic motions are maintained in a broader measurement process
with rods and clocks, but all this requires a completely new formulation
of “equations of motion,” which are at odds with the quantum equations
of motion. A general theory that explains all the observed properties of
microscopic objects, using the successful quantum theory, and all those
of macroscopic objects, using Einstein’s successful relativity theory, re-
mains elusive. For a recent discussion, we refer to Leggett [103].

Our concern in Chapters 1-4 of this monograph is with the properties
of the angular momentum of many-particle systems in nonrelativistic
quantum mechanics, and, especially, the role of combinatorial concepts.
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We do not concern ourselves with the puzzles of the interpretation of
quantum mechanics, but rather with the development of the properties
of angular momentum from the viewpoints described above. The prop-
erties of angular momentum from the perspective of coordinate changes
attributed to a redescription of a physical system in Euclidean 3-space
E3 by the use of different Cartesian 3-spaces R3(q) leads to important
properties of the quantal physical system. We concern ourselves with
three types of redescriptions: translations, inversions, and rotations.

The first kind of redescription is a consequence of what is called a
translation of reference frames: The reference frame (e1, e2, e3) located
at point q ∈ E3, which is the origin of the Cartesian 3-space R3(q),
is moved by parallel transport to the point q′ ∈ E3 and becomes the
reference frame (e′1, e′2, e′3) at the origin of the Cartesian 3-space R3(q′).
The description of one and the same point p ∈ E3 in terms of this pair of
reference frames is best expressed in terms of the three geometric vectors
x(q → p),x(q → q′), and x(q′ → p), which satisfy the general transitive
rule of addition:

x(q → p) = x(q → q′) + x(q′ → p). (1.7)

Since we can also write x(q → q′) = −x(0 → q) + x(0 → q′), relation
(1.7) can also be written in the invariant form:

x(q → p) + x(0→ q) = x(q′ → p) + x(0→ q′). (1.8)

Here 0 ∈ E3 is an arbitrary point 0 �→ (0, 0, 0) ∈ R3(0). Relations (1.7)
and (1.8) hold for arbitrary geometric vectors. It is the positioning of
reference frames by parallel transport at the points q, q′ ∈ E3 that gives
the operation of translation, which, in turn, gives the relations between
the coordinates (x1, x2, x3) relative to the reference frame (e1, e2, e3) and
the coordinates (x′1, x

′
2, x

′
3) relative to the reference frame (e′1, e

′
2, e

′
3) of

the same point p ∈ E3 as follows:

xi + qi = x′i + q′i, i = 1, 2, 3. (1.9)

Thus, the translation (parallel transport) of reference frames from a point
q ∈ E3 to a point q′ ∈ E3 gives the redescription of coordinates of a point
p ∈ E3 given by (1.8); this relation is called the translation of coordinates
effected by a translation of coordinate frame.

The second kind of redescription is a consequence of what is called an
inversion of the reference frame (e1, e2, e3) located at the point q ∈ E3.
An inversion of the frame is defined by the transformation

(e1, e2, e3) �→ (−e1,−e2,−e3). (1.10)
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The coordinates (x1, x2, x3) of each point p ∈ E3 as assigned in the
Cartesian 3-space R3(q) correspondingly undergo the redescription

(x1, x2, x3) �→ (−x1,−x2,−x3). (1.11)

Reflections through planes may also defined. For example, the reflection
of the coordinate frame at point q ∈ E3 through the plane containing
the unit vectors (e1, e2) is defined by (e1, e2, e3) �→ (e1, e2,−e3) and
the corresponding redescription of the coordinates (x1, x2, x3) of each
point p ∈ E3 as assigned in the Cartesian 3-space R3(q) is given by
(x1, x2, x3) �→ (x1, x2,−x3).

The third kind of redescription is a consequence of what is called a
rotation of the reference frame (e1, e2, e3) located at the point q ∈ E3. A
rotation of the frame is defined by the linear transformation

ei �→ e′i =
3∑
j=1

Rij ej , i = 1, 2, 3, (1.12)

where the matrix R = (Rij)1≤i,j≤3 with element Rij in row i and column
j is a real, proper, orthogonal matrix; that is, a matrix with real elements
such that RTR = RRT = I3, where T denotes matrix transposition, I3
the unit matrix of order 3, and detR = 1. The necessary and sufficient
conditions that a general point p ∈ E3 with coordinates (x1, x2, x3) ∈
R3(q) is the redescription of the same point p with coordinates (x′1, x′2, x′3)
with respect to the rotated reference frame (e′1, e

′
2, e

′
3) is expressed by

the invariance of form given by

x1e1 + x2e2 + x3e3 = x′1e
′
1 + x′2e

′
2 + x′3e

′
3. (1.13)

The rotation (1.12) of the reference frame (e1, e2, e3) to the reference
frame (e′1, e′2, e′3) now gives the redescription of one and the same point
p ∈ E3 given by

xi �→ x′i =
3∑
j=1

Rij xj, i = 1, 2, 3, (1.14)

where (x1, x2, x3) are the coordinates of p referred to the coordinate
frame (e1, e2, e3) and (x′1, x′2, x′3) are the coordinates of p referred to the
coordinate frame (e′1, e′2, e′3), where both coordinate frames are located
at q and used for the description of coordinate points of the Cartesian
3−space R3(q). Relations (1.14) are necessary and sufficient conditions
that the redescription of the point p is effected by a rotation of frames
located at q. We will, unless otherwise noted, always choose coordinate
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frames such that the triad of unit vectors defining the axes are right-
handed triads, as defined by the familiar right-handed screw rule. Left-
handed frames can be included as well by the operation of inversion.

Mathematicians at the end of the nineteenth century realized that
the operations of translation and rotation can be effected by the action
of exponential differential operators (see Crofton [46], Glaisher [64] ),
which in vector notation are expressed by

ea · ∇F (x1, x2, x3) = F (x1 + a1, x2 + a2, x3 + a3), (1.15)

e−φn·RF (x1, x2, x3) = F (x′1, x
′
2, x

′
3). (1.16)

The operator a · ∇, where ∇ = e1∂/∂x1 + e2∂/∂x2 + e3∂/∂x3 is called
the generator of the translation a = a1e1 + a2e2 + a3e3. In the second
relation, the components of R = R1e1 +R2e2 +R3e3 are the differential
operators defined by

R1 = x2∂/∂x3 − x3∂/∂x2,

R2 = x3∂/∂x1 − x1∂/∂x3, (1.17)
R3 = x1∂/∂x2 − x2∂/∂x1.

The coordinates (x′1, x′2, x′3) are the redescription of a point p ∈ E3 in
terms of the coordinates (x1, x2, x3) of the same point p as described by
the rotation of the frame (e1, e2, e3) �→ (e′1, e′2, e′3) in the positive sense
about the direction corresponding to the unit vector n = n1e1 + n2e2 +
n3e3, n · n = 1, where the matrix elements Rij = Rij(φ,n) in (1.12) and
(1.14) are those of

R(φ,n) = eφN = I3 + N sinφ + N2(1− cosφ),
(1.18)

N =

(
0 −n3 n2
n3 0 −n1
−n2 n1 0

)
, N3 = −N.

The proper, real, orthogonal matrix R has here been parametrized by
the components of the unit vector n and the angle 0 ≤ φ < 2π. The
gradient operator ∇ and the rotation operator R = R1e1+R2e2+R3e3
both satisfy the form invariant relation (1.13). The operator −φn ·R is
called the generator of the rotation about direction n by angle φ.

We anticipate some results from the brief discussion of quantum the-
ory given below, and observe that relations (1.15)-(1.17) are precursors
to similar transformations that were to occur later in quantum theory
under the association of classical position x and linear momentum p to
operators by the rule x �→ x and p/� �→ −i∇, which, when applied to
the classical angular momentum L = x× p of a single particle located



1.1. BACKGROUND AND VIEWPOINT 9

at position x with linear momentum p relative to the origin of a coor-
dinate frame (e1, e2, e3), gives L/� = −iR = −ix×∇. Classical linear
momentum and angular momentum of a point particle are identified in
their quantum mechanical interpretation as the generators of translations
and rotations, as described above. The founders of quantum mechanics
rediscovered relations (1.15) and (1.16) in the guise of the unitary oper-
ators exp (ia · p/�) and exp (−iφn · L)/� acting in the Hilbert space of
states of a physical system. From the definition of the quantum angu-
lar momentum, L/� = −ix×∇, the operations of translation, inversion,
and rotation effect the following transformations of the quantal angular
momentum:

translation : L �→ L− i�a×∇,

inversion : L �→ L, (1.19)
rotation : L �→ L.

1.1.2 Newtonian physics

A physical system is said to be isolated if it has no influence on its
surroundings, and conversely. Such ideal systems do not exist in nature,
but much of the progress in physics can be attributed to the approximate
validity of the concept of an isolated physical system.

In Newtonian physics, the Euclidean 3-space E3 is taken as the back-
ground against which the changes in an isolated physical system take
place: the space is considered to be void of (isolated from) all other
physical objects, homogeneous (sameness at every point), and isotropic
(sameness in every direction). The physical system occupies a collection
(subset) of points in E3, which may be a single point, but this collection
of points can change relative to the fixed Euclidean background and the
fixed reference frames used to assign coordinates to the points of E3.
The measure of this change requires a new concept, that of time, which
itself is assumed to have any value on the real-line (ignoring units). The
change of the configuration of points defining the physical system with
the time parameter is called motion, where it is assumed that motion
is described by increasing values of time. The change in time itself is
measured by clocks, which themselves occupy points of the background
Euclidean space E3, but which advance their readings in a uniform man-
ner, independently of their own motion, as measured by still other clocks:
There exists a universal time t for measuring all motions of physical sys-
tems against the fixed Euclidean background of space; this motion is
governed by Newton’s equations of motion, which determine how the
coordinate points of the physical system change with time. Thus, en-
ters the concept of velocity, and the recognition that the equations of
motions must be form invariant with respect to the class of reference
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frames moving with constant velocity relative to one other. Such classes
of frames are called inertial frames, and the invariance of the equations
of motion is called the principle of Newtonian or Galilean relativity. The
detailed mathematical description of all this is effected though the use
of the Cartesian space R3 and its collection of reference frames and asso-
ciated coordinate points. Thus, the reference frame (e1, e2, e3) located
at some point in E3 is now taken as a Newtonian reference frame that
has the dual role of assigning coordinates to all the points of R3 and
of assigning coordinates to the subset of points occupied by the phys-
ical system at each time t. Newton’s equation of motion are identical
for all reference frames moving with constant velocity v with respect to
this chosen frame. The collection of all reference frames as parametrized
by v have an important role in identifying the Galilean group as the
invariance group of Newton’s equations of motion.

There is another class of reference frames called accelerated frames.
Such frames are often attached to part of the physical system or to
other moving points. Accelerating reference frames are called noniner-
tial frames; they are often used to simplify the description of the internal
motions of a complex physical system, but such frames are on a differ-
ent footing—they provide convenient transformations of coordinates that
modify the form of Newton’s equations and simplify the descriptions of
the motions, as adapted to special situations.

1.1.3 Nonrelativistic quantum physics

In nonrelativistic quantum physics, we retain the Newtonian notion of
an isolated physical system, as well as the Cartesian space R3 and the
set of Newtonian inertial frames, and the relationship between frames
and points in R3, just as described above. Now, however, the coordi-
nates ascribed to the points occupied by the physical system do not
enjoy a deterministic motion against the space R3 as is the case for the
Newtonian equations of motion of its points. The classical dual role of
reference frames is lost. The role of frames as a means of assigning co-
ordinates to the points of R3 against which the properties of the system
are to be measured is retained, but the equation of motion in quantum
mechanics, the Schrödinger equation, does not allow the classical con-
cept of point particle to propagate in time: the concept of point particle
must be modified. The role of coordinates of the points occupied by the
classical physical system becomes that of parameters that belong to the
domain of definition of a function Ψ with complex values. Time is still
Newton’s universal time, which also now becomes a parameter belonging
to the domain of definition of Ψ. The function Ψ with complex values
Ψ(X, t), X = (x(1),x(2), . . . ,x(n)), for a classical system consisting of
n point particles with geometric position vectors x(1),x(2), . . . ,x(n), is
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called the wavefunction or the state function of the system. The state
function of the physical system, together with a set of rules that give
the possible outcomes of the measurements on the system, determine
the observable properties of the system. The Schrödinger equation is
such that if the state function Ψ(X0, t0) of a physical system is known
for some position configuration X0 at time t0, it evolves in a unitary
deterministic fashion to the state function Ψ(X, t) of the physical sys-
tem at time t. The meaning of coordinates and time, however, are to be
inferred from the rules of measurement: The mathematical properties of
the equations of motion play back into the very meaning of the prop-
erties ascribed to the objects themselves; the classical concept of point
particle is lost. Indeed, the quantum object called a point particle in
its classical description exhibits in its quantum description the property
of being “partially present” at every point in R3, in such a way that a
measurement of its position at any arbitrary point x finds the object
in its entirety at that point with some probability, as determined by its
state function, and the object always possesses its mass, charge, and spin
with certainty. Despite the holistic aspect of its position, the object can
be counted in a measurement and appears as a single entity.

One of the most significant mathematical properties of the equations
of motions is their linear property, as expressed by the superposition of
state functions: If Ψ(X, t) and Φ(X, t) are two solutions at time t, then
so also is the linear combination

αΨ(X, t) + βΦ(X, t), (1.20)

where α and β are arbitrary complex numbers. It is this superposition
property, together with the property of complex numbers given by

|αΨ(X, t) + βΦ(X, t)|2 = |α|2|Ψ(X, t)2 + |β|2|Φ(X, t)|2

+αβ∗Ψ(X, t)Φ∗(X, t) + α∗βΨ∗(X, t)Φ(X, t), (1.21)

that underlies many nonintuitive behaviors of quantum systems. The
quantum-mechanical description corresponding to the classical system
of many point particles, ascribes a holistic existence to the system in
which each part seems to relate to every other part, even when the parts
are noninteracting at the time of measurement, provided they were in-
teractive in the past, and provided the system has not been previously
measured. The “properties” of the system becomes entangled in intri-
cate ways with those of a measuring apparatus that is introduced into
the space R3 in an interactive mode with the system to determine the
“value” of a given quantity associated with the originally isolated sys-
tem. This, in turn, leads to fundamental questions about how the state
function of the originally isolated physical system and that of the ap-
paratus determine the measured properties of the original system. The
properties of the measuring apparatus are presumably subject to the
rules of quantum theory, which, in turn, now apply to the interacting
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composite whole—the original isolated system and the measuring device.
This new system then has its own collection of state functions governing
the properties of the composite whole. How all of this is to be sorted out
to obtain information about the original system is the problem of mea-
surement (see Leggett [103]). There is no generally agreed on resolution
of the problem of measurement.

The early standard book on the foundations of quantum mechanics
is by Von Neumann [174] with a more modern exposition by Mackey
[127]. Bohm [27] challenged the standard interpretation by an ingenious
example, and Bell’s [9] critical analysis reopened the entire subject of
measurement. The large book by Wheeler and Zurek [179] reviews the
history through 1980-81, with many informative comments on the Prob-
lem of Measurement and a superb list of references. Recent comments
by Griffiths [71] illustrate a popular viewpoint. The possibility of quan-
tum computers has intensified the interest in these problems and new
experiments are confirming the reality of the counterintuitive quantum
world. These important problems are, however, not the subject of this
monograph, which makes its presentations in the standard interpretation
with a focus on combinatorial aspects.

There are, fortunately, general invariance properties of the Schrödinger
equation and its solution state functions for a complex composite phys-
ical systems that can be used to classify the quantum states of physical
systems into substates available to the system.

Our focus here is on the properties of the total angular momentum
of a physical system, which is a quantity L that has a vector expression
L = L1e1 + L2e2 + L3e3 in the right-handed frame (e1, e2, e3) and the
expression L′ = L′

1e
′
1 + L′

2e
′
2 + L′

3e
′
3 in a second rotated right-handed

frame (e′1, e′2, e′3). At a given instant of time, necessarily L = L′, since
these quantities are just redescriptions of the total angular momentum of
the system at a given time. The total angular momentum is a conserved
quantity; that is, dL/dt = 0, for all time t, and this property makes
the total angular momentum an important quantity for the study of the
behavior of complex physical systems. For a system of n point particles,
the total angular momentum relative to the origin of the reference frame
(e1, e2, e3) is obtained by vector addition of that of the individual parti-
cles by L =

∑n
i=1 Li, where Li is expressed by the vector cross product

Li = xi×pi in terms of the vector position xi = x1ie1+x2ie2+x3ie3 and
the vector linear momentum pi = p1ie1 + p2ie2 + p3ie3 of the particle
labeled i. While angular momentum can be exchanged between interact-
ing particles, the total angular momentum remains constant in time for
an isolated physical system of n particles. The quantum-mechanical op-
erator interpretation of such classical physical quantities is obtained by
Schrödinger’s rule pi �→ −i�∇i, � = h/2π, where h is Planck’s constant.
The reference frame vectors (e1, e2, e3) remain intact.
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The viewpoints of Newtonian physics and quantum physics may be
contrasted in many ways. From the viewpoint of angular momentum,
for example, the classical angular momentum L = x× p is associated
with the actual motion of a particle, while in quantum theory, as noted
above, it becomes the generator of rotations of the state vector that
describes the properties of the object called “particle” (active viewpoint),
or, in the viewpoint we have advanced, the generator of rotations of the
coordinate frame (passive interpretation) that gives a redescription of
the state vector that describes the properties of the particle. Neither the
active nor passive viewpoint implies an actual “motion;” it is more in
accord with the concept of congruence in Euclidean geometry. An even
more contrasting feature is that the object called the electron is regarded
as a “point particle,” and whereas points in Euclidean space have no
intrinsic properties, this point object, the electron, has an “internal”
angular-momentum-like property called “spin,” as we next describe.

Internal degrees of freedom

The discovery of objects having internal degrees of freedom going be-
yond motions in Newtonian space-time led to the introduction of the
concept of the spin of a object (see Pauli [140]), even though the object
may exhibit no measurable spatial extension. For example, the electron,
the carrier of electrical conduction in metals under the influence of an
electric field, was already recognized in 1897 (see Ref. [167]) to be one of
the principal constituents of atoms, requires an intrinsic property called
spin, to account for the observed properties of the emission and absorp-
tion of radiation by atoms. A single electron is characterized not only as
being a point structure with a fixed charge and mass, but also by having
a fixed spin 1

2
. As a structure at a single point, the electron is assigned

a position x = (x1, x2, x3) ∈ R3 at time t, which in quantum theory
become the domain of definition of its space-time wavefunction ψ(x, t);
as a structure with spin, it is assigned a “state vector” | 1

2
〉 belonging to

a Hilbert space H 1
2

of dimension 2, which is assumed to be spanned by a
pair of orthonormal basis vectors that are written | 1

2
, 1

2
〉 and | 1

2
,− 1

2
〉 in the

Dirac bra-ket notation, with orthonormality relations 〈 1
2
, µ | 1

2
, ν〉 = δµ,ν ,

the inner product being unspecified beyond these properties. The gen-
eral state vector of the electron in the spin space H 1

2
is given by the

ket-vector | 1
2
〉 = α| 1

2
, 1

2
〉 + β| 1

2
,− 1

2
〉, where α and β are complex coeffi-

cients. The corresponding bra-vector in the dual space is then given by
〈 1

2
| = α∗〈 1

2
, 1

2
|+ β∗〈 1

2
,− 1

2
| with inner product 〈 1

2
| 1
2
〉 = |α|2 + |β|2. In this

conceptualization of a point particle with intrinsic spin 1
2
, its full state

vector belongs to the tensor product space H⊗H 1
2
, which has state vec-

tors of the form Ψ 1
2

= ψ ⊗ | 1
2
〉, where ψ is a wavefunction in the usual

sense, depending only on the spatial coordinates. The action of a frame
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rotation R : (e1, e2, e3) �→ (e′1, e
′
2, e

′
3), where e′i =

∑3
j=1Rijej , i = 1, 2, 3,

is not only to effect the transformation to new spatial coordinates of the
particles given by (x1, x2, x3) �→ (x′1, x

′
2, x

′
3), where x′i =

∑3
j=1Rijxj, i =

1, 2, 3, but also to effect the transformation of the spin-space ket-vector
basis of H 1

2
by

| 1
2
, 1

2
〉 �→ | 1

2
, 1

2
〉′ = u11(R)| 1

2
, 1

2
〉+ u21(R)| 1

2
,− 1

2
〉, (1.22)

| 1
2
,− 1

2
〉 �→ | 1

2
,− 1

2
〉′ = u12(R)| 1

2
, 1

2
〉+ u22(R)| 1

2
,− 1

2
〉.

The action of the frame rotation R on the components (α, β) of the
ket-vector | 1

2
〉 = α| 1

2
, 1

2
〉+ β| 1

2
,− 1

2
〉 giving a general spin state is given by

α �→ α′ = u∗11(R)α + u∗21(R)β, (1.23)

β �→ β′ = u∗12(R)α + u∗22(R)β,

where

U(R) =
(

u11(R) u12(R)
u21(R) u22(R)

)
∈ SU(2) (1.24)

is an element of the group of 2× 2 unitary unimodular matrices SU(2)
that depends on the frame rotation matrix R ∈ SO(3,R). This pair
of transformations of basis vectors and components leaves invariant the
relation

α| 1
2
, 1

2
〉+ β| 1

2
,− 1

2
〉 = α′| 1

2
, 1

2
〉′ + β′| 1

2
, 1

2
〉′, (1.25)

as required for a redescription of the state vector of the spin by a rotation
of the reference frame. (For a history of the discovery of the electron and
its properties, see Whittaker [180] and The Physical Review: The First
Hundred Years [167].

Generally, in the one-particle case above, we have in mind a single
particle with an internal spin that is a constituent of a larger isolated
physical system, with all constituents described in R3, that provides
the interactions that act on the “marked” single particle. We often
use Newtonian metaphors to identify this object, but its properties are
to be inferred from the those of its quantum-mechanical state vector
Ψ = ψ⊗| 1

2
〉. Newtonian space-time still occurs in the domain of definition

of the wavefunction ψ. It is also possible to assign “internal coordinates”
to the new degrees of freedom of the internal space that describes the
spin, as discussed below in (1.58).

It is somewhat remarkable that the symmetry group SU(2) actually
can be used to unify the action of frame rotations R ∈ SO(3,R) on
both points in R3 and on points used to describe the internal degrees of
freedom associated with spin. From this viewpoint, the group SU(2) is
the basic group for the study of angular momentum of complex systems
with spin. We show this by using the method of Cartan [35].
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The method of Cartan

In the Cartan method (see also Wigner [181] and Biedenharn and Louck
[21]), a point x = (x1, x2, x3) ∈ R3 is presented as the entries in a 2× 2
traceless, Hermitian matrix of the form:

H(x) =
(

x3 x1 − ix2
x1 + ix2 −x3

)
=

3∑
i=1

xiσi, (1.26)

where the σi, i = 1, 2, 3, are the Pauli matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.27)

Thus, each point x ∈ R3 is mapped to a traceless Hermitian matrix: x �→
H(x). Conversely, given a traceless Hermitian matrix H, it is mapped to
a point x ∈ R3 by the rule xi = 1

2Tr(σiH), where TrA denotes the trace of
a matrix A. In obtaining this result, we use the following multiplication
rules of the Pauli matrices:

σ2i = I2 = σ0, i = 1, 2, 3; σ1σ2 = iσ3, σ2σ3 = iσ1, σ3σ1 = iσ2. (1.28)

Thus, with these conventions for the placement of the components xi
into matrices, the set of points R3 is bijective with the set of matrices:

H = {H | H is a 2× 2 traceless Hermitian matrix} . (1.29)

Traceless Hermitian matrices are mapped into traceless Hermitian
matrices by unitary similarity transformations. Moreover, the deter-
minant of a Hermitian matrix is invariant under such transformations.
Accordingly, it must be the case that, for each U ∈ SU(2), the transfor-
mation x �→ x′ defined by

U

(
x3 x1 − ix2

x1 + ix2 −x3

)
U † =

(
x′3 x′1 − ix′2

x′1 + ix′2 −x′3

)
, (1.30)

is a real orthogonal transformation, since the determinant of this trans-
formation is −(x21 + x22 + x23) = −(x

′2
1 + x

′2
2 + x

′2
3 ). The explicit transfor-

mation may be worked out to be

x′i =
3∑
j=1

Rij(U)xj , Rij(U) =
1
2

Tr(σiUσjU †). (1.31)

The proof that detR(U) = 1 takes more effort, but is correct. We
also note the easily proved property (R(U))T = R(U †) = R(U−1) =
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(R(U))−1. Also, because we have a homomorphism of groups, the mul-
tiplication property R(U ′)R(U) = R(U ′U) holds for all pairs U ′, U ∈
SU(2).

Given R ∈ SO(3,R), there are exactly two solutions U(R) and −U(R)
that solve relation (1.30). The solution U(R) is given by

U(R) =
(

α0 − iα3 −iα1 − α2
−iα1 + α2 α0 + iα3

)
= α0σ0 − iα ·σ, (1.32)

where the parameters (α0,α) = (α0, α1, α2, α3) are given in terms of the
elements Rij of R by

α0 = (1 + TrR)/d, α1 = (R32 −R23)/d,
α2 = (R13 −R31)/d, α3 = (R21 −R12)/d,

d = 2
√

1 + TrR, for TrR �= −1; (1.33)

α0 = 0, α1 =
√

(1 + R11)/2, α2 = s2
√

(1 + R22)/2,

α3 = s3
√

(1 + R33)/2, for TrR = −1, (1.34)

where, for TrR = −1, we have the following definitions: s2 = sign(R12),
s3 = sign(R13), where sign(x) denotes the sign of a real number x with
sign(0) = +. The condition that detR = 1 requires that the parame-
ters (α0,α) constitute a point on the unit sphere S3 ⊂ R4 in Cartesian
4−space; that is, α20 + α21 + α22 + α23 = 1. Relation (1.32) then gives
detU(R) = 1; that is, U(R) is unimodular for all R ∈ SO(3,R). A
real orthogonal matrix R with TrR = −1 is also a symmetric matrix,
hence, R2 = I3, and the unitary unimodular matrix U is traceless and
antihermitian; that is, TrU = 0 and U † = −U.

It is also useful to give the expression for R(U) for U = U(α0,α),
where (α0,α) ∈ S3 :

R(α0,α) = (1.35) α20 + α21 − α22 − α23 2α1α2 − 2α0α3 2α1α3 + 2α0α2
2α1α2 + 2α0α3 α20 + α22 − α23 − α21 2α2α3 − 2α0α1
2α1α3 − 2α0α2 2α2α3 + 2α0α1 α20 + α23 − α21 − α22

 .

The parametrizations (1.32) and (1.35) of matrices U ∈ SU(2) and
R ∈ SO(3,R) in terms of points on the unit sphere S3 are very useful for
obtaining other parametrizations of these groups simply by parametriz-
ing the points on the unit sphere S3, as we give below.
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The multiplication of two unitary unimodular matrices in terms of
these parameters is expressed by the quaternionic multiplication rule

U(α0,α)U(α′
0,α

′) = U(α′′
0 ,α

′′), (1.36)

(α0,α)(α′
0,α

′) = (α′′
0 ,α

′′)

=
(
α0α

′
0 −α ·α′, α0α′ + α′

0α + α×α′) . (1.37)

These same relations hold, of course, upon replacing U by R.

We also note the following results for unitary matrices. The group
U(2) of unitary matrices is given in terms of the group of unitary uni-
modular matrices SU(2) by

U(2) =
{
Uφ = eiφU | U ∈ SU(2), 0 ≤ φ < 2π

}
. (1.38)

The 2−to−1 homomorphism (1.31) of SU(2) to SO(3,R) now defines
an ∞−to−1 homomorphism of U(2) to SO(3,R) : Every unitary matrix
Uφ = eiφU, 0 ≤ φ < 2π, corresponds to the same proper orthogonal matrix
R(U).

1.1.4 Unitary frame rotations

Using the 2−to−1 homomorphism Rij(U) = 1
2Tr(σiUσjU †) between the

groups SU(2) and SO(3,R), we can now describe in greater detail the
redescription of a particle with spin 1/2 that is effected by a frame rota-
tion, where we note that (R(U))T = R(U †). Using Cartan’s method, the
entire process can be described in terms of the unitary unimodular group
SU(2) and its action on the various sets that enter into the description
of the particle and its quantum-mechanical states, which we summarize
as follows:

1. Rotation action of SU(2) on the set F of right-handed frames:

(e1, e2, e3) �→ (e′1, e
′
2, e

′
3), (1.39)(

e′3 e′1 − ie′2
e′1 + ie′2 −e′3

)
= U

(
e3 e1 − ie2

e1 + ie2 −e3

)
U †,

(1.40)

e′i =
3∑
j=1

Rij(U)ej , i = 1, 2, 3. (1.41)
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2. Redescription of coordinates effected by a frame rotation under the
action of SU(2) :

(x1, x2, x3) �→ (x′1, x
′
2, x

′
3), (1.42)(

x′3 x′1 − ix′2
x′1 + ix′2 −x′3

)
= U

(
x3 x1 − ix2

x1 + ix2 −x3

)
U †,

(1.43)

x′i =
3∑
j=1

Rij(U)xj , i = 1, 2, 3. (1.44)

3. Action of each U ∈ SU(2) on the Hilbert space H of spatial wave-
functions in the tensor product space H⊗H 1

2
:

TUψ = ψ′, (TUψ)(x) = ψ′(x′), each ψ ∈ H, (1.45) x′1
x′2
x′3

 = (R(U))T

 x1
x2
x3

 . (1.46)

The coordinate transformation (1.44) between column matrices may
be expressed in terms of group action as (x′1, x′2, x′3) = AU (x1, x2, x3),
where AUxi =

∑
j Rij(U)xj , each U ∈ SU(2). The group action

(1.45) in function space is given by (1.45)-(1.46) in which the co-
ordinate transformation uses (R(U))T . This is not an error; it is
dictated by the requirement that the action Ag, g ∈ G, of a group
G on a set Y is to satisfy, by definition, for each pair of group el-
ements g′, g ∈ G, the product rule Ag′(Agy) = Ag′gy, each y ∈ Y.
This rule may be verified directly for AU acting in the set of all
coordinate points in accordance with (1.44), and for TU acting in
the set of all functions in the Hilbert space H in accordance with
(1.45)-(1.46).

4. Action of each U ∈ SU(2) on the basis of the spin space H 1
2

:

| 1
2
, 1

2
〉 �→ | 1

2
, 1

2
〉′ = SU | 12 , 1

2
〉 = u11| 12 , 1

2
〉+ u21| 12 ,− 1

2
〉, (1.47)

| 1
2
,− 1

2
〉 �→ | 1

2
,− 1

2
〉′ = SU | 12 ,− 1

2
〉 = u12| 12 , 1

2
〉+ u22| 12 ,− 1

2
〉. (1.48)

Again, the product action rule TU ′(TU | 12 ,± 1
2
〉) = TU ′U | 12 ,± 1

2
〉 can

be verified.
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5. Action of each U ∈ SU(2) on a state vector Ψ ∈ H ⊗H 1
2

:

TU = TU ⊗ SU : H⊗H 1
2
→H⊗H 1

2
,

TUΨ = TUψ ⊗ SU | 12〉, (1.49)

| 1
2
〉 = α| 1

2
, 1

2
〉+ β| 1

2
,− 1

2
〉.

6. Action of each U ∈ SU(2) on a state vector Ψ ∈ H ⊗Hj :

TU = TU ⊗ SU : H⊗Hj →H⊗Hj ,
TUΨ = TUψ ⊗ SU |j〉, (1.50)

|j〉 =
∑
m

αjm|jm〉, αjm ∈ C,

SU |j m〉 =
∑
m′

Dj
m′m(U)|j m′〉. (1.51)

In order to summarize relations (1.50)-(1.51) in one place, we have an-
ticipated from Sect. 1.2 below the following notation for an orthonormal
basis of the spin space Hj of an object of internal spin j given by the
standard Dirac ket notation:

|j m〉, m = j, j − 1, . . . ,−j; j ∈ {0, 1/2, 1, 3/2, . . . , }. (1.52)

Under the action of SU these basis vectors undergo the transformation
(1.51), where the functions Dj

m′m(U) give a unitary matrix represen-
tation of order 2j + 1 of SU(2). The notation Dj

m′m(U) in this trans-
formation denotes that these functions are defined over the elements
uij , 1 ≤ i, j ≤ 2, of U ∈ SU(2), and not over matrices U. These func-
tions are arranged into a matrix of order 2j + 1 by the convention of
enumerating the rows and columns in the order m′ = j, j − 1, . . . ,−j, as
read across the columns from left-to-right and m = j, j − 1, . . . ,−j, as
read down the rows from top-to-bottom. The matrices Dj(U) are then
a unitary matrix representation of SU(2); that is, they satisfy

Dj(U ′)Dj(U) = Dj(U ′U) andDj(U)(Dj(U))† = I2j+1, (1.53)

for all pairs U ′, U ∈ SU(2).

The group action (1.40) of SU(2) on reference frames in Cartesian
space R3 assigns the unitary group SU(2) the primary role in the
redescription of quantum states under the redescription of R3 by SU(2)
frame rotations, which we henceforth call simply unitary frame rotations.
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Realizations of spin space

We give two explicit realizations of spin space. In the first realization,
Hj is replaced by unit column vectors C2j+1 of complex numbers (row
vectors could also be used). Thus, we simply make the replacement of
abstract basis vectors by unit column vectors of length 2j + 1 as given
by

|j m〉 �→ sj m = col(0 . . . , 0, 1, 0, . . . , 0), (1.54)

where the single 1 appears in row j −m+ 1,m = j, j − 1, . . . ,−j. Thus,
we have that the tensor product space is realized by H⊗C2j+1 with state
vectors given by

Ψj(x) =


ψj,j(x)
ψj,j−1(x)

...
ψj,−j(x)

 =
∑
m

ψj m(x)sj m. (1.55)

Under the unitary rotations of frame given by (1.41), this tensor product
space undergoes the transformation

TU


ψj,j(x)
ψj,j−1(x)

...
ψj,−j(x)

 = Dj(U)


(TUψj,j)(x)

(TUψj,j−1)(x)
...

(TUψj,−j)(x)



= Dj(U)


ψj,j(x′)
ψj,j−1(x′)

...
ψj,−j(x′)

 , (1.56)

where the coordinate transformation (x1, x2, x2) �→ (x′1, x′2, x′2) is still
given by

x′i =
3∑
k=1

Rik(U)xk, i = 1, 2, 3. (1.57)

In the second realization of the abstract spin space, Hj is replaced
by the polynomial space Pj of polynomials of degree 2j defined over two
complex variables (z1, z2), and the abstract basis vector |j m〉 is taken to
be the polynomial with values given by

〈z1, z2|j m〉 �→ Pj m(z1, z2) =
zj+m1 zj−m2√

(j + m)!(j −m)!
, (1.58)
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for m = j, j − 1, . . . . − j. In this formulation, under the unitary frame
rotation given by (1.41), the underlying spin-space coordinates (z1, z2)
undergo the redescription (z1, z2) �→ (z′1, z

′
2) given by

z′1 = u11z1 + u12z2,

z′2 = u21z1 + u22z2,
U = (uij)1≤i≤j≤2 ∈ SU(2), (1.59)

while the basis polynomials undergo the redescription given by

(SUPj m)(z1, z2) = Pj m(z′1, z
′
2) =

∑
m′

Dj
m′m(U)Pj m′(z1, z2), (1.60)

in which the new coordinates are given in column matrix form by
col(z′1, z′2) = UT col(z1, z2). (Compare with (1.44) and (1.46).)

The transformation coefficients in relation (1.60) are given by (see
van der Waerden [171] and Ref. [21]):

Dj
m′m(U) =

√
(j + m′)!(j −m′)!(j + m)!(j −m)! (1.61)

×
∑
s

(u11)j+m−s(u12)m
′−m+s(u21)s(u22)j−m

′−s

(j + m− s)!(m′ −m + s)!s!(j −m′ − s)!
,

where the summation is over all nonnegative values of s for which all
factorials in the denominator are nonnegative.

The column matrix formulation is less specific about the charac-
ter of internal space, which is not directly accessible to measurement,
and is, perhaps, to be preferred. Mathematically, the two finite vec-
tor spaces of polynomials and unit vectors of length 2j + 1 described
above are isomorphic, and it is no restriction to use the spinor polyno-
mials Pj m(z1, z2),m = j, j − 1, . . . ,−j, as basis vectors. Indeed, these
polynomials have an inner product ( , ) such that (Pj m′ , Pj m) = δm′m,
one-to-one with that of the unit vectors sj m,m = j, j − 1, . . . ,−j, as
discussed below in Sect. 1.3.1. There are many advantages to following
this approach, especially from the vantage point of combinatorics. More-
over, it is well known that the transformation properties of the spinor
basis functions already gives all inequivalent irreducible representations
of SU(2), as given above in relation (1.61), a result that we will prove
later. It is important to recognize that the use of either of these special
realizations of spin space in no way restricts the general theory of spin
space, since they do not introduce constraining conditions.
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Many-particle systems

The above description of a single particle in R3 of spin j identified as
a constituent of an isolated physical system is easily generalized to a
physical systems S in which n identical particles in R3, each of spin j,
are constituents, all of which may be interacting. The k−th particle is
assigned the points x(k) = (x1k, x2k, x3k) ∈ R3, k = 1, 2, . . . , n relative
to the Newtonian frame (e1, e2, e3) used for the description of a single
particle above. We use spinor basis functions for the description of the
spin states. It is convenient now to present the spatial coordinates and
spin coordinates as the following 3 × n matrix X and the 2 × n matrix
Z defined by

X =

 x11 x12 · · · x1n
x21 x22 · · · x2n
x31 x32 · · · x3n

 , (1.62)

Z =
(

z11 z12 · · · z1n
z21 z22 · · · z2n

)
, (1.63)

in which column k of these matrices gives the spatial coordinates x(k) =
(x1k, x2k, x3k) and the spin coordinates z(k) = (z1k, z2k) of the k−th
particle. These coordinates then become the domain of definition of the
state vector Ψ ∈ H of the physical system with values given by Ψ(X,Z).
The Hilbert space H is the n−fold tensor product space of the tensor
product spaces H(k) ⊗ S(k)j of each of the particles of spin j, which we
present in the form

H = (H(1) ⊗H(2) ⊗ · · · ⊗ H(n))⊗ (S(1)j ⊗ S
(2)
j ⊗ · · · ⊗ S

(n)
j ). (1.64)

The value of each Ψ ∈ H is denoted Ψ(X,Z) for each point X ∈ R3 ⊗
R3 ⊗ · · · ⊗ R3 and each point Z ∈ C2 ⊗ C2 ⊗ · · · ⊗ C2.

The properties of this n−particle system under the action of SU(2)
are summarized as follows:

1. Action of each U ∈ SU(2) on the reference frame: This action is
still given by

(e1, e2, e3) �→ (e′1, e
′
2, e

′
3), (1.65)(

e′3 e′1 − ie′2
e′1 + ie′2 −e′3

)
= U

(
e3 e1 − ie2

e1 + ie2 −e3

)
U †

(1.66)
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e′i =
3∑
l=1

Ril(U)el, i = 1, 2, 3. (1.67)

2. Action of each U ∈ SU(2) on the state vector space H : The state
vector Ψ ∈ H undergoes the transformation Ψ→ TUΨ given by

(TUΨ)(X,Z) = Ψ
(
(R(U))TX,UTZ

)
. (1.68)

This formulation not only makes transparent the left action of the group
SU(2), but also clearly invites the possibility of further transformations
of the state vector by using right transformations X �→ XY and Z �→ ZY
by an arbitrary matrix Y of order n. Thus, for example, if we choose
Y = Pπ to be a permutation matrix, such transformations permute the
spatial and spin coordinates of the particles. Here Pπ is any one of
the n! matrices obtained by a permutation of the columns of the identity
matrix In (permutation matrices). Moreover, there is also the possibility
of doing right transformations by choosing Y ∈ U(n), the group of n×n
unitary matrices: The occurrence of the general unitary group U(n) in
the classification of the state vectors of n−particle systems is always
implicit.

The theory of angular momentum arises naturally from the above
presentation of unitary frame rotations. Let us first show this for the
case of a single particle with spin j for which we have

X =

(
x1
x2
x3

)
, Z =

(
z1
z2

)
. (1.69)

The generators of a group are defined in terms of abelian subgroups. For
the group SU(2), the generator of the subgroup SU(2;φ,n) ⊂ SU(2)
defined by

SU(2;φ,n) = {U(φ,n) = exp(−iφn ·σ/2) | 0 ≤ φ < 2π} (1.70)

of a frame rotation about a fixed direction n is defined by

1
2
n · σ = i

d

dφ
U(φ,n)

∣∣∣
φ=0

. (1.71)

The generator n · J = n1J1 + n2J2 + n3J3 of the transformation of the
state vector Ψ �→ TU(φ,n) Ψ corresponding to the redescription of the
state vector under the unitary frame transformation (1.67) is defined in
analogy to (1.71) by

((n · J)Ψ)(X,Z) =
(
i
d

dφ
(TU(φ,n)Ψ)(X,Z)

)
φ=0



24 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

= i
d

dφ
Ψ(X(φ,n), Z(φ,n))

∣∣∣
φ=0

, (1.72)

X(φ,n) = (R(φ,n))TX, Z(φ,n) = (U(φ,n))TZ. (1.73)

The unitary unimodular matrix U(φ,n) is given explicitly by

U(φ,n) = exp(−iφn ·σ/2) (1.74)

=
(

cos(φ/2) − in3 sin(φ/2) (−in1 − n2) sin(φ/2)
(−in1 + n2) sin(φ/2) cos(φ/2) + in3 sin(φ/2)

)
.

The real, proper, orthogonal matrix R(φ,n) = R(U(φ,n)) is obtained
by setting α0 = cos(φ/2) and α = n sin(φ/2) in relation (1.32). We now
carry out the differentiation d/dφ in (1.72), using the chain rule from
calculus, and the relations

i
d

dφ
(U(φ,n))T |φ=0 =

1
2

(
n3 n1 + in2

n1 − in2 −n3

)
, (1.75)

i
d

dφ
(R(φ,n))T |φ=0 = i

 0 n3 −n2
−n3 0 n1
n2 −n1 0

 . (1.76)

We thus obtain the following results: The generator

n · J = n1J1 + n2J2 + n3J3, (1.77)

which acts on functions Ψ ∈ H, is given in terms of the differential
operator n·J , which acts in the set of values {Ψ(X,Z) |X ∈ R3;Z ∈ C2}
by the following relations:

((n · J)Ψ)(X,Z) = (n · J )Ψ(X,Z), (1.78)

J = L+ S, J = L + S, (1.79)

where L and S are the differential operators defined by

L1 = −i(x2∂/∂x3 − x3∂/∂x2),
L2 = −i(x3∂/∂x1 − x1∂/∂x3), (1.80)
L3 = −i(x1∂/∂x2 − x2∂/∂x2);

S1 = (z1∂/∂z2 + z2∂/∂z1)/2,
S2 = −i(z1∂/∂z2 − z2∂/∂z1)/2, (1.81)
S1 = (z1∂/∂z1 − z2∂/∂z2)/2.
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Here we use the notation

(TΨ)(q) = T Ψ(q), (1.82)

where Ψ is an element of some function space F on which an operator
T acts, T : Ψ �→ Ψ′ = TΨ; q is a point in the domain of definition Q
of the functions in F ; and T is the differential operator, acting in the
space of values of the functions in F , that defines the values of (TΨ)(q).
In the context at hand, such a relation applies to the operator pairs
(Ji,Ji), (Li,Li), (Si,Si), where these are the generator pairs correspond-
ing to n = ei, i = 1, 2, 3. Similar relations apply to linear combinations of
these linear operator. In particular, we have that the matrix generator
n · σ/2 of the unitary matrix representation exp (−iφn · σ/2) of order
2 of SU(2) is realized in the space of functions by

(TU(φ,n)Ψ)(X,Z) =
(
e−iφn·JΨ

)
(X,Z) = e−iφn·J Ψ(X,Z). (1.83)

Although the differential operators Li and Si are quite different in
structural form, they satisfy identical commutation relations, where the
commutator [A,B] of two operator A and B acting in a Hilbert space is
defined by [A,B] = AB −BA :

[L1,L2] = iL3, [L2,L3] = iL1, [L3,L1] = iL2, (1.84)
[S1,S2] = iS3, [S2,S3] = iS1, [S3,S1] = iS2, (1.85)
[Li,Sj ] = 0, i, j = 1, 2, 3. (1.86)

The operators Li and Si, with action in the space of state vectors, satisfy,
of course, these same commutation relations. The important observation
is: There can be many realizations of these commutation relations by
quite different operators, but as we shall see in Sect. 1.2 below, under
certain assumptions, they all give rise to the same matrix realizations.

Let us next relate the mathematical quantities given above to the
physical quantity called angular momentum. The classical angular mo-
mentum L of a point particle relative to a frame (e1, e2, e3) is defined
by the cross product L = x×p, where p is the linear momentum of the
particle. The quantum angular momentum L is obtained from the clas-
sical quantity by making the replacement p �→ −i�∇, where � is the
Planck constant h/2π, and ∇ is the Laplace operator with components
(∂/∂x1, ∂/∂x2, ∂/∂x3). Thus, the components of the dimensionless an-
gular momentum operators L/� = −ix×∇ are exactly the generators of
rotations given by relations (1.80). There is, of course, no such rule for
obtaining the spin operators (1.81). As remarked earlier, spin angular
momentum can either be incorporated into the quantum theory in terms
of an unspecified abstract finite-dimensional Hilbert space or by using
realizations of this space that do not restrict the mathematical content
of the theory, as we have done above.



26 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

The generalizations of the above one-particle results to n particles is
immediate: One simply copies relations (1.79)-(1.81) n times, adjoining
an extra index k to designate the k−th particle with spin j. The in-
finitesimal operators associated with each particle are clearly additive,
so we have that the generator of the transformation associated with the
redescription of the state vector resulting from a unitary frame rotation
by angle φ about direction n is given by n · J and have the properties
summarized by the following relations:

J = L + S, (1.87)

J =
n∑
k=1

J (k), (1.88)

J (k) = L(k) + S(k); (1.89)

L(k) = −ix(k)×∇(k), x(k) =
3∑

i=1

xikei ; (1.90)

S
(k)
1 = (z1k∂/∂z2k + z2k∂/∂z1k)/2,

S
(k)
2 = −i(z1k∂/∂z2k − z2k∂/∂z1k)/2, (1.91)

S
(k)
3 = (z1k∂/∂z1k − z2k∂/∂z2k)/2.

These operators are just n replicas of relations (1.79)-(1.81) with com-
mutation relations that are k replicas of relations (1.84)-(1.86) with su-
perscript (k) adjoined, where now operators having distinct values of
particle index k all mutually commute. Relation (1.78) also holds, of
course, in the interpretation as operators acting in the state space:(

(n · J(k))Ψ
)

(X,Z) = (n ·J (k))Ψ(X,Z), (1.92)

with similar relations for n · L(k) and n · S(k). In particular, we still have
the commutation relations for the total angular momentum:

[J1, J2] = iJ3, [J1, J2] = iJ3, [J1, J2] = iJ3 (1.93)

and the associated transformations of the state vectors:

(TU(φ,n)Ψ)(X,Z) =
(
e−iφn·JΨ

)
(X,Z) = e−iφn·J Ψ(X,Z). (1.94)

This relatively simple n−particle physical system embodies the full con-
tent of angular momentum theory. The simplicity of these additive re-
lations does not reveal the intricacies of the theory.

Remark. Each U ∈ SU(2) effects a rotation R(U) of the reference
frame of a physical system in R3 as given by relations (1.65)-(1.67).
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It may seem mysterious that a unitary rotation of the reference frame
should effect also a unitary transformation of the internal coordinates
that describe spin. This is so because a redescription of the quantum
state corresponding to the reassignment of coordinates

X ′ = R(U)X, Z ′ = UZ, (1.95)

as effected by a unitary frame rotation, treats the spin coordinates on a
par with the spatial coordinates. It is this relation that defines the action
of each U ∈ SU(2) to be that of an operator TU acting in the Hilbert
space H of states by the rule (TUΨ)(X,Z) = Ψ

(
(R(U))TX,UTZ

)
. We

note that we have the option of redefining the redescription transforma-
tion (1.95) by replacing U by U∗, so that the action of the operator TU on
state vectors would be (TUΨ)(X,Z) = Ψ

(
(R(U∗))TX,U †Z

)
. But this

would lead to replacing the matrices Dj(U) defined in relation (1.16) by
Dj(U∗). This is an acceptable procedure, but we have elected to use
the redescription given by (1.95).

The system described above leads us below to investigate abstractly
all possible realizations of operators satisfying the commutation rela-
tions (1.93), subject to certain conditions, together with the problem of
adding two or more angular momenta, each of which has three compo-
nents that satisfy these commutation relations, and the components of
the separate angular momenta mutually commute. This is the problem
of constructing representations of two or more copies of the Lie algebra
of a group.

The state vector Ψ ∈ H of every physical system in the space R3,
with or without spin, possesses SU(2) unitary symmetry; that is, for
each U ∈ SU(2), we have for each Ψ ∈ H that TUΨ = Ψ′ ∈ H, since
this transformation in the space of states available to the system is just
the redescription of H corresponding to the redescription of the physical
system induced by a unitary frame rotation. Ideally, the state vector
space is a separable Hilbert space, and TU , each U ∈ SU(2), is a unitary
operator with respect to the inner product on H. This is equivalent to
requiring that the three generators Ji, i = 1, 2, 3, corresponding to rota-
tions about the three basis vector ei, i = 1, 2, 3, are Hermitian operators.
Such a separable Hilbert space H is said to possess SU(2) symmetry.

A separable Hilbert space having SU(2) symmetry can always be
decomposed into a direct sum of various subspaces HSU(2) on which
the action of TU , each U ∈ SU(2), is irreducible, which means that
TU : HSU(2) �→ HSU(2), each U ∈ SU(2), and there exists no subspace
of HSU(2) with this property. The invariance of such subspaces HSU(2)
under the unitary action of each TU is, however, insufficient, in general, to
determine the decomposition of H into its irreducible SU(2) subspaces.
For an n−particle system in R3, there are 3n − 3 degrees of spatial
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classical degrees of freedom, after accounting for the three degrees of
freedom associated with the three independent translations in R3. There
may also be internal nonclassical degrees of freedom associated with
each particle. Each complex physical system must be considered on
its own to determine those degrees of freedom that are significant for
the explanation of various phenomena exhibited by the system. In some
model cases, a collection of independent, mutually commuting Hermitian
operators

H = {H1,H2, . . .} (1.96)

can be found such that [TU ,Hk] = 0, k = 1, 2, . . . , for each SU(2) frame
rotation. Such a set of mutually commuting Hermitian operators can
always be diagonalized on the Hilbert space of state vectors; that is,
there exist vectors Ψλ ∈ H, λ = (λ1, λ2, . . .), such that HkΨλ = λkΨλ,
where the λk are real numbers. Then, each subspace Hλ ⊂ H, for each
set of fixed eigenvalues λ, is invariant under the action of TU ; that is,
TU : Hλ → Hλ. If the set of SU(2) invariant operators (1.96) and the
total angular momentum squared, defined by J2 = J21 +J22 +J23 , which is
also an SU(2) invariant, determine a unique irreducible subspaceHSU(2),
then the set of operators (1.96) is said to be complete with respect to the
group SU(2) . If the entire state vector spaceH for the physical system in
question can be written as a direct sum of such subspaces: H =

∑
λ⊕Hλ,

then the set of operators is a complete set for the physical system. This
property is rarely the case for real systems. But the role of SU(2) rota-
tional symmetry is still significant, since an incomplete set of operators
(1.96) can still be used to characterize partially the various SU(2) ir-
reducible subspaces of the full Hilbert space H. It is such irreducible
subspaces that concern us in the theory of angular momentum.

We note that as a matter of notation, it is customary to use the same
symbol for an operator acting in the space of functions as for the
operator acting in the space of values of the function. The difference
in the notation (TΨ)(q) = T Ψ(q) is in the extra parenthesis pair ( )
enclosing TΨ = Ψ′. The set, function space or value space, in which an
operator acts can usually be inferred from the context of usage.

1.2 Abstract Angular Momentum

1.2.1 Brief background and history

One viewpoint in physics is that complex systems are built up from in-
teracting elementary constituents. More significantly, perhaps, is the
converse position that complex physical systems may be taken apart to
unveil their elementary constituents. While this build-up and take-apart
viewpoint of the makeup of physical systems can be called into question,
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it is the basis for the angular momentum theory of composite systems.
Unitary SU(2) rotational symmetry of the constituents, first viewed as
noninteracting, as implemented through unitary rotations of individual
frames of reference, one for each system, and, then, the unitary ro-
tational symmetry of the interacting composite whole, as implemented
through the SU(2) unitary rotation of a single common reference
frame, is a defining attribute of such a viewpoint.

The simplest composite system S is one that may be considered as
composed of two independent parts S1 and S2. The two separate sys-
tems, considered as noninteracting with state vector spaces H(1) and
H(2), are each described in terms of their individual reference systems,
(e(1)1 , e(1)2 , e(1)3 ) and (e(2)1 , e(2)2 , e(2)3 ); each system is separately invariant
under the redescription induced by the independent SU(2) unitary frame
rotations TU1 : H(1) �→ H(1) and TU2 : H(2) �→ H(2), as given by relation
(1.65)-(1.67). Systems S1 and S2 have angular momenta J(1) and J(2),
respectively, each of which has three components that satisfy the com-
mutation relations (1.93), and the components of the separate angular
momenta mutually commute.

The quantum systems S1 and S2 are next taken as a single composite
system, denoted S1 ⊗ S2, and described in terms of a common refer-
ence system (e1, e2, e3). The quantum states of the composite system
belong to the tensor product space H(1)⊗H(2), which contains the an-
gular momentum subspaces Hj1(1) ⊗Hj2(2) ⊂ H(1) ⊗H(2), where Hj1
and Hj2 are irreducible subspaces of H(1) and H(2) under the action
of SU(2) rotations of the respective reference frames. The composite
system S1 ⊗ S2, even if the parts are interactive, is invariant under the
redescription induced by a unitary action of the frame (e1, e2, e3), and
must possess the rotational symmetry described by the total angular
momentum J = J(1) + J(2), the three components of which again must
satisfy the commutation relations (1.93). This situation motivates not
only the determination of all possible actions of a single angular momen-
tum in the state space of a physical system, but also that for compounding
two such angular momenta.

In the third foundational paper of quantum mechanics in 1926, Born,
Heisenberg, and Jordan [31] (see also Refs. [30, 32, 82]) not only gave the
basic commutation relations for the components (J1, J2, J3) of the total
angular momentum J of a physical system, but also determined all finite-
dimensional Hermitian matrix representations of these operators. Dirac
[51] simultaneously deduced these basic commutation relations using his
algebraic approach to quantum mechanics, and later gave a marvelously
brief derivation of their matrix representations in his book (Dirac [52]).

Much of this mathematics had been discovered and developed earlier
by Lie and Cartan, work of which physicists of the day were apparently
unaware. The invariant theory of Clebsch, Gordan, and Young, and
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others also had no influence in the early developments of quantum the-
ory, although Weyl [177] corrects this oversight in his 1928 book “Grup-
pentheorie und Quantenmechanik,” but his work was mostly ignored by
physicists of the time. It was Wigner [181] and Racah [143, 144] who
initiated the application of Lie algebraic and symmetry methods into
quantum physics and chemistry in a style that was accessible and even-
tually adopted by physical scientists. Weyl’s work, however, was and
remains fundamental; his book already initiates combinatorial methods
(Young tableaux) into group theory, and deduces the fundamental rule
for reducing an irreducible representation of U(n) into a direct sum of
irreducible representations of U(n − 1), which is the underlying group
theoretical origin of Gelfand-Tsetlin [62] patterns that play in Chapters
5-9 a prominent role in this monograph.

1.2.2 One angular momentum: First and Second
Fundamental Results

Abstract angular momentum theory addresses the problem of construct-
ing all finite Hermitian matrices that satisfy the commutation relations

[J1, J2] = iJ3, [J2, J3] = iJ1, [J3, J1] = iJ2, (1.97)

where [A,B] = AB − BA denotes the commutator of two matrices of
the same order. If J1, J2, J3 is such a set of Hermitian matrices, then
AJ1A

−1, AJ2A−1, AJ3A−1, is another such set, where A is an arbitrary
unitary matrix, A−1 = A† = (A∗)T , where ∗ denotes complex conjuga-
tion and T transposition. Two matrix representation of the commuta-
tions relations (1.97) related by such a unitary transformation are said
to be equivalent. Thus, abstract angular momentum theory determines
all Hermitian matrix realizations of the commutation relations (1.97) up
to unitary equivalence. The commutation relations (1.97) may also be
formulated as

[J3, J±] = ±J±, [J+, J−] = 2J3,
(1.98)

J± = J1 ± iJ2, J
†
+ = J− .

The squared angular momentum

J2 = J21 + J22 + J23 = J−J+ + J3(J3 + 1)
= J+J− + J3(J3 − 1) (1.99)

commutes with each Ji, and J3 is, by convention, taken with J2 as the
pair of commuting Hermitian matrices to be diagonalized.
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Examples. Two examples of matrices satisfying relations (1.97) are
provided by Ji = σi/2, where the σi denote the three Pauli matrices:

J1 =
1
2

(
0 1
1 0

)
, J2 =

1
2

(
0 −i
i 0

)
,

J3 =
1
2

(
1 0
0 −1

)
, J2 =

3
4

(
1 0
0 1

)
; (1.100)

and by the following Ji :

J1 =
1√
2

(
0 1 0
1 0 1
0 1 0

)
, J2 =

i√
2

(
0 −1 0
1 0 −1
0 1 0

)
,

J3 =

(
1 0 0
0 0 0
0 0 −1

)
, J2 = 2

(
1 0 0
0 1 0
0 0 1

)
. (1.101)

All Hermitian matrices solving (1.97) can be determined by using
only matrix theory, but it is customary in quantum mechanics to formu-
late the problem using Hilbert space concepts in the spirit of quantum
theory. Thus, the viewpoint is adopted that the Ji are linear Hermitian
operators with an action defined in a separable Hilbert spaceH such that
Ji : H → H. (We now use the notation H to denote a generic Hilbert
space that undergoes a redescription under unitary frame transforma-
tions.) The Hilbert space H is then decomposed into a direct sum of
subspaces that are irreducible with respect to this action; that is, sub-
spaces that cannot be further decomposed as a direct sum of subspaces
that all the Ji leave invariant (map vectors in the space into vectors
in the space). In this section, the solution of this fundamental prob-
lem for angular momentum theory is summarized. These results set the
notation and phase conventions for the irreducible action of angular mo-
mentum operators, in all of their varied realizations, and the relations
given here are therefore referred to as standard. The standard solution
of this problem is among the most important in quantum theory because
of its generality and applicability to a wide range of problems. Since this
problem is solved in many places, including the seminal references given
above, the standard solution and its properties are given in summary
form (see Ref. [21] for the notations used here and more details. These
results are also summarized in Drake [53]).

It is convenient to formulate the problem and its solution in a broad
context without being too specific, so as not to restrict applications to
general physical systems. Every isolated physical system described in
Cartesian 3−space R3 has unitary rotational symmetry under unitary
frame rotations and corresponding unitary group actions in H, as de-
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scribed in detail earlier. The quantum rotation group SU(2) is a symme-
try group of the quantum-mechancial system. The system possesses irre-
ducible subspaces under the SU(2) action TU : H → H of SU(2) and the
associated generators of this group, which is a set of angular momentum
operators satisfying the commutation relations (1.97). The irreducible
subspaces of H are given by HSU(2)(λ), where the angular momentum
operators Ji, i = 1, 2, 3, have an irreducible action on each subspace; that
is, Ji : HSU(2)(λ) �→ HSU(2)(λ). The symbol λ = (λ1, λ2, . . .) denotes a
sequence of labels of finite length in a set such that, together with the
subspaces determined by the irreducible action of the angular momen-
tum J, it is possible to describe the entire space H as a direct sum of
these irreducible subspaces:

H =
∑
λ

⊕HSU(2)(λ). (1.102)

The sequence λ could, for example, specify the eigenvalues of a set of
commuting Hermitian operators that are invariant under SU(2), as de-
scribed in (1.96), such that these operators together with J2 uniquely
determine each irreducible space HSU(2)(λ). Our main concern here is
with the characterization of these subspaces that are invariant and ir-
reducible under the action of the group SU(2) and not with the bigger
picture of how the description of complex physical systems synthesizes
such subspaces into the totality of state vectors available for a full de-
scription.

For the purpose of angular momentum theory itself, we now drop
all such labels λ from consideration and give the characterization of the
subspaces HSU(2) by HSU(2) = Hj, where j is an nonnegative integer
or half-odd integer; that is, j ∈ {0, 1/2, 1, 3/2, . . .}. We next summarize
the angular momentum properties of this space, using the Dirac bra-ket
notation for the basis vectors of the space Hj :

1. Orthonormal basis of Hj :

{|j m〉 |m = j, j − 1, . . . ,−j}, 〈j m′ | j m〉 = δm′,m . (1.103)

2. Standard action of the angular momentum operators:

J2 |j m〉 = j(j + 1) |j m〉, J3 |j m〉 = m |j m〉,
J+ |j m〉 =

√
(j −m)(j + m + 1) |j m + 1〉, (1.104)

J−|j m〉 =
√

(j + m)(j −m + 1) |j m− 1〉 .

3. Defining properties of highest weight vector |j j〉 :

J+ |j j〉 = 0, J3 |j j〉 = j |j j〉 . (1.105)
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4. Generation of general vector from highest weight vector |j j〉 :

|j m〉 =

√
(j + m)!

(2j)!(j −m)!
Jj−m− |j j〉 . (1.106)

5. Defining properties of lowest weight vector |j,−j〉 :

J− |j,−j〉 = 0, J3 |j,−j〉 = −j |j,−j〉 . (1.107)

6. Standard action of TU , U ∈ SU(2), on Hj:

TU |j m〉 =
∑
m′

Dj
m′m(U) | j m′〉, (1.108)

Dj
m′m(U) = N j

m′m

∑
A∈M2(α′,α)

(u11)a11(u12)a12(u21)a21(u22)a22

a11!a12!a21!a22!
,

(1.109)

N j
m′m =

√
(j + m′)!(j −m′)!(j + m)!(j −m)!,

where M2(α′, α) denotes the set of 2× 2 matrix arrays defined by

M2(α′, α)

=
{(

a11 a12
a21 a22

) ∣∣∣ a11 + a12 = α′
1, a21 + a22 = α′

2,
a11 + a21 = α1, a12 + a22 = α2

}
,

(1.110)(
α′
1 α′

2

α1 α2

)
=
(

j + m′ j −m′
j + m j −m

)
.

Thus, the summation in (1.109) is carried out over all 2× 2 matrix
arrays A ∈ M2(α′, α) of nonnegative integral exponents such that
the row-sum vector is given by (α′

1, α
′
2) = (j + m′, j −m′) and the

column-sum vector is given by (α1, α2) = (j+m, j−m). This nota-
tion for effecting the summation in (1.109) is highly redundant for
n = 2, since there is only one “free” summation index after eliminat-
ing the row and column sum constraints, as given, for example, by
s = a21 in (1.61). It is, however, a notation that extends naturally
in subsequence generalizations to U(n). Even at level n = 2, it is
very useful for determining symmetries of the functions Dj

m′m(U).
In relation (1.109), U denotes an arbitrary unitary unimodular ma-
trix with row and columns enumerated by U = (uij)1≤i,j≤2 . The
representation functions corresponding to the (φ, n̂) parametriza-
tion are obtained by setting U = U(φ, n̂), as given by (1.74).
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7. Unitary action of TU on H:

〈TUΨ |TUΨ〉 = 〈Ψ |Ψ〉, each |Ψ〉 ∈ H, eachU ∈ SU(2), (1.111)

where |Ψ〉 is again the Dirac notation for a general state vector in
H.

8. Irreducible unitary matrix representations of SU(2): By conven-
tion, the (2j + 1)2 functions Dj

m′m(U) are arranged as the rows
and columns of a matrix Dj(U) of order 2j + 1 by the rule: The
element in row j − m′ + 1 and column j − m + 1 of Dj(U) is
Dj
m′m,m

′ = j, j − 1, . . . ,−j;m = j, j − 1, . . . ,−j. These matrices
are then unitary; that is, (Dj(U))† = (Dj(U))−1 = Dj(U †), and
they satisfy the group representation multiplication rule:

Dj(U ′)Dj(U) = Dj(U ′U), U ′ ∈ SU(2), U ∈ SU(2). (1.112)

The matrices constitute, for j ∈ {0, 1/2, 1, 3/2, . . .}, all inequivalent
irreducible unitary matrix representations of the group SU(2). In-
terestingly, there is such a representation for every natural integer
n = 1, 2, · · · .

Most parametrizations of SU(2) can be obtained from the quaternion
parametrization given in by relations (1.36)-(1.37) by making an appro-
priate choice of parameters for a point on the unit sphere. For example,
for

α0 = cos(φ/2), α = n sin(φ/2), 0 ≤ φ ≤ 2π, (1.113)

we obtain the parametrization of U ∈ SU(2) corresponding to a unitary
frame rotation in R3 by angle φ about direction n with n · n = n21 +
n22 + n23 = 1. The corresponding operator generating the transformation
in the Hilbert space Hj is given by

TU(φ,n) = e−iφn·J, n · J = n1J1 + n2J2 + n3J3, (1.114)

e−iφn·J|j m〉 =
∑
m′

Dj
m′m(U(φ, n̂))| j m′〉. (1.115)

Still other parametrizations are given in Ref. [21].

We refer to relations (1.104) giving the standard action of angular
momenta components (J1, J2, J3) in the abstract Hilbert space Hj as
the First Fundamental Result, and the relations (1.108)-(1.110) giving
the standard action of the unitary group SU(2 in this space as the Second
Fundamental Result:
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First Fundamental Result. Up to unitary equivalence, the action
of Hermitian angular momentum operators on the basis of a finite-
dimensional Hilbert space on which the action is irreducible can always
be put in the standard form given by relations (1.104).

Second Fundamental Result. Up to unitary equivalence, the ac-
tion of the unitary unimodular group SU(2) on the basis of a finite-
dimensional Hilbert space on which the action of the group is irreducible
can always be put in the standard form given by relations (1.108)-(1.110).

We never depart from these forms of the fundamental relationships.

1.2.3 Two angular momenta: Third Fundamental Result

Two angular momenta can arise in somewhat different contexts. Two
distinct systems S1 and S2 can be brought together as the constituents of
a single system, or a single object can have a spatial angular momentum
and an intrinsic spin-like angular momentum, as we have already con-
sidered in the previous sections. In each case, we encounter the problem
of addition of two angular momenta. We show below how each fits into
the abstract theory of addition of two angular momenta.

Two distinct physical systems S1 and S2 are each described in terms of
their individual reference frames (e(1)1 , e(1)2 , e(1)3 ) and (e(2)1 , e(2)2 , e(2)3 ), each
of which undergoes its own unitary rotation U1 ∈ SU(2) and U1 ∈ SU(2).
The first system has angular momentum J(1) = J1(1)e(1)1 + J2(1)e(1)2 +
J3(1)e(1)3 and the second angular momentum J(2) = J1(2)e(2)1 +J2(2)e(2)2 +
J3(2)e(2)3 . This corresponds to two copies of the same Lie algebra; that
is, the angular momenta components satisfy the commutation relations:

[J1(1), J2(1)] = iJ3(1), [J2(1), J3(1)] = iJ1(1),
[J3(1), J1(1)] = iJ2(1); (1.116)
[J1(2), J2(2)] = iJ3(2), [J2(2), J3(2)] = iJ1(2),
[J3(2), J1(2)] = iJ2(2), (1.117)

and each component of J(1) commutes with each component of J(2).
Thus, the components of the angular momenta J(1) and J(2) are Hermi-
tian operators that act in their own irreducible spaces Hj1(1) and Hj2(2),
each with the standard action:

1. System S1. Standard action of the components of J(1) on the or-
thonormal basis of Hj1(1):

{| j1m1〉 | m1 = j1, j1 − 1, . . . ,−j1} . (1.118)
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J2(1) |j1m1〉 = j1(j1 + 1) |j1m1〉, J3(1) |j1m1〉 = m1 |j1m1〉,
J+(1) |j1m1〉 =

√
(j1 −m1)(j1 + m1 + 1) |j1m1 + 1〉, (1.119)

J−(1) |j1m1〉 =
√

(j1 + m1)(j1 −m1 + 1) |j1m1 − 1〉 .

2. System S2. Standard action of the components of J(2) on the or-
thonormal basis of Hj2(2):

{| j2m2〉 | m2 = j2, j2 − 1, . . . ,−j2} . (1.120)

J2(2) |j2m2〉 = j2(j2 + 1) |j2m2〉, J3(2) |j2m2〉 = m2 |j2m2〉,
J+(2) |j2m2〉 =

√
(j2 −m2)(j2 + m2 + 1) |j2m2 + 1〉, (1.121)

J−(2) |j2m2〉 =
√

(j2 + m2)(j2 −m2 + 1) |j2m2 − 1〉 .

The two systems S1 and S2 are now brought together as the parts of
a composite system S1 ⊗ S2 in which they may be interacting. The two
angular momenta are now described in terms of a single reference frame
(e1, e2, e3) by J(1) = J1(1)e1 + J2(2)e2 + J3(2)e3 and J(2) = J1(2)e1 +
J2(2)e2 + J3(2)e3. The components of the two angular momenta still
satisfy the commutation relations (1.116) -(1.117), with each component
of J(1) commuting with each component of J(2). But now we can add
components to obtain the total angular momentum

J = J(1)+J(2) = (J1(1)+J1(2))e1+(J2(1)+J2(2))e2+(J3(1)+J3(2))e3,

(1.122)
whose components satisfy the commutation relations

[J1, J2] = iJ3, [J2, J3] = iJ1, [J3, J1] = iJ2. (1.123)

Here the unitary rotation of the frame (e1, e2, e3) to which both systems
are referred induces the redescription of the composite system S1 ⊗ S2
that leads directly to the addition of angular momenta. In case of a single
system with internal spin, the system is “composite” from the outset—
it cannot be taken apart or assembled: steps 1 and 2 above would not
be introduced. But the abstract results from the addition of angular
momenta applies to both truly composite and intrinsically composite
systems. In both cases, we are led to two different ways of describing
the angular momentum states of the composite system in terms of the
tensor product space Hj1(1) ⊗ Hj2(2), which is the operative space for
such systems, as we next describe:

1. Uncoupled basis of Hj1(1)⊗Hj2(2) :{
|j1m1〉 ⊗ |j2m2〉

∣∣∣∣ m1 = j1, j1 − 1, . . . ,−j1 ;
m2 = j2, j2 − 1, . . . ,−j2

}
. (1.124)
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The actions of the angular momentum operators J(1) and J(2) on
this basis are defined by

(Ji(1)⊗ I2)|j1m1〉 ⊗ |j2m2〉 = (Ji(1) | j1m1〉)⊗ | j2m2〉, (1.125)

(I1 ⊗ Ji(1))|j1m1〉 ⊗ |j2m2〉 = |j1m1〉)⊗ ((Ji(2)|j2m2〉), (1.126)

where Ii, i = 1, 2, is the identity operator on Hji. In these relations,
the actions of the angular momentum components Ji(1) and Ji(2)
on the respective basis vectors |j1m1〉 and |j2m2〉 are given by
relations (1.119) and (1.121).

2. Coupled basis of Hj1(1)⊗Hj2(2) :

|(j1 j2)j m〉 =
∑

m1,m2
m1 + m2 = m

Cj1 j2 j
m1m2m |j1m1〉 ⊗ |j2m2〉, (1.127)

{
|(j1 j2)j m〉

∣∣∣ j = j1 + j2, j1 + j2 − 1, . . . , |j1 − j2| ;
m = j, j − 1, . . . ,−j

}
. (1.128)

The coefficients Cj1 j2 j
m1m2m in the linear transformation (1.127) of the

space Hj1(1) ⊗ Hj2(2) are called Wigner-Clebsch-Gordan (WCG)
coefficients, which were first obtained by Clebsch [43] and Gordan
[68], and then Wigner [184, 185]. These coefficients effect a real or-
thogonal transformation of the uncoupled basis to the coupled basis
on which the total angular momentum has the standard action:

J2|(j1 j2)j m〉 = j(j + 1)|(j1 j2)j m〉,
J3|(j1 j2)j m〉 = m|(j1 j2)j m〉, (1.129)

J+|(j1 j2)j m〉 =
√

(j −m)(j + m + 1) |(j1 j2)j m + 1〉,
J−|(j1 j2)j m〉 =

√
(j + m)(j −m + 1) |(j1 j2)j m− 1〉 .

It is also the case that

J2(1)|(j1 j2)j m〉 = j1(j1 + 1)|(j1 j2)j m〉, (1.130)

J2(2)|(j1 j2)j m〉 = j2(j2 + 1)|(j1 j2)j m〉. (1.131)

The three Hermitian operators J2(1),J2(2),J2 are a complete set of
SU(2) invariant operators in the sense defined in (1.102); we denote
the SU(2) irreducible space HSU(2)(λ1, λ2) by H(j1j2)j . Relations
(1.127)-(1.131) apply to arbitrary values of j1, j2 ∈ {0, 1/2, 1, . . .},
but only to values of j that satisfy, for given j1 and j2, the rule

j ∈ {j1 + j2, j1 + j2 − 1, . . . , |j1 − j2|}. (1.132)
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This relation between j1, j2, j is called the triangle rule. Also, be-
cause J3 = J3(1) + J3(2), the summation in relation (1.127) is
over only such values of m1 ∈ {j1, j1 − 1, · · · − j1} and m2 ∈
{j2, j2 − 1, . . . ,−j2} that satisfy

m1 + m2 = m, (1.133)

where m ∈ {j, j − 1, · · · − j}. This relation between m1,m2,m is
called the projection quantum number sum rule. (This is discussed
further below in connection with the domain of definition of a WCG
coefficient.) Relation (1.127) is the expression of the decomposition
of the vector space Hj1(1)⊗Hj2(2) of dimension (2j1 + 1)(2j2 + 1)
into it SU(2) irreducible subspaces H(j1,j2)j , hence,

j1+j2∑
j=|j1−j2|

(2j + 1) = (2j1 + 1)(2j2 + 1). (1.134)

In both instances, we follow the practice of using the 3−components
J3(1), J3(2), J3 of the respective angular momenta to determine the
orthonormal basis |j1m1〉 ⊗ |j2m2〉 of Hj1(1) ⊗ Hj2(2) and the or-
thonormal basis |(j1j2)jm〉 of H(j1,j2)j .

3. Standard action of U ∈ SU(2) on Hj1(1) :

TU |j1m1〉 =
j1∑

m′
1=−j1

Dj1
m′

1m1
(U)|j1m′

1〉, (1.135)

m1 = j1, j1 − 1, . . . ,−j1.

4. Standard action of U ∈ SU(2) on Hj2(2) :

TU |j2m2〉 =
j2∑

m′
2=−j2

Dj
m′

2m2
(U)|j2m′

2〉, (1.136)

m2 = j2, j2 − 1, . . . ,−j2.

5. Standard action of (U, V ) ∈ SU(2) × SU(2) on Hj1(1)⊗Hj2(2) :

T(U,V ) |j1m1〉 ⊗ |j2m2〉 = TU |j1m1〉 ⊗ TV |j2m2〉

=
∑
m′

1,m
′
2

Dj1
m′

1m1
(U)Dj2

m′
2 m2

(V ) |j1m′
1〉 ⊗ |j2m′

2〉, (1.137)

where the multiplication of elements in the direct product group
SU(2) × SU(2) is defined by

T(U ′,V ′)T(U,V ) = T(U ′U,V ′V ). (1.138)
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6. Standard action of (U,U) ∈ SU(2) × SU(2) on the coupled space
H(j1 j2)j :

T(U,U) |(j1 j2)j m〉 =
j∑

m′=−j
Dj
m′m(U) |(j1 j2)j m′〉, (1.139)

m = j, j − 1, . . . ,−j.
The pairs of unitary matrices in the set {(U,U)|U ∈ SU(2)} define
the diagonal subgroup of the direct product group SU(2)× SU(2).
The unitary operators in the set {T(U,U)|U ∈ SU(2)} obey the
multiplication rule

T(U ′,U ′)T(U,U) = T(U ′U,U ′U). (1.140)

The new objects that make their appearance in the addition of two
angular momenta, as outlined above, are the WCG coefficients, which
relate the two bases, the uncoupled basis of the space Hj1(1)⊗Hj2(2) of
dimension (2j1 + 1)(2j2 + 1) and the so-called coupled basis of this same
space, which is a direct sum of spaces

∑
j ⊕H(j1 j2)j , each space in the di-

rect sum having the orthonormal basis {|(j1 j2)j m〉 |m = j, j−1, . . . ,−j}
of dimension (2j + 1). Under the action T(U,U) of the diagonal subgroup,
the first space gives a reducible unitary matrix representation of SU(2)
of dimension (2j1 + 1)(2j2 + 1), the Kronecker product representation,
defined by(

Dj1(U)⊗Dj2(U)
)
(m′

1m
′
2)(m1m2)

= Dj1
m′

1m1
(U)Dj2

m′
2m2

(U). (1.141)

Under this same action of T(U,U) of the diagonal subgroup, the subspace
H(j1 j2)j ⊂ Hj1(1)⊗Hj2(2) gives the standard irreducible unitary matrix
representation of SU(2) of dimension 2j + 1. Thus, the transformation
(1.127) effects the reduction of the space Hj1(1)⊗Hj2(2) into the direct
sum of irreducible subspaces

∑
j ⊕H(j1 j2)j , where the summation is over

all j that satisfy the triangle rule. The sum rule (1.133) on the projection
quantum numbers expresses the additive property of the U(1) subgroup
of SU(2).

A WCG coefficient Cj1 j2 j
m1m2m is defined if and only if its labels fall

into the domains of definition of the state vectors appearing in relation
(1.124) and (1.128):

(i). angular momentum quantum numbers: j1, j2, j ∈ {0, 1/2, 1, 3/2, . . .}.
(ii). projection quantum numbers: m1 ∈ {j1, j1 − 1, . . . ,−j1} , m2 ∈

{j2, j1 − 1, . . . ,−j2} , m ∈ {j, j − 1, . . . ,−j} . (1.142)



40 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

(iii). sum rule and triangle rule: m1 + m2 = m, j ∈ {j1 + j2, j1 + j2 −
1, . . . , |j1 − j2|}.

For all other values of the angular momentum quantum labels j1, j2,
j,m1,m2,m3 a WCG coefficient is undefined.

The WCG coefficients satisfy orthogonality relations resulting from
the orthonormality of the basis vectors in each side of relation (1.127),
which are

〈j1m′
1 | j1m1〉 = δm′

1,m1 , 〈j2m′
2 | j2m2〉 = δm′

2,m2 ; (1.143)

〈(j1j2)j′m′ | (j1j2)jm〉 = δj′,j δm′,m. (1.144)

The consequent orthogonality relations for the WCG coefficients are:∑
m1,m2

Cj1 j2 j
m1m2mC

j1 j2 j′
m1m2m = δj,j′ , (1.145)

∑
j,m

Cj1 j2 j
m1m2mC

j1 j2 j
m′

1m
′
2m

= δm1,m′
1
δm2,m′

2
, (1.146)

where, in the first relation j1, j2, j,m, are any values for which the co-
efficients are defined, and the summation is over all pairs m1,m2 for
which the coefficients are defined. Similarly, in the second relation,
j1,m1,m

′
1, j2,m2,m

′
2 are any values for which the coefficients are de-

fined, and the summation over all pairs j,m for which the coefficients
are defined. This convention of effecting the summations in the orthogo-
nality relations avoids otherwise very awkward summation symbols and
ranges.

There are a number of relations between WCG coefficients and rep-
resentation functions that are consequences of the actions of the various
unitary operators on the spaces Hj1(1)⊗Hj2(2), the subspace H(j1 j2)j ⊂
Hj1(1)⊗Hj2(2), and of the orthogonality of the WCG coefficients, which
are the elements of the matrix that reduces the reducible Kronecker
product representation of SU(2) into irreducible representations. These
relations constitute the basic content of the theory of addition of two
angular momenta. We summarize these basic relations as follows:

1. The substitution of the basis vector relation (1.127) into the group
action relation (1.139), using the action (1.137) for V = U, and
equating coefficients of orthonormal basis vectors on each side of
the resulting relation gives the identity:∑

m1,m2

Cj1 j2 j
m1m2mD

j1
m′

1m1
(U)Dj2

m′
2m2

(U) = Dj
m′m(U)Cj1 j2 j

m′
1 m

′
2m

′ .

(1.147)
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2. Using the orthogonality relation (1.145) in this relation now gives
the identity:∑
m1,m2
m′
1,m

′
2

Cj1 j2 j′

m′
1m

′
2m

′C
j1 j2 j
m1m2mD

j1
m′

1m1
(U)Dj2

m′
2m2

(U) = δj′,jD
j
m′m(U).

(1.148)

Relation (1.148) between WCG coefficients and representation func-
tions can be written concisely in matrix form. We first define the matrix
C(j1 j2) of order (2j1 + 1)(2j2 + 1) to have elements as follows:

C
(j1 j2)
(j m);(m1m2)

=
(
C(j1 j2)

)
(j m);(m1 m2)

(1.149)

=


Cj1 j2 j
m1m2m,

all values of j1, j2, j,m1,m2,m for
which the coefficient is defined;

0, all other values of j1, j2, j,m1,m2,m.

The sets defined as follows enumerate the rows and columns, respectively,
of the matrix C(j1 j2) :

R(j1 j2) =
{

(j,m)
∣∣∣ j = j1 + j2, . . . , |j1 − j2|,
m = j, j − 1, . . . ,−j

}
,

(1.150)
C(j1 j2) = {(m1,m2) |mi = ji, ji − 1, . . . ,−ji}.

That the number of rows and columns of C(j1 j2) are equal is a conse-
quence of the identity:

jmax∑
j=jmin

(2j + 1) = (2j1 + 1)(2j2 + 1), (1.151)

where jmin = |j1 − j2| and jmax = j1 + j2. The orthogonality relations
(1.145) and (1.146) are now expressed by the property that C(j1 j2) is a
real orthogonal matrix:(

C(j1 j2)
)T

C(j1 j2) = C(j1 j2)
(
C(j1 j2)

)T
= I(2j1+1)(2j2+1). (1.152)

Since rows and columns of C(j1 j2) are enumerated by different indexing
pairs, both orders of expressing the orthogonality relations are impor-
tant; they yield back relations (1.145) and (1.146).
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Relation (1.148) is now expressed as the matrix relation

C(j1 j2)
(
Dj1(U)⊗Dj2(U)

) (
C(j1 j2)

)T
=

jmax∑
j=jmin

⊕Dj(U). (1.153)

The real orthogonal matrix C(j1 j2) effects by a similarity transformation
the complete reduction of the reducible unitary representation of SU(2)
given by the Kronecker product Dj1(U)⊗Dj2(U) of the two irreducible
unitary matrix representations Dj1(U) and Dj2(U) into a direct sum of
irreducible unitary representations of SU(2), where all representations
are standard.

Relation (1.153) can be written in three equivalent forms by moving
one or both of the orthogonal matrices to the right-hand side:

C(j1 j2)
(
Dj1(U)⊗Dj2(U)

)
=

 jmax∑
j=jmin

⊕Dj(U)

C(j1 j2), (1.154)

(
Dj1(U)⊗Dj2(U)

) (
C(j1 j2)

)T
=
(
C(j1 j2)

)T jmax∑
j=jmin

⊕Dj(U), (1.155)

Dj1(U)⊗Dj2(U) =
(
C(j1 j2)

)T  jmax∑
j=jmin

⊕Dj(U)

C(j1 j2). (1.156)

There is still an incompleteness in relations (1.153)-(1.156) in that we
have not given the rule for assigning the rows and columns of the matrix
C(j1 j2), nor that for ordering the matrices in the direct sum as block
matrices along the diagonal. We return to this in Sect. 2.1.3, Chapter 2.
It is often the case that rows and columns of matrices arising in angular
momentum theory are indexed by sets of different structure, such as
given by (1.150); caution must be exercised in taking matrix elements.

Third Fundamental Result.The basis of the tensor product space
Hj1(1)⊗Hj2(2) on which two independent Hermitian angular momentum
operators J(1) and J(2) have the standard irreducible action is related to
the basis H(j1 j2)j on which the total angular momentum J = J(1)+J(2)
has the standard irreducible action by a real, orthogonal transformation
in which the transformation coefficients are the WCG coefficients. The
WCG coefficients are then also the elements of a real orthogonal matrix
that effects the reduction, by a similarity transformation, of the reducible
unitary Kronecker product representation Dj1(U)⊗Dj2(U) of SU(2) that
arises from the action of the diagonal subgroup of the direct product
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group SU(2) × SU(2) in the tensor product space Hj1(1) ⊗ Hj2(2) into
a direct sum of irreducible representations obtained from the action of
SU(2) in the irreducible subspace H(j1 j2)j ⊂ Hj1(1)⊗Hj2(2).

In the following sections of this chapter, we discuss explicit realiza-
tions of the abstract results given above.

1.3 SO(3, R) and SU(2) Solid Harmonics

The form (1.109) giving all the inequivalent unitary representations of
SU(2) is a polynomial in the elements of U. When a mathematical quan-
tity is polynomial in, say, some restricted variables that define it, it is
often a useful generalization is to replace those variables by arbitrary in-
determinates, and to consider the properties of the new object. A simple
example of this is provided by the binomial coefficients defined by(

n

k

)
=

n!
(n− k)!k!

=
n(n− 1) · · · (n− k + 1)

k!
, (1.157)

which is polynomial in the nonnegative integer n. This suggests we con-
sider the general polynomial

(x
k

)
for an arbitrary variable x defined by(

x

k

)
=

x(x− 1) · · · (x− k + 1)
k!

, (1.158)

which is then a polynomial of degree k with roots x = 0, 1, . . . , k − 1,
which reduces at x = n ≥ k to the binomial coefficient (1.157). These
polynomials then have a host of properties generalizing those of the nu-
merical binomial coefficients, such as the sum rule(

x + y

c

)
=
∑
a+b=c

(
x

a

)(
y

b

)
. (1.159)

The idea for obtaining the SU(2) solid harmonics extends this simple
example in the obvious way.

The SU(2) solid harmonics are defined to be the polynomials homo-
geneous of degree 2j in four commuting indeterminates given by

Dj
mm′(Z) =

√
α!α′!

∑
A∈M2(α,α′)

ZA

A!
, (1.160)

in which the nonnegative exponents A = (a11, a21, a12, a22) and the in-
determinates Z = (z11, z21, z12, z22) are encoded in the matrix arrays
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defined by

A =
(

a11 a12
a21 a22

)
, Z =

(
z11 z12
z21 z22.

)
. (1.161)

We also use the space-saving notations

ZA =
2∏

i,j=1

z
aij
ij , A! =

2∏
i,j=1

(aij)!, (1.162)

α! = α1!α2!, α′! = α′
1!α

′
2!.

(It is convenient to write m first and m′ second in (1.160) and make the
appropriate adjustments in notation in the right-hand side.)

The SU(2) solid harmonics defined by (1.160) are among the most im-
portant functions in angular momentum theory. Not only do they unify
the irreducible representations of SU(2) in any parametrization by mak-
ing the appropriate definition of the indeterminates in terms of general-
ized coordinates, as we gave seen above, but they also include the popular
boson calculus realization of state vectors for quantum-mechanical sys-
tems, as well as the state vectors for the symmetric rigid rotator (see Refs.
[21, 38]). The parametrization given by Z = α0σ0−iα ·σ, α20+α21+α22+
α23 = 1, gives the SU(2) representation functions in terms of points on the
unit sphere S3 ⊂ R4, and the further specialization to α0 = cos(φ/2),α =
n sin(φ/2), 0 ≤ φ ≤ 2π, the representation functions for a unitary frame
rotation by angle φ about the direction n. Other parametrizations are
(1) spherical polar coordinates in R4, which replace φ by 2ψ to obtain
α0 = cosψ,α = n sinψ, 0 ≤ ψ ≤ π, where the components of n are
given in terms of the usual spherical polar coordinates in R3 given by
(cosφ sin θ, sinφ sin θ, cos θ), 0 ≤ φ < 2π, 0 ≤ θ ≤ π; (2) Euler angles
(α, β, γ) obtained by choosing α0 = cos(α+γ)/2 cos β/2, α1 = − sin(α−
γ)/2 sinβ/2, α2 = cos(α−γ)/2 sin β/2, α3 = sin(α+γ)/2 cos β/2, where
0 ≤ α < 2π, 0 ≤ γ < 2π, and β can be in either the domain 0 ≤ β ≤ π
or 2π ≤ β ≤ 3π. These domains of definitions of angles are necessary to
cover the unit sphere S3 and to have the property that R(−U) = R(U)
for the proper, orthogonal matrices R(U) ∈ SO(3,R). See Ref. [21] for
more detailed discussions, as well as the relationship to the symmetric
rotator. The relation to boson operators is given below.

The SU(2) solid harmonics yield the spinor polynomials defined by
(1.58) for special values of the indeterminates:

Dj
mm′

(
z1 0
z2 0

)
= δj,m′

√
(2j)!Pj m(z1, z2),

Dj
mm′

(
0 z1
0 z2

)
= δj,−m′

√
(2j)!Pj m(z1, z2), (1.163)
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Dj
mm′

(
z1 0
0 z2

)
= δm,m′

√
(j + m)!(j −m)!Pj m(z1, z2);

Pj m(z1, z2) =
zj+m1 zj−m2√

(j + m)!(j −m)!
. (1.164)

Perhaps the most significant property of the SU(2) solid harmonics
is the multiplication property of the corresponding matrices given by

Dj(X)Dj(Y ) = Dj(XY ), (1.165)

where this property hold for arbitrary matrices X and Y of commuting
indeterminates, including singular matrices. A combinatorial proof of
this result is given below in a more general context. The transposition
property expressed by

Dj(ZT ) =
(
Dj(Z)

)T (1.166)

is also important.

We also can consider left and right transformations of Dj(Z) as given
by the operators LU and RV for U, V ∈ SU(2) :

(LUDj)(Z) = Dj(UTZ) = Dj(UT )Dj(Z), (1.167)

(RVDj)(Z) = Dj(ZV ) = Dj(Z)Dj(V ), (1.168)

which in terms of matrix elements take the forms:

(LUD
j
mm′)(Z) =

j∑
m′′=−j

Dj
m′′ m(U)Dj

m′′ m′(Z), (1.169)

(RVD
j
mm′)(Z) =

j∑
m′′=−j

Dj
m′′ m′(V )Dj

mm′′(Z). (1.170)

Left and right transformations commute; that is, LURV = RV LU , for
all pairs U, V ∈ SU(2), in fact, for all left and right transformations LX
and LY , for arbitrary matrices X and Y. The generators of these left and
right group transformations may be calculated from (1.72) to obtain:

J+ =
2∑
k=1

z1k∂/∂z2k, J− =
2∑
k=1

z2k∂/∂z1k, (1.171)

J3 =
1
2

2∑
k=1

(z1k∂/∂z1k − z2k∂/∂z2k);
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J ′
+ =

2∑
k=1

zk1∂/∂zk2, J
′
− =

2∑
k=1

zk2∂/∂zk1, (1.172)

J ′
3 =

1
2

2∑
k=1

(zk1∂/∂zk1 − zk2∂/∂zk2).

These two sets of operators then satisfy the standard commutation rela-
tions, and the two sets mutually commute. The action of these operators
on the SU(2) solid harmonics is exactly the standard action (1.104) for
(J1, J2, J3) for quantum numbers (j,m), while that for (J ′

1, J
′
2, J

′
3) is for

quantum numbers (j,m′). Transposed elements of Z enters into relations
(1.171)-(1.172) because (XU)T = UTXT That the same j occurs in the
standard action is a consequence of the equality of operators

J2 = J21 + J22 + J23 = J
′2 = J

′2
1 + J

′2
2 + J

′2
3 . (1.173)

This result is shown by direct calculation: It is a consequence of the left
and right actions acting on the same coordinates, namely, the elements of
Z. The equality of these two invariants is an important result for relating
the SU(2) solid harmonics to the symmetric rotator wavefunctions (see
Ref. [21]), as well as for our subsequent generalization to the general
unitary group U(n).)

The nomenclature SU(2) solid harmonics for the polynomials de-
fined by (1.160) is by analogy with the term “SO(3,R) solid (spherical)
harmonics.” These latter solid harmonics are defined over all points of
Cartesian 3-space R3 by

Yl,m(x1, x2, x3) =
[

2l + 1
4π

(l + m)!(l −m)!
]1/2

×
∑
k

(−x1 − ix2)m+k(x1 − ix2)kxl−m−2k
3

2m+2k(m + k)!k!(l −m− 2k)!
. (1.174)

The components (L1, L2, L3) of the orbital angular momentum operator
L = −ix×∇ have the standard action on the solid harmonics, which are
homogeneous polynomial solutions of Laplace’s equation in R3 :

L2Ylm(x) = l(l + 1)Yl m(x), L3Ylm(x) = mYl m(x),

L±Ylm(x) =
√

(l ±m)(l ∓m + 1)Ylm±1(x), (1.175)
l ∈ {0, 1, 2, . . .} ,m = l, l − 1, . . . ,−l.

The eigenvalue relation L2Yl m(x) = l(l + 1)Yl m(x) is a consequence of
the fact that the polynomials Yl m(x) are homogeneous of degree l that
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solve Laplace’s equation, since L2 can be written as

L2 = −(x ·x)∇2 + (x ·∇)2 + (x ·∇), (1.176)

which is a sum of three commuting operators, each of which is invariant
under unitary frame rotations.

The solid harmonics in R3 are normalized to unity over the unit
sphere, and the components Li are Hermitian with respect to the in-
ner product of square-integral functions over the unit sphere. That only
integral values of the angular momentum quantum number l can oc-
cur is a consequence of the Hermitian property and the fact that both
L+Yl l = 0 and L−Yl,−l = 0 must be satisfied (see Ref. [21] for more
discussion of this result.)

The polynomials Dj
mm′(Z), z = (z11, z21, z12, z22) ∈ C4 are homoge-

neous of degree 2j. The angular momentum operator J2, where J has
components (J1, J2, J3), is given by

J2 = −(detZ)(det
∂

∂Z
) + J0(J0 + 1), J0 = (z · ∂)/2,

(1.177)
∂ = (∂/∂z11, ∂/∂z21, ∂/∂z12, ∂/∂z22),

which is a sum of two commutating operators −(detZ)(det ∂
∂Z ) and

J0(J0 + 1), each of which is invariant under SU(2) transformations in-
duced by unitary frame rotations. The SU(2) solid harmonics are ho-
mogeneous polynomials of degree 2j such that

det
∂

∂Z
Dj
mm′(Z) = 0, J2Dj

mm′(Z) = j(j + 1)Dj
mm′(Z), (1.178)

since the Euler operator J0 has eigenvalue j. The components (J1, J2, J3)
of the angular momentum operators J corresponding to left transforma-
tions of Z and the components (J ′

1, J
′
2, J

′
3) corresponding to right trans-

formations as given by (1.171) and (1.172) then have the standard actions
on these polynomials. Under either left or right SU(2) transformations
these polynomials give the standard unitary irreducible representations
of the group SU(2) given explictly by (1.169) and (1.170).

The relation between SU(2) solid harmonics and SO(3,R) solid har-
monics is given by

(−1)l+mDl
−m, 0

(
x3 x1 − ix2

x1 + ix2 −x3

)
(1.179)

=

√
4π

2l + 1
Yl,m(2x1x3, 2x2x3, x23 − x21 − x22), x ∈ R3,
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for l = 0, 1, 2, . . . . This identity may be proved directly from the defini-
tions of the respective polynomials by expanding the factor (x23 − x21 −
x22)

l−m−2k that appears in Yl,m and using the binomial sum identity
(1.159) to transform the right-hand side of (1.179) to the form given by
the left-hand side from definition (1.160). The mapping (x1, x2, x3) �→
(2x1x3, 2x2x3, x23 − x21 − x22) carries the points on the sphere of radius r
onto the sphere of radius r2. In particular, the unit sphere S2 is mapped
onto itself. Moreover, since (1.179) is an identity in polynomials, it may
be extended to complex numbers x = (x1, x2, x3) ∈ C3. If we set

x1 = (−z21 + z22)/2
√
z1z2, x2 = i(z21 + z22)/2

√
z1z2, x3 =

√
z1z2, (1.180)

so that x21 + x22 + x23 = 0 is a complex Cartan vector of zero length and

2x1x3 = −z21 + z22 , 2x1x3 = iz21 + iz22 , x
2
3 − x21 − x22 = 2z1z2, (1.181)

we obtain from (1.179) the following relation between SU(2) solid har-
monics, SO(3,R) solid harmonics, and SU(2) spinor harmonics for inte-
ger l ≥ 0 :

(−1)l+mDl
−m, 0

( √
z1z2 z22/

√
z1z2

−z21/
√
z1z2 −√z1z2

)
=

√
4π

2l + 1
Yl,m(−z21 + z22 , iz

2
1 + iz22 , 2z1z2)

=
(2l)!
l!

√
2l + 1

4π
zl+m1 zl−m2√

(l + m)!(l −m)!
. (1.182)

The SU(2) spinor harmonics are defined for all angular momentum
quantum numbers j ∈ {0, 1/2, 1, 3/2, . . .} by

Pj m(z1, z2) =
zj+m1 zj−m2√

(j + m)!(j −m)!
, m = j, j − 1, . . . ,−j, (1.183)

but only integer values of j arise in the relation (1.182) because of choos-
ing m′ = 0, which forces also l to be a nonnegative integer. The angular
momentum operators whose standard action on the spinor harmonics
generates the polynomials are given by

J+ = z1∂/∂z2, J− = z2∂/∂z1,

J3 = (z1∂/∂z1 − z2∂/∂z2)/2. (1.184)

Indeed, as noted earlier in (1.60), the transformation properties of the
spinor harmonics given by (1.61) (replace U by Z) gives the simplest
direct derivation of the SU(2) solid harmonics themselves, which then
through relations (1.163) reproduce the spinor harmonics.
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1.3.1 Inner products

The properties of spinor harmonics “fit” into the standard theory of
angular momentum by defining the inner product of two polynomials
P (z1, z2) and Q(z1, z2) in the complex variables z1, z2 by

(P,Q) = P ∗(∂/∂z1, ∂/∂z2)Q(z1, z2)|z1=z2=0, (1.185)

where P ∗ is the complex conjugate polynomial to P, and P ∗(∂/∂z1, ∂/∂z2)
is obtained from P ∗(z1, z2) by replacing z1 and z2 by the derivatives
∂/∂z1 and ∂/∂z2. Thus, if P (z1, z2) = z1z2+iz22 , then P ∗(∂/∂z1, ∂/∂z2) =
(∂/∂z1)(∂/∂z2)− i(∂/∂z2)2. The differential operator P ∗(∂/∂z1, ∂/∂z2)
then acts on the polynomial Q(z1, z2) to produce a new polynomial that
is evaluated at the origin z1 = z2 = 0. In this inner product, zi and
∂/∂zi are Hermitian conjugate operators in the space of complex poly-
nomials in the complex variables (z1, z2), so that the angular momentum
operators defined from (1.184) by

J1 = (J+ + J−)/2, J2 = (J+ − J−)/2i, (1.186)
J3 = (z1∂/∂z1 − z2∂/∂z2)/2 (1.187)

are Hermitian operators. It is the Hermitian property of the commuting
operators J2 and J3 that assures the orthogonality (Pj′m′ , Pj m) = 0, j′ �=
j, m′ �= m, of the spinor polynomials.

The inner product (1.185), extended to n indeterminates, including
n = 1, in the obvious way, is identical in structure and numerical value to
the inner product associated with boson creation and annihilation oper-
ators. Thus, let a = (a1, a2, . . . , an) be a sequence of n commuting boson
creation operators and a = (a1, a2, . . . , an) the corresponding sequence
of n commuting annihilation operators, such that the commutation rela-
tions operators [ai, aj ] = δi,j, i, j = 1, 2, . . . , n are satisfied. The opera-
tor ai is then the Hermitian conjugate to ai in the inner product defined
by 〈0|P ∗(a)Q(a)|0〉, where P (a) and Q(a) are arbitrary polynomials in
the creation operators, with P ∗(a) the complex conjugate polynomial
in the annihilation operators. The ket-vector |0〉 = |0, 0, . . . , 0〉 is the
unique vector annihilated by each of the annihilation operators; that is,
ai|0〉 = 0, i = 1, 2, . . . , n.

The complete set of commuting Hermitian operators Hi = aiai, i =
1, 2, . . . , n then have the eigenvalues given by Hi|k〉 = ki|k〉, where
ki = 0, 1, 2, . . . , and the simultaneous ket-eigenvectors are |k〉 = Pk(a)|0〉,
where k = (k1, k2, . . . , kn) and

Pk(a) =
ak1
1 ak2

2 · · · aknn√
k1!k2! · · · kn!

. (1.188)
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The inner product of two polynomials P (a) and Q(a) is defined by
〈P |Q〉 = 〈 0 |P ∗(a)Q(a)| 0 〉, (1.189)

from which follows the identity of numerical value given by the two inner
products:

〈P |Q〉 = (P,Q). (1.190)
In the right-hand side the polynomials are P (z) and Q(z), where the
indeterminates z = (z1, z2, . . . , zn) replace the boson creation operators
a = (a1, a2, . . . , an). We then also have the orthonormality of basis ket-
vectors or basis polynomials as given by

〈Pk |Qk′〉 = (Pk, Qk′) = δk,k′ =
n∏
i=1

δki,k′
i
. (1.191)

The creation-annihilation operator formalism is used frequently to
model complicated composite physical systems. It is then natural to
use this formalism for developing the unitary representation theory of
the unitary group U(n) because the commutation relations [ai, aj ] =
δi,j, i, j = 1, 2, . . . , n are invariant under unitary transformations; that
is, the new operators and their Hermitian conjugates defined by

a′i =
n∑
j=1

uijaj , a
′
i =

n∑
j=1

u∗ijaj (1.192)

also satisfy the commutation relations [a′i, a
′
j ] = δi,j , i, j = 1, 2, . . . , n.

The invariance of the number operators Hi, i = 1, 2, . . . , n, requires that
the transformation be restricted to the unimodular subgroup SU(n) ⊂
U(n). Since [ ∂

∂xi
, xj ] = δi,j, and ∂

∂xi
is Hermitian conjugate to xi in

the inner product (P,Q), the two structures, complex polynomials in
creation-annihilation boson operators with inner product 〈 | 〉 and com-
plex polynomials in indeterminate variables-derivatives with inner prod-
uct ( , ), are one-to-one in their properties.

The inner product in the Hilbert space of states of quantum theory
is basic to its physical interpretation in terms of probabilities of the
outcome of measurements of observables. Born’s probabilistic interpre-
tation of the solutions of the Schrödinger equation for a complex many-
particle physical system imposes the condition that such wavefunctions
be square integrable over the coordinate parameters used to describe the
system. Physical observables are represented by Hermitian operators is
such Hilbert spaces. It is the Hermitian property that is important for
angular momentum theory. The condition that “angular momentum op-
erators” be Hermitian with respect to the inner product for the spaces
being used assures orthogonality of functions. Results from one such
realization can be transferred to another with compatability of relations.
(See Louck and Galbraith [124] for applications of this method.)
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We conclude this section by noting the following orthogonality prop-
erties of the SU(2) solid harmonics, the spinor solid harmonics, and the
SO(3,R) solid harmonics in the inner product ( , ) :(

Dj
mm′ ,D

j′

m′′m′′′

)
= δj,j′δm,m′′δm′,m′′′(2j)!, (1.193)

(Pj m, Pj′m′) = δj,j′δm,m′ , (1.194)

(Yl m,Yl′m′) =
(2l)!
2ll!

2l + 1
4π

δl,l′δm,m′ . (1.195)

The orthogonality of the SO(3,R) solid harmonics is assured in either
the inner product given by integration over the unit sphere or in the inner
product ( , ) because the angular momentum components (L1, L2, L3) are
Hermitian operators, but the normalization can be different. (Since the
standard action of angular momentum operators preserves normaliza-
tion, it is sufficient to verify the above relations for maximal projection
quantum numbers.) Often, in combinatorial arguments, the inner prod-
uct plays no direct role.

1.4 Combinatorial Features

1.4.1 Combinatorial definition of Wigner-Clebsch-Gordan
coefficients

The SU(2) solid harmonics have a basic role in the interpretation of
WCG coefficients in combinatorial terms. The abstract Hilbert space
coupling rule for compounding two independent angular momenta J(1)
and J(2) with components (J1(1), J2(1), J3(1)) and (J1(2), J2(2), J3(2))
to a total angular momentum J = J(1) + J(2) with components
(J1, J2, J3) = (J1(1) + J1(2), J2(1) + J2(2), J3(1) + J3(2)) is

|(j1 j2)j m〉 =
∑
m1,m2

m1+m2=m

C
j1 j2 j
m1m2m

|j1m1〉 ⊗ |j2m2〉. (1.196)

This relation in abstract Hilbert space is realized explicitly by SU(2)
solid harmonics and spinor harmonics as follows:

ψ(j1 j2)j m(Z) =
∑
m1,m2

m1+m2=m

C
j1 j2 j
m1m2m

×Pj1m1(z11, z21)Pj2m2(z12, z22), (1.197)
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ψ(j1 j2)j m(Z) =

√
2j + 1

(j1 + j2 − j)!(j1 + j2 + j + 1)!

×(detZ)j1+j2−jDj
m,j1−j2(Z), (1.198)

where Pj1m1(z11, z21) and Pj2m2(z12, z22) are the spinor harmonics de-
fined by (1.183). Explicit knowledge of the WCG coefficients is not
needed to prove these relationships, as we now demonstrate by validat-
ing the following relations (1.199)-(1.203).

Proof. Consider the angular momentum operators

J+(1) = z11∂/∂z21, J−(1) = z21∂/∂z11, (1.199)
J3(1) = (z11∂/∂z11 − z21∂/∂z21)/2;

J+(2) = z12∂/∂z22, J−(2) = z22∂/∂z12, (1.200)
J3(2) = (z12∂/∂z12 − z22∂/∂z22)/2.

The J3(i) operators are Hermitian in the inner product ( , ) and the
J+(i), J−(i) are Hermitian conjugates. These operators have the stan-
dard action on the polynomials ψj1m1(z11, z21) and ψj2m2(z12, z22), re-
spectively, which are normalized to unity in the inner product ( , ). The
components of total angular momentum operator J = J(1) + J(2) have
the standard action on the polynomials ψ(j1 j2)j m(Z), since they have the
standard action on the factor Dj

m,j1−j2(Z), and [J,det Z] = [J,det ∂
∂Z ] =

0. Thus, we have

J2ψ(j1 j2)j m(Z) = j(j + 1)ψ(j1 j2)j m(Z),

J3ψ(j1 j2)j m(Z) = mψ(j1 j2)j m(Z), (1.201)

J±ψ(j1 j2)j m(Z) =
√

(j ∓m)(j ±m + 1)ψ(j1 j2)j m±1(Z).

We also note that the two commuting parts of J2, which are given by
(1.177), are diagonal on these functions:

J0(J0 + 1)ψ(j1 j2)j m(Z)

= (j1 + j2)(j1 + j2 + 1)ψ(j1 j2)j m(Z), (1.202)

(detZ)(det
∂

∂Z
)ψ(j1 j2)j m(Z)

= (j1 + j2 − j)(j1 + j2 + j + 1)ψ(j1 j2)j m(Z). (1.203)

The first relation is a direct consequence of the fact that the polynomial
(1.198) is homogeneous of degree 2j1 + 2j2, hence, J0 has eigenvalue
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j1+ j2. The second relation then follows from (1.177) and the eigenvalue
j(j+1) of J2. It may also be verified directly by the action of the operator
on the highest weight polynomial (1.198) for m = j. Since the shift
operators J± preserve normalization, the polynomials ψ(j1 j2)jm(Z) are
normalized to unity, since the highest weight polynomial can be shown
to be so normalized. �

Since we have the standard action on the uncoupled orthonormal
polynomials and the orthonormal coupled polynomials in (1.196), the
linear relationship between these polynomials must define the WCG co-
efficients. They could differ by a ± sign from other means of defining
them, but, in fact, they agree with the standard Wigner phase conven-
tion. The above derivation is also given in the context of boson polyno-
mials in Ref. [21, p. 223]; here, we regard it as a fundamental relation
in the context of SU(2) solid harmonics and combinatorics.

We recall that there is a left and right action of the group SU(2) on the
solid harmonics. We complete the above analysis by observing that the
angular momentum J′ with components (J ′

1, J
′
2, J

′
3) defined by (1.172)

and effecting the right transformation action in (1.170) with components
that mutually commute with the components (J1, J2, J3) of J and having
J′2 = J2 also have a well-defined action on the functions ψ(j1 j2)j m(Z).
The action of J ′

+, J
′−, and J ′

3 on the quantum numbers (j1, j2) is to effect
the shifts, respectively, to (j1+ 1

2 , j2−
1
2), (j1− 12 , j2+

1
2), and (j1, j2). These

actions of Hermitian angular momentum operators satisfying the stan-
dard commutation relations appear to be unusual in that they depend
only on the angular momentum quantum numbers j1, j2, j themselves,
which satisfying the triangle rule, and give further interesting properties
of the modified SU(2) solid harmonics ψ(j1 j2)j m(Z). We note them in
full:

J′2ψ(j1 j2)j m(Z) = j(j + 1)ψ(j1 j2)j m(Z), (1.204)

J ′
3ψ(j1 j2)j m(Z) = (j1 − j2)ψ(j1 j2)j m(Z); (1.205)

J ′
+ψ(j1 j2)j m(Z) (1.206)

=
√

(j − j1 + j2)(j + j1 − j2 + 1)ψ(j1+ 1
2
j2− 1

2
)j m(Z),

J ′
−ψ(j1 j2)j m(Z) (1.207)

=
√

(j + j1 − j2)(j − j1 + j2 + 1)ψ(j1− 1
2
j2+

1
2
)j m(Z).

If we identify m′ = j1 − j2 in these relations, their nonstandard appear-
ance is revealed to be standard.
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Rota’s evaluation operation

Relations (1.197)-(1.198) may be used to derive the explicit expression
for the WCG coefficients. The result is most succinctly expressed in
terms of the umbral calculus (see Refs. [153, 154, 155, 156, 157]) and
the evaluation operation, especially as summarized by Rota [155] in his
article on Hopf algebras.

The evaluation at y of a divided power xk/k! of a single indeterminate
x to an nonnegative integral power k is defined by

evaly
xk

k!
=

[y]k
k!

=
y(y − 1) · · · (y − k + 1)

k!
=
(
y

k

)
, (1.208)

where [y]k is the falling factorial. This definition is extended to products
by

eval(y1,y2,...,yn)
n∏
i=1

xki

ki!
=

n∏
i=1

evalyi
xki

ki!
=

n∏
i=1

(
yi
ki

)
. (1.209)

It is also extended by linearity to sums of such divided powers, multiplied
by arbitrary numbers.

The basic relation underlying relation (1.197) is the following:

(detZ)n

n!

∑
A∈M2(α,α′)

ZA

A!

=
∑

B∈M2(β,β′)

(
evalB

(detZ)n

n!

)
XB

B!
, (1.210)

in which the line-sums β and β′ of B are given in terms of the line-sums
α and α′ of A by a shift by n :

β = (α1 + n,α2 + n), β′ = (α′
1 + n,α′

2 + n). (1.211)

The evaluation operation in (1.210) gives

evalB
(det Z)n

n!

=
∑

k1+k2=n

(−1)k2k1!k2!
(
b11
k1

)(
b12
k2

)(
b21
k2

)(
b22
k1

)
. (1.212)

This relation is proved by expanding the 2× 2 determinant of Z, multi-
plying into the summation expression, changing the order of the summa-
tion, and expressing the result in terms of the evaluation operation for



1.4. COMBINATORIAL FEATURES 55

four indeterminates. This identity is a purely combinatorial, algebraic
relation for arbitrary indeterminates and arbitrary row and column sum
constraints on the array A as specified by α = (α1, α2) and α′ = (α′

1, α
′
2).

We now apply relations (1.210)-(2.212 ) to the case at hand, where we
have n = j1+ j2− j, α = (j+m, j−m), α′ = (j+ j1− j2, j− j1+ j2), β =
(j1 + j2 +m, j1 + j2 −m), β′ = (2j1, 2j2). This gives the following result
for the WCG coefficients:

Cj1 j2 j
m1m2m

=

√
(j1 + j2 − j)!(j1 − j2 + j)!(−j1 + j2 + j)!

(j1 + j2 + j + 1)!

×

√
(2j + 1)(j + m)!(j −m)!

(j1 + m1)!(j1 −m1)!(j2 + m2)!(j2 −m2)!

×evalA
(detZ)j1+j2−j

(j1 + j2 − j)!
, (1.213)

evalA
(detZ)j1+j2−j

(j1 + j2 − j)!

=
∑

k1+k2=j1+j2−j
(−1)k2k1!k2!

(
j1 + m1

k1

)(
j2 + m2

k2

)

×
(
j1 −m1

k2

)(
j2 −m2

k1

)
. (1.214)

In summary, we have that

Up to multiplicative square-root factors, the WCG coefficient is the inte-

ger obtained from the evaluation at the point B =
(

j1 + m1 j2 + m2
j1 −m1 j2 −m2

)
of the divided power (det Z)j1+j2−j

(j1+j2−j)! of a 2× 2 determinant.

Power of a determinant and WCG coefficients

There is still another basic relation in which the evaluation coefficients
enter, which leads to a generating function for the WCG coefficients.
Evaluation coefficients enter into the expansion of the power of a 3 ×
3 determinant in terms of the monomiala XA. The expansion goes as
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follows. Define the 3× 3 matrix X of indeterminates by

X =

 x11 x12 x13
x21 x22 x23
x31 x32 x33

 , (1.215)

and express the determinant in the standard way as a sum over permu-
tations π in the symmetric group S3 of order 3 and the signature επ of a
permutation. We write the permutation π of the sequence (1, 2, 3) given
by 1 �→ π1, 2 �→ π2, 3 �→ π3 by the sequence notation π = (π1, π2, π3),
where we sometimes drop the separating commas if no confusion can
arise. Then, the k−th power of the determinant of X is given by

(detX)k = (
∑
π∈S3

επx1π1x2π2x3π3)
k =

∑
A∈M3(k)

Ck(A)XA, (1.216)

where the summation is over all 3× 3 matrices with nonnegative integer
entries given by

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 (1.217)

and having the single line-sum k, which defines the set M3(k) of magic
squares of order 3 and line-sum k. The coefficients Ck(A) in this expan-
sion are given as restricted summations over multinomial coefficients,
which, in turn, are given in terms of Rota evaluation coefficients by

Ck(A) =
restr∑
kπ

(−1)
∑
kodd

(
k

k123, k231, k312, k132, k213, k321

)

=
(−1)nij (−1)TrAijk!

Aij!
evalAij

(detXij)
aij

aij!
, (1.218)

where the quantities in this relation have the following definitions (see
Sect. 11.5.5, Compendium B):

1. The summation over the nonnegative integers kπ, π = (123), (231),
(312), (132), (213), (321) not only satisfy the conditions

∑
π kπ = k

so that the multinomial coefficients are nonzero, but are also further
restricted in a way that relates to the symmetric group S3. For each
A ∈M3(k), the six permutations are also to satisfy the relation

A =
∑
π∈S3

kπPπ, (1.219)
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where Pπ denotes a permutation matrix of order 3. The six permu-
tation matrices Pπ, π ∈ S3, are the six matrices obtained by per-
muting the rows of the identity matrix I3 by a permutation π ∈ S3,
so that the first, second, and third rows of Pπ1π2π3 are, respectively,
eπ1 , eπ2 , and eπ3 , where ei is the unit row matrix with 1 in column i
and 0 in the remaining columns (unit column matrices may also be
used). This gives each aij as the sum of the two kπ1 π2 π3 in which
πi = j, for example, a32 = k132 + k312 has π3 = 2.

2. The symbol
∑

kodd denotes the summation of the kπ over the odd
permutations:

∑
kodd = k132 + k213 + k321.

3. The matrices Aij and Xij are the 2×2 minors of A and X obtained,
respectively, by striking row i and column j. There are nine choices
of the pairs (i, j) given by 1 ≤ i ≤ j ≤ 3, each choice giving the
same result for the right-hand side of (1.218).

4. The factor (−1)nij is given by (−1)k for i + j odd, and 1 for i + j
even.

Relation (1.216), with coefficients given by (1.218), is proved directly
by carrying out the expansion of the k−th power of the determinant
and rearranging terms so as to write the right-hand side as a sum over
monomial terms XA. Because of the constraints on the kπ in terms of the
elements of A given by (1.219), there are nine ways of relating the sum
over multinomial coefficients to the evaluation coefficients. This leads to
the equality of all the different evaluation coefficients among the various
minors of A. Relations (1.216) and (1.218) stand on their own as a basic
combinatorial relationship for the power of a determinant in terms of
evaluation coefficients.

We now choose i = j = 3 in relation (1.218). We also choose A in
terms of angular momentum quantum numbers as

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33


=

 j1 + m1 j2 + m2 j −m
j1 −m1 j2 −m2 j + m

j2 − j1 + j j1 − j2 + j j1 + j2 − j

 , (1.220)

select the case of the evaluation coefficient corresponding to element

a33 = j1 + j2 − j, so that A33 =
(

j1 + m1 j2 + m2
j1 −m1 j2 −m2

)
, and write the

evaluation coefficient in terms of the WCG coefficient from (1.213). This
gives the following expression for the Wigner coefficients:
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Cj1 j2 j
m1m2m = (−1)j1−j2+m

√
(2j + 1)A!
J !(J + 1)!

CJ(A), (1.221)

where J = j1 + j2 + j is the common row-column line-sum in the magic
square (1.220), and A, as given by relation (1.220), is to be substi-
tuted into this relation to express it entirely in terms of angular mo-
mentum quantum numbers. We have used the relation (−1)TrA33 =
(−1)(j1+m1)+(j2−m2) = (−1)(j1+m1)−(j2−m2) = (−1)j1−j2+m in obtaining
the sign factor. The coefficients CJ(A) are then the expansion coefficient
in

(detX)J =
∑

A∈M3(J)

CJ(A)XA. (1.222)

We thus obtain the famous generating function of Regge [147] for the
Wigner coefficients, but now by using the combinatorial Rota evaluation
coefficients, all without needing to use direct knowledge of the WCG
coefficients.

It is the custom to define the so-called 3j−coefficients by the relation(
j1 j2 j
m1 m2 −m

)
=

(−1)j1−j2+m√
2j + 1

Cj1 j2 j
m1m2m

=

√
A!

J !(J + 1)!
CJ(A), (1.223)

which enhances the symmetry relations of these coefficients: The 3j−
coefficients are invariant under even permutations of the columns, are
multiplied by the factor (−1)j1+j2+j by odd permutations, and by this
same factor under sign reversal of the projection quantum numbers.
These are the classical pre-Regge symmetries.

A symmetry of a WCG coefficient is a linear transformation of its la-
bels that results in a multiple of the original coefficient. Because a deter-
minant either changes its sign or remains invariant under permutations
of its columns or row and under transposition, there are 3!× 3!× 2 = 72
symmetries of the WCG coefficients and the associated 3− j coefficients,
all of which may be deduced explictly from relation (1.222). These have
been given in various places, and will not all be repeated here. (See
Ref. [21] for a generating set of these relations in terms of the present
notations.) We require, however, in the next chapter, the following
classical symmetries of the WCG coefficients, corresponding to rever-
sal of sign of the projection quantum numbers and to permutations
of j1, j2, j3, all of which can be verified directly from (1.222). We set
j1 = a, j2 = b, j = c; m1 = α,m2 = β,m = γ = α + β for clarity of
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presentation:

Ca b c
α β γ = (−1)a+b−cCa b c

−α.−β,−γ ,

Cb a c
α β γ = (−1)a+b−cCa b c

α β γ ,

Ca c b
α,−γ,−β = (−1)a−α

√
2b + 1
2c + 1

Ca b c
α β γ ,

C c b a
−γ,β,−α = (−1)b+β

√
2a + 1
2c + 1

Ca b c
α β γ , (1.224)

C b c a
−β,γ,α = (−1)b+β

√
2a + 1
2c + 1

Ca b c
α β γ ,

Cc a b
γ,−α,β = (−1)a−α

√
2b + 1
2c + 1

Ca b c
α β γ .

We note also the relation of the 3F2 hypergeometric functions of unit
argument to evaluation coefficients. This result can be verified by di-
rect calculation. An example of such a relation, which is suggestive of
generalization, is given by

3F2

( −a, −b, −c
; 1

d + 1, e + 1

)

= (−1)c
evalA(Z)

(d + 1)c(e + 1)c(a + b + c + d + e + 1)!
, (1.225)

where c ≥ a, c ≥ b, with a, b, c, a+ e, b+ e, c+ e, a+ d, b+ d, c+ d all non-

negative integers, and we have defined A =
(

a c + e
e + d b

)
; (x)k =

x(x+1) · · · (x+k−1). We also point out (see Ref. [21]) that the classical
transformation properties of the 3F2 hypergeometric functions account
for all the 72 symmetries of the WCG coefficients, which were discov-
ered independently by physicists in the context of the Regge result (see
Sect. 2.2.8, Chapter 2, for details).

1.4.2 Magic square realization of the addition of two
angular momenta

The relation between the two orthonormal bases of the Hilbert space
Hj1 ⊗ Hj2 corresponding to the addition of two angular momentum is
fully encoded in the properties of magic squares of order 3. The latter



60 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

are purely combinatorial objects, whereas the origin of relation (1.196) is
usually attributed to properties of the direct sum of two copies of the Lie
algebra of SU(2) and of the differential operators that realize these Lie
algebras. The realization of the addition of angular momentum in terms
of magic squares is encoded in the observation of Regge [147] that the
restrictions on the domains of the quantum numbers j1,m1, j2,m2, j,m
can be expressed in terms of a magic square A with line-sum J = j1+j2+
j given by (1.220). The angular momentum quantum numbers are given
in terms of the elements of A = (aij)1≤i,j≤3 by the invertible relations

j1 = (a11 + a21)/2, j2 = (a12 + a22)/2,
j = (a13 + a23)/2;

(1.226)
m1 = (a11 − a21)/2, m2 = (a12 − a22)/2,
m = (a23 − a13)/2.

It follow from these relations and the fact that A is a magic square of
line-sum J that the sum rule m1 + m2 = m, and the triangle condition
j = j1 + j2, j1 + j2 − 1, . . . , |j1 − j2| are fulfilled.

We introduce the special symbol 〈j1, j2, j〉 to denote the set {j1, j2, j}
of angular momentum quantum numbers that satisfy the triangle condi-
tions, where we note that, if a given triple satisfies the triangle conditions,
then all permutations of the triple also satisfy the triangle conditions.
The number of magic squares that have the fixed line-sum J is obtained
as follows: Define the sets ∆J and M(j1, j2, j) by

∆J = {〈j1, j2, j〉 | j1 + j2 + j = J},
(1.227)

M(j1, j2, j) = {(m1,m2) | − j1 ≤ m1 ≤ j1; (1.228)
−j2 ≤ m2 ≤ j2; −j ≤ m1 + m2 ≤ j} .

Then, we have the following identity, which gives the number of angular
momentum magic squares (1.220) with line-sum J :∑

〈j1,j2,j〉∈∆J
|M(j1, j2, j)| =

(
J + 5

5

)
−
(
J + 2

5

)
. (1.229)

It is nontrivial to effect the summation on the left-hand side of this
relation to obtain the right-hand side, but this expression is known from
the theory of magic squares (see Stanley [163, Vol. 1, p. 92]).

Not only can the addition of two angular momenta in quantum theory
with its triangle rule for three angular momentum quantum numbers
and its sum rule on the corresponding projection quantum numbers be
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codified in the structure of magic squares of order 3 and arbitrary line-
sum, but also the content of the abstract state vector relation (1.196)
itself can be so formulated, as follows:

∣∣∣ ((a11 + a21)/2, (a12 + a22)/2) (a13 + a23)/2, (a23 − a13)/2
〉

=
∑

A2∈M2(α,β)

WN (A) (1.230)

×
∣∣∣(a11 + a21)/2, (a11 − a21)/2

〉
⊗
∣∣∣(a12 + a22)/2, (a12 − a22)/2

〉
.

In this relation, A = (aij)1≤i,j≤3 is a magic square of order 3 and ar-
bitrary line-sum N (nonnegative integer), and the summation is over

all matrix arrays of nonnegative integers A2 =
(

a11 a12
a21 a22

)
of order 2

with row and column sums given by α1 = N − a13, α2 = N − a23, β1 =
N − a31, β2 = N − a32, in which the elements (a31, a32, a33) in row 3 and
the elements (a13, a23, a33) in column 3 are held fixed. The coefficients
WN (A) in relation (1.230) are not determined by the magic square struc-
ture, but all domains of definition of the entries in the ket-vectors are
determined. The coefficients WN (A) themselves are WCG coefficients,
as given in terms of the elements of the magic square A by

WN (A) = C
(a11+a21)/2 (a12+a22)/2 (a13+a23)/2
(a11−a21)/2 (a12−a22)/2 (a23−a13)/2

. (1.231)

Thus, to each magic square A of order 3 there corresponds a unique WCG
coefficient WN (A), and conversely. Thus, the full abstract structure of
the addition of angular momentum is one-to-one with the structure of
magic squares of order 3. These rich combinatorial footings of angu-
lar momentum theory are completed by the observation that the WCG
coefficients themselves are obtained by the Regge generating function
(1.222) for the expansion of a determinant of order 3, again there being
no reference to Lie algebraic structures. Addition of angular momentum
in quantum theory can be presented in terms of magic squares and the
Regge generating function for WCG coefficients without reference to Lie
algebras and differential operators.

1.5 Kronecker Product of Solid Harmonics

The Kronecker product, which is sometimes called the direct product of
a matrix A of order m and a matrix B of order n, is defined by



62 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

A⊗B =


a11B a12B · · · a1mB
a21B a22B · · · a2mB
...

... · · ·
...

am1B am2B · · · ammB

 . (1.232)

From this definition, it may be verified that

(A⊗B)⊗ C = A⊗ (B ⊗ C), (1.233)

where C is a matrix of order l. The placement of the parenthesis pair
( ) indicates how the Kronecker product is to be composed, but it is,
in fact, independent of this pairing; hence,

A⊗B ⊗ C = (A⊗B)⊗C = A⊗ (B ⊗C). (1.234)

The rows of the Kronecker product A⊗ B, where A = (aij)1≤i,j≤m and
B = (bkl)1≤k,l≤n are inherited from the row pairs (i, k) and column pairs
(j, l) from A and from B, so that(A ⊗ B)ik;jl = aijbkl. In (1.232), the
(ij)−th block matrix is aijB. Kronecker products satisfy the multiplica-
tion rule

(A⊗B)(C ⊗D) = (AC)⊗ (BD), (1.235)
where A and C are of order m, and B and D are of order n. The Kro-
necker product extends to rectangular matrices as well, it only be re-
quired that the row and column order of the matrices in the products
always match.

The elements in the Kronecker product of two matrices Dj1(X) and
Dj1(Y ) whose elements are the SU(2) solid harmonic are given by(

Dj1(X) ⊗Dj2(Y )
)
m1m2;m′

1m
′
2

= Dj1
m1m′

1
(X)Dj2

m2 m′
2
(Y ). (1.236)

The product of two matrices of solid harmonics satisfies the relation(
Dj1(X ′)⊗Dj2(Y ′)

) (
Dj1(X)⊗Dj2(Y )

)
= Dj1(X ′X)⊗Dj2(Y ′Y ), (1.237)

where the elements of the 2× 2 matrices X,Y,X ′, Y ′ are arbitrary com-
muting indeterminates. This relation has interesting consequences for
special functions, but we give here only those properties for X = Y and
X ′ = Y ′.

The basic property of the Kronecker product of matrices of solid
harmonics defined over the same indeterminates Z is

C(j1 j2)
(
Dj1(Z)⊗Dj2(Z)

) (
C(j1 j2)

)T
=

jmax∑
j=jmin

(detZ)j1+j2−jDj(Z),

(1.238)
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in which ⊕ denotes the direct sum of matrices. The validity of this result
follows from the fact that the implied double WCG coefficient coupling
of the solid harmonics Dj1

m1m′
1
(Z) and Dj2

m2m′
2
(Z) given by (1.239) below

is insensitive to the detailed properties of the polynomials: It depends
only on the angular momentum properties of the coupling of angular
momenta. The presence of (detZ)j1+j2−j is required by the homogeneity
properties of the solid harmonics.

The expresssion of relation (1.238) in terms of the elements of the
matrices is the first result below, the other three being obtained from
the first by using the orthogonality relations for the WCG coefficients
(see (1.145)-(1.156)):

∑
m1,m2
m′
1,m

′
2

Cj1 j2 j
m1m2mC

j1 j2 j′

m′
1m

′
2m

′D
j1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

= δj,j′(detZ)j1+j2−jDj
mm′(Z), (1.239)∑

m′
1,m

′
2

Cj1 j2 j
m′

1m
′
2m

′D
j1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

= Cj1 j2 j
m1m2m(detZ)j1+j2−jDj

mm′(Z), (1.240)∑
m1,m2

Cj1 j2 j
m1m2mD

j1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

= Cj1 j2 j
m′

1m
′
2m

′(detZ)j1+j2−jDj
mm′(Z), (1.241)

Dj1
m1m′

1
(Z)Dj2

m2m′
2
(Z)

=
∑
j

Cj1 j2 j
m1m2mC

j1 j2 j
m′

1m
′
2m

′(detZ)j1+j2−jDj
mm′(Z). (1.242)

These relations apply for an arbitrary matrix Z, including singular ones.
These relations can be specialized in many ways to obtain results for
special functions (see Chen and Louck [40] ). In particular, they hold for
Z an element of any of the groups SU(2), U(2), GL(2,C).

Angular momentum theory is for the most part an extension to n
independent angular momenta of the results summarized in the preced-
ing sections, which, then, is about the properties of the direct product
group SU(2)×SU(2)×· · ·×SU(2) (n times ) and the diagonal subgroup
(U,U, . . . , U), which is isomorphic to SU(2). This structure would not be
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very interesting if such an extension merely involved the replication of
the relations of this section with the generation of complicated formulas
involving summations over multiple WCG coefficients. But, it turns out
that the invariant theory underlying such structures and their combinato-
rial underpinnings lead to a rich comprehensible theory of many-particle
complex quantum systems, which is considered in Chapters 2-4. Already,
in this Introduction, we make this point by introducing a special class of
polynomials that we call SU(n) solid harmonics because of their implicit
occurrence in the fundamental work of Schwinger [160], which has its
basis in a classical result in combinatorics by MacMahon [129].

1.6 SU(n) Solid Harmonics

1.6.1 Definition and properties of SU(n) solid harmonics

Generating functions codify the content of many mathematical entities in
a unifying, comprehensive way. They are very popular in combinatorics,
and Schwinger [160] used them extensively in his fundamental treat-
ment of angular momentum theory. In this subsection and the next, we
present a natural generalization of the SU(2) solid harmonics to a class
of polynomials, called SU(n) solid harmonics, that are homogeneous in
n2 indeterminates. While these polynomials are of interest in their own
right (see Gelfand and Graev [61]), it is their fundamental role in the
addition of n independent angular momenta that motivates their intro-
duction here in the first chapter. The SU(n) solid harmonics already
occur at the level of multiple copies of SU(2) and the binary theory of
addition of angular moment; they bring an unexpected unity and co-
herence to angular momentum coupling and recoupling theory through
their relationship to MacMahon’s [129] master theorem, as rediscovered
and slightly generalized by Schwinger [160].

We list in a compendium format in this section some of the principal
properties of SU(n) solid harmonica, all of which can be proved directly
from their definition, or as outlined below:

1. Definition:

Dp
α β(Z) =

√
α!β!

∑
A∈M

p
n×n(α,β)

ZA

A!
, (1.243)

where we employ the following space-saving notations: A is the ma-
trix A = (aij)1≤i,j≤n of order n in the nonnegative integers aij ; A! =∏n
i,j=1 aij!, Z

A =
∏n
i,j=1 z

aij
ij ;α is a sequence α = (α1, α2, . . . , αn)

of n nonnegative integers that sum to p and is called a composi-
tion of k into p nonnegative parts, this property being denoted by
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α � p. We also write xα = xα1
1 xα2

2 · · · xαnn and α! = α1!α2! · · · αn!,
for each pair (α, β) of such compositions α � p and β � p. The
notation M

p
n×n(α, β) denotes the set of all matrices A such that

the entries in row i sum to αi and those in column j to βj , for
all i, j = 1, 2, . . . , n. The significance of the row-sum vector α is
that αi is the degree of the polynomial Dp

αβ(Z) in the variables
(zi1, zi2, . . . , zin) in row i of Z, while the column-sum vector β has
the significance that βj is the degree of the polynomial Dp

αβ(Z) in
the variables (z1j , z2j , . . . , znj) in column j of Z.

2. Matrix of the Dp
αβ(Z) polynomials:

The number of compositions of the integer k into n nonnegative
parts is given by

(n+p−1
p

)
. The compositions in this set may be

linearly ordered by the lexicographical rule: if the first nonzero
part of α − β is positive, we write α > β; if negative. α < β; if
zero, α = β. The polynomial Dk

αβ(Z) is then the entry in row α

and column β of the square matrix Dp(Z) of order

dimDp(Z) =
(
n + p− 1

p

)
, (1.244)

where, following the convention for SU(2), the rows are labeled
from top-to-bottom by the greatest to the least sequence, and the
columns are labeled in the same manner as read from left-to-right.
We give below the combinatorial proof by Chen and Louck [40]
that these polynomials satisfy the following multiplication rule for
arbitrary matrices X and Y :

Dp(X)Dp(Y ) = Dp(XY ). (1.245)

3. Orthogonality in the inner product ( , ):(
Dp
αβ ,D

p′

α′ β′

)
= δp,p′δα,α′δβ,β′p! . (1.246)

4. Reduction to spinor harmonics:

Dp
αβ(diag(0, . . . , 0, z(j), 0, . . . , 0)) =

(∏n
i=1
i
=j

δ0,βi

) √
p!
α!

zα,

(1.247)



66 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

in which all columns of Z are 0 = col(0, 0, . . . , 0), except column j,
which is z(j) = col(z1, z2, . . . , zn), and α � p. It is also true that

Dp
αβ(diag(z1, z2, . . . , zn)) = δα,βz

α. (1.248)

5. Diagonal matrix:
Dp(In) = I(n+p−1

p ). (1.249)

6. Transposition property:

Dp(ZT ) = (Dp(Z))T . (1.250)

7. Special irreducible unitary representations of SU(n) :

Dp(U)Dp(V ) = Dp(UV ), all U, V ∈ SU(n). (1.251)

Of course, the multiplication property (1.251) is much more gen-
eral than this, applying as it does to matrices X and Y , including
singular matrices, of arbitrary commuting indeteminates.

1.6.2 MacMahon and Schwinger master theorems

1. Schwinger’s master theorem: For any two matrices X and Y of
order n, the following identities hold:

e(∂x:X:∂y)e(x:Y :y)|x=y=0 =
∞∑
p=0

∑
α,β �p

Dp
α β(X)Dp

β α(Y )

=
1

det(I −XY )
, (1.252)

(x :Z: y) = xZyT =
n∑

i,j=1

xizijyj. (1.253)

2. MacMahon’s master theorem: Let X be the diagonal matrix X =
diag(x1, x2, . . . , xn) and Y a matrix of order n. Then, the coefficient
of xα in the expansion of 1

det(I−XY ) equals the coefficient of xα in
the product yα, where yi =

∑n
j=1 yijxj; that is,

1
det(I −XY )

=
∞∑
p=0

∑
α�p

Dp
αα(Y )xα. (1.254)
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3. Basic master theorem: Let Z be a matrix of order n, then

1
det(I − tZ)

=
∞∑
p=0

tp
∑
α�p

Dp
αα(Z). (1.255)

Schwinger’s relation (1.252) follows from (1.255) by setting Z = XY and
using the multiplication property (1.245); MacMahon’s relation (1.254)
then follows from Schwinger’s result by setting X = diag(x1, x2, . . . , xn)
and using property (1.248). Of course, MacMahon’s Master Theorem
preceded Schwinger’s result by many years (Schwinger’s report is reprinted
in Ref. [25]). The unification into the single form by using properties of
the Dp

αβ(Z) polynomials was pointed out by in Ref. [108] . More sur-
prisingly, relation (1.252) was already discovered for the general linear
group in 1897 by Molien [137]. The properties of this relation for groups
are developed extensively in Michel and Zhilinskii [133].

For many purposes, it is better in combinatorics to avoid all square
roots by using the polynomials

Lpαβ(Z) =
∑

A∈M
p
n×n(α,β)

ZA

A!
. (1.256)

1.6.3 Combinatorial proof of the multiplication property

The multiplication of two SU(n) solid harmonics is expressed by

∑
β �p

∑
A∈M

p
n×n(α,β)

∑
B∈M

p
n×n(β,γ)

γ!
A!B!

XA Y B =
∑

C∈M
p
n×n(α,γ)

(XY )C

C!
.

(1.257)
The following identities can be used to simplify this relation:

(XY )C

C!
=
∑
β � p

∑
A∈M

p
n×n(α,β)

∑
B∈M

p
n×n(β,γ)

{
C
AB

}
XA Y B ,

C ∈M
p
n×n(α, γ); (1.258){

C
AB

}
=

∑
H∈M

p
n×n×n(A,B,C)

1
H!

, (1.259)

A ∈M
p
n×n(α, β), B ∈M

p
n×n(β, γ), C ∈M

p
n×n(α, γ).
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The planar matrix arrays in these relations are defined by

M
p
n×n(α, β) = {aij |

n∑
j=1

aij = αi,
n∑
i=1

aij = βj},

M
p
n×n(β, γ) = {bjk |

n∑
k=1

bjk = βj ,

n∑
j=1

bjk = γk}, (1.260)

M
p
n×n(α, γ) = {cik |

n∑
k=1

cik = αi,

n∑
i=1

cik = γk}.

The set M
p
n×n×n(A,B,C) over which the summation in (1.259) is taken

is the collection of cubic arrays in which the lattice points (i, j, k), 1 ≤
i, j, k ≤ n, are assigned all possible nonnegative integers, as defined by

M
p
n×n×n(A,B,C) =

{
hijk

∣∣∣∣
∑n

k=1 hijk = aij ;
∑n

i=1 hijk = bjk;∑n
j=1 hijk = cik

}
.

(1.261)
These cubic arrays are natural generalizations of the 2× 2 planar arrays
(1.260); such arrays are unavoidable in the development of properties
of the monomials XA and of the general unitary group, despite their
explosive counting qualities. Further properties are developed in the
next subsection.

The proof of relations (1.258) and (1.259) is given by using the multi-
nomial theorem to expand (

∑
j xijyjk)

cik , rearranging terms, and paying
careful attention to details. Using these relations in (1.257), we find
that necessary and sufficient conditions that the multiplication property
(1.245) holds are that the following relation is valid:∑

C∈M
p
n×n(α,γ)

{
C
AB

}
=

β!
A!B!

, (1.262)

where A ∈ M
p
n×n(α, β) and B ∈ M

p
n×n(β, γ). A combinatorial proof of

(1.262) has been given by Chen and Louck [40]. Thus, the multiplication
rule (1.245) is true for arbitrary commuting indeterminates.

We present here a somewhat different proof of relation (1.262), using
the more basic identity:

Lpαβ(J) =
∑

A∈M
p
n×n(α,β)

1
A!

=
p!

α!β!
, (1.263)

where Lpαβ(J) is the polynomial (1.256) evaluated at all zij = 1; that is,
at Z = J, where J is the matrix of order n containing all 1′s.
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To show that (1.263) implies (1.262), we require a preliminary result.
It follows from the definition of the cubic array M

p
n×n×n(A,B,C) given

by (1.261) that this set has the following decomposition in terms of planar
matrix arrays perpendicular to e2−axis of a right-handed coordinate
frame (e1, e2, e3) :

Plane perpendicular to the e2−axis at x2 = j, 1 ≤ j ≤ n :

✲ e1

❄

e3

M
βj
n×n(aj ,bj)

where M
βj
n×n(aj ,bj) is the set of planar n× n matrix arrays of the form

h1j1 h1j2 · · · h1jn
h2j1 h2j2 · · · h2jn

...
... · · ·

...
hnj1 hnj2 · · · hnjn

 (1.264)

with row and column sums given by

aj = (a1j , a2j , . . . , anj) � βj ,

(1.265)
bj = (bj1, bj2, . . . , bjn) � βj .

The cubic array M
p
n×n×n(A,B,C) is then expressed in terms of these

planar arrays by

M
p
n×n×n(A,B,C) = M

β1
n×n(a1,b1) � M

β2
n×n(a2,b2) � · · ·� M

βn
n×n(an,bn),

(1.266)
where � denotes that the planes are stacked adjacent to one another (one
unit between). Thus, the planar matrix arrays in (1.266) are located,
respectively, at x2 = 1, 2, . . . , n. The decomposition (1.266) assigns a
unique nonnegative integer hijk to every point (i, j, k) in the cubic array
such that A ∈M

p
n×n(α, β), B ∈M

p
n×n(β, γ), C ∈M

p
n×n(α, γ).

The cubic array M
p
n×n×n(A,B,C) can also be decomposed in terms

of stacked planar arrays perpendicular to the e1−axis or to the e3−axis,
but these decompositions are not required here. The general case is
developed in the next section on Maclaurin monomials.

We can now use the decomposition (1.266) to show that (1.263) im-



70 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

plies (1.262). Substitution of (1.259) into (1.262) gives∑
C∈M

p
n×n(α,γ)

{
C
AB

}
=

∑
C∈M

p
n×n(α,γ)

∑
H∈M

p
n×n×n(A,B,C)

1
H!

=
n∏
j=1

 ∑
Hj∈M

βj
n×n(aj ,bj)

1
Hj!

 =
β!

A!B!
, (1.267)

since relation (1.263) implies that∑
Hj∈M

βj
n×n(aj ,bj)

1
(Hj)!

=
βj!∏n

i=1(aij)!
∏n
k=1(bjk)!

. (1.268)

In the middle relation in (1.267), the summation over C ∈ M
p
n×n(α, γ)

becomes redundant when M
p
n×n×n(A,B,C) is written in the form (1.267),

since it is automatically satisfied. We have thus shown that (1.263) im-
plies (1.262), and it remains only to prove (1.263).

We now give a combinatorial proof of relation (1.263), following the
method in Ref. [40]. Relation (1.263) may be rewritten in the multino-
mial coefficient form∑

A∈M
p
n×n(α,β)

n∏
i=1

(
αi

ai1, ai2, . . . , ain

)
=
(

p

β1, β2, . . . , βn

)
. (1.269)

To prove this result we consider p distinct objects with αi of the objects
colored by color i, where i = 1, 2, . . . , n, hence, α � p. Let these p
objects be distributed into n cells C1, C2, . . . , Cn, such that there are βj
objects in cell Cj with aij objects having color i. The left-hand side of
(1.269) equals the number of ways of distributing the p objects into the
n cells such that cell Cj contains βj objects. The entries in the matrix
A ∈ M

p
n×n(α, β) gives the configuration of these colored objects into

the cells: The number of ways of distributing the αi objects of color i
among the n cells is given by

(
αi

ai1,ai2,...,ain

)
, and the sum of products of

these coefficients is the number of ways
(

p
β1,β2,...,βn

)
of distributing the p

objects into the n cells. �
We remark again that there is also the direct combinatorial proof of

relation (1.262) (Chen and Louck [40]) that does not require the inter-
mediate step of showing that relation (1.263) implies (1.262). The above
method reveals further properties of these relations.
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1.6.4 Maclaurin monomials

The Maclaurin monomials are defined by

MA(Z) =
ZA

A!
=

l∏
i=1

m∏
j=1

z
aij
ij

aij!
, (1.270)

where A = (aij)1≤i≤l,1≤j≤m, is an l × m matrix array of nonnegative
integers (exponents) aij , and Z = (zij)1≤i≤l,1≤j≤m is an l×m matrix of
commuting indeterminates zij . These monomials are just the terms that
occur in every formal power series expansion of a multivariable function
depending on the l ×m commuting indeterminates zij , as given by

F (Z) =
∑
A

C(A)
ZA

A!
, (1.271)

where the C(A) are numerical-valued coefficients, and the summation
is over all l × m matrix arrays A. Since the Maclaurin monomials are
orthogonal in the inner product ( , ), as given by

(MA′ ,MA) = δA′,A
1
A!

, (1.272)

the coefficients C(A) in the formal power series are

C(A) = A!(MA, F ) =
(

∂

∂Z

)A
F (Z)

∣∣∣
Z=0l×m

. (1.273)

We are interested in the product of two such functions (1.271), in
particular, polynomials. The expansion of the product (XY )C into a
sum over XA and Y B becomes a basic relation, which has already been
given in (1.258)-(1.259) for the special case l = m = n, from which the
extensions to the general case are evident, which we restate in detail for
completeness:

(XY )C

C!
=
∑
β � p

∑
A∈M

p
l×m(α,β)

∑
B∈M

p
m×n(β,γ)

{
C
AB

}
XA Y B,

C ∈M
p
n×l(α, γ); (1.274){

C
AB

}
=

∑
H∈M

p
l×m×n(A,B,C)

1
H!

, (1.275)

A ∈M
p
l×m(α, β), B ∈M

p
m×n(β, γ), C ∈M

p
n×l(α, γ).
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M
p
l×m(α, β) = {aij |

m∑
j=1

aij = αi,
l∑
i=1

aij = βj},

M
p
m×n(β, γ) = {bjk |

n∑
k=1

bjk = βj ,

m∑
j=1

bjk = γk}, (1.276)

M
p
n×l(α, γ) = {cik |

n∑
k=1

cik = αi,
l∑
i=1

cik = γk}.

The set M
p
l×m×n(A,B,C) over which the summation in (1.259) is taken

is the collection of l×m×n dimensional parallelepiped (six rectangular
faces) in which the lattice points (i, j, k), 1 ≤ i ≤ l, 1 ≤ j ≤ m, 1 ≤ k ≤
n, are assigned all possible nonnegative integers, as defined by

M
p
l×m×n(A,B,C) =

{
hijk

∣∣∣∣ ∑n
k=1 hijk = aij;

∑l
i=1 hijk = bjk;∑m

j=1 hijk = cik

}
.

(1.277)

The set M
p
l×m×n(A,B,C) is described geometrically in Cartesian 3−

space R3 by specifying the assignment of the hijk to points (i, j, k) re-
ferred to a right-handed triad of unit geometrical vectors (e1, e2, e3) di-
rected from the origin (0, 0, 0) to the points (1, 0, 0), (0, 1, 0), (0, 0, 1),
respectively, as depicted by

✲ e2

✻

e3

M
p
l×m×n(A,B,C)

✁
✁
✁☛

e1

(e1 out of page)

(1.278)

We require the sequences as follows, which for clarity we denote by bold
letters:

ai = (ai1, ai2, . . . , aim), aj = (a1j , a2j , . . . , alj),

bj = (bj1, bj2, . . . , bjn), bk = (b1k, b2k, . . . , bmk), (1.279)

ci = (ci1, ci2, . . . , cin), ck = (c1k, c2k, . . . , clk).
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These sequences give the row and column sums of various planar matrix
arrays that are perpendicular to the respective unit vectors in (1.278)
that determine the geometrical structure of the set M

p
l×m×n(A,B,C) :

Plane perpendicular to the e1−axis at x1 = i, 1 ≤ i ≤ l :

✲ e3

❄

e2

Mαi
m×n(ai, ci)

The entries in the set Mαi
m×n(ai, ci) of m × n planar arrays can be any

array given by 
hi11 hi12 · · · hi1n
hi21 hi22 · · · hi2n

...
... · · ·

...
him1 him2 · · · himn

 , (1.280)

with row and column sums specified to be ai � αi and ci � αi.

Plane perpendicular to the e2−axis at x2 = j, 1 ≤ j ≤ m :

✲ e1

❄

e3

M
βj
n×l(a

j ,bj)

The entries in the set M
βj
n×l(a

j ,bj) of n × l planar arrays can be any
array given by 

h1j1 h1j2 · · · h1jl
h2j1 h2j2 · · · h2jl

...
... · · ·

...
hnj1 hnj2 · · · hnjl

 , (1.281)

with row and column sums specified to be aj � βj and bj � βj .
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Plane perpendicular to the e3−axis at x3 = k, 1 ≤ k ≤ n :

✲ e2

❄

e1

M
γk
l×m(ck,bk)

The entries in the set M
γk
l×m(ck,bk) of l ×m planar arrays can be any

array given by 
h11k h12k · · · h1mk
h21k h22k · · · h2mk

...
... · · ·

...
hl1k hl2k · · · hlmk

 , (1.282)

with row and column sums specified to be ck � γk and bk � γk.

We can write the set of lattice points M
p
l×m×n(A,B,C) in terms of

these planes of lattice points perpendicular to the 1-axis, 2-axis, and
3-axis of the right-handed frame (e1, e2, e3), respectively, by

M
p
l×m×n(A,B,C) (1.283)

= Mα1
m×n(a1, c1) � Mα2

m×n(a2, c2) � · · ·� Mαl
m×n(al, cl)

= M
β1

n×l(a
1,b1) � M

β2

n×l(a
2,b2) � · · ·� M

βm
n×l(a

m,bm)

= M
γ1
l×m(c1,b1) � M

γ2
l×m(c2,b2) � · · · � M

γn
l×m(cn,bn).

The first line in (1.283) denotes the collection of stacked m × n pla-
nar matrix arrays located, respectively, at x1 = 1, 2, . . . , l, with similar
interpretations for the second and third line.

1.6.5 Summary of relations

We summarize the following special results that originate from the gen-
eral expansion (1.274) and the orthogonality of various polynomials with
respect to the inner product ( , ) :

1. Solid harmonics in mn indeterminates:

Lpβ γ(Y ) =
(
xβ

β!
,

(xY )γ

γ!

)
=

∑
B∈M

p
m×n(β,γ)

Y B

B!
, (1.284)
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which is a consequence of
zγ

γ!
=

(xY )γ

γ!
=
∑
β � p

xβLpβ γ(Y ). (1.285)

This relation itself is obtained from (1.274) by choosing l = 1, so
that we have the following simplifications:

C = γ = (γ1, γ2, . . . , γn) � p,A = (β1, β2, . . . , βm) � p,

B ∈ M
p
m×n(β, γ); (1.286)

X = (x11, x12, . . . , x1m) = x = (x1, x2, . . . , xm),
XY = xY = z = (z1, z2, . . . , zn), (1.287)

zk =
m∑
j=1

xjyjk, k = 1, 2, · · · , n.

Here, as will often be the case in this monograph, we abuse the
notation by writing the inner product of two functions f with values
f(x) and g with values g(x) as

(f, g) = (f(x), g(x)). (1.288)
Despite the contradiction of notation, it presents the functions in-
volved in the inner product in more comprehensible fashion.

2. Right and left action polynomials:
The following polynomials, which are defined from the general re-
lation (1.274), also occur in the sequel:

RpA,C(Y ) =
(
XA

A!
,
(XY )C

C!

)
=

∑
B∈M

p
m×n(β,γ)

{
C
AB

}
Y B,

LpB,C(X) =
(
Y B

B!
,
(XY )C

C!

)
=

∑
A∈M

p
l×m(α,β)

{
C
AB

}
XA,

A ∈M
p
l×m(α, β), B ∈M

p
m×n(β, γ), C ∈M

p
n×l(α, γ). (1.289)

1.7 Generalization to U(2)

1.7.1 Definition of U(2) solid harmonics

A full list of properties of the SU(2) solid harmonics Dj
mm′(Z) defined

by relation (1.160) must include the action of the indeterminates zij and
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the derivatives ∂/∂zij on these polynomials, as given below in Sect. 1.7.3.
It is convenient to give these actions in terms of the extension of these
polynomials to their U(2) counterparts. The U(2) solid harmonics are
polynomials that are enumerated by double Gelfand-Tsetlin patterns
that depend on partitions having two parts as defined by (λ1, λ2), where
the λi are nonnegative integers satisfying λ1 ≥ λ2 ≥ 0. Just as it requires
two pairs, (j m) and (j m′), where j is the angular momentum shared
by the two projection quantum numbers m and m′, to define the SU(2)
solid harmonics, it requires two Gelfand-Tsetlin patterns(

λ1 λ2
m11

)
and
(

λ1 λ2
m′
11

)
(1.290)

to define the U(2) solid harmonics. For each partition (λ1, λ2), the quan-
tities m11 and m′

11 are integers that can take on the λ1 − λ2 + 1 values
given by

m11,m
′
11 ∈ {λ2, λ2 + 1, . . . , λ1}. (1.291)

These conditions are referred to as “betweenness conditions,” and the
labels m11 and m′

11 are positioned between the partition labels to suggest
this condition. To economize the notation, so as not to write the partition
twice, it is convenient to invert the second pattern over the first in (1.290)
and write the double pattern as m′

11

λ1 λ2
m11

 =

 m′
11

m12 m22

m11

 , (1.292)

where we often write the common partition as (λ1 λ2) = (m12m22).
The pattern (1.292) is referred to as a double Gelfand-Tsetlin pattern.
General patterns of this form for the unitary group U(n) are discussed
in detail in Sect. 11.3, Compendium B. We use the notation (1.292) here
for easy comparison with the general results given later for the general
unitary group.

The U(2) solid harmonics are defined in terms of the SU(2) Dj− solid
harmonics (1.160) by

D

 m′
11

λ1 λ2
m11

 (Z) = (detZ)λ2Dj
mm′(Z)

=
∑

A∈M
p
2×2(α,α

′)

C

 m′
11

λ1 λ2
m11

 (A)
ZA

A!
, (1.293)
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where the relations between notations are given by

p = λ1 + λ2, j = (λ1 − λ2)/2,

m = m11 − (λ1 + λ2)/2, m′ = m′
11 − (λ1 + λ2)/2;

(1.294)
α = (α1, α2) = (m11, λ1 + λ2 −m11) � p,
α′ = (α′

1, α
′
2) = (m′

11, λ1 + λ2 −m′
11) � p.

The compositions α and α′ are also called the weights of the lower and
upper Gelfand-Tsetlin patterns. The set M

p
2×2(α,α

′) of 2 × 2 matrix
arrays over which the summation is effected in the expansion on the
right-hand side of (1.293) is defined by

M
p
2×2(α,α

′) =
{
A =

(
a11 a12
a21 a22

) ∣∣∣∣ a11 + a12 = α1, a21 + a22 = α2,

a11 + a21 = α′
1, a12 + a22 = α′

2

}
.

(1.295)

We have already met the special case of the polynomials (1.293) in
the context of the addition of two angular momenta given by (1.198):

ψ(j1 j2)j m(Z) = (M(j1 j2)j)
−1/2D

 2j1
j1 + j2 + j j1 + j2 − j

j1 + j2 + m

 (Z),

(1.296)

M(j1 j2)j =
(j1 + j2 + j + 1)!(j1 + j2 − j)!

2j + 1
.

These coupled angular momentum basis functions are the special case
m′ = j1−j2 of the more general U(2) solid harmonics defined by (1.293):

D

 j1 + j2 + m′

j1 + j2 + j j1 + j2 − j

j1 + j2 + m

 (Z) = (detZ)j1+j2−jDj
mm′(Z)

=
∑

m1,m2
m′
1,m

′
2

C
j1 j2 j
m1m2m

C
j1 j2 j

m′
1m

′
2m

′

×D

 j2 + m′
2

2j2 0
j2 + m2

 (Z)D

 j1 + m′
1

2j1 0
j1 + m1

 (Z). (1.297)

If we set m′ = j1 − j2, then this relation reduces to (1.198) and (1.296)
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in consequence of the relations:

C
j1 j2 j

m′
1 m′

2 j1 − j2
= δm′

1,j1δm′
2,−j2

√
(2j + 1)(2j1)!(2j2)!

(j1 + j2 − j)!(j1 + j2 + j + 1)!
,

(1.298)

D

 2j1
2j1 0
j1 + m1

 (Z) =
√

(2j1)!Pj1m1(z11, z21),

(1.299)

D

 0
2j2 0
j1 + m1

 (Z) =
√

(2j2)!Pj1m1(z12, z22).

(It is not particularly useful here to extract the C−coefficient in (1.293)
from the above relations. See, however, Sect. 7.3.2, Chapter 7.)

The above results place the U(2) solid harmonics in the notational
context of general results that are presented for U(n) in Chapters 5-7.
Indeed, they are the model results for that generalization. We often re-
fer to these polynomials as the D(λ1λ2)−polynomials and the coefficients
in (1.293) as the C(λ1λ2)−coefficients. By design, the notation has been
chosen such that the D(λ1λ2)−polynomials and the C(λ1λ2)−coefficients
in (1.293) have similar forms, the first being defined over arbitrary in-
determinates Z, the second over discrete nonnegative integers A. The
polynomials are fully defined in terms of the monomials ZA/A!, once the
discrete C(λ1λ2)−coefficients are known, as is the case above with n = 2.
Indeed, the generalization to U(n) is precisely that of determining the
correspondence

D

 m′
λ
m

 (Z)↔ C

 m′
λ
m

 (A) (1.300)

between Dλ−polynomials and Cλ−coefficients for an arbitrary partition
λ = (λ1, λ2, . . . , λn), where now Z and A are of order n, and the lower
an upper patterns m and m′ become general Gelfand-Tsetlin patterns.

1.7.2 Basic multiplication properties

It is useful to note several of the properties of the D(λ1λ2)−polynomials
and the C(λ1λ2)−coefficients that generalize to arbitrary partitions. The
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general multiplication property of Dλ1λ2−polynomials follow from rela-
tion (1.245), the multiplication property of determinants, and definition
(1.299):

∑
m′′

11

D

(
m′′
11

λ1 λ2
m11

)
(X)D

 m′
11

λ1 λ2
m′′
11

 (Y ) = D

 m′
11

λ1 λ2
m1

 (XY ).

(1.301)
This result implies that the multiplication of discretized C(λ1λ2)−coefficients
is given by

∑
m′′

11

C

 m′′
11

λ1 λ2
m11

 (A)C

 m′
11

λ1 λ2
m′′
11

 (B)

=
∑

C∈M
p
2×2(α,α

′)

{
C
AB

}
C

 m′
11

λ1 λ2
m11

 (C),

(1.302)
A ∈M

p
2×2(α,α

′′), B ∈M
p
2×2(α

′′, α′),

where the coefficients
{

C
AB

}
are those that enter into the product of

two Maclaurin polynomials for n = 2.

We also have the important Kronecker product relationship, as fol-
lows, from relation (1.242) (with similar relations corresponding to (1.239)-
(1.241)):

D

 m′′′
11

λ′1 λ′2
m′
11

 (Z)D

 m′′
11

λ1 λ2
m11

 (Z) (1.303)

=
∑
λ′′

1 , λ
′′
2

C

[(
λ′′1 λ′′2
m11 + m′

11

)(
λ′1 λ′2
m′
11

)(
λ1 λ2
m11

)]

×C
[(

λ′′1 λ′′2
m′′
11 + m′′′

11

)(
λ′1 λ′2
m′′′
11

)(
λ1 λ2
m′′
11

)]

×D

 m′′
11 + m′′′

11

λ′′1 λ′′2
m11 + m′

11

 (Z).

The C−coefficients in this relation are U(2) WCG coefficients, which are
related to SU(2) WCG coefficients by associating each of the three GT
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patterns with an angular momentum quantum label and its projection
by the rule (1.294). The three patterns in the C−coefficient are placed
in the indicated positions, which corresponds to reading the two patterns
of the D−polynomials on the left in (1.303) in the order right-to-left; if
the order of the D−polynomials on the left is reversed, the patterns in
the C− coefficients are reversed. This rule is referred to as the standard
mapping rule for WCG coefficients: Thus, the first C−coefficient is given
by

C

[(
λ′′1 λ′′2
m′′
11

) ∣∣∣( λ′1 λ′2
m′
11

)(
λ1 λ2
m11

)]
= C

j j′ j′′

mm′m′′ ; (1.304)

j = (λ1 − λ2)/2, j′ = (λ′1 − λ′2)/2, j′′ = (λ′′1 − λ′′2)/2,

m = m11 − (λ1 + λ2)/2,m′ = m′
11 − (λ′1 + λ′2)/2, (1.305)

m′′ = m′′
11 − (λ′′1 + λ′′2)/2.

The relation
λ1 + λ2 + λ′1 + λ′1 + λ′2 = λ′′1 + λ′′2 (1.306)

is a consequence of the homogeneity of the D−polynomials.

The reason for the ad hoc ordering rule in (1.303)-(1.304) is that it
convenient to think of the patterns as being initial, intermediate, and
final, a viewpoint that encompasses subsequent uses, when the initial
and final D−polynomials are interpreted as state vectors, or the left-
hand pair as noncommuting quantities (tensor operators). The order
rule could have been done oppositely, as in relations (1.239)-(1.242),
which is the usual presentation. Since the C−coefficients occur as pairs
in such relations, no error is made because of the phase factor relation
Cj1 j2 j3
m1 m2 m3 = (−1)j1+j2−jCj2 j1 j3

m2 m1 m3 . In all subsequent chapters, we use
the “read backwards” rule (1.303)-(1.304).

All of the above relations can also be written in matrix form. For
this, we order the Gelfand-Tsetlin patterns by(

λ1 λ2
m11

)
>

(
λ1 λ2
m′
11

)
, for m11 > m′

11, (1.307)

where they are equal, of course, for m11 = m′
11. Then, the row and col-

umn elements of the matrix D(λ1λ2)(Z) are given by the pairs (m11,m
′
11),

where the elements in row m11 are ordered from left-to-right as read
across the row by λ1, λ1 − 1, . . . , λ2; and the elements in column
m′
11 are ordered from top-to-bottom as read down the column by λ1,

λ1 − 1, . . . , λ2. (This follows the convention used for SU(2) representa-
tion functions.) In matrix form, the basic relations for the D(λ1λ2)−
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polynomials and the C(λ1λ2)−coefficients are the following:

D(λ1λ2)(Z) =
∑
A

ZA

A!
C(λ1λ2)(A),

D(λ1λ2)(X)D(λ1λ2)(Y ) = D(λ1λ2)(XY ), (1.308)

C(λ1 λ2)(A)C(λ1 λ2)(B) =
∑
C

{
C
AB

}
C(λ1 λ2)(C);

D(λ′
1 λ

′
2)(Z)⊗D(λ1 λ2)(Z) = (C(λ

′;λ))T

∑
λ′′

1 ,λ
′′
2

⊕D(λ′′
1 λ

′′
2 )(Z)

C(λ
′;λ),

(λ;λ′) = ((λ1 λ2); (λ′1 λ
′
2)). (1.309)

1.7.3 Indeterminate and derivative actions on the U(2)
solid harmonics

The indeterminates zij and the derivatives ∂/∂zij have the action on
the Dλ1λ2−polynomials listed below. We take these relations from the
methods of the pattern calculus presented in Chapter 6 for U(n). The
results are presented in terms of a mixed notation that uses the partial
hooks p12 = λ1 + 1, p22 = λ2, p11 = m11, p

′
11 = m′

11 in place of the
λ1, λ2,m11,m

′
11 that label the polynomials, because of the symmetry of

coefficients shown by the partial hook notation, which is pervasive in
U(n) : The below results apply also to the Dj−polynomials by making
the conversion (1.293)-(1.294) of notations and canceling detZ factors,
as appropriate:

z11D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22+1
p12−p22

√
p′11−p22+1
p12−p22 D

(
m′
11 + 1

λ1 + 1 λ2
m11 + 1

)
(Z)

+
√

p12−p11−1
p12−p22

√
p12−p′11−1
p12−p22 D

(
m′
11 + 1

λ1 λ2 + 1
m11 + 1

)
(Z),

z12D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22+1
p12−p22

√
p12−p′11
p12−p22D

(
m′
11

λ1 + 1 λ2
m11 + 1

)
(Z)

−
√

p12−p11−1
p12−p22

√
p′11−p22
p12−p22D

(
m′
11

λ1 λ2 + 1
m11 + 1

)
(Z),
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z21D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11
p12−p22

√
p′11−p22+1
p12−p22 D

(
m′
11 + 1

λ1 + 1 λ2
m11

)
(Z)

−
√

p11−p22
p12−p22

√
p12−p′11−1
p12−p22 D

(
m′
11 + 1

λ1 λ2 + 1
m11

)
(Z),

z22D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11
p12−p22

√
p12−p′11
p12−p22D

(
m′
11

λ1 + 1 λ2
m11

)
(Z)

+
√

p11−p22
p12−p22

√
p′11−p22
p12−p22D

(
m′
11

λ1 λ2 + 1
m11

)
(Z);

∂
∂z11

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22
p12−p22−1

√
p′11−p22
p12−p22−1D

(
m′
11 − 1

λ1 − 1 λ2
m11 − 1

)
(Z)

+
√

p12−p11
p12−p22+1

√
p12−p′11
p12−p22+1D

(
m′
11 − 1

λ1 λ2 − 1
m11 − 1

)
(Z),

∂
∂z12

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p11−p22
p12−p22−1

√
p12−p′11−1
p12−p22−1D

(
m′
11 − 1

λ1 − 1 λ2
m11

)
(Z)

−
√

p12−p11
p12−p22+1

√
p′11−p22+!
p12−p22+1D

(
m′
11

λ1 λ2 − 1
m11 − 1

)
(Z),

∂
∂z21

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11−1
p12−p22−1

√
p′11−p22
p12−p22−1D

(
m′
11 − 1

λ1 − 1 λ2
m11

)
(Z)

−
√

p11−p22+1
p12−p22+1

√
p12−p′11
p12−p22+1D

(
m′
11 − 1

λ1 λ2 − 1
m11

)
(Z),

∂
∂z22

D

(
m′
11

λ1 λ2
m11

)
(Z) =

√
p12−p11−1
p12−p22−1

√
p12−p′11−1
p12−p22−1D

(
m′
11

λ1 − 1 λ2
m11

)
(Z)

+
√

p11−p22+1
p12−p22+1

√
p′11−p22+1
p12−p22+1D

(
m′
11

λ1 λ2 − 1
m11

)
(Z).



Chapter 2

Abstract Angular
Momentum Theory of
Composite Systems

2.1 General Setting

We begin by describing the general setting for composite physical systems
from the viewpoint of their angular momentum subspaces.

2.1.1 Angular momentum state vectors of a composite
system

Every isolated quantum mechanical system with n constituent parts,
each possessing angular momentum J(i), i = 1, 2, . . . , n, has total angular
momentum

J = J(1) + J(2) + · · · + J(n),
(2.1)

J(i) = J1(i)e1 + J2(i)e2 + J3(i)e3,

where each angular momentum is referred to a common right-handed
reference frame (e1, e2, e3) in Cartesian 3−space R3. The components
Jk(i), k = 1, 2, 3, of J(i) have the standard action in a Hilbert space Hji
of dimension 2ji + 1 (see (2.5) below).

Expression (2.1) for the sum of n angular momenta is not fully accu-
rate in expressing the action of the total angular momentum J on the
tensor product space Hj1 ⊗Hj2 ⊗ · · · ⊗Hjn of dimension

∏n
i=1(2ji + 1).

83
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It is more carefully written as

J =
n∑
i=1

⊕ (Ij1 ⊗ · · · ⊗ J(i)⊗ · · · ⊗ Ijn) , (2.2)

where, in the factors in the direct sum, the identity operators Ij1 , Ij2 ,
. . . , Ijn appear in the corresponding positions 1, 2, . . . , n, except in posi-
tion i, where J(i) stands. This notation correctly conveys that J(i) acts
in the Hilbert space Hji , and that the unit operators act in all other
parts of the tensor product space. While we will often use the notation
(2.1) for the sum of various angular momenta acting in the tensor prod-
uct space, such expressions are always to be interpreted in the sense of
a sum of tensor products of operators (see Sect. 10.5, Compendium A).

We introduce the following compact notations to describe the ket-
vectors of the tensor product space:

j = (j1, j2, . . . , jn), each ji ∈ {0, 1/2, 1, 3/2, . . .}, i = 1, 2, . . . , n,
m = (m1,m2, . . . ,mn), eachmi ∈ {ji, ji − 1, . . . ,−ji},

i = 1, 2, . . . , n,
Hj = Hj1 ⊗Hj2 ⊗ · · · ⊗ Hjn, (2.3)

|jm〉 = |j1m1〉 ⊗ |j2m2〉 ⊗ · · · ⊗ |jnmn〉,
C(j) = {m |mi = ji, ji − 1, . . . ,−ji; i = 1, 2, . . . , n}.

The set of 2n mutually commuting Hermitian operators

J2(1), J3(1),J2(2), J3(2), . . . ,J2(n), J3(n) (2.4)

is a complete set of operators in the tensor product space Hj, in that the
set of vectors |jm〉,m ∈ C(j) is an orthonormal basis. The action of the
angular momentum operators J(i), i = 1, 2, . . . , n, is the standard action
given by

J2(i)|jm〉 = ji(ji + 1)|jm〉,
J3(i)|jm〉 = mi|jm〉,
J+(i)|jm〉 =

√
(ji −mi)(ji + mi + 1) |jm+1(i)〉, (2.5)

J−(i)|jm〉 =
√

(ji + mi)(ji −mi + 1) |jm−1(i)〉,
m±1(i) = (m1, . . . ,mi ± 1, · · · ,mn).

The orthonormality of the basis functions is expressed by

〈jm | jm′〉 = δm,m′ , each pair m,m′ ∈ C(j). (2.6)
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Since the collection of 2n commuting Hermitian operators (2.4) refers
to the angular momenta of the individual constituents of a physical sys-
tem, and the action of the angular momentum operators is on the basis
vectors of each separate space, the basis |jm〉,m ∈ C(j), is referred to
as the uncoupled basis of the space Hj.

One of the most important observables for a composite system is
the total angular momentum defined by (2.1). A set of n + 2 mutually
commuting Hermitian operators, which includes the square of the total
angular momentum J and J3 is the following:

J2(1),J2(2), . . . ,J2(n),J2, J3. (2.7)

This set of n + 2 commuting Hermitian operators is an incomplete set
with respect to the construction of the states of total angular momentum;
that is, the simultaneous state vectors of the n+2 operators (2.7) do not
determine a basis of the space Hj. There are many ways to complete such
an incomplete basis. For example, an additional set of n−2 independent
SU(2) invariant Hermitian operators, commuting among themselves, as
well as with each operator in the set (2.7), could serve this purpose.
Other methods of labeling can also be used (see (2.44) below). We make
the following assumptions:

Assumptions. The incomplete set of simultaneous eigenvectors of the
n + 2 angular momentum operators (2.7) has been extended to a basis
of the space Hj with properties as follows: A basis set of vectors can be
enumerated in terms of an indexing set R(j) of the form

R(j) =
{

α = (α1, α2, . . . , αn−2), j,m
∣∣∣ j ∈ D(j);αi ∈ Ai(j, j);
m = j, j − 1, . . . ,−j

}
, (2.8)

where the domains of definition D(j) of j and Ai(j, j) of αi have the
properties as follows. These domains of definition are to be such that for
given quantum numbers j the cardinality of the set R(j) is given by

|R(j) | = |C(j) | =
n∏
i=1

(2j1 + 1). (2.9)

Moreover, these labels are to be such that the space Hj has the orthonor-
mal basis given by the ket-vectors

|(jα)j m〉, α, j,m ∈ R(j),

〈(jα)j,m | (jα′)j′, m′〉 = δj,j′δm,m′δα,α′ , (2.10)

α, j,m ∈ R(j); α′, j′,m′ ∈ R(j).

It is always the case that D(j) is independent of how the extension to
a basis through the parameters α is effected and that, for given j, the
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domain of m is m = j, j − 1, . . . ,−j. Each of the quantum labels αi
belongs to some domain of definition Ai(j, j) that can depend also on j.

Finally, the actions of the commuting angular momentum operators
(2.7) and the total angular momentum J on the orthonormal basis set
(2.10) are given by

J2(i)|(jα)j m〉 = ji(ji + 1)|(jα)j m〉, i = 1, 2, . . . , n,

J2|(jα)j m〉 = j(j + 1)|(jα)j m〉,
J3|(jα)j m〉 = m|(jα)j m+1〉, (2.11)

J+|(jα)j m〉 =
√

(j −m)(j + m + 1)|(jα)j m+1〉,

J−|(jα)j m〉 =
√

(j + m)(j −m + 1)|(jα)j m−1〉. �

The notation for the ket-vectors in (2.10) and (2.11) places the total
angular momentum quantum number j and its projection m in the sub-
script position to accentuate their privileged role. The set R(j) enumer-
ates an alternative unique orthonormal basis (2.10) of the space Hj that
contains the total angular momentum quantum numbers j,m; it is the
analog of the set C(j) that enumerates the orthonormal basis set (2.6).
Any basis set with the properties (2.10)-(2.11) is called a coupled basis
of Hj. For n = 2, the uncoupled basis set is |j1m1〉 ⊗ |j2m2〉, C(j1j2) =
{m1,m2|mi = ji, ji − 1, . . . ,−ji, i = 1, 2}, and the coupled basis set is
|(j1 j2)j m〉, R(j1j2) = {j,m|j ∈ {j1 + j2, j1 + j2 − 1, . . . , |j1 − j2|},m =
j, j − 1, . . . ,−j}. No extra α labels are required. For n = 3, one extra
label α1 is required, and at this point, the domains of definition of α1; j
are left unspecified.

Angular momentum coupling theory is about the various ways of pro-
viding the extra set of α labels and their domains of definition, together
with the values of the total angular momentum quantum number j, such
that the space Hj is spanned by the vectors |(jα)j m〉. It turns out, as
shown below, that the set of values that the total angular momentum
quantum number j can assume is independent of the αi; the values of j
being j = jmin, jmin + 1, . . . , jmax, for well-defined minimum and maxi-
mum values of j that are expressed in terms of j1, j2, . . . , jn. Thus, the
burden of completing any basis is placed on assigning the labels αi in
the set

R(j, j) = {α = (α1, α2, . . . , αn−2) | each αi ∈ Ai(j, j)}. (2.12)

Such an assignment is called an α−coupling scheme. Since there are
many ways of completing an incomplete basis of a finite vector space,
there are also many coupling schemes. In this sense, the structure of
the coupling scheme set R(j, j) is the key object in angular momentum
coupling theory; all the details of defining the coupling scheme are to be
provided by the domains of definition Ai(j, j).
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The cardinality of the sets R(j) and Aj(j), and C(j) are related by

|R(j) | =
jmax∑
j=jmin

(2j + 1)Nj(j) = N(j) =
n∏
i=1

(2ji + 1) = |C(j) |, (2.13)

where we have defined Nj(j) = |R(j, j)|. We give below a recursive
method for generating the positive integers Nj(j).

The purpose of introducing a coupling scheme is twofold: First, it
encodes the instructions on effecting the reduction of the n−fold Kro-
necker product Dj(U) = Dj1(U) ⊗Dj2(U) ⊗ · · · ⊗Djn(U), U ∈ SU(2),
which is a reducible unitary representation of SU(2) of dimension N(j),
into a direct sum of irreducible unitary representations Dj(U). Second, it
gives a new orthonormal basis of the space Hj in which the total angular
momentum quantum numbers (j,m) label the basis vectors. We discuss
the first property in detail below, and next the second property.

The two orthonormal bases (2.6) and ((2.10) of the space Hj must be
related by a unitary transformation A(j) of order N(j) =

∏n
i=1(2ji + 1)

with rows and columns enumerated by

A(j) =
(
A(j)
)
α,j,m∈R(j);m∈C(j)

. (2.14)

Thus, we must have the invertible relations between bases:

|(jα)j m〉 =
∑

m∈C(j)

(
A(j
)
α,j,m;m

|jm〉, each α, j,m ∈ R(j),

(2.15)

|jm〉 =
∑

α,j,m∈R(j)

(
A(j)∗

)
α,j m;m

|(jα)j m〉, eachm ∈ C(j).

Generation of the multiplicity numbers Nj(j)

The positive integers Nj(j) = |R(j, j) | in (2.13) give the number of
occurrences of Dj(U) in the reduction of the Kronecker product

Dj(U) = Dj1(U)⊗Dj2(U)⊗ · · · ⊗Djn(U), U ∈ SU(2), (2.16)

into a direct sum of Dj(U), as given by

Dj(U) =
jmax∑
j=jmin

⊕Dj(U), Dj(U) = Dj(U)⊕ · · · ⊕Dj(U)︸ ︷︷ ︸
Nj(j)

, (2.17)
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where all matrices are blocks along the diagonal, which, by convention,
are arranged along the diagonal from the least to the greatest value of
j. We refer to (2.17) as the Kronecker direct sum (see (2.25) below).

The Clebsch-Gordon (CG) numbers Nj(j) may be generated by the
following recursive procedure. Define the multiset 〈j1, j2, . . . , ji〉, i =
2, 3, . . . , for the addition of i angular momenta by

〈j1, j2, . . . , ji〉 = {〈k, ji〉|k ∈ 〈j1, j2, . . . , ji−1〉},
(2.18)

〈j1, j2〉 = {|j1 − j2|, |j1 − j2|+ 1, . . . , j1 + j2}.
The second set then contains the set of values that the total angular
momentum j can assume in the addition of two angular momenta J(1)+
J(2) = J. Starting with i = 3 and k ∈ 〈j1, j2〉, the first relation can be
iterated to obtain the multiset 〈j1, j2, . . . , jn〉, n ≥ 3, from which the CG
number Nj(j) can be read out for every values of j : Relation (2.18) is a
method of generating all CG numbers.

The cardinality of multiset 〈j1, j2, . . . , jn〉 is

| 〈j1, j2, . . . , jn〉 | =
jmax∑
j=jmin

(2j + 1)Nj(j) =
n∏
i=1

(2ji + 1). (2.19)

The following properties of the multiset 〈j 〉 = 〈j1, j2, . . . , jn〉 may be
proved by induction on n :

1. Invariance under permutations:

〈jπ1 , jπ2 , . . . , jπn〉 = 〈j1, j2, . . . , jn〉, each π ∈ Sn. (2.20)

2. Least and greatest elements, jmin and jmax :

jmin = min{| j1 ± j2 ± · · · ± jn|},
(2.21)

jmax = j1 + j2 + · · · + jn.

All 2n−1 possible ± signs are to be considered in determining jmin.

3. Values of the total angular momentum j :

j = jmin, jmin + 1, jmin + 2, . . . , jmax. (2.22)

4. Form of the set 〈j 〉 :

〈j 〉 = 〈j1, j2, . . . , jn〉 =
{
jh1
min, (jmin + 1)h2 , . . . , jhtmax

}
, (2.23)

where hk = Njmin+k−1(j), k = 1, 2, . . . , t = jmax − jmin + 1. It is
always the case that h1 = ht = 1.
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Example:

〈1/2, 1, 5/2〉 = 〈1/2, 5/2, 1〉 = 〈1, 5/2, 1/2〉 =
〈1, 1/2, 5/2〉 = 〈5/2, 1/2, 1〉 = 〈5/2, 1, 1/2〉
= {1, 2, 2, 3, 3, 4}. (2.24)

The 36× 36 block matrix D(1/2,1,5/2)(U) is given by

D(1/2,1,5/2)(U) =


D1(U) 0 0 0

0 D2(U) 0 0
0 0 D3(U) 0
0 0 0 D4(U)

 , (2.25)

D1(U) = D1(U), D4(U) = D4(U),

D2(U) =
(

D2(U) 0
0 D2(U)

)
, (2.26)

D3(U) =
(

D3(U) 0
0 D3(U)

)
.

The multiset set 〈j 〉 is called the generalized CG series (or simply CG
series), since it generalizes the Clebsch-Gordan series for n = 2 : 〈j1 j2〉 =
{j1 + j2, j1 + j2− 1, . . . , |j1 − j2|}. Except for the number of multiple oc-
currences Nj(j) of Dj(U) in the direct sum Dj(U), the structure of the
full direct sum is known. Indeed, since Nj(j) can be generated recur-
sively, as described above, this structure is uniquely determined. Thus,
we know how the n−fold Kronecker product reduces into a direct sum
without knowing the unitary similarity transformation that effects the
reduction.

Since Clebsch and Gordan first found Cj(j1 j2) = 1, for j ∈ 〈j1 j2〉, we
also call the numbers Nj(j) the CG numbers. We give the combinatorial
meaning of the CG numbers below in terms of counting compositions,
after giving some additional structural properties of Kronecker products
(see also relation (11.286), Compendium B).

2.1.2 Group actions in a composite system

Under the action of an SU(2) unitary frame rotation of the common
frame (e1, e2, e3) used to describe the n constituents of a collection of
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physical systems in Cartesian space R3, where system i has angular mo-
mentum J(i) = J1(i)e1+J2(i)e2+J3(i))e3, the orthonormal basis of the
angular momentum subspace

Hji = {|jimi〉,mi = ji, ji − 1, . . . ,−ji} (2.27)

of systems i undergoes the standard unitary transformation

TU |jim′
i〉 =

∑
mi

Dji
mim′

i
(U)|jimi〉, each U ∈ SU(2). (2.28)

The action of the components (J1(i), J2(i), J3(i)) of J(i) on the basis
|jimi〉 of Hji is standard.

The uncoupled basis Hj1 ⊗Hj2⊗ · · ·⊗Hjn of the angular momentum
space Hj of the collection of systems undergoes the unitary transforma-
tion given by

(TU ⊗ TU ⊗ · · · ⊗ TU) (|j1m′
1〉 ⊗ |j2m′

2〉 ⊗ · · · ⊗ |jnm′
n〉

=
∑
m

(
Dj1(U)⊗Dj2(U)⊗ · · · ⊗Djn(U)

)
mm′

×(|j1m1〉 ⊗ |j2m2〉 ⊗ · · · ⊗ |jnmn〉), (2.29)

where m = (m1,m2, . . . ,mn),m′ = (m′
1,m

′
2, . . . ,m

′
n). This relation is

described in the abbreviated notations (2.3) by

TU |jm′〉 =
∑
m

Dj
mm′(U) |jm〉, each U ∈ SU(2). (2.30)

Similarly, the coupled basis (2.10) ofHj undergoes the irreducible unitary
transformation:

TU |(jα)j m′〉 =
∑
m

Dj
mm′(U)|(jα)j m〉, each U ∈ SU(2). (2.31)

2.1.3 Standard form of the Kronecker direct sum

Schur’s lemma (see Sect. 10.7.2, Compendium A) implies that the re-
ducible unitary Kronecker product representation Dj(U) of SU(2) de-
fined by (2.16) and(2.30) is reducible into a direct sum of irreducible
unitary representations Dj(U) by a unitary matrix similarity transfor-
mation U (j) of order N(j) =

∏n
i=1(2ji + 1) :

U (j)Dj(U)
(
U (j)
)†

= Dj(U), eachU ∈ SU(2), (2.32)
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where the matrix Dj(U), also of order N(j), is the Kronecker direct sum
defined in (2.17) with the block matrices ordered along the diagonal from
the least value j = jmin to the greatest value j = jmax, as read down the
diagonal (see the example given by (2.24)-(2.25)). The direct sum Dj(U)
of Nj(j) identical matrices Dj(U) can then be written as the Kronecker
product

Dj(U) = INj(j) ⊗Dj(U)

=


Dj(U) 0 0 · · · 0

0 Dj(U) 0 . . . 0
...

...
... · · ·

...
0 0 0 · · · Dj(U)

 , (2.33)

where INj(j) is the unit matrix of order Nj(j). We give explicitly the
following standard form of the Kronecker direct sum (2.32):

jmax∑
j=jmin

⊕Dj(U) = Djmin(U)⊕ Djmin+1(U)⊕ · · · ⊕ Djmax(U), (2.34)

where each matrix Dj(U) is itself of the form (2.33). The reason for
adopting a standard form (2.34) for the Kronecker direct sum is so that
we can subsequently be very specific about the structure of the unitary
matrix U (j) that effects the reduction in (2.32).

Combinatorial significance of the CG numbers

The CG numbers that give the number of times that the irreducible rep-
resentation Dj(U) occurs in the reduction of the direct product Dj(U)
can be given in terms of the number of compositions of a certain form.
We derive this result in this subsection. For each j = jmin, jmin +
1, . . . , jmax, that occurs in the reduction (2.32)-(2.33), we define the set
of projection quantum numbers m by

Mj(j) =
{

(m1,m2, . . . ,mn)
∣∣∣∣ −ji ≤ mi ≤ ji, i = 1, 2, . . . , n;
m1 + m2 + · · ·+ mn = j

}
. (2.35)

Let Mj(j) = |Mj(j) | denote the cardinality of this set. Then, from this
definition, and the standard form (2.34), it follows that

jmax∑
k=j

Nk(j) = Mj(j), j = jmin, jmin + 1, . . . , jmax. (2.36)
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Applying this relation, in turn, to j = jmax, jmax− 1, . . . , jmin, we obtain
the inverse relations

Nj(j) = Mj(j)−Mj+1(j), for j = jmax, jmax − 1, . . . , jmin, (2.37)

where Mjmax+1(j) = 0, ,Mjmax(j) = 1. Thus, the CG numbers Nj(j) are
obtained by counting the number of elements in two adjacent sets in
(2.35) and taking the difference.

The determination of the number of elements in the set Mj(j) can be
formulated as a problem in counting the number of compositions of a
certain type. Thus, we define the nonnegative integers li = ji−mi,mi =
ji, ji − 1, . . . ,−ji, so that 0 ≤ li ≤ 2ji. We now define, for each j such
that jmin ≤ j ≤ jmax, the following set, which is just a shifted version of
Mj(j), so that their cardinalities are equal:

Lj(j) =
{

(l1, l2, . . . , ln))
∣∣∣ 0 ≤ li ≤ 2ji, i = 1, 2, . . . , n;
l1 + l2 + · · · + ln = jmax − j

}
, (2.38)

with cardinality Lj(j) = |Lj(j) | = Mj(j). Accordingly, we have the
result: Lj(j) is the number of compositions of jmax−j into n nonnegative
parts such that each part satisfies 0 ≤ li ≤ 2ji, and the cardinality Mj(j)
of the set (2.35) is given by

Mj(j) = Lj(j), j = jmax, jmax − 1, . . . , jmin. (2.39)

For j = jmax, this relation gives Mjmax(j) = 1, since there is only one
composition of 0 into n nonnegative parts, namely, (0, 0, . . . , 0). All CG
numbers are obtained from the difference given by (2.37).

We illustrate the above relations for the case n = 3 and (j1, j2, j3) =
(1/2, 1, 5/2) given by (2.24)-(2.25), so that jmax = 4, jmin = 1. For
brevity, we drop the j arguments in the above relations, noting, how-
ever, that parts 1, 2, 3 of the composition must satisfy 0 ≤ l1 ≤ 1, 0 ≤
l2 ≤ 2, 0 ≤ l3 ≤ 5. By direct calculation of the compositions, we obtain:

L4 = {(0, 0, 0)}, L3 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)},
L2 = {(0, 2, 0), (0, 0, 2), (0, 1, 1), (1, 1, 0), (1, 0, 1)}, (2.40)
L1 = {(0, 0, 3), (0, 1, 2), (0, 2, 1), (1, 1, 1), (1, 2, 0), (1, 0, 2)},
L0 = {(0, 0, 4), (0, 1, 3), (0, 2, 2), (1, 0, 3), (1, 1, 2), (1, 2, 1)}.

Thus, we have M4 = 1,M3 = 3,M2 = 5,M1 = 6,M0 = 6, and N4 =
1, N3 = 2, N2 = 2, N1 = 1, N0 = 0, in agreement with (2.24).

When all the angular momenta ji are equal, the CG numbers are re-
lated to Gaussian polynomials, which are treated in Andrews [1, Chapter
3]. This relation and further properties of the CG numbers are given
in relations (11.24)-(11.26), Sect. 11.1.1, and relations (11.285)-(11.287),
Compendium B. We learned of the Gaussian polynomial relation from a
preprint by Sunko and Svrtan [168, publication place not found]).
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2.1.4 Reduction of Kronecker products

The reduction of the Kronecker product Dj(U) into the standard form
of the Kronecker direct sum by the unitary matrix similarity transfor-
mation in (2.32) is not unique. There are nondenumerably infinitely
many unitary matrices U (j) of order N(j) =

∏n
i=1(2ji+1) that effect the

transformation

U (j)Dj(U)
(
U (j)
)†

=
jmax∑
j=jmin

⊕Dj(U). (2.41)

The rows and columns of U (j) are labeled by the indexing sets R(j) and
C(j) as given by (2.8) and (2.3), respectively:(

U (j)
)
α,j,m;m

= 〈jm | (jα)j m〉, (2.42)

where these matrix elements are also the transformation coefficients be-
tween the coupled and uncoupled basis vectors given by (2.15). The
rows and columns can always be ordered such that U (j) effects the stan-
dard reduction given by (2.33)-(2.34); that is, given any coupling scheme,
the transformation of the Kronecker product to the standard Kronecker
direct sum can always be realized.

There is, however, an intrinsic non-uniqueness of the transformation
(2.41) due to the multiplicity structure (2.33) of the standard reduction
itself. Thus, define the matrix W

(j)
j of order N(j) to be the direct product

given by
W
(j)
j = W

(j)
j ⊗ I2j+1, (2.43)

where W
(j)
j is an arbitrary complex matrix of order Nj(j), the CG

number. Then, the matrix W
(j)
j commutes with the direct sum matrix

Dj defined by (2.33):

W
(j)
j Dj(U) = Dj(U)W(j)

j , each U ∈ SU(2). (2.44)

The existence of the matrix W(j) occurs because the set of n + 2 com-
muting Hermitian operators (2.7) is incomplete for n ≥ 3. It is precisely
the commuting property (2.44) of an arbitrary matrix of the form (2.43)
that allows the additional degrees of freedom associated with interactions
that break this degeneracy in physical systems.

We may choose W
(j)
j in (2.43) to be an arbitrary unitary matrix of

order Nj(j); that is, W (j)
j ∈ U(Nj(j)), the group of unitary matrices of
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order Nj(j). Then, the direct sum matrix

W (j) =
jmax∑
j=jmin

⊕W
(j)
j =

jmax∑
j=jmin

⊕
(
W

(j)
j ⊗ I2j+1

)
,W

(j)
j ∈ U(Nj(j)),

(2.45)
is a unitary matrix in the unitary group U(N(j), which has the commut-
ing property given by

W (j)Dj(U) = Dj(U)W (j), eachU ∈ SU(2). (2.46)

Thus, if we define the unitary matrix V (j) by V (j) = W (j) U (j), hence,

V (j)U (j)† = W (j), (2.47)

then V (j) also effects, for each U ∈ SU(2), the transformation:

V (j)Dj(U)
(
V (j)
)†

= U (j)Dj(U)
(
U (j)
)†

=
jmax∑
j=jmin

⊕Dj(U). (2.48)

Each unitary matrix V (j) effects exactly the same reduction of the Kro-
necker product representation Dj(U) of SU(2) into standard Kronecker
direct sum form as does U (j). We call all unitary similarity transforma-
tions with the property (2.48) standard reductions.

Summary: Define the subgroup H(N(j)) of the unitary group U(N(j))
of order N(j) =

∏n
i=1(2ji + 1) by

H(N(j)) =


jmax∑
j=jmin

⊕
(
W

(j)
j ⊗ I2j+1

) ∣∣∣∣∣W (j)
j ∈ U(Nj(j))

 . (2.49)

Then, if the unitary matrix element U (j) effects the standard reduction,
so does every unitary matrix V (j) such that

V (j)U (j)† ∈ H(N(j)). (2.50)

2.1.5 Recoupling matrices

Let U (j) and V (j) be unitary matrices of order N(j)) =
∏n
i=1(2ji + 1)

that effect the standard reduction (2.48). The unitary matrix U (j) cor-
responds to an α−coupling scheme and has its rows enumerated by the
elements of the set

R(j) =
{

α ∈ R(j, j), j,m
∣∣∣ j = jmin, jmin + 1, . . . , jmax;
m = j, j − 1, . . . ,−j

}
, (2.51)
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where the domains of definition of the αi quantum numbers are given by

R(j, j) = {α = (α1, α2, . . . , αn−2) |αi ∈ Ai(j, j)} . (2.52)

The unitary matrix V (j) corresponds to a β−coupling scheme and has
its rows enumerated by the elements of a set analogous to R(j) as defined
by

S(j) =
{

β ∈ B(j, j), j,m
∣∣∣∣ j = jmin, jmin + 1, . . . , jmax;
m = j, j − 1, . . . ,−j

}
. (2.53)

where the domains of definition of the βi quantum numbers are given by

S(j, j) = {β = (β1, β2, . . . , βn−2) |βi ∈ Bi(j, j)} . (2.54)

The column indexing set for U (j) and V (j) is the same set of projection
quantum numbers C(j).

There is a set of coupled state vectors associated with each of the
unitary matrices U (j) and V (j) given by

|(jα)j m〉 =
∑

m∈C(j)

(
U (j)
)
(α)j m;m

|jm〉, α, j,m ∈ R(j),

(2.55)

|(jβ)j m〉 =
∑

m∈C(j)

(
V (j)
)
(β)j m;m

|jm〉, β, j,m ∈ S(j).

Both the α−coupled basis and β−coupled basis are orthonormal basis
sets of the same tensor product space Hj and satisfy all of the standard
relations (2.10)-(2.12). Since these orthonormal basis sets span the same
vector space, they are related by a unitary transformation of the form:

|(jβ)j m〉 =
∑

α∈R(j,j)

U(jα)j ;(jβ)j |(jα)j m〉,

(2.56)

U(jα)j ;(jβ)j = 〈(jα)j m | (jβ)j m〉 =
(
U (j)∗V (j)T

)
(α)j m;(β)j m

,

α ∈ R(j, j), β ∈ S(j, j).

It is the same value of j and m that appear in both sides of the first rela-
tion because the vectors in each basis set are eigenvectors of J2 and J3.
Moreover, the transformation coefficients U(jα)j ;(jβ)j are independent
of the value m = j, j − 1, . . . ,−j of the projection quantum number, as
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the notation indicates. This is true because the general relation (2.56)
is generated from

|(jβ)j j〉 =
∑

α∈Rj(j)

U(jα)j ;(jβ)j |(jα)j j〉 (2.57)

by the standard action of the lowering operator J−, which does not affect
the transformation coefficients.

The coefficients U(jα)j ;(jβ)j are called recoupling coefficients, because
they effect the transformation from one set of coupled state vectors to a
second set. The unitary matrix U (j)∗V (j)T ∈ H(N(j)) of order N(j) =∏n
i=1(2ji + 1) is called a recoupling matrix. This recoupling matrix has

the following expression of the form (2.49):

U (j)∗V (j)T =
jmax∑
j=jmin

⊕
(
W

(j)
j ⊗ I2j+1

)
, W

(j)
j ∈ U(Nj(j)),

(
W

(j)
j

)
α;β

= U(jα)j ;(jβ)j . (2.58)

The unitary matrix W
(j
j ∈ U(Nj(j)) is called a reduced recoupling matrix;

its elements give the recoupling coefficients.

Recoupling matrices and reduced recoupling matrices for different
pairs of coupling schemes are the principal objects of study in the theory
of the addition of angular momenta. They bring an unsuspected unity to
some of the classical relations in angular momentum theory, as developed
subsequently in this monograph. Since the unitary matrix W

(j
j is of order

Nj(j), focus is again directed to the combinatorics of CG numbers.

We thus arrive at the Fourth Fundamental Result:

Fourth Fundamental Result: Let α and β be quantum labels that
give an α-coupling scheme and a β-coupling scheme for the addition
of n angular momenta. Then, the coupled state vectors for any two
such coupling schemes are related by a unitary transformation, the co-
efficients in this transformation defining the recoupling coefficients for
the two schemes. Moreover, there is a well-defined unitary recoupling
matrix, which is fully defined by the pair of coupling schemes, such that
this matrix is an element of the unitary group H(N(j)) of matrices of
order N(j) =

∏n
i=1(2ji + 1), as defined by relation (2.58). This rela-

tion determines a reduced recoupling matrix W j
j , which is an element of

the unitary group U(Nj(j)), and the elements of this reduced recoupling
matrix give the recoupling coefficients. Every pair of complete coupling
schemes has this structure.
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There is a general technique that provides n− 2 Hermitian operators
that completes the set (2.4) of commuting Hermitian operators by using
the so-called intermediate angular momenta corresponding to different
ways of associating pairs of angular momenta in the sum (2.1), so as to be
able to apply at each step the coupling of two angular momenta, already
described in Sect. 1.2.3. This method is known as the binary theory of the
coupling of angular momentum. The procedure is simple, in principle:
The reduction of the Kronecker product Dj1(U)⊗Dj2(U)⊗· · ·⊗Djn(U)
is effected by repeated application of the reduction rule for pairs:

Da
αα′(U)Db

β β′(U) =
∑
c

Ca b c
αβ α+βC

a b c
α′ β′ α′+β′ Dc

α+β α′+β′(U), (2.59)

where we are now using (a, b, c) to represent triplets of the ji−angular
momentum quantum numbers, and Greek letters (α, β, γ) for their pro-
jections. After effecting the reduction for the selected pair (a, b) → c,
the same procedure is applied to the pair (c, d) → e, etc. Despite the
simplicity of the concept of binary couplings, the method is very in-
tricate in its details. Surprisingly, perhaps, it is just these intricacies
that lend themselves to the richness of combinatorial concepts. The
first step in binary coupling theory, as noted, uses the four commuting
Hermitian operators J2(1),J2(2),J2, J3, which constitute a complete set
of operators for determining the angular momentum states; the group
U(Nj(j1, j2)) is the unitary group U(1), the group of phase factors; and
the CG number is Nj(j1, j2) = 1. The phase factors may be chosen to be
unity, and the elements of U (j1 j2) = C(j1 j2) are the real WCG coefficients(
C(j1 j2)

)
(j m);(m1 m2)

. The remainder of this chapter and Chapters 3 and
4 develop binary coupling theory with a focus on combinatorial footings.

2.2 Binary Coupling Theory

Binary bracketings

The implementation of binary coupling theory leads to the problem of
parentheses, namely, the problem of inserting pairs of parentheses into
the sum J(1) + J(2) + · · · + J(n), or, equivalently, into the product
Dj1(U) ⊗Dj2(U) ⊗ · · · ⊗Djn(U), in all possible ways such that objects
are associated in pairs. For example, for n = 3, this can be done in two
ways as illustrated by the placement of ( ) in

( ( J(1) + J(2)) + J(3)), ( J(1) + ( J(2) + J(3)) ) ,
( ( Dj1(U)⊗Dj2(U))⊗Dj3(U)) , (2.60)

( Dj1(U)⊗ ( Dj2(U)⊗Dj3(U))) .
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Ignoring the + and ⊗ operations, the placement of parentheses is repre-
sented symbolically as

((AB)C), (A(BC)). (2.61)

Thus, the pair association is (AB) = D and (DC) in the first case; and
(BC) = F and (AF ) in the second case. A given insertion of parenthesis
pairs into n such objects is called a binary bracketing.

In the case illustrated by (2.60) for three angular momenta, the two
intermediate angular momenta are

J(12) = J(1) + J(2), J(23) = J(2) + J(3). (2.62)

It may be verified that the squared angular momentum operator J2(12)
commutes with the five (n = 3) angular momentum operators (2.7), thus
completing the set to the required six mutually commuting Hermitian
operators. The squared angular momentum operator J2(23) may simi-
larly be adjoined to the set (2.7). The two operators J2(12) and J2(23)
do not commute, so that we obtain by binary coupling exactly two com-
plete sets of mutually commuting Hermitian operators, and, correspond-
ing, two different coupling schemes. The case n = 3 already illustrates
some fascinating, unexpected features that will be developed below, and
which have far reaching implications for the general case.

The details of the similarity transformation that effects the explicit
reduction of the Kronecker product depends strongly on the placement
of parenthesis pairs in the Kronecker product, thus leading to many dis-
tinct coupling schemes. This structure might seem rather uninteresting,
since the coupling matrices will always contain elements that are compli-
cated multiple summations over products of WCG coefficients. It may
come therefore as somewhat of a surprise that the combinatorial aspects
of binary coupling theory leads deeply into the theory of binary trees,
group invariants, the symmetric group, MacMahon’s master theorem, in-
tricate generating functions, cubic graphs, and more. The remainder of
this chapter and the next two present these structures as they naturally
unfold. We begin with the binary tree method of encoding the coupling
schemes associated with the distinct placements of parenthesis pairs in
a string of n objects A1A2 · · ·An.

What is enclosed by a parenthesis pair is irrelevant to the problem
of inserting parenthesis pairs into a string of n objects. It is purely a
problem of placement, a combinatorial concept. We represent the objects
by open circles on a line. Thus, for n = 1, 2, 3, 4, we have the following
cases:

n = 1 : ◦; n = 2 : (◦ ◦) ; n = 3 : ((◦ ◦) ◦) , (◦ (◦ ◦)) ;
n = 4 : (◦ ((◦ ◦) ◦)) , (◦ (◦ (◦ ◦))) , ((◦ ◦) (◦ ◦)) , (2.63)

(((◦ ◦) ◦) ◦) , ((◦ (◦ ◦)) ◦) .
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We refer to any member of these arrangements of parenthesis pairs and
n points as a binary bracketing Bn of order n. Thus, a binary bracketing
of n ◦ points contains n − 1 parenthesis pairs; there is a matched left
(parenthesis and right ) parenthesis that make up n−1 pairs. There is no
parenthesis pair enclosing one point ◦. The term “binary” refers to the
property that each parenthesis pair encloses exactly two “objects,” where
the object itself can be a binary bracketing of lower order. Each binary
bracketing of order n has the property that under the mapping (◦ ◦) �→
◦ it is transformed to a binary bracketing of order n − 1. Performing
this operation exactly n − 1 times in a binary bracketing of order n
reduces it to a single ◦ point. In general, there are many ways of doing
this reduction, but there is always at least one way, since every binary
bracketing of any order greater than 1 contains at least one pair (◦ ◦).

A recursive procedure can be given for building-up all binary brack-
etings of order n. Let Bn, n = 1, 2, . . . , denote the set of all binary brack-
etings of order n. Thus,

B1 = {◦} ,B2 = {(◦ ◦)} ,B3 = {((◦ ◦) ◦) , (◦ (◦ ◦))} . (2.64)
Define the product of the set of binary bracketing of order j and order
k by

Bj ∗ Bk = {(BjBk) |Bj ∈ Bj, Bk ∈ Bk}. (2.65)
Then, each binary bracketing in the set Bj ∗ Bk is of order j + k. This
product in neither commutative nor associative. The bracketing Bn is
built up recursively (see Comtet [44, p. 39]) by the rule

Bn = (B1 ∗ Bn−1) ∪ (B2 ∗ Bn−2) ∪ · · · ∪ (Bn−1 ∗ B1), (2.66)
which contains binary bracketings of order less than n. For example,

B4 = (B1 ∗ B3) ∪ (B2 ∗ B2) ∪ (B3 ∗ B1), (2.67)

B1 ∗ B3 = {(◦ ((◦ ◦) ◦)) , (◦ (◦ (◦ ◦)))} ,
B2 ∗ B2 = {((◦ ◦) (◦ ◦))} , (2.68)
B3 ∗ B1 = {(((◦ ◦) ◦) ◦) , ((◦ (◦ ◦)) ◦)} .

Relation (2.66) gives immediately the following recursion relation for
the cardinality an = |Bn|, n = 1, 2 . . . , of the set of binary bracketings
of order n :

an =
n−1∑
k=1

akan−k, a1 = 1 (by convention), n ≥ 2, (2.69)

with solution

an =
1
n

(
2n − 2
n− 1

)
=

(2n − 2)!
n!(n− 1)!

, n ≥ 1. (2.70)

The number an is called a Catalan number.
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2.2.1 Binary trees

The set of binary bracketings of order n is bijective with the set of
binary trees having n terminal points (see Stanton and White [165]). A
binary tree is a graph of points and lines that is constructed recursively
by a sequence of bifurcations and nonbifurcations of points. For our
applications, it is convenient to keep account of points that bifurcate
and those that do not. We start with a single point ◦ at level or height
0. The point ◦ either does not bifurcate or it bifurcates into a pair of
points. If ◦ does not bifurcate, the graph contains the single point ◦; if
the point ◦ bifurcates into a pair of points (◦ ◦) at level 1, the bifurcating
point ◦ is changed to a •, which designates its change of status. These
two cases are illustrated by the two pictures:

◦ − − level 0
◦ ◦ − − level 1
• − − level 0❅❅��

Each of the two points ◦ at level 1 in the second picture, then either
does not bifurcate or bifurcates to give the three cases illustrated by the
pictures:

◦ ◦
• ◦
•

❅
❅
❅

��

��

◦ ◦
•◦

•❅❅�
�
�❅❅

◦◦◦◦
••

•✟✟
✟

❍❍
❍
��❅❅ ��❅❅

−− level 2
−− level 1
−− level 0

This procedure is continued to generate a binary tree upward to any
level.

The points in a binary tree represented by • are called internal points,
the point at level 0 being referred to as the root, since it is the source
point of all the “branches.” The points represented by ◦ are called ter-
minal or external points. Binary trees are usually classified not by the
number of levels, but by the number of external points ◦. We denote the
set of trees having n external points by Tn. As noted above, there is a
bijective map between the set Bn of binary bracketings of order n and
the set Tn of binary trees with n external ◦ points. It is also convenient
to call the binary bracketing B ∈ Bn the shape of the tree T ∈ Tn.
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We list the binary trees of all shapes for n = 2, 3, 4 :

n = 2 :

◦ ◦
•❅❅��(◦ ◦) → →

( ◦
◦
•

)

n = 3 :

◦ ◦
• ◦

•
❅

❅
❅

��

��
((◦ ◦) ◦) → →

( ◦
◦
•

•
◦
•

)

◦ ◦
•◦

•❅❅ �
�

�❅❅(◦ (◦ ◦)) → →
( ◦

◦
•

◦
•
•

)

n = 4 :

◦ ◦
• ◦

• ◦
•

❅
❅

❅
❅❅

��

��

��

(((◦ ◦) ◦) ◦) → →
( ◦

◦
•

•
◦
•

•
◦
•

)

◦◦
•◦

•◦
•�

�
�

��

❅❅
❅❅

❅❅(◦ (◦ (◦ ◦))) → →
( ◦

◦
•

◦
•
•

◦
•
•

)

◦◦◦◦
••

•✟✟✟
❍❍❍

��❅❅ ��❅❅((◦ ◦) (◦ ◦)) → →
( ◦

◦
•

◦
◦
•

•
•
•

)
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◦ ◦
•◦
◦•

•��❅
❅
❅�

�
�❅❅((◦ (◦ ◦)) ◦) → →

( ◦
◦
•

◦
•
•

•
◦
•

)

◦ ◦
• ◦

◦ •
•�
�
�

❅❅
❅
❅
❅ ��(◦ ((◦ ◦) ◦)) → →

( ◦
◦
•

•
◦
•

◦
•
•

)

We have also shown in the pictures above a collection of matrices of
three rows and n− 1 columns containing elements • and ◦ that we next
explain.

The basic structural element in a binary tree with internal points
labeled by • and external points labeled by ◦ is a fork, which is the
graph consisting of three points and two edges. There are four types of
such forks as given by

◦ ◦
•❅❅��
k

→
( ◦
◦
•

) • ◦
•❅❅��
k

→
( •
◦
•

)
◦ •
•❅❅��
k

→
( ◦
•
•

) • •
•❅❅��
k

→
( •
•
•

)

We use these correspondences of a fork to its column presentation to
obtain the 3 × (n − 1) matrices in the above pictures. For a general
binary tree, we start at the top level of the tree and read off the fork
structure from left-to-right, then return to the next lower level and read
the fork structure from left-to-right, . . . . The resulting 3×(n−1) matrix
is called the fork matrix of the tree T ∈ Tn, and is denoted Mf (T ).

We frequently invoke the notion of a fork as the elemental constituent
in a binary tree. Our focus on assigning ◦ to external points and • to
internal points is motivated by our application of binary trees to angular
momentum coupling schemes, where the labeling of the two kinds of
points by quantum numbers has a distinct physical significance, and
different coupling schemes correspond to the assembly of forks into the
various shapes constituting a binary tree.

The general bijection between the set of binary bracketings Bn of
order n and the set of binary trees Tn with n external points can be
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shown as follows. We define the product of the set of trees Tj and Tk by

Tj ∗ Tk = {TjTk | Tj ∈ Tj, Tk ∈ Tk} , (2.71)

where the product TjTk of two binary trees is clear from the picture:

Tj Tk

•��❅❅
Tj Tk =

in which the root of Tj is attached to the upper end of the left edge, the
root of the tree Tk is attached to the upper end of the right edge, and
T1 = ◦, but otherwise the root is a •. It is apparent that

Tn = (T1 ∗ Tn−1) ∪ (T2 ∗ Tn−2) ∪ · · · ∪ (Tn−1 ∗ T1). (2.72)

This gives exactly the recursion relation (2.69) for the cardinality |Tn |,
n = 1, 2, . . . , from which we conclude that |Tn | = an, the Catalan
number.

We next define an equivalence relation $ in the set of binary trees Tn.
This will subsequently simplify greatly the number of binary trees that
must be considered in our application to angular momentum theory. It
is convenient to define the equivalence relation by using the fork presen-
tation of the tree in terms of the corresponding 3× (n− 1) fork matrix.
The binary trees T ∈ Tn is said to be equivalent to the tree T ′ ∈ Tn,
written T $ T ′, if the fork matrix Mf (T ′) can be obtained from the fork
matrix of Mf (T ) by any sequence of mappings of the columns of Mf (T )
to the columns of Mf (T ′) of the form given by( •

◦
•

)
�→
( ◦
•
•

)
,

( ◦
•
•

)
�→
( •
◦
•

)
. (2.73)

If T $ T ′, we also define the two fork matrices to be equivalent and write
Mf (T ) $Mf (T ′).

Examples.

n = 4 : There are, from the pictures above, only two equivalence classes
of binary trees under $, which may be taken to be those with represen-
tatives given by

◦ ◦
• ◦
• ◦◦
•

❅
❅
❅
❅❅

��

��

��

→
( ◦
◦
•

•
◦
•

•
◦
•

)
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◦◦◦◦
••

•✟✟
✟

❍❍
❍
��❅❅ ��❅❅ →

( ◦
◦
•

◦
◦
•

•
•
•

)

There are four trees (fork matrices) in the class with the first represen-
tative, and the second representative is in a class by itself.

n = 5 :
◦ ◦

•
•

◦
• ◦
•

◦❅
❅
❅
❅
❅
❅

��

��

��

��

→
( ◦
◦
•

•
◦
•

•
◦
•

•
◦
•

)

◦◦◦◦
••

•✟✟
✟

❍❍
❍�
�❅❅ ��❅❅

•
◦

❍❍
❍

✟✟✟

→
( ◦
◦
•

◦
◦
•

•
•
•

•
◦
•

)

◦ ◦
• ◦

••
•�
�❅❅

❅
❅
❅��

����
◦ ◦
❅❅

→
( ◦
◦
•

•
◦
•

◦
◦
•

•
•
•

)

◦ ◦
•◦

••��❅❅
◦ ◦

❅❅

•�
�❅❅
�
�
�❅❅ →

( ◦
◦
•

◦
◦
•

◦
•
•

•
•
•

)

There are, respectively, 8, 2, 2, 2 trees in T5 in the classes for which the
above trees are the representatives, which gives altogether a5 = 14 binary
trees. �

The number of equivalence classes in the quotient set Tn/ $ can be
given, recursively. We turn to this next, using the concept of a binary
tree polynomial.
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Binary tree polynomials

Let Tn(t) denote the subset of binary trees in Tn with n external ◦ points
such that the fork matrix of each binary tree in Tn(t) contains exactly t
columns of type col(◦ ◦ •), and let cn(t) = |Tn(t) | denote the number
of such trees, so that

[n/2]∑
t=1

cn(t) = an =
1
n

(
2n− 2
n− 1

)
, n ≥ 2, (2.74)

where [n/2] equals n/2 for n even and (n − 1)/2 for n odd. We define
the binary tree polynomial Tn(x) by

Tn(x) =
[n/2]∑
t=1

cn(t)xt, n = 1, 2, 3, . . . ; T1(x) = 1, (2.75)

where x is an indeterminate. The polynomial Tn(x) is assigned to the set
of trees Tn. We may interpret the indeterminates x, x2, . . . , as denoting
the forks

x =

( ◦
◦
•

)
, x2 =

( ◦
◦
•

)( ◦
◦
•

)
, · · · . (2.76)

It follows from relation (2.72) that

Tn(x) =
n−1∑
k=1

Tk(x)Tn−k(x), n ≥ 3. (2.77)

The polynomials Tn(x) are completely defined by this relation for n ≥ 3
and the initial polynomials

T1(x) = 1, T2(x) = x. (2.78)

Iteration of relation (2.77) gives the first few polynomials:

T3(x) = 2x, T4(x) = 4x + x2, T5(x) = 8x + 6x2,

T6(x) = 16x + 24x2 + 2x3, T7(x) = 32x + 80x2 + 20x3,

T8(x) = 64x + 240x2 + 120x3 + 5x4. (2.79)

The coefficient of xt in these polynomials are the numbers cn(t) in the
binary tree polynomial (2.75). Moreover, we have the following relation
for the Catalan numbers:

an =
1
n

(
2n− 2
n− 1

)
= Tn(1); (2.80)
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that is, the Catalan number an is the value of the tree polynomial Tn(x)
at x = 1.

Each 3×(n−1) fork matrix can be characterized as having t columns
of type col(◦ ◦ •);n− 2t total columns of type col(• ◦ •) and col(◦ • •);
and t − 1 columns of type col(• • •), where t = 1, 2, . . . , [n/2]. For
counting purposes, we ignore the order of the columns in the fork matrix
presentation of a binary tree and present it as the fork matrix given by

◦
◦
•

. . .
◦
◦
•︸ ︷︷ ︸

t

•
◦
•

. . .
•
◦
•

◦
•
•

. . .
◦
•
•︸ ︷︷ ︸

n−2t

•
•
•

. . .
•
•
•︸ ︷︷ ︸

t−1

. (2.81)

We have the following relations between equivalence classes of binary
trees, under the equivalence relation $, where we recall that Tn(t) de-
notes the number of binary trees containing t trees with forks of type
col(◦ ◦ •) :

Tn =
[n/2]⋃
t=1

Tn(t), Tn/ $ =
[n/2]⋃
t=1

Tn(t)/ $,

number of equivalence
classes contained in Tn

= b′n =
[n/2]∑
t=1

cn(t)
2n−2t

. (2.82)

The quotient set Tn/ $ is the union of [n/2] disjoint quotient sets
Tn(t)/ $, one for each t = 1, 2, . . . , [n/2], where the quotient set Tn(t)/ $
contains cn(t)/2n−2t equivalence classes of binary trees induced on Tn(t)
by the operation $ defined by (2.73). The first few values of b′n are given
by

n 1 2 3 4 5 6 7 8

1 1 1 2 4 8 21 51b′n

The classification above of trees in accordance with the number of
trees containing t trees of type col(◦ ◦ •) is not the partitioning into types
corresponding to the Wedderburn-Etherington number (see Comtet [44]),
which admits the interchange of each pair of points at the endpoints of a
fork. The mappings (2.73) are those that preserve the standard labeling
of the internal points of a binary tree as defined below.
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2.2.2 Standard labeling of binary trees

For the most part, we use only labeled binary trees, where the labels
are quantum numbers or other objects that have a binary relationship
to one another. Two examples illustrating this are

◦ ◦
•❅❅��

j1m1 j2m2

j m

◦ ◦
•❅❅��

J(1) J(2)

J

The first picture represents the addition of two angular momentum, J =
J(1) + J(2), and the second the quantum numbers associated with the
angular momenta. We often use the second type of labeled tree to specify
numerical-valued objects, assigned to the labeled tree, for example, the
WCG coefficient Cj1 j2 j

m1m2m in the second picture. For our applications,
we require standard labeled trees; that is, one set of labels attached to
each tree, as assigned by a stated rule that is always to be followed. In
this usage, the number of labeled trees is exactly the number an of trees.
This is not the usual meaning of labeled trees used in combinatorics, as
explained below.

In order to have some generality, let us assume that generic labels
u = (u1, u2, . . . , un) are assigned to the external points, and generic
labels v = (v1, v2, . . . , vn−2) are assigned to the internal points, excluding
the root, which will be assigned the single generic label w.

The standard rule of assignment is the following: Select a binary tree in
T ∈ Tn, and label its points by the following two rules, as applied to
internal and external points:

1. Internal labels: The internal points • are assigned the labels v =
(v1, v2, . . . , vn−2) by starting at the highest level and assigning the
parts of v, in order, to the internal points as read from left-to-right
across the successive levels until level 1 is reached. The labels v
are called internal labels. The root of the i−th fork is labeled by
vi, but the root at level 0 is assigned w. Internal labels may take
on various meanings, but they are uniformly assigned to every tree
T ∈ Tn by this rule.

2. External labels: The external points ◦ are assigned the labels u =
(u1, u2, . . . , un) in one-to-one correspondence with the binary brack-
etings Bn of the product u1u2 · · · un, as given by the bijection
Bn → Tn (shown above for n = 1, 2, 3, 4.), and made clear by the
examples below. The u are called external labels. External labels
may take on various meanings, but they are uniformly assigned by
this rule to every tree T ∈ Tn. It will be necessary subsequently
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to allow permutations of these standard labels, but it is always
the standard assignment of labels to which the permutations are
applied.

Examples:

◦ ◦
• ◦

◦ •
•�
�
�

❅❅
❅
❅
❅ ��

u2 u3
u4

u1

v1
v2

w

(u1 ((u2 u3) u4)) →

◦◦◦◦
••

•✟✟
✟

❍❍
❍
��❅❅ ��❅❅

u1 u2 u3 u4
v1 v2((u1 u2) (u3 u4)) →

w

We often read off a labeled tree the triplets of letters associated with the
forks, as read clockwise around the root of the fork. In these examples,
we have the triplets

(u2 u3 v1), (v1 u4 v2), (u1 v2 w); (u1 u2 v1), (u3 u4 v2), (v1 v2 w). (2.83)

In accordance with the above rules, each T ∈ Tn, is assigned a unique
standard set of labels: T �→ T (u;v)w, the number of such being the
Catalan number an. Such standard assignments are used so that there
will be no ambiguity in the association of numerical-valued objects with
binary trees.

The term “labeled binary tree” above is not that of the technical def-
inition of a connected labeled graph used in graph theory, which has the
following definition: The n points of the graph are labeled by permutations
of 1,2,. . . ,n, and two graphs are equivalent (isomorphic) if the labeling
preserves adjacency of points. Labeled graphs are representatives of the
equivalence classes. A graph is connected if there is a sequence of lines
between each pair of points. For example, the inequivalent labeled binary
trees on three points may be taken to be

◦ ◦
•❅❅��

1 2

3

◦ ◦
•❅❅��

3 2

1

◦ ◦
•❅❅��

1 3

2

The assignment of numbers or other symbols to the points of a graph,
as dictated in the standard rule above, does not qualify it as a labeled
graph in the technical sense of this definition.
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2.2.3 Generalized WCG coefficients defined in terms of
binary trees

A basic object for angular momentum coupling theory is the labeled fork
for n = 2, on which is defined a WCG coefficient:

◦ ◦
•��❅❅

j1m1 j2m2

j m

C
( )

= Cj1 j2 j
m1m2m, m = m1 + m2,

(2.84)

where in terms of the u,v, w notation above, we have u1 = (j1m1),
u2 = (j2m2), (v0) = (∅), and w = (j m).

The i − th fork in a labeled tree corresponding to the coupling of n
angular momenta is of the form:

& &
•��❅❅

ai αi bi βi

ki qi

C
( )

= Cai bi ki
αi βi qi

, qi = αi + βi.
(2.85)

There are four types of forks and corresponding labels:

1. (& &) = (◦ ◦) : (ai αi) external; (bi βi) external.

2. (& &) = (• ◦) : (ai αi) internal; (bi βi) external .

3. (& &) = (◦ •) : (ai αi) external; (bi βi) internal.

4. (& &) = (• •) : (ai αi) internal; (bi βi) internal.

Thus, for each T ∈ Tn, we have a labeled tree and associated coefficient:

1. Labeled tree:
T (jm;k)j m . (2.86)

2. Generalized WCG coefficient:

CT (jm;k)j m =
n−1∏
i=1

C ai bi ki
αi βi αi+βi

. (2.87)

The product is over all n−1 forks in the tree T ∈ Tn, where the roots
of the forks are labeled successively by k1 q1, k2 q2, . . . , kn−2 qn−2,
kn−1 qn−1, with kn−1 qn−1 = j m. The standard labeling u =
(j1m1, j2m2, . . . , jnmn) = jm;v = (k1 q1, k2 q2, . . . , kn−2 qn−2) =
kq; w = j m assigns unique quantum numbers to each pair of
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points (&, &) labeled by (ai αi, bi βi) in (2.85). The coefficient (2.87)
is called a generalized WCG coefficient; each term in the product of
n − 1 ordinary WCG coefficients is distinct; and each standard la-
beled tree T (jm;k)j m has associated with it a unique generalized
WCG coefficient CT (jm;k)j m .

We call attention to the notations (2.86) for labeled trees and (2.87)
for generalized WCG coefficients, which do not contain the labels q =
(q1, q2, . . . , qn−2) that appear in (2.85). This is because the q−labels are
always completely determined in terms of the projection quantum num-
bers m = (m1,m2, . . . ,mn) from the sum rule on projection quantum
numbers, as illustrated by the examples (2.88) below. It is very impor-
tant that the quantum labels appearing in the WCG coefficient associ-
ated with each labeled fork in (2.85), as well as in the full collection of
products of coefficients in (2.87) belong to the domain of definition of the
respective WCG coefficients. These quantum labels are interdependent,
as illustrated for n = 4 by the following examples of standard labeled
binary trees and their associated generalized WCG coefficients.

Examples. Generalized WCG coefficients of labeled binary trees:

◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

k2 q2
k1 q1 j3m3

j1m1 j2m2

j m
j4m4

= Cj1 j2 k1
m1m2 q1C

k1 j3 k2
q1m3 q2C

k2 j4 j
q2m4mC

( )

◦ ◦
• ◦

◦ •
•�
�
�

❅❅
❅
❅
❅ ��

j2m2 j3m3

j4m4

j1m1

k1 q1
k2 q2

j m

= Cj2 j3 k1
m2m3 q1C

k1 j4 k2
q1m4 q2C

j1 k2 j
m1 q2mC

( )

◦◦◦◦
••

•✟✟
✟

❍❍
❍
��❅❅ ��❅❅

j1m1

j2m2 j3m3
j4m4

j m
k1 q1 k2 q2 = Cj1 j2 k1

m1m2 q1C
j3 j4 k2
m3m4 q2C

k1 k2 j
q1 q2mC

( )
(2.88)

It is required that, for each given set of j; j m, the triangle rule and
the projection sum rule be enforced on the labels in each C−coefficients
appearing in the product. In the middle coefficient, for example, it is
required that k1 ∈ 〈j2 j3〉, k2 ∈ 〈k1 j4〉, k2 ∈ 〈j1 j〉; q1 = m2 + m3, q2 =
m2 + m3 + m4,m1 + m2 + m3 + m4 = m. �

We next give the domain of definition of the quantum numbers ap-
pearing in the generalized WCG coefficient (2.87). These domains are
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uniquely determined by the tree T ∈ Tn, the rules for the standard as-
signment of the quantum numbers giving the labeled tree T (jm;k)j m ,
and the domains of each of the n − 1 WCG-coefficients in the product
(2.87), as given by (1.142), applied now to the quantum numbers in the
factors Cai bi ki

αi βi qi
. Thus, the domains of definition of the quantum num-

bers in the generalized WCG coefficient CT (jm;k)j m for specified j are
the following:

1. Domain of definition of column indices—projection quantum num-
bers m (uncoupled states):

C(j) = {m |mi = ji, j1 − 1, . . . ,−ji; i = 1, 2, . . . , n} (2.89)

This is exactly the same as in (2.3), and is the same for all binary
trees T ∈ Tn.

2. Domain of definition of the internal quantum numbers k :

RT (j, j) = {k = (k1, k2, . . . , kn−2) | each 〈ai, bi, ki〉 is a triangle},
(2.90)

where 〈ai, bi, ki〉 is the triangle associated with the i−th fork of
the tree T ∈ Tn, and the domains of definition of all ki are to be
expressed in terms of the j, j by use of the triangle rule.

3. Domain of definition of row indices—the internal angular momenta
k and j m (coupled states):

RT (j) =
{
k ∈ RT (j, j), j,m

∣∣∣∣  = jmin, jmin + 1, . . . , jmax;
m = j, j − 1, . . . ,−j

}
.

(2.91)

These sets are called column and row indexing sets because they are
used to enumerate the orthogonality relations for the generalized WCG
coefficients in relations (2.101)-(2.102) below.

The same symbols k = (k1, k2, . . . , kn−1) are used in the standard
assignment of labels to the internal points of each binary tree T ∈ Tn,
despite the fact that their placement depends on T, as illustrated in
the examples (2.88). Thus, for each T ∈ Tn, we have a T−coupling
scheme for the addition of n angular momenta, each of which should
be labeled by k(T ), but which we abbreviate as k = k(T ) to avoid
awkward notations. Altogether, we have defined an T−coupling schemes,
one for each binary tree of order n. We emphasize again that the qi
projection numbers of the ki are all expressible in terms of the mi in the
generalized WCG coefficients by enforcing the sum rule for projection
quantum numbers.
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2.2.4 Binary coupled state vectors

The labels k in the coupling of pairs of angular momenta associated with
each fork in the labeled binary tree T (jm;k)j m originate from what are
called the intermediate angular momenta of a coupling scheme. The full
set of mutually commuting angular momentum operators whose eigen-
values determine uniquely (up to phase factors) the normalized coupled
state vectors corresponding to the labeled binary tree T (jm;k)j m is the
set of 2n operators given by

J2(1),J2(2), . . . ,J2(n), (2.92)

K2
T (1),K2

T (2), . . . ,KT (n− 2),J2,J3.

The intermediate angular momentum KT (i) has components(
K
(1)
T (i),K(2)

T (i),K(3)
T (i)

)
, and K2

T (i) is the sum of squares of these
three components. In the standard labeling T (u;v)w of a tree T ∈ Tn,
the angular momentum assignment for the coupling scheme correspond-
ing to the set of operators (2.92) is the following:

external points: ui = J(i), i = 1, 2, . . . , n,
internal points: vi = KT (i), i = 1, 2, . . . , n− 2, (2.93)
root: w = J.

Example: For n = 4, in the five trees given on pp. 101-102, the four ex-
ternal points ◦ are assigned the four angular momenta J(i), i = 1, 2, 3, 4,
in accordance with the binary bracketing B4 and the rule for assigning
(u1, u2, u3, u4), the root is assigned J, and the two internal points are
assigned the intermediate angular momenta K(i), i = 1, 2, for each of
the five cases, in order, as given by the following (We have dropped the
T label, for brevity):

K(1) = J(1) + J(2), K(2) = K(1) + J(3), J = K(2) + J(4),
K(1) = J(3) + J(4), K(2) = J(2) +K(1), J = J(1) +K(2),
K(1) = J(1) + J(2), K(2) = J(3) + J(4), J = K(1) +K(2),
K(1) = J(2) + J(3), K(2) = J(1) +K(1), J = K(2) + J(4),
K(1) = J(2) + J(3), K(2) = K(1) + J(4), J = J(1) +K(2).

(2.94)

In each of the five cases, the total angular momentum J at the right,
which is assigned to the root, is the sum of the four angular momenta
assigned to the external points: J = J(1) + J(2) + J(3) + J(4). �

We next give the general coupled state vector corresponding to the
labeled binary tree T (jm;k)j m , these coupled state vectors being si-
multaneous eigenvectors of the complete set of 2n commuting Hermitian
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operators (2.92) for specified j, j,m :

|T (j k)j m〉 =
∑

m∈C(j)

CT (jm;k)j m |jm〉, each k, j,m ∈ RT (j), (2.95)

with the inversion

|jm〉 =
∑

k,j,m∈RT (j)

CT (jm;k)j m |T (j k)j m〉 , each m ∈ C(j). (2.96)

Each of these sets of vectors is an orthonormal basis of the vector
space Hj = Hj1 ⊗Hj2 ⊗ · · · ⊗ Hjn of dimension N(j) =

∏n
i=1(2ji + 1).

The row and column indexing sets (2.89)-(2.91) satisfy the same dimen-
sionality relations as given earlier by (2.9) and (2.13):

|RT (j)| = |C(j)| =
n∏
i=1

(2ji + 1),

(2.97)

|RT (j)| =
jmax∑
j=jmin

(2j + 1)Nj(j).

These relations now hold for each labeled binary tree T (jm;k)j m , T ∈
Tn. Each such labeled binary tree gives a T−coupling scheme, there
being an (Catalan number) such coupling schemes in all.

The eigenvalues of the set of 2n Hermitian operators (2.92) on the
coupled state vectors (2.95) are given by

J2(i)|T (j k)j m〉 = ji(ji + 1)|T (j k)j m〉, i = 1, 2, . . . , n,

K2
T (i)|T (j k)j m〉 = ki(ki + 1)|T (j k)j m〉,

i = 1, 2, . . . , n− 2, (2.98)

J2|T (j k)j m〉 = j(j + 1)|T (j k)j m〉,

where, in addition, the action of the components of the total angular
momentum J on these coupled states is standard:

J+|T (j k)j m〉 =
√

(j −m)(j + m + 1) |T (j k)j m+1〉,

J−|T (j k)j m〉 =
√

(j + m)(j −m + 1) |T (j k)j m−1〉,
J3|T (j k)j m〉 = m|T (j k)j m〉. (2.99)
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It follows from the construction of the coupled states (2.95) in terms of
generalized WCG coefficients, and also from the Hermitian properties of
the eigenvalue relations (2.98)-(2.99), that the following orthonormality
of coupled state vectors (2.95) holds:

〈T (j k)j m |T (j k′)j′m′〉 = δk,k′δj,j′δm,m′ . (2.100)

It is important to observe in this relation that it is the same binary
tree T that occurs in the bra-ket vectors of the coupled states: j k is
the standard labeling of T, and j k′ is the same standard labeling with
primes on the parts of k = (k1, k2, . . . , kn−2).

The row and column orthogonality of the generalized WCG coeffi-
cients are given, respectively, by∑

m∈C(j)

CT (jm;k)j mCT (jm;k′)j′ m′ = δk,k′δj,j′δm,m′ , (2.101)

∑
k,j,m∈RT (j)

CT (jm;k)j mCT (jm′;k)j m = δm,m′ . (2.102)

The direct proof of, say, the orthogonality relation (2.101) matches to-
gether the same ai, bi pair in (2.87), uses the sum rule m = m1 + m2 +
· · ·+mn for fixed m to express αi + βi = qi in terms of other projection
quantum numbers, and then uses the orthogonality relation∑

αi,βi

Cai bi ki
αi βi qi

C
ai bi k′

i

αi βi qi
= δki,k′

i
. (2.103)

2.2.5 Binary reduction of Kronecker products

Corresponding to each labeled binary tree and the corresponding set
of generalized WCG coefficients, we have the reduction of the n−fold
Kronecker product representation of SU(2) to standard form given by

C
(j)
T Dj(U)C(j)trT =

jmax∑
j=jmin

⊕Dj(U), (2.104)

where we now use tr to denote transposition to avoid conflict with the
tree symbol T. In this relation, C(j)T is the real orthogonal matrix of order
N(j) =

∏n
i=1(2ji + 1) with its matrix elements given in terms of the

generalized WCG coefficients with rows enumerated by k, j,m ∈ RT (j)
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and columns by m ∈ C(j), as defined by

(
C
(j)
T

)
k,j,m;m

=


CT (jm;k)j m , for all k, j m ∈ RT (j)
and m ∈ C(j);
0, otherwise

(2.105)

In terms of matrix elements, relation (2.104) is given by

∑
m,m′

CT (jm;k)j mCT (jm′;k′)j′ m′D
j
mm′(U) = δj,j′δk,k′Dj

mm′(U). (2.106)

The matrix element form of (2.104) obtained by moving C
(j)
T and C

(j)tr
T

to the right-hand side is

Dj
mm′(U) =

∑
k, j

CT (jm;k)j mCT (jm′;k)j m′D
j
mm′(U), (2.107)

in which m = m1 + m2 + · · ·+ mn, m
′ = m′

1 + m′
2 + · · · + m′

n.

2.2.6 Binary recoupling matrices

In terms of the notation (2.95) for the ket-vector |T (j k)j m〉 correspond-
ing to the coupling scheme defined by the standard labeled binary tree
T (jm;k)j m, we have the relation

|T (j k)j m〉 =
∑

m∈C(j)

CT (jm;k)j m |jm〉

=
∑

m∈C(j)

(
C
(j)
T

)
k,j,m;m

|jm〉. (2.108)

The ket-vector |T ′(j k′)j m〉 corresponding to a second coupling scheme
defined by the standard labeled binary tree T ′(jm;k′)j m (primes are
attached to the standard labels of the roots of the forks in the binary
tree T ′) is given by

|T ′(j k′)j m〉 =
∑

m∈C(j)

CT ′(jm;k′)j m |jm〉

=
∑

m∈C(j)

(
C
(j)
T ′

)
k′,j,m;m

|jm〉. (2.109)
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The two sets of orthonormal basis vectors (2.108) and (2.109) span the
same vector spaceHj; hence, they are related by a unitary transformation
of the form

|T ′(j k′)j m〉 =
∑

k∈RT (j,j)

RT (j k)j ;T ′(j k′)j |T (j k)j m〉. (2.110)

From the inner product of the two coupled ket-vectors in this relation
and also between (2.108)-(2.109), we obtain the following relations:

〈T (j k)j m|T ′(j k′)j m〉 = RT (j k)j ;T ′(j k′)j (2.111)

=
(
C
(j)
T C

(j)tr
T ′

)
k,j,m;k′,j,m

=
∑

m∈C(j)

CT (jm;k)j mCT ′(jm;k′)j m .

Relations (2.108)-(2.110) are the binary coupling analogs of the general
relations (2.55)-(2.56), where α = k, U (j) = C

(j)
T ,β = k′, V (j) = C

(j)
T ′ .

The real orthogonal matrix

R
(j)
T,T ′ = C

(j)
T C

(j)tr
T ′ ∈ H(N(j)) (2.112)

of order N(j) =
∏n
i=1(2ji + 1) is called a binary recoupling matrix for

the pair of standard labeled trees T (j k)j m and T ′(j k′)j m. This binary
recoupling matrix has the following expression of the form (2.58):

R
(j)
T,T ′ =

jmax∑
j=jmin

⊕
(
R
(j,j)
T,T ′ ⊗ I2j+1

)
, (2.113)

where the real orthogonal matrix R
(j,j)
T,T ′ ∈ U(Nj(j)) is called a reduced

binary recoupling matrix. The elements of the matrix (2.113) give the
recoupling coefficients for the pair of standard labeled trees T (j k)j m and
T ′(j k′)j m :(

R
(j)
T,T ′

)
k,j;k′,j

= RT (j k)j ;T ′(j k′)j =
(
C
(j)
T C

(j)tr
T ′

)
k,j,m;k′,j,m

. (2.114)

As shown earlier in (2.56)-(2.57), as well as in the derivation of (2.111),
these matrix elements are independent of the projection quantum num-
ber m. The binary recoupling matrix R

(j)
T,T ′ is, of course, an element of

the group H(N(j)) of unitary matrices (see (2.49)) that commutes with
the standard Kronecker direct sum.
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Action of the symmetric group on the standard labels of binary trees

To include all ways of coupling pairs of angular momenta (all binary
coupling schemes), we must allow permutations of the labels (jm) that
are assigned to the external points of every tree T ∈ Tn in accordance
with the bracket symbol Bn ∈ Bn. We have chosen not to introduce
permutations earlier so as to leave the notations less encumbered. But
we must now consider permutations of the external labels. Thus, for
π : 1 �→ π1, 2 �→ π2, . . . , n �→ πn, we permute the standard angular
momentum jm labels of the external points to π : (j1, j2, . . . , jn) �→
(jπ1 , jπ2 , . . . , jπn) and (m1,m2, . . . ,mn) �→ (mπ1 ,mπ2 , . . . ,mπn), which
we write as π(jm). Thus, the standard labeled tree T (jm;k)j m is now
labeled by T (π(jm) ;k)j m, where we keep the standard labels k of the
internal points and j m of the root. The angular momentum labels (jm)
initially assigned to the external points in the standard labeling is the
reference set for all permutations π ∈ Sn.

The generalized WCG coefficient corresponding to the permuted ex-
ternal labels π(jm) is

CT (π(jm);k)j m = product of n− 1 WCG coefficients obtained by
replacing (jm) in definition (2.87) by π(jm). (2.115)

Relations (2.108)-(2.109), with j replaced by π(j) in the T ′ state vec-
tors, transcribe to

|T (j k)j m〉 =
∑

m∈C(j)

CT (jm;k)j m |jm〉

=
∑

m∈C(j)

(
C
(j)
T

)
k,j,m;m

|jm〉, (2.116)

|T ′(π(j)k′)j m〉 =
∑

m∈C(j)

CT ′(π(j)m;k′)j m |jm〉

=
∑

m∈C(j)

(
C
π(j)
T ′

)
k′,j,m;m

|jm〉. (2.117)

Similarly, relations (2.110) and (2.111) transcribe to

|T ′(π(j)k′)j m〉 =
∑

k∈RT (j,j)

RT (j k)j ;T ′(π(j)k′)j |T (j k)j m〉, (2.118)



118 CHAPTER 2. COMPOSITE SYSTEMS

with inner product given by all the following relations:

〈T (j k)j m|T ′(π(j)k′)j m〉 =
∑

m∈C(j)

CT (jm;k)j m CT ′(π(j)m;k′)j m

= RT (j k)j ;T ′(π(j)k′)j =
(
C
(j)
T C

π(j)tr
T ′

)
k,j,m;k′,j,m

. (2.119)

(The relation
∑

π(m) =
∑

m has been used in the above equations.)

The real orthogonal matrix defined by

R
(j); π(j)
T, T ′ = C

(j)
T C

π(j)tr
T ′ ∈ H(N(j)) (2.120)

is the binary recoupling matrix for the pair of labeled trees T (j k)j m and
T ′(π(j)k′)j m. The matrix elements of this binary recoupling matrix are(

R
(j);π(j)
T, T ′

)
k;k′

=
(
C
(j)
T C

π(j)tr
T ′

)
k,j,m;k′,j,m

, (2.121)

which are independent of the projection quantum number m. Since the
matrix R

(j);π(j)
T, T ′ belongs to the unitary subgroup H(N(j)), it can also be

written in the form described in relations (2.49)-(2.50):

R
(j);π(j)
T, T ′ =

jmax∑
j=jmin

⊕
(
R
(j,j);(π(j),j)
T, T ′ ⊗ I2j+1

)
, (2.122)

where the real orthogonal matrix R
(j,j);(π(j),j)
T, T ′ ∈ U(Nj(j)) is the reduced

recoupling matrix for the pair of labeled trees T (j k)j m and T ′(π(j)k′)j m.

For j �→ π(j), the first set of eigenvalue relations in (2.98) becomes

J2(πi)|T (π(j)k)jm〉 = jπi(jπi + 1)|T (π(j)k)jm〉, (2.123)

which is identical to the original set, since it is just a rearrangement of
those relations. Thus, the coupled state vectors |T ′(π(j)k′)j m〉 satisfy
relations (2.98)-(2.99) with k replaced by k′ and T by T ′.

All permutations π(j), π′(j) can also be considered to obtain the la-
beled binary trees T (π(j)k)j m and T ′(π′(j)k′)j m. The modifications of
relations (2.116)-(2.122) are evident: replace first π by π′, then (j, j) by
(π(j), j). We now obtain the real orthogonal recoupling matrix given by

R
π(j); π′(j)
T, T ′ = C

π(j)
T C

π′(j)tr
T ′ ∈ H(N(j)). (2.124)
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The real orthogonal matrix R
(π(j),j);(π′(j),j)
T, T ′ ∈ U(Nj(j)) now appears in

the form (2.122) and is the reduced binary recoupling matrix. We now
refer to all binary trees that are labeled by a permutation of the standard
labels j as standard.The key property for being standard is the rule for
assigning the internal k labels to the roots of the forks, including j to the
root of full the binary tree. (See the examples (2.127) below in which all
permutations of j1, j2, j3, j4 are allowed.)

The product of two binary recoupling matrices is, in general, not
again a binary recoupling matrix. Instead, we have the following trivial
multiplication property of these real orthogonal matrices

R
π(j);π′(j)
T, T ′ R

π′(j); π′′(j)
T ′, T ′′ = R

π(j);π′′(j)
T, T ′′ , (2.125)

for all π, π′, π′′ ∈ Sn and all T, T ′, T ′′ ∈ Tn. This simple transitive multi-
plication property is the source for many well-known relations in angular
momentum theory, as will be shown subsequently.

We restate the Fourth Fundamental Result for binary coupling schemes:

Fifth Fundamental Result: Binary recoupling matrices are the funda-
mental quantities that determine the binary coupled angular momentum
basis vectors for the addition of n angular momenta associated with the
placement of parenthesis pairs into the sum (2.1) and all permutations
thereof: All binary T−coupling schemes can be obtained from a selected
one by using recoupling matrices.

2.2.7 Triangle patterns and triangle coefficients

Triangle patterns

The standard triangle pattern ∆T (j k)j corresponding to the standard
labeled tree T (j k)j is a 3 × (n − 1) matrix array with columns entries
that are the labeled forks in a standard labeled binary tree with n exter-
nal points (no projection quantum numbers appear in the labeled trees
T (j k)j). Thus, we have the matrix array defined by

∆T (j k)j =

(
a1 a2 · · · an−1
b1 b2 · · · bn−1
k1 k2 · · · kn−1

)
, (2.126)

in which column i defined by ti = col(ai bi ki) is the triangle of labels
of the i−th fork in the standard labeled tree T (j k)j . We refer to each
column of this matrix array as a triangle, since its entries obey the tri-
angle rule for addition of angular momenta. We write kn−1 = j, and
always distinguish the root label j of the labeled tree T in the notation.
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We call such an array of triangles a triangle pattern of order n− 1. The
triangles in the array are exactly those that appear in the product of
WCG coefficients in (2.87). Moreover, the columns in the triangle pat-
tern are ordered from left-to-right in exactly the order corresponding to
the root labeling k1, k2, . . . , kn−1. This notation encodes exactly the same
triangle information as exhibited by the labeled tree presentation, but is
typographically more tractable.

The enumeration of standard labeled triangle patterns is essential to
our subsequent developments, and at the risk of being repetitious, we
give this standard labeling in complete detail for n = 4 :

◦ ◦
• ◦
• ◦
•

❅
❅
❅
❅❅

��

��

��
(((j1 j2)) j3 ) j4 → →

j1 j2
j3

j4

k1
k2

j

(
j1 k1 k2
j2 j3 j4
k1 k2 j

)

◦◦
•◦

•◦
•�
�
�
��

❅❅
❅❅
❅❅

(j1 (j2 (j3 j4))) →

j3 j4
k1

k2

j2
j1

j

→
(

j3 j2 j1
j4 k1 k2
k1 k2 j

)

◦◦◦◦
••

•✟✟
✟

❍❍
❍
��❅❅ ��❅❅((j1 j2) (j3 j4)) →

j1 j3 j4
k1

j2

k2

j1

j

→
(

j1 j3 k1
j2 j4 k2
k1 k2 j

)

◦ ◦
•◦
◦•

•��❅
❅
❅�

�
�❅❅

((j1 (j2 j3)) j4) →

j2 j3
k1

j4

j1
k2

j

→
(

j2 j1 k2
j3 k1 j4
k1 k2 j

)

◦ ◦
• ◦

◦ •
•�
�
�

❅❅
❅
❅
❅ ��

(j1 ((j2 j3) j4)) →

j2 j3
j4

k2

k1
j1

j

→
(

j2 k1 j1
j3 j4 k2
k1 k2 j

)

(2.127)

As defined above, we also consider as standard the binary trees and the
triangle patterns that correspond to the permutations π(j1 j2 j3 j4), π ∈
S4, of the labels of the external points. The key property for the standard
labels of a binary tree and the corresponding triangle pattern is that the
internal labels k1, k2, j are fixed in their assignment.
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The standard triangle pattern of order n − 1 corresponding to the
standard labeled tree T (π(j)k)j is given by

∆T (π(j)k)j =

(
aπ1 aπ2 · · · aπn−1
bπ1 bπ2 · · · bπn−1
k1 k2 · · · kn−1

)
. (2.128)

Equivalence classes of triangle patterns

The operation $ defined by (2.73) can be applied to the columns of the
triangle patterns defined by (2.127)-(1.128), where, by definition, the la-
bels attached to the ◦ and • points are to be carried along with the
interchange of external and internal points. We extend this operation
to include labeled forks of type col(◦ ◦ •) �→ col(◦ ◦ •), which are now
distinguished by their angular momentum (ji, jl) labels. We do not, how-
ever, include columns of type col(• • •), since the operation $ destroys
the standard labeling. Applied to a standard triangle pattern, the $ op-
eration ∆T (π(j)k)j maps the pattern to a new standard triangle pattern
∆T ′(π′(j)k)j , where it may happen that the binary tree is unchanged; that
is, T ′ = T. We repeat: No rearrangements of the entries in columns of
the form col(• • •) are admitted, since such an operation destroys the
standard ordering. Thus, the operation $ is applied to each column of a
standard triangle pattern (2.128) as the interchange of the labels in row
1 (top) and row 2 (middle), except for those columns corresponding to
forks of type col(• • •).

It is convenient to effect the equivalence relation $ on a triangle
pattern to introduce the transposition operators τi, i = 1, 2, . . . , n − 1,
which act in the set of triangle patterns

P(j k)j = {∆T (π(j)k)j |T ∈ Tn, π ∈ Sn}. (2.129)

The action of the exchange operator τi is defined by

τi

 aπ1 · · · aπi · · · aπn−1
bπ1 · · · bπi · · · bπn−1
k1 · · · ki · · · kn−1

 =

 aπ1 · · · bπi · · · aπn−1
bπ1 · · · aπi · · · bπn−1
k1 · · · ki · · · kn−1

 ,

(2.130)
where, for each given triangle pattern ∆T (π(j)k)j the index i can assume
only the subset of values in {1, 2, . . . , n − 1} for which the columns of
∆T (π(j)k)j correspond to fork triangles of the binary tree T (π(j)k)j of the
types col(◦ ◦ •), col(◦ • •), col(• ◦ •). The τi for an index i corresponding
to columns of type col(• • •) give a triangle pattern not in the set P(j k)j .
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Two triangle patterns in the set P(j k)j that are related by any of the
n− t allowed exchange operations (see (2.81)) are called $ equivalent.

The collection of all $ equivalent triangle patterns in P(j k)j consti-
tutes an equivalence class, and the full set P(j k)j of n!an triangle pat-
terns can, accordingly, be partitioned into disjoint equivalence classes.
This partitioning is not difficult to carry out, using the results from
Sect. 2.2.1, where it is shown that the number of triangle patterns having
n columns and containing t columns of type col(◦ ◦ •) is cn(t) for which
we have a generating function. The number of $ equivalent triangle pat-
terns in each subset Pt(j k)j of triangle patterns containing t columns of
type col(◦ ◦ •) is 2n−t, since there are n− t exchange operations that can
be applied to each triangle pattern. Hence, the number of $ equivalence
classes in the quotient set Pt(j k)j/ $ is |Pt(j k)j/ $ | = n!cn(t)/2n−t.
This gives the number of disjoint $ equivalence classes in the quotient
set P(j k)j/ $ as the integer dn defined by

dn = n!
[n/2]∑
t=1

cn(t)
2n−t

. (2.131)

Examples. Equivalence classes of triangle patterns for n = 2, 3, 4, 5 :

n = 2 : We have from Sect. 2.2.1 that there is one fork matrix, and it is
given by

◦
◦
•
. (2.132)

Thus, there is one $ equivalence class containing two triangle patterns,
namely, (

j1
j2
j

)
,

(
j2
j1
j

)
, (2.133)

and the first triangle pattern can be taken as the representative.

n = 3 : We have from Sect. 2.2.1 that there are two fork matrices, each
of type col(◦ ◦ •); namely,

◦
◦
•

•
◦
•
,
◦
◦
•

◦
•
•
. (2.134)

Thus, t = 1 and c3(1) = 2. There are 3! = 6 triangle patterns associated
with each of these fork matrices, obtained by inserting a permutation of
j1, j2, j3 in each of the ◦ positions, k, j in row 3, and k in the remaining
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• position. Thus, there are 12 triangle patterns in all. Relation (2.131)
gives d3 = 3 as the number of $ inequivalent classes of triangle patterns.
Representatives of these inequivalent classes can be chosen as

(
j1 k
j2 j3
k j

)
,

(
j1 k
j3 j2
k j

)
,

(
j2 k
j3 j1
k j

)
. (2.135)

Each of these triangle patterns then defines a family of four $ trian-
gle patterns under the operations of interchanging the symbols in row
1 and row 2 in either of the two columns. Thus, from these three pat-
terns and their $ equivalents, we regain the n!an = 3!2 = 12 patterns
corresponding to the all standard labeled binary trees of order 3.

n = 4 : We have t = 1 and t = 2, with c4(1) = 4 fork matrices in the first
class, and c4(2) = 1 fork matrices in the second class (see Sect. 2.2.1), as
given by

t = 1 :
◦
◦
•

•
◦
•

•
◦
•
,
◦
◦
•

◦
•
•

◦
•
•
,
◦
◦
•

◦
•
•

•
◦
•
,
◦
◦
•

•
◦
•

◦
•
•

;

(2.136)

t = 2 :
◦
◦
•

◦
◦
•

•
•
•
.

There are 4! = 24 triangle patterns associated with each of these five fork
matrices, obtained by inserting any permutation of j1, j2, j3, j4 in each of
the ◦ positions and the entries k1, k2, j in row 3; ; then, for t = 1, k1 and
k2 in the remaining • positions in columns 2 and 3, respectively; then,
for t = 2, the entries k1, k2 in the • positions in row 1 and row 2. Thus,
there are 120 triangle patterns in all. Relation (2.131) gives d3 = 18
as the total number of $ equivalence classes of triangle patterns, twelve
originating from the four t = 1 type of fork matrices and six from the
single t = 2 type of fork matrix. Representatives of each of these $
equivalent classes can be chosen as

t = 1 :

(
jp k1 k2
jq jr js
k1 k2 j

)
; t = 2 :

(
p jr k1
jq js k2
k1 k2 j

)
, (2.137)

where p, q, r, s is any permutation of 1, 2, 3, 4 such that p < q in the pat-
tern to the left, which gives twelve representative triangle patterns; and
p < q, r < s in the pattern to the right, which gives six representative
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triangle patterns. Each of the t = 1 classes contains eight $ equiva-
lent members, and each of the t = 2 classes contains four $ equivalent
members. This distribution into $ equivalence classes accounts for all
(12)(8) + (6)(4) = 120 = n!an = (24)(5) = 120 standard triangle pat-
terns of order 3 corresponding to the set of standard labeled binary trees
{T (π(j)k)j |T ∈ T4, π ∈ S4}.
n = 5 : A less detailed accounting goes as follows. We have t = 1 and
t = 2, with c5(1) = 8 fork matrices in the first class, and c5(2) = 6 fork
matrices in the second class (see Sect. 2.2.1). There are 5! = 120 triangle
patterns associated with each of these fourteen fork patterns, obtained by
inserting any permutation of j1, j2, j3, j4, j5 in each of the ◦ positions and
the entries k1, k2, k3, j in row 3, thus giving a total of n!an = (120)(14) =
1680 triangle patterns. For t = 1, there are 5!c5(1)/16 = 60 equivalence
classes, and, for t = 2, there are 5!c5(2)/8 = 90 equivalence classes.
Each t = 1 triangle pattern has sixteen $ equivalent triangle patterns,
and the t = 2 triangle pattern has eight $ equivalent triangle patterns.
This distribution into $ equivalence classes thus accounts for the total
of (60)(16) + (90)(8) = 1680 standard triangle patterns associated with
the standard labeled binary trees in the set {T (π(j)k)j |T ∈ T5, π ∈
S5}. �

The above examples suggest how a set of representative triangle pat-
terns, one from each of the $ equivalence classes in the quotient set
P(j k)j/ $ can be chosen. We introduce the following [n/2] subsets of
permutations:

S
rep
n (t) (2.138)

= {π = (π1, π2, . . . , πn) ∈ Sn | π1 < π2, π3 < π4, . . . , π2t−1 < π2t} ,
where t = 1, 2, . . . , [n/2]. The number of permutations in each set is

|Srep
n (t) | = n!

cn(t)
2n−t

. (2.139)

A set of representative triangle patterns of the equivalence classes be-
longing to the quotient set Pt(j k)j/ $ (see (2.131)) is given by

P
rep
t (j k)j/ $ = {∆T (π(j)k)j |π ∈ S

rep
n (t)}. (2.140)

The union of this set of representative triangle patterns for all t then gives
a set of dn representative standard triangle patterns of the full set P(j k)j
of triangle patterns defined by (2.129); that is, a set of representatives
of the quotient set P(j k)j/ $ is given by

Prep(j k)j/ $=
[n/2]⋃
t=1

{∆T (π(j)k)j |π ∈ S
rep
n (t)}. (2.141)
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Triangle coefficients

We recall (see (2.124)) that the matrix elements of the real orthogonal
binary recoupling matrix

R
π(j);π′(j)
T, T ′ = C

π(j)
T C

π′(j)tr
T ′ ∈ H(N(j)) (2.142)

are given by the inner product of coupled state vectors:

〈T (π(j)k)j m|T ′(π′(j)k′)j m〉 = RT (π(j)k)j ;T ′(π′(j)k′)j

=
(
C
π(j)
T C

π′(j)tr
T ′

)
k,j,m;k′,j,m

(2.143)

=
∑

m∈C(π(j)

CT (π(j)m;k)j mCT ′(π′(j)m;k′)j m ,

|T (π(j)k)j m〉 =
∑

m∈C(j)

CT (π(j)m;k)j m |jm〉

=
∑

m∈C(j)

(
C
(j)
T

)
k,j,m;m

|jm〉, (2.144)

|T ′(π′(j)k′)j m〉 =
∑

m∈C(j)

CT ′(π′(j)m;k′)j m |jm〉

=
∑

m∈C(j)

(
C
π′(j)
T ′

)
k′,j,m;m

|jm〉. (2.145)

We now define the triangle coefficient in terms of the pair of standard
triangle patterns ∆T (π(j)k)j and ∆T ′(π′(j)k′)j corresponding to the pair of
standard labeled trees T (π(j)k)j and T ′(π′(j)k′)j by the inner product
(2.143):{

∆T (π(j)k)j

∣∣∣∆T ′(π′(j)k′)j

}
= 〈T (π(j)k)j m|T ′(π′(j)k′)j m〉

=
(
C
π(j)
T C

π′(j)tr
T ′

)
k,j,m;k′,j,m

. (2.146)

Thus, the inner product in this result, as well as the binary recoupling
matrix, are vividly presented in terms of the triangle patterns of the form
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(2.129) associated with the fork matrices of a pair of binary trees. Each
triangle coefficient has the explicit definition in terms of SU(2) WCG
coefficients (see (2.87)) given by{

∆T (π(j)k)j

∣∣∣∆T ′(π′(j)k′)j

}
=
{

∆T ′(π′(j)k′)j

∣∣∣∆T (π(j)k)j

}
=
∑

m∈C(j)

n−1∏
i=1

C
aπi bπi ki
απi β

π
i απi +β

π
i

n−1∏
i=1

C
aπ

′
i bπ

′
i k′

i

απ
′
i βπ

′
i απ

′
i +β

π′
i

. (2.147)

We refer to ∆T (π(j)k)j and ∆T ′(π′(j)k′)j′ as the left-triangle pattern and
the right-triangle pattern; the interchange of these patterns gives the
same triangle coefficient. Because the number of triangles appearing in
the columns of each of the two triangle patterns of the triangle coefficient
(2.147) is n−1, we refer to the triangle coefficient as a triangle coefficient
of order 2n − 2. The triangle coefficient (2.147) encodes in its notation
exactly the triangles of the forks of the pair of labeled binary trees un-
derlying the triangle patterns entering into its definition; it takes on the
numerical value of a sum over all projection quantum number m of the
products of the SU(2) WCG coefficients associated with these forks.

The columns of a triangle coefficients are always to be obtained
directly from the labeled forks of the labeled binary trees T (π(j)k)j
and T (π′(j)k′)j. This is because not all 3 × (n − 1) matrices in which
each column is an angular momentum triangle originate from a standard
labeled binary tree, and the determination of the subset that has this
property is nontrivial. Thus, triangle coefficients are always regarded as
a notationally convenient way of presenting the fork triangles of a pair of
labeled binary trees; row 3 of a triangle pattern is always the standard
fork root labels (k1, k2, . . . , kn−1) with kn−1 = j.

Triangle coefficients of order 2n−2 are very complicated objects, but
are fully defined numerical-valued coefficients (2.147). It might appear
that nothing remains to be done. The fact, however, that these objects
depend only on collections of geometrical objects called triangles and
their interconnections through binary trees suggests a deeper combina-
torial setting than is evident from this preliminary definition in terms of
WCG coefficients.

Many triangle coefficients are related by phase factors in consequence
of the classical symmetries (1.224) of the SU(2) WCG coefficients. The τi
exchange operators (2.130), which may now act on both the left-triangle
pattern and the right-triangle pattern give sets of phase-equivalent tri-
angle coefficients, reduce greatly the number of triangle coefficients that
need be considered. The determination of the phase-equivalence classes
of triangle coefficients is simply an adaptation of the $ equivalent classes
of a single triangle pattern to pairs of triangle patterns, accounting now
for the WCG symmetries (1.224). Thus, we define left-triangle pattern
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and right-triangle exchange operators as follows:

τ
(l)
i


(

aπ1 · · · aπi · · · aπn−1
bπ1 · · · bπi · · · bπn−1
k1 · · · ki · · · kn−1

) ∣∣∣∣∣
 aπ

′
1 aπ

′
2 · · · aπ

′
n−1

bπ
′
1 bπ

′
2 · · · bπ

′
n−1

k1 k2 · · · kn−1


= (−1)a

π
i +b

π
i −ki

×


(

aπ1 · · · bπi · · · aπn−1
bπ1 · · · aπi · · · bπn−1
k1 · · · ki · · · kn−1

) ∣∣∣∣∣
 aπ

′
1 aπ

′
2 · · · aπ

′
n−1

bπ
′
1 bπ

′
2 · · · bπ

′
n−1

k′1 k′2 · · · k′n−1

 ,

(2.148)

τ
(r)
i


(

aπ1 aπ2 · · · aπn−1
bπ1 bπ2 · · · bπn−1
k1 k2 · · · kn−1

) ∣∣∣∣∣
 aπ

′
1 · · · aπ

′
i · · · aπ

′
n−1

bπ
′
1 · · · bπ

′
i · · · bπ

′
n−1

k′1 · · · k′i · · · k′n−1


= (−1)a

π′
i +b

π′
i −k′

i

×


(

aπ1 aπ2 · · · aπn−1
bπ1 bπ2 · · · bπn−1
k1 k2 · · · kn−1

) ∣∣∣∣∣
 aπ

′
1 · · · bπ

′
i · · · aπ

′
n−1

bπ
′
1 · · · aπ

′
i · · · bπ

′
n−1

k′1 · · · k′i · · · k′n−1

 .

(2.149)

The values that the index i can assume are exactly those described below
(2.130), applied now separately to the left-triangle pattern and the right-
triangle pattern.

The set of triangle coefficients of order 2n− 2 can be partitioned into
$ equivalence classes by application of the exchange operators (2.148)-
(2.149). We prefer now to call each $ equivalence class of triangle co-
efficients a phase-equivalent class. Before determining the distribution
of the set of triangle coefficients of order 2n − 2 into phase-equivalent
classes, it is convenient to consider how this process is effected for small
values of n. We return to the general problem in Sect. 2.2.11.

Examples: Triangle coefficients for n = 2, 3.

It is convenient to set j1 = a, j2 = b, j3 = c, j4 = d in the following
examples. Moreover, because of our focus on the properties of triangle
coefficients in binary coupling theory, we present these examples in their
entirely, giving the binary trees and triangle patterns, as well.

n = 2 : There is but a single standard labeled binary tree and corre-
sponding triangle pattern, as given by
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◦ ◦
•❅❅��

a b

j
→

(
a
b
j

)
.T (ab)j =

(2.150)

There are four triangle coefficients of order 2 corresponding to all
permutations π, π′ ∈ S2 :{

a
b
j

∣∣∣∣∣ a
b
j

}
=
∑
α,β

Ca b j
α β mC

a b j
α β m = 1,

{
a
b
j

∣∣∣∣∣ b
a
j

}
=

{
b
a
j

∣∣∣∣∣ a
b
j

}
=
∑
α,β

Ca b j
α β mC

b a j
β α m = (−1)a+b−j ,

{
b
a
j

∣∣∣∣∣ b
a
j

}
=
∑
α,β

Cb a j
β α mC

b a j
β α m = 1. (2.151)

The middle relation is a consequence of the identity of triangle coeffi-
cients under the interchange of left- and right-triangle patterns.

n = 3 : There are two standard labeled binary trees with labels j1 =
a, j2 = b, j3 = c given by

◦ ◦
• ◦
•

❅
❅
❅
��

��

a b

ck

j

T ((a b c); k)j = →
(

a
b
k

k
c
j

)
,

(2.152)

◦ ◦
•◦

•❅❅�
�
�❅❅

b c

a k

j

T ′((a b c); k)j = →
(

b
c
k

a
k
j

)
.

These two standard labeled triangle patterns, together with all permu-
tations of a, b, c give the 3!2 = 12 labeled triangle patterns. Any of the
twelve can be chosen as the left-triangle pattern and any of the twelve
as the right-triangle pattern, thus giving 144 triangle coefficients. This
set of 144 triangle coefficients is then partitioned into nine equivalence
classes by application of the exchange operators (2.148)-(2.149), which
gives sixteen phase-equivalent triangle coefficients in each of the nine
classes. The representatives of the nine equivalence classes can be ob-
tained as follows: There are three $ equivalence classes with represen-
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tative triangle patterns given by (2.135):(
a
b
k

k
c
j

)
,

(
a
c
k

k
b
j

)
,

(
b
c
k

k
a
j

)
. (2.153)

There are four $ equivalent patterns in each equivalence class.

We now select any of the three representatives from (2.153) to be
the left-triangle pattern or to be the right-triangle pattern (with k re-
placed by k′) to obtain nine equivalence classes of triangle coefficients,
each of which contains sixteen phase-equivalence triangle coefficients by
application of the exchange operators (2.148)-(2.149). But now a new
phenomenon enters, again due to the properties of the WGC coefficients
that enter into the expression of a triangle coefficient in terms of a sum-
mation over 2n − 2 such SU(2) WCG coefficients. We list first these
results and then outline the proof. We have the following three identi-
ties originating from the property that the entries in the first two rows
of the first column in the left-triangle pattern match those in the first
column in the right-triangle pattern, and this gives the three relations:{

a
b
k

k
c
j

∣∣∣∣∣ a
b
k′

k′
c
j

}
= δk,k′ ,

{
a
c
k

k
b
j

∣∣∣∣∣ a
c
k′

k′
b
j

}
= δk,k′ , (2.154)

{
b
c
k

k
a
j

∣∣∣∣∣ b
c
k′

k′
a
j

}
= δk,k′ .

We list the remaining six in terms of the following reference coefficient:

√
(2k + 1)(2k′ + 1)W (abjc; kk′) =

{
a k
b c
k j

∣∣∣∣∣ b a
c k′
k′ j

}
. (2.155)

The notation W (abjc; kk′) was introduced by Racah [143]; hence, this
coefficient is called a Racah coefficient. This expression of a Racah co-
efficient in terms of a summation over four WCG coefficient is, by con-
vention, standard (see Ref. [21] for the notations used here). We discuss
at length below the structure of Racah coefficients. The remaining six
representative triangle coefficients are expressed in terms of the Racah
coefficient by
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a k
b c
k j

∣∣∣∣∣ b k′
c a
k′ j

}
= (−1)a+k

′−j√(2k + 1)(2k′ + 1)W (abjc; kk′),

{
a k
b c
k j

∣∣∣∣∣ a k′
c b
k′ j

}
= (−1)a−k−k

′+j
√

(2k + 1)(2k′ + 1)W (bajc; kk′),

{
a k
c b
k j

∣∣∣∣∣ b k′
c a
k′ j

}
= (−1)a+b+c−j

√
(2k + 1)(2k′ + 1)W (acjb; kk′),

{
b k
c a
k j

∣∣∣∣∣ a k′
b c
k′ j

}
= (−1)b+k−j

√
(2k + 1)(2k′ + 1)W (cbja; kk′),

{
a k
c b
k j

∣∣∣∣∣ a k′
b c
k′ j

}
= (−1)a−k−k

′+j
√

(2k + 1)(2k′ + 1)W (cajb; kk′),

{
b k
c a
k j

∣∣∣∣∣ a k′
c b
k′ j

}
= (−1)a+b+c−j

√
(2k + 1)(2k′ + 1)W (bcja; kk′).

(2.156)

Proof. The verification of the validity of relations (2.154) and (2.156)
goes as follows: First, each triangle coefficient of order four is expressed
as a summation over the projection quantum numbers of four SU(2)
WCG coefficients as given explicitly in terms of the fork triangles by
(2.147). Relations (2.154) are consequences of the orthogonality rela-
tions (1.145)-(1.146). Relation (2.155) is the definition given by Racah
(see Ref. [21] for the notations used here) of the Racah W-coefficient.
Relations (2.156) are then rearrangements of the order of the four WCG
coefficients in relation (2.155), where the classical symmetries (1.224) are
used to bring the rearrangement into the form that gives these relations.

�
It is important to note that relations (2.156) are not applications of

the exchange relations (2.148)-(2.149) alone. Moreover, we could, with
slight changes of the representatives (2.153) (see (2.157 below), have
placed the definition (2.155) among a representative set of six relations
similar to (2.156). As the representative set of the equivalence classes
stand in (2.156), relation (2.155) is phase-equivalent to the first-listed
triangle coefficient. Which member we choose for the representative of
an equivalence class is, of course, arbitrary.

It is also the case that the last three relations in (2.156) are obtained
from the first three, respectively, by the interchange of the left-triangle
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pattern and the right-triangle pattern, followed by the interchange of
k and k′. This gives the following three symmetries of the Racah co-
efficient: W (abjc; k′k) = W (cbja; kk′),W (bajc; k′k) = W (cajb; kk′),
W (acjb; k′k) = W (bcja; kk′). These symmetries are special cases of more
general symmetries that will be taken up later.

Remarkable simplifications have occurred. The set of (n!an)2 =
((6)(2))2 = 144 triangle coefficients of order four corresponding to all
possible selections of the left- and right-triangle patterns reduces to 48
that are equal to phase factors or to zero, and 96 that are of the form
(phase factors) × (square-root dimension factors associated with the in-
ternal angular momenta) × (one basic coefficient), the latter being
the Racah coefficient W (abjc; kk′) with the six permutations of its ex-
ternal angular momentum parameters a, b, c.) This result itself is quite
striking, but still would be quite complex, since a triangle coefficient of
order four is a summation over four WCG coefficients. The fact that this
complex object can be brought to a comprehensible form is also due to
Racah [143]. The Racah coefficient, in turn, is related to a standard ob-
ject in mathematics, the 4F3 hypergeometric function of unit argument.
Because Racah coefficients are the basic entities out of which all trian-
gle coefficients are built (see the Sixth Fundamental Result below), we
present their properties before returning to the general counting prob-
lem of equivalent classes of general triangle coefficients of order 2n − 2
in Sect. 2.2.11.

2.2.8 Racah coefficients

We present the definition of the Racah coefficient in terms of all three
notations used above, the labeled tree diagram, the triangle coefficient
of order four, and as matrix elements of the recoupling matrix:

◦ ◦
• ◦
•

❅
❅
❅
��

��

a b

ck

j

◦ ◦
•◦

•❅❅�
�
�❅❅

b c

a k′

j


=

{
a k
b c
k j

∣∣∣∣∣ b a
c k′
k′ j

}
=
(
R
(ab)c; a(bc)
T,T ′

)
k,j,m;k′,j,m

=
√

(2k + 1)(2k′ + 1)W (abjc; kk′). (2.157)

The orthogonal matrices appearing in the recoupling matrix

R
(ab)c; a(bc)
T,T ′ = C

(ab)c
T

(
C
a(bc)
T ′

)tr
(2.158)
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are the orthogonal matrices with elements given in terms of the WCG
coefficients associated with the respective standard labeled binary trees
by (

C
(ab)c
T

)
k,j,m;α,β,γ

= Ca b k
α β α+β C

k c j
α+β γ m,

(2.159)(
C
a(bc)
T ′

)
k′,j,m;α,β,γ

= Cb c k′
β γ β+γ C

a k′ j
α β+γ m.

Thus, the explicit expression for the Racah coefficient in terms of four
WCG coefficients is√

(2k + 1)(2k′ + 1)W (abjc; kk′)

=
∑

(α, β, γ) ∈ C(a, b, c)
α+β+γ=m

Ca b k
α β α+β C

k c j
α+β γ mCb c k′

β γ β+γ C
a k′ j
α β+γ m . (2.160)

As noted several times, the summation over WCG coefficients gives a
numerical value that is independent of m = j, j − 1, . . . ,−j. It is also
convenient to denote the elements of the real orthogonal matrix C

(j)
T =

U
(j)
T that brings the Kronecker product Dj to Kronecker direct sum form

(see (2.32)) by a slightly modified notation:

C
(j)
T = C

sh(j)
T , (2.161)

where sh(j) denotes the actual bracketing or shape of the angular mo-
menta j assigned to the external points of the tree T.

The summation in (2.160) can be carried out to give

W (abjc; kk′) = (−1)a+b+c+j∆(abk)∆(kcj))∆(ak′j)∆(bck′)

×
hmax∑
h=hmin

(−1)h(h + 1)!
(h− a− b− k)!(h − k − c− j)!(h − a− k′ − j)!

× 1
(h− b− c− k′)!(a + b + c + j − h)!

× 1
(a + c + k + k′ − h)!(b + j + k + k′ − h)!

, (2.162)

where hmin and hmax are defined by

hmin = max{a + b + k, k + c + j, a + k′ + j, b + c + k′},
(2.163)

hmax = min{a + b + c + j, a + c + k + k′, b + j + k + k′}.
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We refer to the ∆-factors as delta-triangle coefficients. They are defined
on all triplets of angular momentum labels a, b, c such that the triangle
rule c ∈ 〈a b〉 holds:

∆(abc) =

√
(a + b− c)!(a − b + c)!(−a + b + c)!

(a + b + c + 1)!
. (2.164)

The delta-triangle coefficients ∆(abk),∆(kcj)),∆(ak′j),∆(bck′) oc-
curring in the Racah coefficient (2.162) are intrinsic characteristics of
a Racah coefficient as inherited from the WCG coefficients occurring in
(2.160). Thus, from the definition 〈j1 j2〉 = j1+j2, j1+j2−1, . . . |j1−j2|,
we have, for specified (a, b, c, j), that

k ∈ 〈a b〉 and k ∈ 〈c j〉; k′ ∈ 〈b c〉 and k′ ∈ 〈a j〉. (2.165)

It is quite remarkable that Racah was able to carry out the summa-
tion over four WCG coefficients occurring in (2.160) to obtain the one-
parameter summation expression for the W-coefficient given by (2.162).
Since each WCG coefficient is itself a one-parameter summation expres-
sion, the summation in (2.160) is over six parameters. We comment
below in the Remarks on Racah’s method.

Racah coefficients satisfy the row and column orthogonality relations
given by ∑

k

(2k + 1)(2k′ + 1)W (abjc; kk′)W (abjc; kk′′) = δk′,k′′ ,

(2.166)∑
k′

(2k + 1)(2k′ + 1)W (abjc; kk′)W (abjc; k′′k′) = δk,k′′ .

We prove this relationship and others below in the context of the prop-
erties of recoupling matrices.

It is customary to introduce the so-called 6− j coefficient in place of
the Racah W-coefficient because of the enhancement of symmetries that
the 6− j coefficient exhibits. It is defined by{

a b k
c j k′

}
= (−1)a+b+c+jW (abjc; kk′). (2.167)

The 6 − j coefficient is then invariant under all permutations of its
columns, and under the interchange of any pair of elements in the top
row with the corresponding elements in the bottom row. The triangles in
the 6− j coefficient are (a b k), (c j k), (a j k′), (c b k′), and the symmetry
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relations preserve these delta-triangles. There are actually 144 symme-
tries of the 6 − j coefficient, or the W-coefficient, as derived from their
generating function in Sect. 4.6, Chapter 4. All these symmetries can
also be verified directly from the explicit form (2.162).

Remarks.

(a). The summation on the right-hand side of (2.160) is over four
WCG coefficients, each of which is itself a one-parameter summation
expression, this giving rise to a six-parameter summation over factorial
terms. Racah’s method of summation was to locate a term

(x+y
c

)
in

this expression and apply the binomial sum rule (1.159), thus “lifting”
the summation to a seven-parameter summation. After repeating this
process four times, a ten-parameter summation expression was reached
in which the factors were organized in such a way that all but one of
the internal summations could be carried out, thus giving (2.162). This
process is given in detail in Ref. [21], but it has never been analyzed
structurally in a way that reveals why it works. Such an analysis might
be quite useful, especially, in view of the relationship of WCG coefficients
and Racah coefficients to hypergeometric series, as we next point out.

(b). The WCG coefficients and Racah coefficients are expressible in
terms of terminating 3F2 and 4F3 hypergeometric coefficients, respec-
tively, evaluated at unit argument. These formulas are complicated by
the fact that neither WCG coefficients nor Racah coefficients start off in
their summation expressions as given by (1.213)-(1.214) and (2.162) with
the first term in the sum being equal to 1, as is the case for terminating
hypergeometric series. Adjustments for this must be made by shifting
the summation indices. But the shift itself depends on the magnitude
of the various denominator factors of the form (αi − k)! of which there
are several. Taking this into account leads to the following forms of the
WCG coefficients and Racah coefficients in which a shift factor δ occurs
in the parameters of the hypergeometric coefficients:

Ca b c
α β γ = (−1)a−b+γ

√
2c + 1

(
a b c
α β − γ

)

= N1

(
a b c
α β γ

)
3F2

( −a1, −a2, −a3
; 1

b1 + 1, b2 + 1

)
, (2.168)

where the multiplying factor N1 and the parameters a1, a2, a3 have the
following definitions:
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N1

(
a b c
αβ γ

)
= (−1)a+b+γ−δδα+β,γ

∆(abc)
a1!a2!a3!b1!b2!

×

[(2c + 1)(a + α)!(a − α)!(b + β)!(b− β)!(c + γ)!(c − γ)!]1/2 ,
(2.169)

−a1 = a + α− δ, −a2 = b + α + γ − δ, −a3 = c + γ − δ,

b1 = δ1 − δ, b2 = δ2 − δ.

The shift factor δ is the minimum value in the sequence

(a + α + b + β, , b− β + c + γ, a + α + c + γ), (2.170)

and δ1 and δ2 are the two quantities remaining in this sequence, in either
order, after striking out the minimum value δ. The 3F2 series (2.168) is
always well-defined: It terminates at the summation index value k =
min(a1, a2, a3).

The W coefficient has a similar relation to the 4F3 hypergeometric
function of unit argument:

W (abdc; ef) = (−1)a+b+c+d
{

a b e
c d f

}
, (2.171)

= N2

(
a b e
c d f

)
4F3

( −a1, −a2, −a3, −a4
; 1

−δ − 1, b1 + 1, b2 + 1

)
,

where the multiplying factor N2 has the following definition:

N2

(
a b e
c d f

)
=

(−1)a+b+c+d−δ∆(abe)∆(ecd))∆(afd)∆(bcf)(δ + 1)!
(a1)!(a2)!(a3)!(a4)!(b1)!(b2)!

,

−a1 = a + b + e− δ, −a2 = c + d + e− δ,

(2.172)
−a3 = a + d + f − δ, −a4 = b + c + f − δ,

b1 = δ1 − δ, b2 = δ2 − δ.

The shift factor δ is the minimum value in the sequence

(a + b + c + d, a + c + e + f, b + d + e + f), (2.173)

and δ1 and δ2 are the two quantities remaining in this sequence, in either
order, after striking out the minimum value δ. The 4F3 series (2.171) is
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always well-defined: It terminates at the summation index value k =
min(a1, a2, a3, a4), before the 0 in the denominator is reached because of
the relation ai > −δ − 1, i = 1, 2, 3, 4. The 4F3 hypergeometric series is
Saalschützian; that is, its parameters satisfy −(a1 + a2 + a3 + a4) + 1 =
−δ1− 1 + δ2 + δ2, in consequence of 2(a+ b+ c+ d+ e+ f) = δ+ δ1 + δ2.

If the definition (2.160) of the Racah coefficient is written in terms
of 3F2 and 4F3 hypergeometric series of unit arguments, the square-root
delta-triangle factors cancel from each side of the relation, so that an in-
tricate identity remains with no square roots, which involves a quadruple
summation over four 3F2 hypergeometric series, with multiplying factors,
being equal to a Saalschützian 4F3 hypergeometric series with multiply-
ing factors. This is the relation that Racah proved. To our knowledge,
the underlying structure of this identity has not been put in the con-
text of hypergeometric function theory, especially from a combinatorial
perspective.

(c). Hypergeometric series in which one or more numerator parame-
ters is a negative integer −n are finite sums that are essentially polyno-
mials, as shown by the following identity:

pFq

(
x1, x2, . . . , xp−1,−n

; z
y1, y2, . . . , yq

)
(2.174)

=
n∑
k=0

(x1)k(x2)k · · · (xp−1)k(−n)k zk

(y1)k(y2)k · · · (yq)k k!
= pPq(x;y; z)∏q

j=1(yj)n
,

pPq(x;y; z) =
n∑
k=0

(−1)k
(
n

k

)
zk

p−1∏
i=1

(xi)k
q∏
j=1

(yj + k)n−k, (2.175)

where x = (x1, x2, . . . , xp−1), y = (y1, y2, . . . , yq). Relation (2.174) is
valid for all values of these parameters such that no zeros are introduced
into the denominator. (See Sect. 11.5.3, Compendium B.)

(d). A fascinating aspect of the polynomials pPq is that they can have
integral zeros that give rise to zeros of a WCG or Racah coefficient that
would otherwise have no reason to be zero: The polynomial pPq may be
viewed as a Diophantine equation that gives what are called nontrivial
zeros of WCG and Racah coefficients. While such zeros are well-known
(see Ref. [113] for a review), this subject of zeros has not been examined
in the context of terminating hypergeometric series, to our knowledge.

We return now to the properties of recoupling matrices and their
relationship to triangle coefficients and Racah coefficients.
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2.2.9 Recoupling matrices for n = 3

All 144 recoupling matrices for n = 3 given by

R
sh(π(abc)); sh′

(π′(abc))
T,T ′ = C

sh(π(abc))
T

(
C

sh′
(π′(abc))

T ′

)tr
, π, π′ ∈ S3,

(2.176)
can be obtained from the 9 representative triangle coefficients defined by
(2.154) and (2.156). where we now use the shape notation (2.161) for the
enumeration of these recoupling matrices. For example, for π(abc) = bca
and sh = ((◦ ◦)◦), we have sh(π(abc)) = sh(bca) = ((bc)a) = (bc)a, where
we drop the outside parenthesis pair. The representative recoupling ma-
trices are those with elements given by the following relations:(

R
(ab)c; (ab)c
T, T

)
k,j,m;k′,j,m

=

{
a
b
k

k
c
j

∣∣∣∣∣ a
b
k′

k′
c
j

}
= δk,k′,

(
R
(ac)b; (ac)b
T, T

)
k,j,m;k′,j,m

=

{
a
c
k

k
b
j

∣∣∣∣∣ a
c
k′

k′
b
j

}
= δk,k′, (2.177)

(
R
(bc)a; (bc)a
T, T

)
k,j,m;k′,j,m

=

{
b
c
k

k
a
j

∣∣∣∣∣ b
c
k′

k′
a
j

}
= δk,k′;

(
R
(ab)c; (bc)a
T, T

)
k,j,m;k′,j,m

=

{
a k
b c
k j

∣∣∣∣∣ b k′
c a
k′ j

}
,

(
R
(ab)c; (ac)b
T, T

)
k,j,m;k′,j,m

=

{
a k
b c
k j

∣∣∣∣∣ a k′
c b
k′ j

}
,

(
R
(ac)b; (bc)a
T, T

)
k,j,m;k′,j,m

=

{
a k
c b
k j

∣∣∣∣∣ b k′
c a
k′ j

}
, (2.178)

(
R
(bc)a; (ab)c
T, T

)
k,j,m;k′,j,m

=

{
b k
c a
k j

∣∣∣∣∣ a k′
b c
k′ j

}
,

(
R
(ac)b; (ab)c
T, T

)
k,j,m;k′,j,m

=

{
a k
c b
k j

∣∣∣∣∣ a k′
b c
k′ j

}
,

(
R
(bc)a; (ac)b
T, T

)
k,j,m;k′,j,m

=

{
b k
c a
k j

∣∣∣∣∣ a k′
c b
k′ j

}
.
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While the matrix elements of these representative recoupling matrices
are independent of m, this projection quantum number is retained so as
to enumerate all matrix elements for m = j, j − 1, . . . ,−j in accordance
with the order of these matrices:

jmax∑
j=jmin

(2j + 1)Cj(abc) = (2a + 1)(2b + 1)(2c + 1) = N(abc), (2.179)

where jmin = min{| a ± b ± c |} and jmax = a + b + c (see (2.13) and
(2.21)).

Each recoupling matrix R
sh(π(abc)); sh′

(π′(abc))
T,T ′ is an element of the

group of unitary matrices H(N(a b c)), as given by (2.49). For the case
at hand, we have:

H(N(a b c)) =


jmax∑
j=jmin

⊕
(
W

(sh(π(abc)),j); (sh′
(π′(abc)),j)

T, T ′ ⊗ I2j+1

)
∣∣∣∣∣W (sh(π(abc)),j); (sh′

(π′(abc)),j)
T, T ′ ∈ U(Nj(abc)

}
. (2.180)

Accordingly, the recoupling matrix R
sh(π(abc)); sh′

(π′(abc))
T,T ′ has the direct

sum expression given by

R
sh(π(abc)); sh′

(π′(abc))
T,T ′ =

jmax∑
j=jmin

⊕
(
R

sh(π(abc)),j); sh′
(π′(abc)),j)

T, T ′ ⊗ I2j+1

)
,

(2.181)

R
sh(π(abc)),j); sh′

(π′(abc)),j)
T, T ′ ∈ U(Nj(abc)).

We recall that the CG number Nj(abc) is determined by relations (2.37)-
(2.38), where Mj(abc) is the number of compositions (l1, l2, l3) of a+ b+
c− j into three nonnegative integer parts such that 0 ≤ l1 ≤ 2a, 0 ≤ l2 ≤
2b, 0 ≤ l3 ≤ 2c; it is also determined by the multiset 〈abc〉.

All 144 reduced recoupling matrices are members of the unitary group
U(Nj(abc)). For example, we have that W (ab)c,j; c(ab),j

T, T ′ is the matrix with
nonzero elements given by(

W
(ab)c,j; c(ab),j
T, T ′

)
k,j;k′,j

= (−1)c+k−jδk,k′ . (2.182)

Applied to the Racah coefficient defined by (2.155), we have that

W
(ab)c,j; a(bc),j
T, T ′ ∈ U(Nj(abc)), (2.183)
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which signifies that the matrix elements given by(
W

(ab)c,j; a(bc),j
T, T ′

)
k,j;k′,j

=
√

(2k + 1)(2k′ + 1)W (abjc; kk′) (2.184)

are the elements of a real orthogonal matrix of order Nj(abc); that is,
they satisfy the orthogonality relations given by∑

k

(2k + 1)(2k′ + 1)W (abjc; kk′)W (abjc; kk′′) = δk′,k′′ ,

(2.185)∑
k′

(2k + 1)(2k′ + 1)W (abjc; kk′)W (abjc; k′′k′) = δk,k′′ .

All other nontrivial recoupling matrices give these same relations, with
permutations of a, b, c.

The set of reduced recoupling matrices does not constitute a subgroup
of U(Nj(abc)), as noted earlier for the general case. There is, however,
an interesting result originating from relation (2.125). We apply this
relation for n = 3 to the following special case of labeled trees, using the
shape notation above:

R
(ab)c;(bc)a
T, T R

(bc)a;(ac)b
T, T = R

(ab)c;(ac)b
T, T . (2.186)

This relation is expressed in terms of triangle coefficients by

∑
k′′

{
a k
b c
k j

∣∣∣∣∣ b k′′
c a
k′′ j

}{
b k′′
c a
k′′ j

∣∣∣∣∣ a k′
c b
k′ j

}

=

{
a k
b c
k j

∣∣∣∣∣ a k′
c b
k′ j

}
. (2.187)

These triangle coefficients are, in turn, related to Racah coefficients by
relations (2.178) and their phase-equivalents. Making the appropriate
substitutions gives the following relation between Racah coefficients:

∑
k′′

(−1)a+k
′′−j(2k′′ + 1)W (abjc; kk′′)W (bcja; k′′k′)

= W (abjc; kk′). (2.188)
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This relation is an identity known as Racah’s sum rule:

The trivial relation (2.186) for recoupling matrices expresses the famous
Racah sum rule.

The use of (bc)a as the middle factor in relation (2.186) is arbitrary, and
we could just have well used some other shape and permutation, but no
new relations emerge.

2.2.10 Recoupling matrices for n = 4

There are (4!(5))2 = 14, 400 recoupling matrices

R
π(a b c d);π′(a b c d)
T, T ′ = C

π(a b c d)
T C

π′(a b c d)tr
T ′ , (2.189)

corresponding to all π, π′ ∈ S4, and all T, T ′ ∈ T4, there being a4 = 5
binary trees in the set T4. These are given in Sect. 2.2, and we denote
them in the ordered listed by T1, T2, T3, T4, T5. The corresponding stan-
dard labeled trees are given in the shape notation by

T1([(ab)c]d), T2(a[b(cd)]), T3((ab)(cd)),
T4(a[(bc)d]), T5(a[(bc)d]), (2.190)

where, for clarity, we have also used [ ] as a parenthesis pair. Thus,
considering all twenty-four permutations π ∈ S4 of (a, b, c, d), there are
120 triangle patterns. There are d4 = 18 representative binary trees (and
corresponding triangle patterns) given by (2.141).

Twelve representatives correspond to t = 1 and are given by

◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

a b
k1
k2

c
d

j

= T1([(ab)c] d) →

 a k1 k2
b c d
k1 k2 j

 , (2.191)

together with those with external ◦ labels given by the permutations

[(ab)c] d �→ [(ab)d] c, [(ac)b] d, [(ac)d] b,
[(ad)b] c, [(ad)c] b, [(bc)a] d, [(bc)d] a,
[(bd)a] c, [(bd)c] a, [(cd)a] b, [(cd)b] a. (2.192)

There are eight $ equivalent triangle patterns in each of the twelve
classes with these representatives, giving 96 triangle patterns in all for
t = 1.
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Four representatives correspond to t = 2 and are given by

◦◦◦◦
••

•✟✟
✟

❍❍
❍
��❅❅ ��❅❅

dcba

k2k1
j

= T3((ab)(cd)) →

 a c k1
b d k2
k1 k2 j

 , (2.193)

together together with those with external ◦ labels given by the permu-
tations

(ab)(cd) �→ (ac)(bd), (ad)(bc), (bc)(ad), (bd)(ac), (cd)(ab). (2.194)

There are four $ equivalent triangle patterns in each of the six classes
with these representatives, giving 24 triangle patterns in all for t = 2.

The distribution (2.191)-(2.194) into $ equivalence classes accounts
for all (12)(8) + (6)(4) = 120 = n!an = (24)(5) = 120 triangle patterns
P(j k)j of order 4 (see (2.129)) corresponding to the set of labeled binary
trees {T (π(j)k)j |T ∈ T4, π ∈ S4}.

The left-triangle pattern and the right-triangle pattern in a triangle
coefficient of order 2(4) − 2 = 6 can be any of the 18 representatives
of a $ equivalence class of triangle patterns of order 4. Thus, there
are (18)(18) = 324 disjoint equivalent classes of triangle coefficients,
representatives of which are given in terms of the representatives of left-
triangle patterns and right-triangle patterns under the $ operation as
follows:

(i). left: 12 of type t = 1, right: 12 of type t = 1;

(ii). left: 12 of type t = 1, right: 6 of type t = 2;

(iii). left: 6 of type t = 2, right: 12 of type t = 1;

(iv). left: 6 of type t = 2, right: 6 of type t = 2.

Set (i) of representative triangle coefficients contains (12)(8)(12)(8) =
9, 216 phase-equivalent triangle coefficients; set (ii) contains (12)(8)(6)(4)
= 2, 304 phase-equivalent triangle coefficients; set (iii) contains (6)(4)(12)
(8) = 2, 304 phase-equivalent triangle coefficients; and set (iv) contains
(6)(4)(6)(4) = 576 phase-equivalent triangle coefficients. This distri-
bution of triangle coefficients into 324 disjoint phase-equivalent classes
thus accounts for all (4!(5))2 = 14, 400 triangle coefficients (2.147) cor-
responding to all labeled trees for T, T ′ ∈ T4 and π, π′ ∈ S4.

The above analysis gives 324 representative triangle coefficients with
six columns to consider, three columns in the left-triangle patterns and
three columns in the right-triangle pattern. If any column in the left-
triangle pattern and any column in the right-triangle pattern have the
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same entries in row 1 and row 2, we say that the two patterns have a
common fork. If the left-triangle pattern and the right-triangle pattern
have a common fork, then it follows from the expression (2.147) of the
triangle coefficient as a summation over a product of six WCG coefficients
that the common forks give the factor{

x
y
k

∣∣∣∣∣ x
y
k′

}
=
∑
α,β

Cx y k
α β mC

x y k′

α β m = δk,k′. (2.195)

Thus, whenever the left-triangle pattern and the right-triangle pattern
have a common fork, a triangle coefficient with six columns reduces to a
triangle coefficient with four columns; that is, to a the Kronecker delta
factor δk,k′ times a triangle coefficient of order four.

A pair of the eighteen representative left-triangle patterns enumerated
in (2.191)-(2.194) have a common fork, if and only if the first column
in each pattern is a common fork. This gives (18)(3) = 54 represen-
tative triangle coefficients that reduce to triangle coefficients of lower
order. We are left with 270 triangle coefficients of order 6 to consider.
All other triangle coefficients of order 6 are related to these by phase
factors. Correspondingly, there are 270 recoupling matrices to consider.
Further progress on the classification of triangle coefficients and recou-
pling matrices depends on finding additional elements of structure that
bring deeper insight to the problem.

Such progress can be made by considering further special examples
that suggest a more general conceptual framework. We consider three
examples for n = 4 of recoupling matrices taken from Ref. [21] that
illustrate such possibilities:

It is the simple multiplication property (2.125) of recoupling matrices
that is the basis for relations among triangle coefficients of order 2n− 2.

We need to consider relations such as

R
[(ac)(bd);[(ab)c]d
T3, T1

= R
[(ac)(bd);[(ac)b]d
T3, T1

R
[(ac)b]d;[b(ac)]d
T1, T4

×R[b(ac)]d;[(ba)c]dT4, T1
R
[(ba)c]d;[(ab)c]d
T1, T1

. (2.196)

This notation is still too encumbered for such products with many fac-
tors, expecially when matrix elements are taken.

We introduce some abbreviated notations in order to display the re-
lations of interest by the (arbitrary) assignment of integers as follows:

1 = T1([(ab)c]d), 2 = T1([(ab)d]c), 3 = T1([(ac)b]d),
4 = T1([(ba)c]d), 5 = T2(c[a(bd)]), 6 = T3((ab)(cd)),
7 = T3((ac)(bd)), 8 = T3((ad)(bc)), 9 = T3((ca)(bd)),
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10 = T4([b(ac)]d), 11 = T4(c[(ab)d]), 12 = T4([d(ab)]c),
13 = T5(d[(ab)c]). (2.197)

We then have the following relations from (2.196)-(2.197) and (2.127):

W 7;1 = W 7;3W 3;10W 10;4W 4;1

= W 7;9W 9;5W 5;11W 11;2W 2;12W 12;13W 13;1; (2.198)

W 7;6 = W 7;3W 3;10W 10;4W 4;1W 1;6.

The two distinct expressions for W 7;1 give the Biedenharn-Elliott identity
(see Ref. [21]) and that for W 7;6 gives Wigner’s [183] definition of the so-
called 9 − j coefficient. Remarkably, as noted above, these results are
expressions of the simple multiplicative property of recoupling matrices
given by (2.125).

The evaluation of the matrix elements occurring in the products
(2.198) is quite tedious. We illustrate, by two examples, how the cal-
culations are effected, and how the triangle coefficients of order 6 reduce
to lower order triangle coefficients of order 4 and 2. The underlying rea-
son for these reductions is, in every instance, that summations can be
effected over subsets of WCG coefficients in the explicit expression of
triangle coefficients of order 6. It is never required to examine explicitly
these sums over WCG coefficients, since it is always evidenced directly
in terms of the triangles patterns that occur in the triangle coefficient.
There are, however, some subtleties in the standard labelings that occur
and to which careful attention must be paid. This is best illustrated by
an example:{ ◦◦◦◦

••
•✟✟
✟❍❍❍

��❅❅ ��❅❅

dbca

k2k1
j

∣∣∣∣∣
◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

a c
k′1
k′2

b
d

j

}

◦ ◦
•◦
•❅❅�
��❅❅

b d
k2k1

j

{ }
= δk1,k′

1

◦ ◦
• ◦
•

❅
❅❅
��
��

k1 b
dk′2

j

= δk1,k′
1

{
b k1◦
d k2
k2 j

∣∣∣∣∣ k1◦ k′2
b d
k′2 j

}
(2.199)

= δk1,k′
1

{
d k2
b k1◦
k2 j

∣∣∣∣∣ b d
k1◦ k′2
k′2 j

}

= δk1,k′
1

√
(2k2 + 1)(2k′2 + 1)W (dbjk1; k2k′2).
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This result shows that when a fork of type col(◦ ◦ •) is removed by
the orthogonality relation (2.195), which in terms of labeled forks is
expressed by

◦ ◦
•❅❅��

a b

k

◦ ◦
•❅❅��

a b

k′

{ }
= δk,k′,

◦ ◦
•❅❅��

a b

k

◦ ◦
•❅❅��

b a

k′

{ }
= (−1)a+b−kδk,k′,

(2.200)

then, the root of the fork must be replaced by ◦. Indeed, this is the
inverse process to

◦ ◦
•❅❅��◦ �→ , (2.201)

which represents the bifurcation of an external point ◦ into another fork
that is adjoined to the tree. We indicate this property by writing a ◦
to the right of k1 in the triangle coefficient in (2.199), as illustrated by
col(k1◦, k2, j) and col(k1◦, b, k′2), which indicate that these triangles are
of type col(◦ • •) and col(◦ ◦ •). The adjacent ◦ to k1 does not change its
numerical value; it is only a reminder that this k1, which was previously
a root label, has now become the label ◦ of an external point.

We emphasize again that triangle coefficients are a convenient pre-
sentation of pairs of standard labeled binary tree coefficients, as defined
in terms of generalized WCG coefficients by (2.146)-(2.147). It is the
labeled binary trees that are basic, since we have not solved the inverse
mapping problem of defining a triangle coefficient such that its triangles
always define a pair of standard labeled binary trees.

The evaluation (2.199) is for the factor (W 7;3))k1,k2,j; k′
1,k

′
2,j in relation

(2.198). The remaining factors are similarly evaluated:

{ ◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

a c
k1
k2

b
d

j

∣∣∣∣∣
◦ ◦
•◦
◦•

•��❅
❅❅�
��❅❅

a c
k′1

k′2

b
d

j

}

=
(
W 3;10

)
k1,k2,j;k′

1,k
′
2,j

=

{
a k1 k2
c b d
k1 k2 j

∣∣∣∣∣ a b k′2
c k′1 d
k′1 k′2 j

}
= δk1,k′

1
δk2,k′

2
(−1)b+k1−k2 ; (2.202)
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{ ◦ ◦
•◦
◦•

•��❅
❅❅�
��❅❅

a c
k1

k2

b
d

j

∣∣∣∣∣
◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

b a
k′1
k′2

c
d

j

}

=
(
W 10;4

)
k1,k2,j;k′

1,k
′
2,j

=

 a b k2
c k1 d
k1 k2 j

∣∣∣∣∣ b k′1 k′2
a c d

k′1 k′2 j

 (2.203)

= δk2,k′
2

 a b
c k1
k1 k2

∣∣∣∣∣ b k′1
a c

k′1 k2

 = δk2,k′
2

{
b k′1
a c
k′1 k2

∣∣∣∣∣ a b
c k1
k1 k2

}

= δk2,k′
2

√
(2k1 + 1)(2k′1 + 1)W (bak2c; k′1k1);

{ ◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

b a
k1

k2
c

d
j

∣∣∣∣∣
◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

a b
k′1
k′2

c
d

j

}

=
(
W 4;1

)
k1,k2,j; k′

1,k
′
2,j

=

{
b k1 k2
a c d
k1 k2 j

∣∣∣∣∣ a k′1 k′2
b c d
k′1 k′2 j

}
= δk1,k′

1
δk2,k′

2
(−1)a+b−k1 . (2.204)

Finally, taking matrix elements of the four products in (2.198), and using
the above relations (making the adjustments in the intermediate row and
column indices that are summed over), we obtain:{ ◦◦◦◦

••
•✟✟
✟❍❍❍

��❅❅ ��❅❅

dbca

k2k1
j

∣∣∣∣∣
◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

a b
k′1
k′2

c
d

j

}

=
(
R
[(ac)(bd);[(ab)c]d
T3, T1

)
k1,k2,j;k′

1,k
′
2,j

=

{
a b k1
c d k2
k1 k2 j

∣∣∣∣∣ a k′1 k′2
b c d
k′1 k′2 j

}

= (−1)a+k
′
2−k1−k′

1

 b k′1
a c

k′1 k′2

∣∣∣∣∣ a b
c k1
k1 k′2


{

d k2
b k1◦
k2 j

∣∣∣∣∣ b d
k1◦ k′2
k′2 j

}

= (−1)a+k
′
2−k1−k′

1

√
(2k1 + 1)(2k′1 + 1)(2k2+)(2k′2 + 1)

×W (bak′2c; k
′
1k1)W (dbjk1; k2k′2). (2.205)
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Similar calculations for the second form of W 7:1 in (2.198) give:{
◦◦◦◦

••
•✟✟
✟

❍❍
❍
��❅❅ ��❅❅

dbca

k2k1
j

∣∣∣∣∣
◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

a b
k′1
k′2

c
d

j

}

=
(
R
[(ac)(bd);[(ab)c]d
T3, T1

)
k1,k2,j;k′

1,k
′
2,j

=

{
a b k1
c d k2
k1 k2 j

∣∣∣∣∣ a k′1 k′2
b c d
k′1 k′2 j

}

= (−1)a+k
′
2−k1−k′

1

∑
k

{
a k′1
b d
k′1 k

∣∣∣∣∣ b a
d k2
k2 k

}
(2.206)

×
{

c k1
a k2◦
k1 j

∣∣∣∣∣ a c
k2◦ k
k j

}{
d k
k′1◦ c
k j

∣∣∣∣∣ k
′
1◦ d
c k′2
k′2 j

}

= (−1)a+k
′
2−k1−k′

1

√
(2k1 + 1)(2k′1 + 1)(2k2+)(2k′2 + 1)

×
∑
k

(2k + 1)W (abkd; k′1k2)W (cajk2; k1k)W (dk′1jc; kk
′
2).

The B-E identity in the three notations, paired-tree coefficients, triangle
coefficients, and Racah coefficients is expressed by (2.207)-(2.209):

∑
k

◦ ◦
• ◦
•

❅
❅❅
��
��

a b
dk′1

k

◦ ◦
•◦

•❅❅�
��❅❅

b d
k2a

k

{ } ◦ ◦
• ◦
•

❅
❅❅
��
��

c a
k2k1

j

◦ ◦
•◦

•❅❅�
��❅❅

a k2
kc

j

{ }

◦ ◦
• ◦
•

❅
❅❅
��
��

d k′1
ck

j

◦ ◦
•◦

•❅❅�
��❅❅

k′1 c
k′2d

j

{ }
×

=
◦ ◦
• ◦
•

❅
❅❅
��
��

b a
ck′1

k′2

◦ ◦
•◦

•❅❅�
��❅❅

a c
k1b

k′2

{ } ◦ ◦
• ◦
•

❅
❅❅
��
��

d b
k1k2

j

◦ ◦
•◦

•❅❅�
��❅❅

b k1
k′2d

j

{ }
;

(2.207)

∑
k

{
a k′1
b d
k′1 k

∣∣∣∣∣ b a
d k2
k2 k

}{
c k1
a k2◦
k1 j

∣∣∣∣∣ a c
k2◦ k
k j

}{
d k
k′1◦ c
k j

∣∣∣∣∣ k
′
1◦ d
c k′2
k′2 j

}

=

 b k′1
a c

k′1 k′2

∣∣∣∣∣ a b
c k1
k1 k′2


{

d k2
b k1◦
k2 j

∣∣∣∣∣ b d
k1◦ k′2
k′2 j

}
; (2.208)
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k

(2k + 1)W (abkd; k′1k2)W (cajk2; k1k)W (dk′1jc; kk
′
2)

= W (bak′2c; k
′
1k1)W (dbjk1; k2k′2). (2.209)

Wigner’s notation for the 9− j coefficient, which occurs in the second
line below, encodes the labeled forks of the pair of binary trees as rows
and columns of a 3 × 3 array enclosed within brackets in the manner
shown. Thus, the 9− j coefficient is defined in terms of the triangle coef-
ficent associated with the left-triangle pattern and right-triangle patterns
shown, multiplied by the square roots of the root labels of the forks. It is
expressed in terms of the matrix elements of the recoupling matrix W 7;6

defined in (2.198) by adjoining the recoupling matrix W 1;6 to the right
of W 7;1. The matrix element calculation gives

{ ◦◦◦◦
••

•✟✟
✟❍❍❍

��❅❅ ��❅❅

dbca

k2k1
j

∣∣∣∣∣ ◦◦◦◦
••

•✟✟
✟❍❍❍

��❅❅ ��❅❅

dcba

k′2k′1
j

}

=
√

(2k1 + 1)(2k′1 + 1)(2k2 + 1)(2k′2 + 1)


a b k′1
c d k′2
k1 k2 j


=
(
W 7;6

)
k1,k2,j;k′

1,k
′
2,j

=
(
W 7:1W 1;6

)
k1,k2,j; k′

1,k
′
2,j

=
(
R
[(ac)(bd);(ab)(cd)
T3, T3

)
k1,k2,j;k′

1,k
′
2,j

=

 a b k1
c d k2
k1 k2 j

∣∣∣∣∣ a c k′1
b d k′2
k′1 k′2 j


=
∑
k

(−1)a+k−k1−k′
1

{
b k1◦
d k2
k2 j

∣∣∣∣∣ k1◦ k
b d
k j

}

×

 b k′1
a c

k′1 k

∣∣∣∣∣ a b
c k1
k1 k


{

k′1◦ k
c d
k j

∣∣∣∣∣ c k′1◦
d k′2
k′2 j

}

=
√

(2k1 + 1)(2k′1 + 1)(2k2 + 1)(2k′2 + 1)
∑
k

(−1)a+k−k1−k′
1

×(2k + 1)W (dbjk1; k2k)W (bakc; k′1k1)W (k′1cjd; kk′2). (2.210)

The computations given above are very tedious, but the underlying
recoupling matrix multiplication structure (2.198) of such relations is ele-
mentary. Relations between Racah coefficients can be constructed almost
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at will simply by writing out such relations. Summations of products of
Racah coefficients can be obtained that can’t be reduced to a sum over
products of a fewer number, which is the case of the Wigner 9 − j co-
efficient, as will be shown. Such relations are encoded by the shapes of
the trees appearing in the sequence of multiplications of the recoupling
matrices. Let us illustrate this for the cases considered above, including
the Racah sum rule, and comment on their significance afterwards:

1. Racah sum rule:

(a) first path:

(ab)c A→ a(bc) C→ (bc)a A→ b(ca)
C→ b(ac) C→ (ac)b. (2.211)

(b) second path:

(ab)c C→ c(ab) A→ (ca)b C→ (ac)b. (2.212)

2. Biedenharn-Elliott identity:

(a) first path:

(ac)(bd) A→ [(ac)b]d C→ [b(ac)]d
A→ [(ba)c]d C→ [(ab)c]d. (2.213)

(b) second path:

(ac)(bd) C→ (ca)(bd) A→ c[a(bd)] A→ c[(ab)d]
C→ [(ab)d]c C→ [d(ab)]c A→ d[(ab)c] C→ [(ab)c]d. (2.214)

3. Wigner 9− j coefficient:

(a) first path:

(ac)(bd) A→ [(ac)b]d C→ [b(ac)]d A→ [(ba)c]d C→ [(ab)c]d
A→ (ab)(cd). (2.215)

(b) second path:

[(ab)c]d A→ [a(bc)]d A→ a[(bc)d] C→ a[d(bc)] A→ a[(db)c]
C→ [(db)c]a C→ [(bd)c]a. (2.216)
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These sequences of commutation transformations C and association trans-
formations A from one binary tree shape to another encode various paths
whereby the final bracketing scheme can be reached from the initial one
by using only these elementary operations. The corresponding product
of recoupling matrices is then written out directly from these paths. For
example, the application of the two paths (2.211) and (2.212) gives

R
(ab)c;(ac)b
T, T = R

(ab)c;a(bc)
T, T ′ R

a(bc);(bc)a
T ′, T R

(bc)a;b(ca)
T, T ′ R

b(ca);b(ac)
T, T ′ R

b(ac);(ac)b
T ′, T

= R
(ab)c;c(ab)
T, T ′ R

c(ab);(ca)b
T ′, T R

(ca)b;(ac)b
T, T ′ . (2.217)

This relation is just (2.186), rewritten now in terms of recoupling matri-
ces of the form

R
sh(π(j)); sh′

(π′(j))
T,T ′ , sh(π(j)) C→ sh′(π′(j)), or (2.218)

sh(π(j)) A→ sh′(π′(j)),

in which the two shapes are related by a commutation or an associa-
tion operation. Exactly the same analysis applies to the B-E identity.
The Wigner 9 − j expression (2.210) is, of course, a definition of this
coefficient, but, just as was the case with the 6− j coefficient, there are
other ways of writing this coefficient in terms of paths connecting quite
different initial and final shapes. The calculation for the second path
given by (2.216) gives

{ ◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

a b
k1
k2

c
d

j

∣∣∣∣∣
◦ ◦
• ◦
• ◦
•

❅
❅
❅❅

��
��
��

b d
k′1
k′2

c
a

j

}
=
(
R
[(ab)c]d;[(bd)c]a
T1, T1

)
k1,k2,j;k′

1,k
′
2,j

=

 a k1 k2
b c d
k1 k2 j

∣∣∣∣∣ b k′1 k′2
d c a

k′1 k′2 j

 = (−1)a+b−k
′
1−k2+k′

2 (2.219)

×
√

(2k1 + 1)(2k′1 + 1)(2k2 + 1)(2k′2 + 1)


b a k1
d j k2
k′1 k′2 c

 .

We must, of course, prove that this is the same 9−j coefficient as defined
by (2.210), which is shown in Sect. 2.3 (see (2.240)).

It is important to be precise about the meaning of commutations and
associations in the above relations: The operations (xy) = (yx) and



150 CHAPTER 2. COMPOSITE SYSTEMS

(xy)z = z(xy) are commutations, no matter how intricate x, y, and z

themselves are, as bracketings. For example, (ca)x A→ c(ax) for x = (bd)
is an association: (ca)(bd) A→ c[a(bd)].

The results for n = 4 above on recoupling matrices demonstrate that
new elements of structure are entering the problem, elements of great
simplicity: Commutations, marked by C, are always accompanied by a
phase-factor change in the associated reoupling matrix, and associations,
marked A, are always accompanied by a Racah coefficient transformation
in the associated recoupling matrix, including possibly a phase-factor.
Because Racah coefficients are not defined as elements of an orthogo-
nal matrix, such transformations are always accompanied by the square
root of a pair of dimension factors. A sequence of transformations as
indicated by expressions such as (2.211) encode completely the trans-
formation between pairs of labeled binary trees, from which the matrix
elements of the product of recoupling matrices can be written out. We
can construct recoupling matrix transformations from one standard la-
beled tree to another almost at will by supplying arbitrary intermediate
recoupling matrices both in form and in number. Before addressing this
property further in the next section, we complete our preliminary results
on the Wigner 9− j coefficient.

Let j = (j1, j2, j3, j4) = (a, b, c, d) in the following relations. Each

recoupling matrix R
sh(π(j)); sh′

(π′(j))
T,T ′ is an element of the group of unitary

matrices H(N(j)), as given by (2.49). For the case at hand, we have:

H(N(j)) =


jmax∑
j=jmin

⊕
(
W

(sh(π(j)),j); (sh′
(π′(j)),j)

T, T ′ ⊗ I2j+1

)
∣∣∣∣∣W (sh(π(j)),j); (sh′

(π′(j)),j)
T, T ′ ∈ U(Nj(j))

}
. (2.220)

Accordingly, the recoupling matrix R
sh(π(j)); sh′

(π′(j))
T,T ′ has the direct sum

expression given by

R
sh(π(j)); sh′

(π′(j))
T,T ′ =

jmax∑
j=jmin

⊕
(
R

sh(π(j)),j); sh′
(π′(j)),j)

T, T ′ ⊗ I2j+1

)
, (2.221)

R
sh(π(j)),j); sh′

(π′(j)),j)
T, T ′ ∈ U(Nj(j)).

We recall that the CG number Nj(j) = Nj(a, b, c, d) is determined by
relation (2.37), where Mj(a, b, c, d) is the number of compositions (l1, l2,
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l3, l4) of a + b + c + d − j into four nonnegative integer parts such that
0 ≤ l1 ≤ 2a, 0 ≤ l2 ≤ 2b, 0 ≤ l3 ≤ 2c, 0 ≤ l4 ≤ 2d; it is also determined
by the multiset 〈a, b, c, d〉.

In particular, we have that the 9 − j coefficient, which is defined
in terms of the elements of the recoupling matrix by relation (2.210)
determines uniquely a real orthogonal matrix W (ac)(bd),j;(ab)(cd),j)T, T be-
longing to the group U(Nj(a b c d)) with rows and columns given by(

W
(ac)(bd),j;(ab)(cd),j
T, T

)
k1 k2; k′

1 k
′
2

(2.222)

=

 a b k1
c d k2
k1 k2 j

∣∣∣∣∣ a c k′1
b d k′2
k′1 k′2 j


=
√

(2k1 + 1)(2k′1 + 1)(2k2+)(2k′2 + 1)


a b k′1
c d k′2
k1 k2 j

 ,

for all angular momenta such that the six triangle conditions are fulfilled;
otherwise, the elements of the matrix are defined to be 0. Thus, the 9− j
coefficients satisfy the row and column orthogonality relations given by∑

k1, k2

(2k1 + 1)(2k′1 + 1)(2k2+)(2k′2 + 1) (2.223)

×


a b k′1
c d k′2
k1 k2 j




a b k′′1
c d k′′2
k1 k2 j

 = δk′
1,k

′′
1
δk′

2,k
′′
2
,

∑
k′
1, k

′
2

(2k1 + 1)(2k′1 + 1)(2k2+)(2k′2 + 1) (2.224)

×


a b k′1
c d k′2
k1 k2 j




a b k′1
c d k′2
k′′1 k′′2 j

 = δk1,k′′
1
δk2,k′′

2
.

The 9 − j coefficient inherits its symmetries from its expression in
terms of WCG coefficients, or, equivalently, from its expression in terms
of Racah coefficients and their symmetries: the 9−j coefficient

a b k′1
c d k′2
k1 k2 j

 (2.225)
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is invariant under all even permutations of its rows and columns, under
transposition of the 3× 3 array, and it is multiplied by the factor

(−1)a+b+c+d+k1+k2+k′
1+k

′
2 (2.226)

under odd permutations of its rows or columns. Accounting for the sym-
metry under interchange of rows and column, the orthogonality relations
(2.223) and (2.224) are identical.

We turn next to the development of the general properties of recou-
pling matrices building on the elements of structure observed above for
n = 4.

2.2.11 Structure of general triangle coefficients and
recoupling matrices

We first consider properties of the general triangle coefficients of order
2n − 2 as defined by relation (2.147), which we repeat in terms of the
shapes sh and sh′ determined by the trees T ∈ Tn and T ′ ∈ Tn :{

∆(sh(π(j)) k)j

∣∣∣∆(sh′
(π′(j))k′)j

}
=
{

∆
(sh′

(π′(j))k ′)j

∣∣∣∆(sh(π(j))k)j

}
=
∑

m∈C(j)

n−1∏
i=1

C
aπi bπi ki
απi β

π
i απi +β

π
i

n−1∏
i=1

C
aπ

′
i bπ

′
i k′

i

απ
′
i βπ

′
i απ

′
i +β

π′
i

. (2.227)

The collection of (n!an)2 triangle coefficients of order 2n − 2 given
by (2.227) can be organized into classes of phase-equivalent triangle co-
efficients as determined by the exchange operations defined by (2.148)-
(2.149) and from properties (2.139)-(2.141) of left-triangle and right-
triangle patterns: There are 2n−t · 2n−t′ phase-equivalent triangle coef-
ficients in the class having a representative of the left-triangle pattern
labeled by any of the angular momenta (jπ1 , jπ2 , . . . , jπn), π ∈ S

rep
n (t),

and a representative the right-triangle pattern labeled by any of the
angular momenta (jπ′

1
, jπ′

2
, . . . , jπ′

n
), π′ ∈ S

rep
n (t′). Altogether there are

(dn)2 representatives among the full set of (n!an)2 triangle coefficients,
as given by

(dn)2 =

n!
[n/2]∑
t=1

cn(t)
2n−t

n!
[n/2]∑
t′=1

cn(t′)
2n−t′

 . (2.228)

If the left-triangle and right-triangle patterns in a triangle coefficient
of order 2n − 2 contain a common fork, then the triangle coefficient
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reduces to one of order 2n− 4 in consequence of the relation:{
x
y
k

∣∣∣∣∣ xyk′
}

= (−1)x+y−k
′

{
x
y
k

∣∣∣∣∣ y
x
k′

}
= δk,k′ . (2.229)

Thus, the new triangle coefficient of order 2n− 2 is the Kronecker delta
factor δk,k′, or this factor with a phase, times the triangle coefficient of
order 2n − 4 obtained by striking the pair of columns in (2.229) from
the original. This result follows directly from the right-hand side of
relation (2.227) in which the sum over the projection quantum numbers
of the pair of SU(2) WCG coefficients having the triangles in (2.229)
can be carried out to give (2.229), and this also effects the removal of
the pair of WCG coefficients. We refer to this property as the common
fork reduction rule. A fundamental triangle coefficient defined below in
Sect. 2.3 has no such common fork.

The structure of recouping matrices is intrinsically related to the
general operations of commutation and association of symbols, two of
the most basic operations in mathematics. These operations are imple-
mented into the bracketing scheme or shape sh of a tree as follows: Let
x, y, and z denote any bracketing of p, q, and r letters, respectively, in
which the total of p + q + r = n letters are all distinct, and where for a
single letter a, the notation (a) denotes a itself. Then, the operations of
commutation and association of these bracketings are defined by

commutation: (xy)→ (yx); (x)(yz)→ (yz)x;
association: (x)(yz)→ (xy)(z). (2.230)

The importance of these operations for the set of labeled binary trees
in Tn with n external points is the following:

Shape transformation rule between labeled binary trees: There exists a
sequence Ssh(π(j));sh′

(π′(j))(C,A) of commutations C and associations A

that transforms the labeled shape sh(π(j)) of the external points of a
standard labeled tree T ∈ Tn to the labeled shape sh′(π′(j)) of the external
points of a standard labeled tree T ′ ∈ Tn :

Ssh(π(j));sh′
(π ′(j))(C,A) : sh(π(j))→ sh′(π′(j)), (2.231)

this result being true for all pairs of tree T, T ′ ∈ Tn.

Proof. The proof of this result uses the build-up rule (2.72) and induction
on n. Each term in the union (2.72) has the form

Tk Tn−k

•��❅❅
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in which Tk ∈ Tk and Tn−k ∈ Tn−k, k = 1, 2, . . . , n − 1 are labeled
trees with a number of external points k and n − k. By the induction
hypothesis, there exist sequences of commutations and associations such
that

Tk Tn−k

•��❅❅
�→

T ′
k T ′

n−k
•��❅❅

where Tk and Tn−k are labeled trees Tk ∈ Tk and Tn−k ∈ Tn−k (for
brevity we omit the labels). Since this result is true for every each k =
1, 2, . . . , n − 1, we obtain a sequence of commutations and associations
giving the stated result (2.231). Since the result is true for n = 2, 3, it
is true for arbitrary n. �

The mapping between shapes and permutations of the external labels
of binary trees expressed by (2.231) can be carried one step further.
Repeated application gives:

For each pair of labeled binary trees T1 = T (π(j)k)j and T ′
1′ = T ′(π′(j)k′)j ,

the corresponding recoupling matrix can be written as a product of recou-
pling matrices in which each recoupling matrix in the product has an ini-
tial and final shape related by a single commutation operation or by a sin-
gle association operation. We use the abbreviated notations 1 = sh(π(j))
and 1′ = sh′(π′(j)). Then, the recoupling matrix R1;1

′

T1,T ′
1′

can be written as
the following product of recoupling matrices for some positive integer p :

R
(1;1′)
T1,T ′

1′
= R

(1; 2)
T1;T2

R
(2;3)
T2,T3

· · ·R(p−2;p−1)Tp−2,Tp−1
R
(p−1;1′)
Tp−1,T ′

1′
. (2.232)

The abbreviated shapes denoted (h; k) in the recoupling matrix R
(h;k)
Th,Tk

for (h; k) = (1; 2), (2; 3), . . . , (p − 2; p − 1), (p − 1; 1′) are such that the
shapes h and k are related by either a single commutation or by a single
association of the form (2.230).

This decomposition rule for an arbitrary recoupling matrix leads imme-
diately to the Sixth Fundamental Result of angular momentum theory:

Sixth Fundamental Result: Each triangle coefficient of order 2n− 2
is either a phase factor times a triangle coefficient of lower order, or it is
a summation over a product of triangle coefficients of order four, each of
the latter having the form (phase factor) × (Racah coefficient) × (square
root of two dimension factors).

This result is one of the most fundamental results of the binary cou-
pling theory of the addition of angular momentum. It elevates the role
of the operations of commutation and association in the algebra and
geometry of recoupling matrices to a basic structural principle.
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Example. It is useful to give a nontrivial example of the reduction that
takes place for a triangle coefficient in which the left-triangle pattern and
the right-triangle pattern are related by an association, which we take
to be (xy)z → x(yz), for x = (ab), y = (cd), x = (ef)g :

{ ◦◦◦◦◦◦
◦•• •

•
•

•
❅
❅❅❍❍❍
��

�� ��❅❅ ��❅❅
��❅❅

✟✟
✟

dcba fe

gk2 k3k1
k5k4

j

◦
◦◦

◦◦
◦◦

•
• •
••

•❅
❅❅

��
��

��
❅
❅❅

��
��❅

❅❅

✟✟
✟✟

✟✟

dc

ba

fe

g

k′2 k′3
k′5k′4

k′1

j

}
=
(
R
(xy)z; x(yz)
T,T ′

)
k,j;k′,j

=

{
a c e k1 k3 k4
b d f k2 g k5
k1 k2 k3 k4 k5 j

∣∣∣∣∣ e c k′1 a k′2 k′4
f d g b k′3 k′5
k′1 k′2 k′3 k′4 k′5 j

}

= δk1,k′
4
δk2,k′

2
δk3,k′

1

{
k1◦ k′1◦ k4
k2◦ g k5
k4 k5 j

∣∣∣∣∣ k
′
1◦ k2◦ k1◦
g k′3 k′5
k′3 k′5 j

}

= δk1,k′
4
δk2,k′

2
δk3,k′

1
δk5,k′

3

{
k1◦ k4
k2◦ k′3◦
k4 j

∣∣∣∣∣ k2◦ k1◦
k′3◦ k′5
k′5 j

}

◦ ◦
• ◦
•

❅
❅❅
��
��

k1 k2
k′3k4

j
= δk1,k′

4
δk2,k′

2
δk4,k′

1
δk5,k′

3

◦ ◦
•◦

•❅❅�
��❅❅

k2 k′3
k′5k1

j

{ }

= δk1,k′
4
δk2,k′

2
δk4,k′

1
δk5,k′

3

√
(2k4 + 1)(2k′5 + 1)W (k1k2jk′3; k4k

′
5). (2.233)

This example illustrates nicely all aspects of the reduction rule that
occurs for an association of the form (xy)z → x(yz), including the con-
vention of writing a ◦ adjacent to a fork label upon removal of that fork
(see (2.201)). Indeed, the pair of labeled binary trees in the coefficient
on the left-hand side of (2.233) with which we began the reduction is
obtained from the pair of binary trees in the coefficient on the right-side
by adjoining the labeled subtrees

◦ ◦
•❅❅��

a b ◦ ◦
•❅❅��

c d

◦ ◦
• ◦
•

❅
❅
❅
��

��

e f

g
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to the ◦ points marked k1, k2, k
′
3, respectively, and changing these ◦

points to • points (see (2.201)). The root labels of the forks in the result-
ing expanded labeled binary tree are then adjusted, as necessary, so that
they are all standard (this accounts for the Kronecker delta factors). The
process given by (2.233) is, of course, just the inverse of this. This shows
how to go directly from (xy)z → x(yz), for x = (ab), y = (cd), x = (ef)g,
without the necessity of providing all the intermediate steps given in the
example.

2.3 Classification of Recoupling Matrices

As shown in the prevous section, there abounds an unlimited number
of ways of writing a given recoupling matrix in terms of products of
other recoupling matrices. In consequence of the Sixth Fundamental
Result, this result is now expressed in terms of identities between triangle
coefficients of order four, or, equivalently, between Racah coefficients
with adjoined dimension factors and phases. This raises the question of
how to classify such relations, and, indeed, what is meant by the term
“classification,” issues to which we now turn.

Recoupling matrices are matrices of order N(j) =
∏n
i=1(2ji + 1) de-

fined by

R
sh(π(j)); sh′

(π′(j))
T,T ′ = C

sh(π(j))
T

(
C

sh′
(π′(j))

T ′

)tr
. (2.234)

Here, C
sh(π(j))
T is a real orthogonal matrix that brings the Kronecker

product D(j)(U) to standard Kronecker direct sum form (2.33)-(2.34) for
the coupling scheme corresponding to the labeled binary tree (sh(π(j))k)j ,

and C
sh′

(π′(j))
T ′ is a second such real orthogonal matrix for the coupling

scheme corresponding to the labeled binary tree (sh′(π′(j))k′)j . The ma-
trix elements of this recoupling matrix are given in terms of the trian-
gle coefficient defined over the left-triangle pattern ∆(sh(π(j))k)j and the
right-triangle pattern ∆

(sh′
(π′(j))k′)j

by(
R

sh(π(j)); sh′
(π′(j))

T,T ′

)
k,j;k′,j

= 〈(sh(π(j))k)j | (sh′(π′(j))k′)j〉

= {∆(sh(π(j))k)j |∆(sh′
(π′(j))k′)j

}, (2.235)

where the middle term is the bra-ket inner product of the coupled state
vectors |(sh(π(j))k)j〉 and |(sh′(π′(j))k′)j〉.
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We next summarize the principal properties of general recoupling
matrices of order N(j) =

∏n
i=1(2ji + 1) in Items 1-4, followed by some

new terminology in Items 5-11 to describe these properties:

1. There are (n!an)2 recoupling matrices of order N(j) whose matrix
elements, the triangle coefficients of order 2n − 2, are partitioned
into d2n equivalence classes consisting of phase-equivalent triangle
coefficients, there being 2n−t2n−t′ such phase-equivalent triangle
coefficients in the same class for a left-triangle pattern of type t
and a right-triangle pattern of type t′.

2. We take the representatives of the equivalence classes in Item 1 to
be those having left-triangle patterns and right-triangle patterns
with the external angular momenta jπi indexed by the sets Srep

n (t)
and S

rep
n (t′), as described in (2.138)-(2.141).

3. The subgroup properties of recoupling matrices are those stated in
relations (2.220)-(2.221), now applied to general j = (j1, j2, . . . , jn).

4. Each recoupling matrix can be factored into a product such that
each recoupling matrix in the product is that for a pair of labeled
trees whose labeled shapes are related by either a commutation
operation or by an association operation. This gives the result
that the matrix elements of every recoupling matrix can be written
as a summation over a phase factor times a product of triangle
coefficients of order four.

5. A recoupling matrix R
sh(π(j)); sh′

(π′(j))
T,T ′ is called fundamental if the

labeled trees T ((π(j)k)j and T ′((π′(j)k′)j are representatives of
their respective $ equivalence classes as described in Items 1 and
2, and if, in addition, they contain no common forks; that is, no
labeled forks with triangles of the form col(x y k) and col(x y k′) (or
col(y x k′)), respectively. The matrix elements of fundamental re-
coupling matrices are necessarily fundamental triangle coefficients;
that is, triangle coefficients in which the left-tree pattern and the
right-tree pattern are those described in Item 2, together with the
property that the left-tree pattern and the right-tree pattern con-
tain no common fork columns.

6. Two labeled forks in a pair of labeled binary trees of order n are
said to be adjacent if the triangles associated with the forks contain
a common symbol. The same terminology is applied to the corre-
sponding triangle coefficient of order 2n− 2. Adjacent forks may or
may not be contiguous columns in the triangle coefficient.

7. The adjacency diagram of a fundamental triangle coefficient is a
labeled graph that has 2n − 2 labeled points and 3n − 3 labeled
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lines in the Cartesian plane R2, obtained by the following mapping
rule: The labeled points are those of the 2n − 2 distinct triangles,
which are sequences of length three. Each pair of adjacent trian-
gles is joined by a labeled line, where the label of the line is the one
common to the adjacent triangles. Since there are n − 1 triangle
columns in the left-triangle pattern and in the right-triangle pat-
tern, and adjacent triangles only occur between left-triangle and
right-triangle patterns in a fundamental triangle coefficient, there
are 3n − 3 such labeled lines. Moreover, there are exactly 3 lines
incident on each point. The points of this graph can be placed at
arbitrarily positions in the plane, but it is convenient to organize
the n− 1 points associated with the left-triangle pattern into a top
configuration, and the n−1 points associated with the right-triangle
pattern into a bottom configuration, (see examples (2.237), (2.240),
(2.243) below). Such configurations of points and lines are cubic
graphs, which are defined more precisely in the next chapter.

8. A path of a fundamental recoupling matrix R
sh(π(j)); sh′

(π′(j))
T,T ′ is any

sequence of commutations and associations mapping the left shape
to the right shape:

Ssh(π(j));sh′
(π′(j))(C,A) : sh(π(j))→ sh′(π′(j)). (2.236)

Examples of paths are given in (2.211)-(2.216).

9. The length of the path Ssh(π(j));sh′
(π′(j))(C,A) is the number of

associations A that occurs in the sequence in Item 8, and is de-
noted Lsh(π(j)),sh′

(π′(j)). The path of minimal length is denoted
Ssh(π(j)),sh′

(π′(j)) and has length Lsh(π(j)),sh′
(π′(j)).

10. A pair of fundamental recoupling matrices is said to be an iso-
metric pair if they possess paths of the same minimal length, this
terminology being also applied to fundamental triangle coefficients.

11. An isometric pair of recoupling matrices is said to be an isomorphic
pair if the 2n − 2 triangles in each of the corresponding isometric
pair of triangle coefficients can be put into one-to-one correspon-
dence such that the adjacency relations between the 2n−2 triangles
is preserved; that is, an isometric pair of recoupling matrices is iso-
morphic if and only if they have the same adjacency diagram.

Examples. We illustrate the concept of isomorphic pairs of recoupling
coefficients for n = 3, 4 :
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n = 3 : There is a single adjacency diagram, as given by

• •
❅
❅
❅
❅
❅
❅

l1
p1 p2

• •�
�
�
�
�
�

l′1p′1 p′2

h1
h2 h3

h4
(2.237)

If we give the points in this diagram the labels associated with the re-
coupling matrix R

(ab)c;a(bc)
T,T ′ in relation (2.155); that is, the assignment

p1 = (a b k), p2 = (k c j); p′1 = (b c k′), p′2 = (a k′ j),

l1 = k, l′1 = k′; h1 = b, h2 = a, h3 = c, h4 = j, (2.238)

then we obtain the adjacency diagram shown. If we select any other
recoupling coefficient, such as R

(ab)c;(ac)b)
T,T , and make the assignment

p1 = (a b k), p2 = (k c j); p′1 = (a c k′), p′2 = (k′ b j)

l1 = k, l2 = k′; h1 = a, h2 = b, h3 = c, h4 = j, (2.239)

then we obtain the same adjacency diagram. These two fundamental
recoupling coefficients are isometric and isomorphic. Indeed, for n =
3, all fundamental recoupling coefficients are isometric and isomorphic,
which explains why there is only one Racah coefficient.

n = 4 : The concept of isomorphic pairs of recoupling matrices is nicely
illustrated by the two expressions (2.210) and (2.219) for the 9 − j co-
efficient. The recoupling matrices R(ac)(bd):(ab)(cd) and R[(ab)c]d;[(bd)c]a are
not only isometric, as shown by the sequences of commutations and as-
sociations (2.215) and (2.216), which are minimal, but also their sets of
triangles can also be put into one-to-one correspondence such that the
adjacency relations are preserved. This latter property is most easily
shown from the following adjacency diagram:

• • •❍❍❍❍❍❍❍❍❍❍❍❍

l1 l2
p1 p2 p3

• • •✟✟
✟✟

✟✟
✟✟

✟✟
✟✟

l′1 l′2p′1 p′2 p′3

h1
h2

h3
h4

h5
(2.240)
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where the point and line labels in these two diagrams for the recoupling
matrix R[(ab)c]d;[(bd)c]a (see (2.219)) and R(ac)(bd):(ab)(cd) (see(2.210)) are:

p1 = (a b k1), p2 = (k1 c k2), p3 = (k2 d j),

p′1 = (b d k′1), p
′
2 = (k′1 c k

′
2), p

′
3 = (k′2 a j),

l1 = k1, l2 = k2; l′1 = k′1, l
′
2 = k′2, (2.241)

h1 = b, h2 = a, h3 = c, h4 = d, h5 = j;

p1 = (a c k1), p2 = (k1 k2 j), p3 = (b d k2),

p′1 = (c d k′2), p
′
2 = (k′1 k

′
2 j), p

′
3 = (a b k′1),

l1 = k1, l2 = k2; l′1 = k′2, l
′
2 = k′1, (2.242)

h1 = c, h2 = a, h3 = j, h4 = d, h5 = b.

Thus, the recoupling matrices R
[(ab)c]d; [(db)c]a
T1, T1

and R
(ac)(bd); [(ab)(cd)
T3, T3

are
isomorphic, since they are fundamental, isometric, and have the same
adjacency diagram. This result suggests that isomorphic pairs of recou-
pling matrices define the same angular momentum coefficient, up to a
phase factor. This is pursued, in depth, in the next chapter.

The structural difference between the recoupling matrix R
(ac)(bd);[(ab)c)d
T3,T1

giving rise to the B-E identity and those recoupling matrices giving rise
to different expressions for the 9 − j coefficient in now made appar-
ent from their distinct adjacency diagrams. The adjacency diagram for
the recoupling matrix recoupling matrix R

(ac)(bd);[(ab)c)d
T3,T1

is verified from
(2.206) to be

• • •
❅
❅
❅
❅
❅
❅

l1 l2
p1 p2 p3

• • •✟✟
✟✟

✟✟
✟✟

✟✟
✟✟

l′1 l′2p′1 p′2 p′3

❅
❅
❅
❅
❅
❅

h1
h2 h3

h4 h5
(2.243)

with the point-line assignment
p1 = (a c k1), p2 = (k1 k2 j), p3 = (b d k2),

p′1 = (a b k′1), p
′
2 = (k′1 c k

′
2), p

′
3 = (k′2 d j),

l1 = k1, l2 = k2; l′1 = k′1, l
′
2 = k′2, (2.244)

h1 = a, h2 = c, h3 = b, h4 = j, h5 = d.
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The nonisomorphism of the adjacency diagrams (2.240) and (2.243) for
the 9 − j coefficient and the Biedenharn-Elliott identity is a geometric
realization of the fact that there are exactly two nonisomorphic cubic
graphs on six points. each of which is realized by these two diagrams.
Every fundamental recoupling matrix for the coupling of four angular
momenta has an adjacency diagram that is isomorphic to one of these
two diagrams. We will appeal in the next chapter to the theory of cubic
graphs to show this, as well as to explain the factoring property on the
right-hand side of the B-E identity (2.209). �

Examples can be misleading as well as revealing. The top and bottom
lines in the adjacency diagrams above originating from the left-triangle
patterns and the right-triangle patterns, respectively, do not generalize
in the obvious way as a single line of points with adjoining incident lines.
This is illustrated by the following example from n = 6 :



◦ ◦
• ◦
• ◦
•

❅
❅
❅
❅
❅❅

��
��
��

a b
c
d
e
f��

��

k1
k2
k3
k4

j

◦
◦•
•

◦◦◦◦
◦◦••

•

•

•
��
❅
❅❅

�
��

✱
✱
✱
✱✱





❅❅




a b d
k′1

c
k′2

k′3 k′4
j

fe

 (2.245)

• • • • •

�
�
�
�
�
�❅

❅
❅
❅
❅
❅✟✟

✟✟
✟✟

l1 l2 l3 l4
p1 p2 p3 p4 p5

• • • •

•p′3

�
�
�
�
�
�

l′1

l′2
l′3 l′4p′1 p′2 p′4 p′5

h1
h2 h3

h4 h5 h6 h7
→

where we have the following definition of points and lines:

p1 = (a b k1), p2 = (k1 c k2), p3 = (k2 d k3), p4 = (k3 e k4),
p5 = (k4 f j);

p′1 = (a c k′1), p
′
2 = (k′1 k

′
2 k

′
3), p

′
3 = (b d k′2), p

′
4 = (k′3 k

′
4 j),

p′5 = (e f k′4); (2.246)

l1 = k1, l2 = k2, l3 = k3, l4 = k4; l′1 = k′1, l
′
2 = k′2,

l′3 = k′3, l
′
4 = k′4;

h1 = a, h2 = c, h3 = b, h4 = d, h5 = e, h6 = j, h7 = f.
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The subset of points {p1, p2, p3, p4, p5} and lines {l1, l2, l3, l4, l5} and
the subset of points {p′1, p′2, p′3, p′4, p′5} and lines {l′1, l′2, l′3, l′4, l′5} are each
graphs known as trivalent trees; that is, the points and lines associated
with the forks of the left-triangle pattern and the points and lines asso-
ciated with the forks of the right-triangle pattern, each define a trivalent
tree. Moreover, the full graph is a labeled cubic graph on ten points. It
is this pair of inter-related graph structures that generalizes and allows us
to continue with the analysis of the properties of recoupling coefficients.

General classes of isomorphic fundamental recoupling matrices can be
identified. We introduce the symbol ∼= to denote that two fundamental
recoupling matrices are isomorphic. Then, we have the isomorphism
between fundamental recoupling matrices given by

R
sh(π(j)); sh′

(π′(j))
T, T ′ ∼= R

sh(j); sh′
(π′′(j)

T, T ′ , π′′ = π′π−1, (2.247)

since the two recoupling matrices are isometric, and the relationship be-
tween the pair of labels sh(π(j)) and sh′(π′(j)) is one-to-one with the
relationship between the pair of labels sh((j)) and sh′(π′′(j); hence, the
point-to-line relationship in the two adjacency diagrams is preserved.
From the isomorphism given by (2.247), it follows that the set of funda-
mental recoupling matrices given by

R
sh(j); sh′

(π′(j))
T, T ′ , all π′ ∈ Sn; all T, T ′ ∈ Tn (2.248)

includes all possible nonisomorphic recoupling matrices. This does not
preclude the possibility that there are still isomorphic recoupling matri-
ces in the set (2.248) such as demonstrated for the 9 − j coefficient. It
is also true that

R
sh(π(j)); sh′

(π′(j))
T, T ′ ∼= R

sh′
(π′(j)); sh(π(j))

T ′, T , (2.249)

since the interchange of left-triangle patterns and right-triangle patterns
simply interchanges the pair of trivalent trees, thus preserving all line-
to-point relationships in the corresponding adjacency diagrams.

We can now state what we mean by the classification of fundamental
recoupling matrices:

Partition the set of fundamental recoupling matrices into equivalence
classes of isomorphic recoupling matrices.

This is a very difficult classification scheme to implement: We have
no algorithm for determining when a pair of fundamental recoupling ma-
trix is isometric, and no algorithm for determining when two isometric
recoupling matrices have the same adjacency diagram; that is, are iso-
morphic. But further progress can still be made by appealing to the
theory of trivalent trees and cubic graphs.



Chapter 3

Binary Trees, Trivalent
Trees, Cubic Graphs, and
Adjacency Diagrams

3.1 Binary Trees and Trivalent Trees

We have given in the last section a mapping of representatives of phase-
equivalent classes of pairs of fundamental (labeled) binary trees associ-
ated with binary angular momentum coupling schemes to what we have
called adjacency diagrams. Underlying this pair mapping is the map-
ping of a single unlabeled binary tree to a subgraph called a trivalent
tree. The rule for this mapping is very simple: We perform the following
operation on each binary tree of order n.

Binary tree �→ trivalent tree mapping rule: Remove all external ◦ points
and their incident lines from each T ∈ Tn.

This rule gives a graph containing n − 1 points and n − 2 lines, where
each point has either 1, 2, or 3 incident lines. Such a graph is called a
trivalent tree. Their properties and enumeration were already studied
by Cayley [39]. If the configuration of points in the original trivalent
tree is left undisturbed in effecting the mapping, various arrays of ’bent’
lines occur, which we straighten, maintaining the adjacency of the •
points. Trivalent trees that preserve adjacency of points in applying
this rule are taken as equal. Quite generally, two points in a graph are
called adjacent if there is a line joining them, and two graphs are called
isomorphic if their points can be put into one-to-one correspondence such
that the adjacency of points is preserved. The arrangement of the points
may be diagrammed in any manner whatsoever that is convenient for
visual description. Thus, the binary trees given in Sect. 2.2.1 map, under

163
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the binary tree mapping rule, to the following nonisomorphic trivalent
trees, where all points are arranged into diagrams that “grow” from left-
to-right with n. This orientation rule is to obtain agreement with the
adjacency diagrams in Sect. 2.3. The number n is the number of points
in the trivalent tree, hence, the parent binary tree belongs to Tn+1 :

•n = 1 :

• •n = 2 :

• • •n = 3 :

• • • •n = 4 : • •
•

•
✟✟
✟

❍❍❍

(3.1)

If T and T ′ are isomorphic trivalent trees of order n, we write T ∼= T ′.
We denote the set of nonisomorphic trivalent trees on n points by Vn,
and their number by vn = |Vn|.

The unlabeled trivalent trees having n points for n = 2− 11 may be
found in Harary [77] and Harary and Palmer [78] (see also Ref. [21]). The
number vn of such trivalent trees is obtained from Table A3 in Harary
by striking from the listed set for p = n all those trees that have four or
more incident lines on any point. The numbers so obtained are:

n 2 3 4 5 6 7 8 9 10 11

1 1 2 2 4 6 11 18 37 66vn

(3.2)

It is important to observe that we are counting unlabeled triva-
lent trees. While we may label the n points of a given trivalent tree by
1, 2, . . . , n to keep account of adjacency, this is followed by the determina-
tion of the equivalence classes (isomorphic) trivalent trees corresponding
to this labeling, and then the labels 1, 2, . . . , n are removed. This process
is not that of determining the subset of permutations of 1, 2, . . . , n that
give inequivalent labeled trivalent trees in the sense of labeled graphs
defined on p. 108. Our graphs carry labels, but the classification is not
into sets of inequivalent labeled graphs. To keep the distinction clear,
we henceforth use the underline labeled to designate labeled graphs in
the sense of the technical definition.
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Every trivalent tree in the set Vn has the general configuration given
by the following diagram with points labeled by the rules described below
in (3.3)-(3.8):

• • · · ·• v0
· · ·

v1

v2

✡
✡
✡

❏
❏❏

v11

v12

v21

v22

��

❅❅

��

❅❅

1 2 k

v1h−1 1

v1h−1 2

✟✟❍❍
· · ·

v2h−1 1

v2h−1 2

✟✟❍❍· · ·

(3.3)

The subscript w attached to each symbol vw is a word on the two letters
1 and 2, described in detail in (3.4) below. Each symbol vw appearing
in this diagram is either a vertex point of degree 3, an end point of
degree 1 from which no lines emanate to the right, or an empty point ∅
of degree 0, which is not to appear in the diagram. The points marked
vw, w ∈ Wh, where Wh is the set of words of length h on the letters
1 and 2 are distributed such that there are d internal points of degree
3; d+ 1 external points of degree 1; and 2h+1−2d−2 empty points. The
collection of 2d+ 1 (d ≥ 1) nonempty points is to have the configuration
of a binary tree of order d + 1 (number of external points) that grows
to the right with increasing d. Also, the set of 2d lines incident on this
collection {vw} of 2d + 1 nonempty points contains n − k − 2d − 1 ≥ 0
additional points (not shown in (3.3)), p of which are to belong to the
d − 1 internal lines (lines between internal points) and q to the d + 1
external lines (lines with an end point), where p + q = n− k − 2d− 1.

The subtree of (3.3) from which the k • points 1, 2, . . . , k and as-
sociated k lines to the left of v0 are removed, and which includes no
additional points on its internal and external lines, is called the binary
tree skeleton Td+1 of the trivalent tree Vn. We write Td+1 ⊆ Vn.

The vertex points vw in (3.3) are listed by natural page ordering:

0 < 1 < 2 < 11 < 12 < 21 < 22 < 111 < 112 < 121 <

122 < 211 < 212 < 221 < 222 < 1111 < 1112 < 1121 <

1122 < 1211 < 1212 < 1221 < 1222 < 2111 < 2112 <

2121 < 2122 < 2211 < 2212 < 2221 < 2222 < · · · (3.4)
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Thus, column m = 0,m = 1,m = 2, . . . , d in diagram (3.3) use, re-
spectively, the word 0, the words 1 and 2, the words 11, 12, 21, 22,
etc. to index the points vw, where the least word is at the top and
the greatest word at the bottom. We always label the point in col-
umn m = 0 by v0 = 0. We denote by Wm the set of words of length
m on the letters (integers) 1 and 2, so that the cardinality of Wm is
|Wm | = 2m. The points vw, w ∈ Wm, are those appearing in column
m, where m = 0, 1, 2, . . . , h. The notations 1s and 2s denote that the
integers 1 and 2 are repeated s times with s = 0 meaning no occurrence.
Since there are 2m points appearing in column m of the diagram, there
are 20+21+22+ · · ·+2h = 2h+1−1 such points in the diagram (3.3), but
2h+1 − 2d− 2 of them are the empty point, which do not appear in the
diagram. We call the integer h ≥ 1, the height of the binary tree skele-
ton. While many of the points vw in (3.3) are the empty point, each of
the columns m = 0, 1, 2, . . . , h must contain at least one nonempty point
for n ≥ k + 3 to have a binary tree skeleton present. The distribution of
the additional points on the lines of the skeleton Td+1 ⊆ Vn is described
in detail below in (3.8), using the concept of a compound fork

The k • points belonging to the horizontal line to the left of v0 in
diagram (3.3) define the base line and are called base points.The baseline
parameter k can be any value k ≥ 1 (see (3.1)).

The parameters n, d, and h are inter-related through their domains
of definition, as follows: (i). The domain of definition of h for given d is

h = h, h + 1, . . . , d, (3.5)

in which the least value h of h is the greatest integer h such that 2h−1 ≤ d.
This result follows from the property that the greatest value h = d occurs
for one nonempty compound fork in each column; the least value h of h
occurs when the compound forks are stacked according to 20 in column
0; 21 in column 1; 22 in column 2; . . . , remainder = r < 2h in column h,
which gives the stated value. (ii).The domain of definition of n for given
k ≥ 1 and given d ≥ 1 is easily seen to be

n ≥ 2d + k + 1. (3.6)

Examples. We repeat from the list of binary trees given in Sect. 2.2.1,
Chapter 2, the binary tree skeletons for d = 1, 2 :

•✟✟
✟

❍❍❍

•

•
(1) :
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•✟
✟✟
❍❍❍

•

•

✟✟
✟

❍❍❍(1, 1) :

•

• •✟
✟✟
❍❍❍

•

•✟
✟✟
❍❍❍

•

•

•✟
✟✟
❍❍❍

•

•

✟✟
✟

❍❍❍(1, 2) :

•

•
✟✟
✟

❍❍❍

•

•

(3.7)

The sequences standing to the left specify the number of forks appearing
in the columns 0, 1, . . . , h − 1 of the binary trees. We have omitted the
base line containing k points in these diagrams to focus on that part
of the diagram (3.3) emanating to the right from the point v0. These
diagrams are binary tree skeletons of a trivalent tree having k base points
and containing d = 1 forks, d = 2 forks, and d = 3 forks, respectively.
We no longer use ◦ to label the end points of a binary tree as done in
Sect. 2.2.1, Chapter 2.

We introduce the concept of a compound fork to describe the points
that are placed on the lines of the skeleton Td+1 to complete the trivalent
tree graph Vn. A compound fork is a simple fork of a binary tree to
which points have been added to the upper and lower branches. Just as
in diagrams in Sect. 2.2.1, Chapter 2, there are four types of compound
forks, which have the following four diagrams:

•✘✘✘
✘✘✘




•
•

•

•

•

•

. . .

. . .

xw1 points

xw2 points

vw1

vw2
vw

•✘✘✘
✘✘✘




•
•

•

•

•

•

. . .

. . .

yw1 points

xw2 points

end point

vw2
vw

(3.8)

•✘✘✘
✘✘✘




•
•

•

•

•

•

. . .

. . .

xw1 points

yw2 points

vw1

end pointvw
•✘✘✘

✘✘✘




•
•

•

•

•

•

. . .

. . .

yw1 points

yw2 points

end point

end pointvw

The distinction in these diagrams is in the labeling of the points, de-
pending on whether the end point of a fork in the binary tree skeleton
is that of another fork or an end point.
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We use the following nomenclature for describing the compound forks
(3.8), the binary tree skeleton, and the full trivalent tree Vn. An internal
line of Vn is a line incident on two (simple) roots of a fork in the binary
tree skeleton, which are points of degree 3; all point belonging to an
internal line are called internal points; these points are xw1 and xw2
in number, as shown in the compound forks (3.8). An external line
of Vn is a line incident to a root of a fork in the binary tree skeleton
and to an end point; all points belonging to an external line are called
external points; these points are yw1 and yw2 in number, as shown in
the compound forks (3.8). All points vw are called root points of the
binary tree skeleton, and the k points to the left of v0 are called base
line points. By convention, the nonnegative integers xw1, xw2, yw1, yw2
in the compound fork diagram (3.8) do not count a point labeled with
a v or an end point; these numbers count the points added to each fork
of the skeleton binary tree, and can be 0. This nomenclature, applied to
the compound forks (3.8), gives the following descriptions:

1. In the first diagram, the upper and lower branches contain xw1 ≥ 0
and xw2 ≥ 0 internal points, respectively, all added to a fork of the
binary tree skeleton whose lines are incident on fork roots.

2. In the second diagram, the upper branch contains yw1 ≥ 0 external
points, all added to a fork of the binary tree skeleton whose upper
line is incident on an end point; the lower branch contains xw2 ≥
0 internal points, all added to the same fork whose lower line is
incident on a fork root.

3. In the third diagram, the upper branch contains xw1 ≥ 0 internal
points, all added to a fork of the binary tree skeleton, whose upper
line is incident on another fork root; the lower branch contains
yw1 ≥ 0 external points, all added to the same fork whose lower
line is incident on an end point.

4. In the fourth diagram, the upper and lower branches contain yw1 ≥
0 and yw2 ≥ 0 external points, respectively, all added to a fork of
the binary tree skeleton whose lines are incident on end points.

The description of the full trivalent tree Vn in diagram (3.3) is now
completed by replacing each fork in that diagram by a compound fork in
accordance with the four types (3.8), where the structure of the binary
tree skeleton determines uniquely which of the four compound forks is to
replace each simple fork of the skeleton. We denote by Tn,k,d a trivalent
tree containing n total points, k base line points, and a binary tree
skeleton Td+1 with d forks, where each simple fork is now replaced by
a compound fork of the appropriate form (3.8). The set of all such
trivalent trees is denoted by Tn,k,d. By definition, the set Tn,k,d contains
no trivalent tree with an end branch containing more than k − 1 added



3.1. BINARY TREES AND TRIVALENT TREES 169

yw−type points. This is no restriction because a trivalent tree having an
end branch containing k′ ≥ k + 1 points (counting now the end point)
can be oriented into a position such that the end branch containing k′
points becomes the base line—such a trivalent tree will be included in
the set Tn,k′,d of trivalent trees.

The family of linear Diophantine equations that must be solved to
obtain all trivalent trees in the set Tn,k,d can be formulated. There are
k ≥ 1 base line points, and each trivalent tree Tn,k,d ∈ Tn,k,d contains
a binary tree skeleton Td+1 ∈ Td+1 that has d forks. Thus, there are
n−2d−k−1 ≥ 0 additional points belonging to the 2d lines constituting
the compound forks as described in diagram (3.8). Let In,k,d denote the
set of words labeling the root points of internal lines, not including
v0, and let En,k,d denote the set of words labeling the end points of the
external lines. Then, if p ≥ 0 points belong to the internal lines and q ≥ 0
points belong to the external lines, the following Diophantine equations
must hold for the number of points constituting the compound forks:

p + q = n− 2d− k − 1,∑
w∈In,k,d

xw = p;
∑

w∈En,k,d

yw = q, each yw ≤ k − 1, (3.9)

where the cardinalities of the sets In,k,d and En,k,d are

| In,k,d | = d− 1, |En,k,d | = d + 1. (3.10)

We denote the set of solutions of this family of Diophantine equations by
Dn,k,d. Each solution gives a member of the set of trivalent trees Tn,k,d
having a given binary tree Td+1 ∈ Td+1 as its skeleton, and conversely.

Counting formulas for the number of solutions |Dn,k,d| of the three
Diophantine relations (3.9) can be given. For the purpose of counting,
we can rewrite these relations in the simplified form given by

p + q = n− 2d− k − 1,
x1 + x2 + · · ·+ xd−1 = p, (3.11)
y1 + y2 + · · ·+ yd+1 = q, each yi ≤ k − 1.

Thus, the sequence (x1, x2, . . . , xd−1) is a composition of p into d − 1
nonnegative parts. The number of such compositions is given by the
binomial coefficient (

p + d− 2
d− 2

)
, d ≥ 2. (3.12)

Similarly, the sequence (y1, y2, . . . , yd+1) is a composition of q into d +
1 nonnegative parts, where now each part must satisfy the restriction
yi ≤ k − 1. The counting of such restricted compositions has already
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been encountered in the discussion of the values of the Clebsch-Gordan
numbers for the coupling of equal angular momenta, as described in
Sect. 2.1.3, Chapter 2.

The set (2.38) of compositions Lj(j) transcribes in terms of the present
notation to the following set:

L 1
2
(d+1)(k−1)−q

(
1
2(k − 1), . . . , 12(k − 1)

)
=

{
y = (y1, y2, . . . , yd+1)

∣∣∣∣∣ 0 ≤ yi ≤ k − 1, i = 1, . . . , d + 1,
y1 + y2 + . . . + yd+1 = q

}
, (3.13)

where the sequence (12(k − 1), . . . , 12(k − 1)) is 1
2 (k − 1) repeated d + 1

times. The parameter transformation from (2.38) to (3.13) is given by

n = d + 1, min = 0 for d odd, jmin = 1
2 (k − 1) for d even,

jmax = 1
2(d + 1)(k − 1), q = jmax − j, (3.14)

q = 0, 1, . . . , qmax, qmax =
{ 1

2(d + 1)(k − 1), d odd,
1
2d(k − 1), d even.

If the CG numbers have already been calculated by some method, then
the cardinality of the set (3.13) is given by relation (2.36):

jmax∑
h=jmax−q

Nh

(
1
2(k − 1), . . . , 12(k − 1)

)
= ln,k,q,

ln,k,q = |L 1
2
(d+1)(k−1)−q

(
1
2(k − 1), , . . . , 12(k − 1)

)
|. (3.15)

We have two methods for determining the CG coefficients that enter
into (3.15). The first method described by relation (2.18), Chapter 2
generates the multiset

〈12(k − 1), . . . , 12(k − 1)〉 =
{

0k0 , 1k1 , . . . , hkh , . . . , (qmax)kqmax

}
,

kh = Nh(12(k − 1), . . . , 12(k − 1)). (3.16)

The second method uses the n−fold product of Schur functions given by

n∏
i=1

s(2ji, 0)(z1, z2) =
jmax∑
j=jmin

Nj(j) s(2j, 0)(z1, z2),

s(2a,0)(z1, z2) =
a∑

α=−a
za+α1 za−α2 , a = 0, 1/2, 1, . . . (3.17)
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to generate the CG numbers Cj(j) (see (11.286)-(11.287)), Compendium
B). These Schur functions for n = 2 are also obtained directly from
the Da(Z) matrices as given by TrDa(diag(z1, z2)). The transcription of
notation (3.14) needs, of course, to be effected in (3.17) to obtain the
CG numbers in (3.15).

The number of elements in the solution set Dn,k,d of Diophantine
equations (3.9) is given by

|Dn,k,d | =
∑

p+q=n−2d−k−1

(
p + d− 2
d− 2

)
ln,k,q, d ≥ 2. (3.18)

Since there are 1
d+1

(2d
d

)
skeleton binary trees to include, we obtain the

following formula for the cardinality of the set Tn,k,d :

| Tn,k,d | =
1

d + 1

(
2d
d

)
|Dn,k,d |. (3.19)

The construction of the trivalent trees is the set Tn,k,d for small val-
ues of d can be carried out directly by solving the set of Diophantine
equations (3.9). We illustrate this by two examples:

Examples. For d = 2, we have the following two binary tree skeletons,
where we also use the notations in relations (3.9) to denote the number
of points that belong to the internal and external lines:

•✟
✟✟
✟

❍❍❍❍

•

•

✟✟
✟✟

❍❍❍❍

•

•

x1

y2

y11

y12
v0

v1

•✟✟
✟✟

❍❍❍❍

•

•✟✟
✟✟

❍❍❍❍

•

•

y1

x2

y21

y22

v0

v2

(3.20)

We consider the trivalent trees in the set T10,3,2. Thus, 2 points are to be
adjoined as the base line to the left of each vertex v0 in each diagram.
This leaves 2 points to be distributed onto the one internal line and three
external lines in all possible ways. This gives the following Diophantine
relations for the respective binary tree skeletons in (3.20):

p + q = 2; x1 = p; y2 + y11 + y12 = q, each yw ≤ 2,
(3.21)

p + q = 2; x2 = p; y1 + y21 + y22 = q, each yw ≤ 2.
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The solution set of each Diophantine relation (3.21) is

D10,3,2 = {(0, 2, 0, 0), (0, 0, 2, 0), (0, 0, 0, 2), (0, 0, 1, 1), (0, 1, 0, 1),

(0, 1, 1, 0), (1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1), (2, 0, 0, 0)} , (3.22)

Thus, we obtain

{(x1, y2, y11, y12)} = D10,3,2, {(x2, y1, y21, y22)} = D10,3,2. (3.23)

While the numerical sequences in these two sets are equal, the corre-
sponding trivalent trees are not: their shapes are different. There are
twenty trivalent trees in the set T10,3,2.

We consider also the trivalent trees in the set T9,2,2. Thus, 2 points are
to be adjoined as the base line to left of each vertex v0 in each diagram
(3.20). This leaves 2 points to be distributed onto the one internal line
and three external lines in all possible ways. This gives the Diophantine
relations (3.21) in which the restriction in the second relation is now
yw ≤ 1. The solution set of each of the Diophantine relations is

D9,2,2 = {(0, 0, 1, 1)(0, 1, 0, 1), (0, 1, 1, 0)

(1, 1, 0, 0)(1, 0, 1, 0), (1, 0, 0, 1), (2, 0, 0, 0)} , (3.24)

Thus, we obtain

{(x1, y2, y11, y12)} = D9,2,2, {(x2, y1, y21, y22)} = D9,2,2. (3.25)

There are fourteen trivalent trees in the set T9,2,2. �
The set Tn,k,d contains all possible nonisomorphic trivalent trees con-

taining a total of n points such that the base line contains k points and
the skeleton binary tree contains d forks. But the set Tn,k,d also contains,
in general, a number of isomorphic trivalent trees.

3.2 Nonisomorphic Trivalent Trees

It is useful to give examples of some sets of nonisomorphic trivalent trees
before considering the general case:

Examples. For d = 0, the diagram (3.3) reduces to a trivalent tree with
n = k + 1 points on a line:

• • •
1 2 n− 1

· · · • v0Tn,n−1,0 = (3.26)

For n = 2, 3, this is the only trivalent tree.
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For d = 1, diagram (3.3) reduces to the following diagram, which has
n = k + y1 + y2 + 3 :

Tk+y1+y2+3,k,1 =

• • •
1 2 k

· · · • •✘✘✘
✘✘✘




•
•

•

•

•

•

. . .

. . .

y1 points

y2 points

end point

end pointv0

(3.27)

The conditions 0 ≤ y1 ≤ k − 1, 0 ≤ y2 ≤ k − 1 are imposed in order
to satisfy the base line rule that no end line can contain more than k
points. This example illustrates the occurrence of isomorphic trivalent
trees. The operation of reflection through the horizonal line containing
the vertex (root) v0 clearly preserves adjacency: Only those trivalent
trees in diagram (3.27) for which, say, y1 ≥ y2 can be nonisomorphic.
But there are still adjacency preserving operations that must be effected
should y1 = k−1 in order to conclude that we have found all nonisomor-
phic trivalent trees for d = 1. The first is a counterclockwise rigid-body
rotation by 120◦ (first adjust the angles between the three lines in (3.27)
to be 120◦) about the point v0, which brings the upper end line to the hor-
izontal base line position, followed by a reflection through the horizontal
line containing the new base line, which also has k points. These two op-
erations leave the trivalent tree (3.27) invariant. Should also y2 = k− 1,
we rotate counterclockwise by 240◦ about the point v0 to bring the lower
end line to the horizontal position base line position, and find that the
trivalent tree (3.27) again remains invariant. Thus, these operations do
not reduce the number of nonisomorphic trivalent trees. We conclude
that each member of the family of trivalent trees in diagram (3.27) is
nonisomorphic for all pairs (y1, y2) for which the condition y1 ≥ y2 is
fulfilled; and all nonisomorphic trivalent trees for d = 1 are so obtained.

�
We introduce the notation [n, k, d] to denote a complete set of non-

isomorphic trivalent trees containing n points with k base line points
and d forks in the skeleton binary tree. Complete means that every
trivalent tree in the set Tn,k,d is isomorphic to a trivalent tree in the set
[n, k, d], and there are no isomorphisms between trivalent trees in the set
[n, k, d]. The examples above then give the following families of complete
nonisomorphic trivalent trees:
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[n, n− 1, 0] = Tn,n−1,0, | [n, n− 1, 0] | = 1, n ≥ 2,
(3.28)

[n, k, 1] =

{
Tk+y1+y2+3,k,1

∣∣∣∣∣ y1 + y2 = n− k − 3,
0 ≤ y2 ≤ y1 ≤ k − 1

}
,

k ≥ 1, n ≥ k + 3.

The second relation in (3.28) shows that (y1, y2) is a partition of n −
k − 3 into two nonnegative parts with each part ≤ k − 1. It follows
that the complete set of nonisomorphic trivalent trees [n, k, 1] is not only
determined by the elements of the set Dn,k,1, it is also determined by the
restricted set of partitions (see Sect. 11.1.1, Compendium B) given by

[n, k, 1] = Par(2, k, n − k − 3). (3.29)

Thus, the cardinality of [n, k, 1] is given by

| [n, k, 1] | = p(2, k, n − k − 3), (3.30)

where the coefficient p(2, k, n− k− 3) is obtained from the expansion of
the Gaussian polynomial:[

k + 2
k

]
t

=
(1− tk+2)(1− tk+1)

(1− t2)(1 − t)
=

2k∑
s=0

p(2, k, s)ts. (3.31)

It is always the case that [n, k, d] ⊆ Tn,k,d, but it is, in general, non-
trivial to sort out a complete set of nonisomorphic trivalent trees [n, k, d]
from Tn,k,d. This is because a trivalent tree can be presented in many
configurations of points and lines. Picturesquely, a trivalent tree may be
viewed as a collection of solid balls (points) joined by flexible, unbreak-
able threads (lines); any entanglement of this object preserves adjacency
of points. This is why we present trivalent trees in a standard config-
uration given by diagrams (3.3) and (3.8) with the order relation on
sites given by (3.4), where the general rule for drawing such pictures
of trivalent trees is that the points of degree 3—the vertices (roots) of
the compound forks (3.8)— should always be aligned in vertical columns
0, 1, . . . , h, and in the word order (3.4). This requires that the points
belonging to each compound fork (3.8) be compressed in their spacing.
We refer to this as local scaling. This is a convenience of description; it
is irrelevant for the point-line relations in the graph. While we are not
always careful to make this adjustment in all diagrams, it is essential
for applying the local reflections described below. We assume without
notice that such minor adjustments are effected.
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Symmetries of figures in the plane have an important role in the
determination of nonisomorphic trivalent trees. It is clear that overall
rotations, translations, reflections through any line, scaling, and general
entanglement, as described above, all preserve adjacency of points and
give isomorphic trivalent trees. All symmetries described here refer to
the standard configuration (3.3) with compound forks given by (3.8),
where we use local scalings within a compound fork (3.8) to bring a
pair of trivalent trees into coincidence through a symmetry operation.
Trivalent trees whose points and lines are brought into coincidence by
such operations are take to be equal. In a standard configuration, the
base line is placed horizontally and to the left of the underlying binary
tree skeleton.

There are two types of reflections that are important for sorting out
the nonisomorphic trivalent trees in the set Tn,k,d.

The first type of reflection operation is called a global reflection and
denoted by τw. It is an active reflection of all point and lines of the entire
trivalent tree Tn,k,d ∈ Tn,k,d through the horizontal line containing the
vertex point vw. There is such a global reflection operation τw for each
vertex contained in Tn,k,d; that is, one for each word w assigned to the
root of a compound fork, or what is the same thing, to the root of the
fork of the binary tree skeleton of Tn,k,d. Accordingly, there are d such
reflection operations τw. These reflection operations all give isomorphic
trivalent trees. We denote these types of isomorphisms by ∼=τ , and refer
to the trivalent trees in an equivalence class in the quotient set Tn,k,d/ ∼=τ
as being τ−equivalent. The number of equivalence classes in the quo-
tient set Tn,k,d/ ∼=τ is given by the Wedderburn-Etherington numbers,
as presented below.

The second type of reflection operation is called a local reflection and
denoted by σw. It is defined as follows. Let Tw denote the subtrivalent
tree consisting of all points and lines of Tn,k,d ∈ Tn,k,d for which the
vertex (root) point vw serves as root. The trivalent tree Tw thus has
as its binary tree skeleton all points and lines that emerge from the
root vw by the bifurcation process corresponding to the subbinary tree
of the binary tree skeleton of Tn,k,d ∈ Tn,k,d. The local reflection σw is
an active reflection of all point and lines of Tw through the horizontal
line containing the vertex point vw; all other points and lines of Tn,k,d
are to remain unchanged. There is such a local reflection operation σw
for each compound fork contained in Tn,k,d; that is, one for each word
w assigned to the root of a compound fork; that is, to the root of the
fork of the binary tree skeleton of Tn,k,d. Accordingly, there are d such
local reflection operations σw. These local reflection operations all give
isomorphic trivalent trees. We denote these types of isomorphisms by∼=σ,
and refer to the trivalent trees in an equivalence class in the quotient set
Tn,k,d/ ∼=σ as being σ−equivalent. In particular, σ0 = τ0 is the reflection
of all points of Tn,k,d through the horizontal line containing the base line.
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The global and local reflection operations τw and σw that can be
applied to a given Tn,k,d depend on the fork structure of the binary tree
skeleton of Tn,k,d. Thus, the sets of global and local reflection operators
may be defined by

Sn,k,d = {τw |w ∈ Fn,k,d}, Rn,k,d = {σw |w ∈ Fn,k,d}, (3.32)

where Fn,k,d is the set of words located at the roots of the forks in the
binary tree skeleton of a given binary tree Tn,k,d ∈ Tn,k,d. Thus, we have
the cardinality of sets given by

|Sn,k,d | = |Rn,k,d | = |Fn,k,d | = d. (3.33)

The reflections operations τw and σw do not exhaust all operations
that need to be considered in isolating the nonisomorphic trivalent trees
in the set Tn,k,d. This is because some of these sets can contain trivalent
trees that have end branches containing exactly k points. Such a trivalent
tree can then be rotated by a rigid-body rotation and translated such
that this end branch is horizontal with all of its k points to the left of
the point v0 of the transformed trivalent tree. Further individual local
rotations of subtrivalent trees Tw and local reflections can then be applied
to bring the transformed trivalent tree to the standard form (3.3); that
is, to a trivalent tree in the set Tn,k,d. Such operations must be effected on
every end branch containing k points of each trivalent tree Tn,k,d ∈ Tn,k,d
to determine the nonisomorphic trivalent trees in Tn,k,d. We refer to these
kinds of operations as Ω equivalences, but do not specify the details of
such operations. The isomorphism of two Ω−equivalent trivalent trees
is denoted by ∼=Ω .

We have introduced three operations ∼=τ ,∼=σ, and ∼=Ω above that give
isomorphisms ∼= between trivalent trees. We could dispense with the ∼=τ
isomorphisms, since all trivalent trees obtain from a given one by a single
∼=τ reflection operation can also be obtained by a sequential application of
σw reflections. Nonetheless, it is sometimes convenient to use τ reflections
in place of the more basic σw reflections.

The Ω isomorphisms, while vague in their definition, are very impor-
tant. It is useful to illustrate this operation:

Example: An Ω equivalence of trivalent trees:

• • • •
•

•
•

••
❍❍❍✟✟
✟✟
✟

❍❍❍
∼=Ω • • •

•

•

•
•
•

•✟✟
✟✟
✟

❍❍❍❍❍❍
(3.34)

The isomorphism of these two trivalent trees is shown as follows: By
a rigid-body counterclockwise rotation of the left-hand figure about the
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point v0 (not marked) the uppermost branch is brought to horizontal
position. This gives the trivalent tree on the left below:

• • • •
• ••

•
•

❅❅ ❍❍❍❍

❅❅ ∼=Ω • • • •
•

•
•

••
❍❍❍❍❍

✟✟✟

✟✟✟
(3.35)

By local rotations of branches, the configuration on the left is brought
to the configuration on the right. Application of the reflection operation
τ0 = σ0 to the trivalent tree on the right in (3.35) now gives the trivalent
tree on the right in (3.34). But no reflection operation can bring the two
trivalent trees in (3.34) into coincidence. �

Trivalent trees that are ∼=Ω isomorphic in consequence of an end
branch that contains the same number of points k as the base line are
the most difficult to recognize. Such trivalent trees require a rigid-body
rotation, rotations of individual end branches, and reflection operations
of the form σw to bring them to the standard form (3.3). The defin-
ing characteristic of an ∼=Ω isomorphism is that it contains a rigid-body
rotation that transforms an end branch containing k points into a new
horizontal base line containing k points. Such isomorphisms must be
considered in every set Tn,k,d in which some trivalent trees have end
branches containing k points.

The Ω operations are applicable only to those trivalent trees in Tn,k,d
that admit k points on an end branch. Thus, we have two domains of
definition of n to consider:

2d + k + 1 ≤ n ≤ 2d + 2k − 1, no end branch contains k points,
(3.36)

n ≥ 2d + 2k, some end branches contain k points.

These inequalities must hold because the base line and binary tree skele-
ton already contain 2d + k + 1 points. If all the extra n − 2d − k − 1
points are placed on a single one of the d + 1 end branches, then for
n ≤ 2d + 2k − 1 there are k − 2 + 1 = k − 1 points on the end branch,
while for n ≥ 2d + 2k there are k − 1 + 1 = k points on the end branch.

Examples (See (3.20)-(3.25) for notations). It is useful to illustrate the
effect of ∼=Ω equivalences for n ≥ 2d+2k. The set of trivalent trees T10,3,2
contains seven nonisomorphic trivalent trees:

[10, 3, 2] = {T10(0, 2, 0, 0), T10(0, 0, 2, 0), T10(0, 0, 1, 1), T10(0, 1, 1, 0),
T10(1, 1, 0, 0), T10(1, 0, 1, 0), T10(2, 0, 0, 0)}, (3.37)

where the notation T10(x1, y2, y11, y12) denotes a trivalent tree corre-
sponding to the indicated sequences {(x1, y2, y11, y12)}, which is a subset
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of the ten solutions (3.22) of the Diophantine equations (3.21). This re-
sult follows from the fact that the trivalent trees T10(x1, y2, y11, y12) and
T ′(y1, x2, y21, y22) corresponding to the solution sets (3.22) and (3.23) are
reflection-equivalent by the reflection operation σ0. While the numerical
sequences in (3.22) and (3.23) are the same, the shapes T and T ′ of the
trivalent trees are different. Application of the local reflection operation
σ1 to the remaining three trivalent trees T10(1, 0, 0, 1), T10(0, 1, 0, 1), and
T10(0, 0, 0, 2) corresponding to the solution set (3.22) gives the following
reflection equivalences: T10(1, 0, 0, 1) ∼=σ T10(1, 0, 1, 0), T10(0, 1, 0, 1) ∼=σ
T10((0, 1, 1, 0), T10(0, 0, 0, 2) ∼=σ T10(1, 0, 0, 2, 0). This gives the set (3.37)
above, which contains only nonisomorphic trivalent trees. We still must
examine the trivalent trees with end branches containing k = 3 points,
which are T10(0, 2, 0, 0), T10(0, 0, 2, 0), T10(0, 0, 0, 2). All possible Ω−type
operations map this subset into itself. Thus, the seven nonisomorphic
trivalent trees in the set (3.37) is not reduced by the Ω operations. The
set [10, 3, 2] of trivalent trees (3.22) is complete; the trivalent trees in the
set have been chosen to have the property y11 ≥ y12.

The set of trivalent trees T9,2,2 contains four nonisomorphic trivalent
trees:

[9, 2, 2] = {T9(0, 0, 1, 1), T9(1, 1, 0, 0), T9(1, 0, 1, 0), T9(2, 0, 0, 0)}. (3.38)

This result follows by application of the same σ0 and σ1 reflection op-
erations as in the example T10,3,2 above, which gives the following two ∼=σ

isomorphisms: T9(1, 0, 0, 1) ∼=σ T9(1, 0, 1, 0), T9(0, 1, 0, 1) ∼=σ T9(0, 1, 1, 0).
These reflection-equivalent isomorphisms reduce the set of fourteen triva-
lent trees having the parameters (3.24) to the four trivalent trees in
[9, 2, 2] given by (3.38), and one more given by T9(0, 1, 1, 0). This extra
one cannot be transformed into a trivalent tree in the set [9, 2, 2] by a
reflection operation. But from the example (3.34) above, we have that
T9(0; 1, 1, 0) ∼=Ω T9(0; 0, 1, 1), so that all of [9, 2, 2] is correctly given by
(3.38). The set [9, 2, 2] of nonisomorphic trivalent trees (3.38) is com-
plete, but it requires an Ω operation to effect the reduction of the set
T9,2,2 to [9, 2, 2]. The trivalent trees in this set [9, 2, 2] have been chosen
to have the property y11 ≥ y12 and x1 ≥ y2.

It is an important feature, exhibited by these examples, T10,3,2 and
T9,2,2, that once these sets have been reduced to the trivalent trees of
different shapes corresponding to the solution sets (3.22) and (3.23) of
the Diophantine relations (3.21), then the only σw operations that can be
applied are those corresponding to reflections of a pair of end branches,
since all other reflection operations change the shape of the trivalent tree.
This is a general feature, as developed below. �

It is useful to present the general case for the set of nonisomorphic
trivalent trees for [n, k, 2], which has 2 forks in the binary tree skeleton.
There are two classes of trivalent trees to consider corresponding to the
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two binary tree skeletons. These are given by the diagrams:

• •
•

•

•

•✟✟
✟✟

✟✟

❍❍❍

❍❍❍k
a

b

c

d • •
•

•
•

•

✟✟
✟

❍❍❍❍❍❍
✟✟
✟

k
b

a

d

c

(3.39)

Here we have introduced a simplified notation in place of the general word
notation: The integer parameters k, a, b, c, d next to the lines denote the
number of • points that belong to the line, not counting the roots of the
forks nor the end points (see (3.20)). Thus, the total number of points
in the trivalent trees (3.39) is

n = k + a + b + c + d + 5, (3.40)

where the integers k, a, b, c, d must satisfy the restrictions

k ≥ 1, , a ≥ 0, 0 ≤ b ≤ k − 1, 0 ≤ c ≤ k − 1, 0 ≤ d ≤ k − 1. (3.41)

The set Tn,k,2 of trivalent trees is obtained by enumerating all parameters
a, b, c, d such that conditions (3.41) are satisfied for given n and k. (Note
that d in the above relations is not the number of forks in (3.39), which is
fixed at 2). The Diophantine relations that must be satisfied (see (3.11))
are given by

a + q = n− k − 5 ≥ 0,
(3.42)

b + c + d = q ≥ 0, 0 ≤ b ≤ k − 1, 0 ≤ c ≤ k − 1, 0 ≤ d ≤ k − 1.

The number of trivalent trees in Tn,k,2 has already been given by relation
(3.19) in which we set the fork parameter d = 2. Our purpose here in
not a rediscussion of that result, but rather directed toward finding the
parameters a, b, c, d that characterize a complete subset [n, k, 2] ⊂ Tn,k,2
of nonisomorphic trivalent trees.

Application of the reflection operation σ0 to the trivalent tree on
the right in (3.39) shows that it is reflection-equivalent to the trivalent
tree on the left. Application of the local reflection operator σ1 to the
trivalent tree on the right preserves its shape, and also shows that it is
always possible to choose c ≥ d in the set of trivalent trees [n, k, 2]. Any
possible further restrictions can only occur in the case where one or more
of the parameters b, c, d is equal to k − 1, in which case at least one end
branch contains k points, the number of points in the base line.

We introduce the notation (as in the [10, 3, 2] and [9, 2, 2] examples
above)

Tn(a, b, c, d), a + b + c + d = n− k − 5, (3.43)
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for the trivalent tree on the left-hand side in (3.39). Then, we obtain
the following trivalent trees in the complete nonisomorphic set [n, k, 2]
of trivalent trees, where the restrictions on the nonnegative parameters
a, b, c, d depend on the relation between n and k :

[n, k, 2] = {Tn(a, b, c, d) | 0 ≤ a + b + c + d ≤ k − 2, c ≥ d} ,
for k + 5 ≤ n ≤ 2k + 3. (3.44)

[n, k, 2] = {Tn(a, b, c, d) | a + b + c + d ≥ k − 1, c ≥ d} ,
forn ≥ 2k + 4. (3.45)

In the set [n, k, 2] defined by (3.44), no end branch can contain k points,
while in the set [n, k, 2] defined by (3.45), at least one end branch can
contain k points (see(3.36)).

There are no reflection operations that can be applied to the sets
of trivalent trees defined by (3.44) and (3.45) to reduce the number
of trivalent trees in these sets, since σ1 is the only shape preserving
reflection operation. Any further restrictions on the parameters a, b, c, d
can only come from Ω isomorphisms, which only apply to the set (3.45)
when one or more of the parameters b, c, d is equal to k−1, so that there
are end branches containing k points. It is not difficult to verify the
following isomorphisms, where n ≥ 2k + 4 :

b = k − 1 : Tn(a, k − 1, c, d) ∼=Ω Tn(a, k − 1, c, d),
c ≥ d, a + c + d = n− 2k − 4; (3.46)
c = k − 1 : Tn(a, b, k − 1, d) ∼=Ω Tn(a, d, k − 1, b),

k − 1 ≥ d, a + b + d = n− 2k − 4; (3.47)
d = k − 1 : Tn(a, b, c, k − 1) ∼=Ω Tn(a, c, k − 1, b),
c ≥ k − 1, a + b + c = n− 2k − 4. (3.48)

The self-isomorphism (3.46) effects no conditions on the parameters
b, c, d; the isomorphism (3.47) implies it is always possible to choose
b ≥ d, and the isomorphism (3.48), together with Tn(a, b, c, k − 1) ∼=σ1

Tn(a, b, k − 1, c), implies it is always possible to choose b ≥ c. We con-
clude that the parameters a, b, c, d in the complete set of trivalent trees
[n, k, 2] defined by (3.45) can always be chosen such that

c ≥ d, all cases; b ≥ d, if c = k − 1; b ≥ c, if d = k − 1. (3.49)

The examples given for [10, 3, 2] and [9, 2, 2], which both fall with the
general case (3.45), validate the conditions (3.49).

Further information on the determination of a complete nonisomor-
phic set [n, k, d] ⊂ Tn,k,d can be obtained from the Diophantine relations
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(3.9) by application of the ∼=σ and ∼=Ω operations to all the elements
of Tn,k,d. We require more notation to elucidate these steps. We first
introduce the composition

p = (p0, p1, . . . , ph−1), p0 = 1, (3.50)

where pm denotes the number of forks in column m in the binary tree
skeleton of the trivalent tree (3.3) with compound forks given by (3.8),
for each m = 0, 1, . . . , h − 1 (all points occurring in column h in (3.3)
are end points). The complete specification of such a trivalent tree then
requires also the occupation numbers {xw} and {yw} of the compound
forks giving the number of points belonging to the various lines of the
binary tree skeleton, as detailed in (3.8). These occupation numbers are
denoted by the notation (see (3.9)):

(x;y), x = {xw |w ∈ In,k,d} , y = {yw |w ∈ En,k,d} . (3.51)

The notation Tp
n,k,d(x;y) completely specifies each binary tree Tp

n,k,d(x;y)
∈ Tn,k,d.
Example. The following example for d = 3 illustrates the above nota-
tions:

T
(1,2)
n,k,3(x1, x2; y11, y12, y21, y22) =

•
1

•
k

. . . •✟✟
✟✟

✟✟
✟✟

❍❍❍❍❍❍❍❍

•

•

•

•

✟✟
✟✟

❍❍❍❍
•

•

x1

x2

y11

y12

y21

y22 �

(3.52)

Table 3.1 on page 183 lists all eighteen nonisomorphic trivalent trees of
order 9 in terms of the above notations. The thirty-seven nonisomorphic
trivalent trees of order 10 in the subsets [10, k, d] can be constructed by
the same methods. These calculations give the following results, where
the number in parentheses ( ) following [10, k, d] is the number of trivalent
trees in that set:

[10, 9, 0](1)
[10, 3, 1](1), [10, 4, 1](2), [10, 5, 1](2),
[10, 6, 1](1), [10, 7, 1](1); (3.53)
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[10, 3, 2](7), [10, 4, 2](4), [10, 5, 2](2);
[10, 1, 3](5), [10, 2, 3](7), [10, 3, 3](3);
[10, 1, 4](1).

With more effort, the detailed structure Tp
10,k,d(x;y) of each nonisomor-

phic trivalent tree in each of the above subsets can also be given.

We next show how the general counting formula (3.19) can be refined
by taking advantage of the τw global reflection operations. These for-
mulas utilize the Wedderburn-Etherington numbers. The Wedderburn-
Etherington number bd+1 is the number of binary trees in the quotient
set defined by Td+1/ ∼=τ , where Td+1 is the set of binary trees of order
d + 1, which always contains d forks. The numbers bd+1 enter into a
relation or the form (3.19) in place of the Catalan numbers because the
reflection operations τw can just as well be applied to the trivalent tree
skeleton of each trivalent tree in Tn,k,d first, and then the distributions of
points corresponding to the solutions of the Diophantine equations (3.9)
is effected on just a set of representative binary trees of the equivalence
classes in the quotient set Td+1/ ∼=τ .

The recurrence relations for the Wedderburn-Etherington numbers
are given by

b2p−1 =
p−1∑
s=1

bsb2p−s−1,

(3.54)

b2p =
p−1∑
s=1

bsb2p−s +
(
bp + 1

2

)
,

where p ≥ 2, and, by definition, b0 = b1 = b2 = 1. We refer to Comtet
[44, p. 55] and Stanley [163, pp. 245, 278, Vol. 2] for their derivation
and references to the original literature. The first few Wedderburn-
Etherington numbers are given by

d 0 1 2 3 4 5 6 7 8 9

1 1 1 2 3 6 11 23 46 98bd+1

We next define the quotient set Cn,k,d by

Cn,k,d = Tn,k,d/ ∼=τ , (3.55)
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Table 3.1. The [9, k, d] Nonisomorphic Trivalent Trees.∗

subset p x;y

[9, 8, 0] : ∅ − − −
[9, 3, 1] : (1) (2, 1)
[9, 4, 1] : (1) (3; 1)

(1) (1; 1)
[9, 5, 1] : (1) (1; 0)
[9, 6, 1] : (1) (0; 0)

[9, 1, 2] : (1, 1) (2; 0, 0, 0)

[9, 2, 2] : (1, 1) (2; 0, 0, 0)
(1, 1) (1; 0, 1, 0)
(1, 1) (1; 1, 0, 0)
(1, 1) (0; 0, 1, 1)

[9, 3, 2] : (1, 1) (1; 0, 0, 0)
(1, 1) (0; 0, 1, 0)
(1, 1) (0; 1, 0, 0)

[9, 4, 2] : (1, 1) (0; 0, 0, 0)

[9, 1, 3] : (1, 2) (1, 0; 0, 0, 0, 0)
[9, 2, 3] : (1, 2) (0, 0; 0, 0, 0, 0)

(1, 1, 1) (0, 0; 0, 0, 0, 0; 1, 1, 06 )

∗ The first entry [9, 8, 0] is the trivalent tree (3.26) with no forks;
the entries under [9, k, 2] are of the form given by the left-most diagram
(3.39); and the first two under [9, k, 3] of the form of diagram (3.52).
Addition of all trivalent trees in the listed sets [9, k, d] gives the eighteen
nonisomorphic trivalent trees of order 9 (see (3.2)). The explicit trivalent
trees corresponding to the members of these sets are easily read off in
terms of the notation Tp

n,k,d(x;y) from the listed sequences p and the
occupation numbers (x;y).
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and denote a set of representative trivalent trees of the equivalence classes
Cn,k,d by Rn,k,d. Since one trivalent tree is selected from each equivalence
class, we have that |Rn,k,d | = bd+1. The Diophantine relations (3.9) are
now solved just for each representative trivalent tree Rn,k,d ∈ Rn,k,d. The
number of such solutions is obtained from relation (3.19) by replacing the
multiplicative Catalan number by the Wedderburn-Etheringon number,
which gives

bn,k,d = bd+1|Dn,k,d| (3.56)

as the number of trivalent trees in the set Tn,k,d that are τ−inequivalent.
(This does not take into account σw−type operations. For example, for
T10,3,2 and T9,2,2, this is just the reduction, respectively, from twenty
trivalent trees to ten trivalent trees, and from fourteen to seven.)

3.2.1 Shape labels of binary trees

The notation Tp
n,k,d(x;y) fully specifies a trivalent tree in the set Tn,k,d.

But additional parameters that specify the shape of the binary tree skele-
ton of Tn,k,d are needed for further classification into nonisomorphic sub-
sets. For this purpose, we introduce the concept of a fork vector. Recall
that the positive integer pm of the composition p = (p0, p1, . . . , ph−1)
defined by (3.50) gives the number of forks in column m of the binary
tree skeleton of height h. We now go one step further and define the dis-
tribution of forks in the binary tree by the following rule: A 1 is assigned
to each position vw where a fork occurs, and a 0 to every other point,
where all 2m points in each column m = 0, 1, . . . , h − 1 are included in
this assignment, but not column h in (3.3), which is all 0′s :

column m contains pm 1′s and 2m − pm 0′s, m = 0, 1, . . . , h−1. (3.57)

The collection of 1′s and 0′1 obtained by this rule are now arranged in
a row vector obtained by using the order rule (3.4) to place a 1 in each
position w where a fork vw occurs, and 0 at every other place. This
vector is called the fork vector fT of the binary tree skeleton T ; it is of
length 2h − 1.

Examples. The definition of a fork vector fT of a binary tree T is made
clear from the following set of eight binary trees corresponding to the
composition p = (1, 1, 2, 1) :

•
•

•

•

•✟✟
✟✟
✟

❍❍❍

❍❍❍

•
•
•
•

✏✏✏���

✏✏✏���

•
•

✘✘✘

→ (1; 1, 0; 1, 1, 0, 0; 1, 0, 0, 0, 0, 0, 0, 0)
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•
•

•

•

•✟✟
✟✟
✟

❍❍❍

❍❍❍

•
•
•
•

✏✏✏���

✏✏✏���

•
•

✘✘✘ → (1; 1, 0; 1, 1, 0, 0; 0, 1, 0, 0, 0, 0, 0, 0)

•
•

•

•

•✟✟
✟✟
✟

❍❍❍

❍❍❍

•
•
•
•

✏✏✏���

✏✏✏���

•
•

✘✘✘
→ (1; 1, 0; 1, 1, 0, 0; 0, 0, 1, 0, 0, 0, 0, 0)

•
•

•

•

•✟✟
✟✟
✟

❍❍❍

❍❍❍

•
•
•
•

✏✏✏���

✏✏✏��� •
•

✘✘✘

→ (1; 1, 0; 1, 1, 0, 0; 0, 0, 0, 1, 0, 0, 0, 0)

•
•

•
•

•
✟✟
✟✟✟

✟
❍❍❍❍❍❍

•
•
•
•

✏✏✏���

✏✏✏���

•
•

✘✘✘

→ (1; 0, 1; 0, 0, 1, 1; 0, 0, 0, 0, 1, 0, 0, 0)

(3.58)

•
•

•
•

•
✟✟
✟✟✟

✟
❍❍❍

•

•
❍❍❍

•
•
•
•

✏✏✏���

✏✏✏���

•
•

✘✘✘ → (1; 0, 1; 0, 0, 1, 1; 0, 0, 0, 0, 0, 1, 0, 0)

•
•

•
•

•

✟✟
✟

❍❍❍✟✟
✟

❍❍❍

•
•
•
•

✏✏✏���

✏✏✏���

•
•

✘✘✘
→ (1; 0, 1; 0, 0, 1, 1; 0, 0, 0, 0, 0, 0, 1, 0)

•
•

•
•

•

✟✟
✟

❍❍❍✟✟
✟

❍❍❍

•
•
•
•

✏✏✏���

✏✏✏��� •
•

✘✘✘

→ (1; 0, 1; 0, 0, 1, 1; 0, 0, 0, 0, 0, 0, 0, 1)

The fork vector fT uniquely determines the shape of the binary tree
T, including the composition p. We now modify the notation Tp

n,k,d(x;y)
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to T fT
n,k,d(x;y), T ∈ Td+1. The new notation enumerates all trivalent trees

in the set Tn,k,d, but now in a manner that admits the application of the
local reflection operations σw to effect further classification into noniso-
morphic subsets.

The incidence matrix IfT is the h × (2h − 1) matrix of 0′s and 1′s
having row sums given by the parts of the fork vector fT and column
sums by the parts of the composition p, as illustrated by the following
examples:

Examples. The fork vectors, respectively, of the four binary trees
T1, T2, T3, T4 in (3.7) are fT1 = (1), fT2 = (1; 1, 0), fT3 = (1; 0, 1), fT4 =
(1; 1, 1) with corresponding incidence matrices as follows:

IfT1
= (1), IfT2

=
(

1 0 0
0 1 0

)
, (3.59)

IfT3
=
(

1 0 0
0 0 1

)
, IfT4

=
(

1 0 0
0 1 1

)
. �

Since the fork vector fT , T ∈ Td+1 fully determines the incidence matrix,
we make no use of the latter.

A representative trivalent tree Rn,k,d ∈ Rn,k,d (see (3.56)) is fully
characterized by the fork vector fT , T = Rn,k,d ∈ Td+1 of the binary
tree skeleton and the occupation parameters (x;y) : The fork vector fT
specifies the shape of the binary root skeleton and the composition p;
and the occupation parameters (x;y) specify the distribution of points
onto the internal and external lines of the binary tree skeleton. Thus,
the notation

RfT
n,k,d(x;y), T ∈ Rn,k,d . (3.60)

fully specifies each trivalent tree in the set of representatives Rn,k,d.
We summarize the present status of the classification problem of triva-

lent trees in Tn,k,d into nonisomporhic trivalent trees:

Construction of complete sets of nonisomorphic trivalent trees:
(i) Select a set of representative trivalent trees Rn,k,d from the equivalence
classes Cn,k,d (3.55), as described above. (ii) Describe each representative
Rn,k,d ∈ Rn,k,d by the detailed notation Rn,k,d = RfT

n,k,d(x;y), T ∈ Rn,k,d.
(iii) Apply to each RfT

n,k,d(x;y) the subset of reflection operators σw that
preserve its shape, and use the resulting pairs of reflection-equivalent re-
lations to identify a set R̂n,k,d ⊆ Rn,k,d of trivalent trees, such that each
trivalent tree in R̂n,k,d is characterized by the property that no pair of
trivalent trees in the set is reflection-equivalent. (iv) Obtain a complete
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set [n, k, d] ⊆ R̂n,k,d of nonisomorphic trivalent trees by taking into ac-
count, as necessary, for n ≥ 2d + 2k, all ∼=Ω isomorphic trivalent trees.

More details for implementing step (iii) are available. Step (i) classi-
fies trivalent trees into a set Rn,k,d of representatives of the equivalence
classes Cn,k,d; step (ii) takes into account the shape of each of the binary
tree skeletons T of the representative trivalent trees in Rn,k,d by assign-
ing a unique fork vector fT to each, and a distribution (x;y) ∈ Dn,k,d
of solution points onto the lines of the binary tree skeletons. But no
additional constraints are placed on the distribution (x;y). Thus, each
trivalent tree Rn,k,d ∈ Rn,k,d is fully labeled by Rn,k,d = RfT

n,k,d(x;y)
and, in step (iii), we exercise the freedom of assigning restricted solution
points x;y ∈ Dn,k,d to the trivalent tree

RfT
n,k,d(x;y) ∈ Rn,k,d (3.61)

by application of the relevant local reflection operations. It is this free-
dom that we next implement.

Relations (2.74)-(2.81), Chapter 2, enumerate the number cd+1(t) of
binary trees having t forks (type t) for which both end points are external,
which we call free forks. These numbers are related to the Catalan
numbers ad+1 by

ad+1 =
[(d+1)/2]∑
t=1

cd+1(t) . (3.62)

Since ad+1 counts all binary trees with d forks, all binary trees skele-
tons that are distributed among the bd+1 representatives trivalent trees
in Rn,k,d are accounted for, as described in the preceding paragraph:
Each such binary tree skeleton has cd+1(t) forks of type t for some
t ∈ {1, 2, . . . , [(d + 1)/2]. (Different members of Rn,k,d can have the
same number cd+1(t) of forks of type t.) We now select a trivalent tree
Rn,k,d = RfT

n,k,d(x;y), identify the type t to which it belongs, enumerate
the t free fork roots of the t binary tree skeleton by vw1 , vw2 , . . . , vwt , and
the corresponding local reflection operators by σw1 , σw2 , . . . , σwt . The ap-
plication of these t shape-preserving local reflection operators to the set
of all trivalent trees

RfT
n,k,d(x;y), (x;y) ∈ Dn,k,d (3.63)

corresponding to the solution set Dn,k,d of the Diophantine relations
(3.9)-(3.10) allows us to choose exactly the subset with the property

RfT
n,k,d(x;y), ywi1 ≥ ywi2, i = 1, 2, . . . t . (3.64)
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This gives a set of trivalent trees that we denote by

R̂n,k,d ⊆ Rn,k,d. (3.65)

If there are no Ω−type isomorphisms among the trivalent trees in the
set R̂n,k,d, then this set is the subset of nonisomorphic trivalent trees
contained in Tn,k,d. Thus, we have from (3.36) that

| [n, k, d] | = | R̂n,k,d |, 2d + k + 1 ≤ 2d + 2k − 1,
(3.66)

| [n, k, d] | ≤ | R̂n,k,d |, n ≥ 2d + 2k.

A counting formula in the second instance, where Ω operations neces-
sarily enter, appears to be quite difficult. As examples, we have the
following: The steps leading to the set R̂n,k,d is illustrated for T10,3,2 by
[10, 3, 2] = R̂10,3,2 given by (3.37). It is also the case that the set R̂9,2,2 is
given by R̂9,2,2 = {[9, 2, 2], T9(0, 1, 1, 0)}, where [9, 2, 2] is given by (3.38),
and where T9(0, 1, 1, 0) is the trivalent tree given by the left-hand side of
(3.34); it can only be removed from R̂9,2,2 by an Ω−type isomorphism
to obtain the set of nonisomorphic trivalent trees [9, 2, 2].

Counting formulas can be given for the following related problems.
Let Bd,h(p) denote the set of binary trees in the subset of Td+1 con-
taining d forks in which the number of forks in column m is given by
the m−th part pm of the composition p = (p0, p1, . . . , ph−1) � d,m =
0, 1, 2, . . . , h − 1. Then, since these parts must satisfy the conditions
1 ≤ pm ≤ 2pm−1, m = 1, 2, . . . , h− 1; p0 = 1, there are

|Bd,h(p) | =
h−1∏
m=1

(
2pm−1
pm

)
(3.67)

trivalent trees in the set Bd,h(p). It follows from this result that the
Catalan number ad+1 = |Td+1 | is obtained as the sum:

d∑
h=h

∑
p� d

h−1∏
m=1

(
2pm−1
pm

)
= ad+1 =

1
d + 1

(
2d
d

)
, (3.68)

where h is defined by (3.5). We encounter again a solvable problem
of counting the number of compositions of a given positive integer into
d positive parts, where there are restrictions on each of the parts (see
Sect. 11.1.1, Compendium B). The results (3.67)-(3.68) are, of course,
valid for binary trees, in general, independently of their occurrence as
skeletons of trivalent trees.
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3.3 Cubic Graphs Associated with Pairs of
Trivalent Trees

We have seen in relations (2.237)-(2.246) how pairs of trivalent trees lead
to adjacency diagrams. We examine this structure again in the context
of unlabeled trivalent trees. Let Vn, V

′
n ∈ Vn be any pair of trivalent

trees of order n. Adjoin n + 2 lines that go between the two trivalent
trees such that the resulting graph contains only points of degree 3. This
is always possible, since the d + 2 points of degree 1 and n − 2d − 2
points of degree 2 belonging to Vn can always be matched with the d′ +2
points of degree 1 and n− 2d′− 2 points of degree 2 belonging to V ′n by
exactly 2(d+ 2) + (n− 2d− 2) = 2(d′ + 2) + (n− 2d′− 2) = n+ 2 joining
lines such that every point in the conjoined graph has degree 3. We call
such a conjoining of trivalent trees graph a regular union of Vn and V ′

n.
Each possible regular union of Vn and V ′

n gives a new graph containing
2n points and 2(n − 1) + n + 2 = 3n lines, with each point of degree 3.
Such a graph is called a cubic graph. There are, of course, many regular
unions of two given trivalent trees Vn and V ′

n, each of which gives a cubic
graph. We denote by C(Vn, V ′

n) the set of all cubic graphs obtained by
all possible regular unions of a pair of trivalent trees Vn, V ′

n ∈ Vn and an
element of this set by C(Vn, V ′

n) ∈ C(Vn, V ′
n).

Examples. It is useful to look at the number of regular unions for
n = 2, 3, 4 :

1. n = 2 : There is but a single trivalent tree, which is •—•, and the
conjoining by four lines going between two such trivalent trees gives
uniquely the cubic graph with diagram:

• •
❅
❅
❅• •�
�
� ∼=

✡
✡✡
······
·····
··
······

·
❏
❏❏

• •

•
• (3.69)

There is only one cubic graph for n = 2, and it is characterized by the
property that each of its points is adjacent to each of the remaining
three points. Shown is the planar R2 diagram and the corresponding
tetrahedral diagram in R3. There is only one cubic graph on four points,
which accounts for there being only one Racah coefficient.

2. n = 3 : There is but a single trivalent tree, which is •—•—•, and the
conjoining by five lines going between two such trivalent trees gives five
cubic graphs with the following diagrams:
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• • •

• • •

❍❍❍❍❍❍✟✟
✟✟

✟✟

• • •

• • •✟✟
✟✟

✟✟❅
❅
❅

❅
❅
❅

∼=
• • •

• • •

❍❍❍❍❍❍�
�
�

�
�
�

∼=
• • •

• • •

❍❍❍❍❍❍✟✟
✟✟

✟✟

�
�
�❅
❅
❅

∼=
• • •

• • •✟✟
✟✟

✟✟❍❍❍❍❍❍

❅
❅
❅�
�
�

(3.70)

But applying the criterion that two graphs are isomorphic if there is a
one-to-one correspondence between their points that preserves adjacency,
we find that there are only two nonisomorphic cubic graphs on six points.
The equivalences shown are evident from the diagrams, except for that
between the first and third one in (3.70). This equivalence is shown by
labeling the points in the first one by 1, 2, 3 from left-to-right across the
top horizontal line and by 4, 5, 6 from left-to-right across the bottom
horizontal line, and labeling the points in the third one by 1, 5, 6 from
left-to-right across the top horizontal line and by 2, 3, 4 from left-to-right
across the bottom horizontal line. The two nonequivalent planar cubic
graphs on six points can also be presented as diagrams in R3 :

• • •

• • •

❍❍❍❍❍❍✟✟
✟✟

✟✟ ∼=
❜
❜
❜
❜❜

✟✟✟····
·· ❍❍❍

✧
✧
✧
✧✧

····
····
·

····
····
··• •

• •

•
•

(3.71)

• • •

• • •✟✟
✟✟

✟✟❅
❅
❅

❅
❅
❅

∼=
✟✟✟

····
····
·
❍❍❍

········
··

········
··

• •

• •
•
•

(3.72)

Thus, only two nonisomorphic cubic graphs can arise in the coupling of
four angular momenta, the first one being the geometrical cubic graph
presentation of the Wigner 9− j coefficient; the second that of the B-E
identity.

The basis for identifying the cubic graph (3.72) with the B-E identity
can be given on purely geometrical grounds by presenting this cubic
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graph in the following form in which it has been partitioned into two
subgraphs joined by three dotted lines:

• • ••

• • •

❅
❅
❅

❅
❅
❅······

······
······
·

··········

··········
=

• &

• •

❅
❅
❅�
�
�

• •

& •

❅
❅
❅�
�
�

(3.73)

The diagram on the right is obtained from the regular union of trivalent
trees on the left by cutting the three ··· lines and joining the ends together
to form a point &, which is shown as two points on the right of the equal
sign. The diagram on the right is then the product of two tetrahedra
in which the two diamond points are to be identified as the same point.
(We write the product as simple juxtaposition, but will subsequently
need to refine the concept of product in Sect. 3.4.2.) This is the content
of the right-hand side of the B-E identity as expressed in the three forms
(2.207)-(2.209), where the point & receives the same label (b k1 k′2). This
extra triangle does not appear in the left-hand side of any of the forms
(2.207)-(2.209); its appearance in the B-E identity may be attributed to
the multiplication properties of recoupling matrices, which is the source
of the B-E identity, as noted earlier. This geometrical property of the
joining of a pair of trivalent trees into a cubic graph for n = 3 is the
fundamental reason for the existence of the B-E identity, and for the
existence of only one Wigner 9− j coefficient.

3. n = 4 : The trivalent trees in V4 are

• • • • • • ••
✟✟❍❍ (3.74)

Since the pairing is independent of order of the trivalent trees, there are
three paired sets of trivalent trees. Each pair is joined by six lines in all
possible ways such that the degree of each point is three, thus obtaining a
large collection of cubic graphs. But each cubic graph in this collection
is isomorphic to one in the following set of five, each one in this set
originating from the pairing of the left-most trivalent tree in (3.74) with
itself:

• • • •

• • • •

❅
❅
❅�
�
� ❅

❅
❅�
�
�

• • • •

• • • •✏✏
✏✏

✏✏
✏✏✏❅

❅
❅

❅
❅
❅

❅
❅
❅

• • • •

• • • •

���������✟✟
✟✟

✟✟

�
�
�

• • • •

• • • •

���������✏✏
✏✏

✏✏
✏✏✏

• • • •

• • • •✟✟
✟✟

✟✟

✟✟
✟✟

✟✟❍❍❍❍❍❍

❍❍❍❍❍❍

(3.75)
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Several of the isomorphisms between cubic graphs of order eight are
illustrated by

• • • •

• •
•

•

����������
�
�

✟✟
✟✟

✟✟
p1 p2 p3 p4

p′1 p′2

p′3
p′4

∼=

p4 p′4 p1 p2

p3 p′3 p′2 p′1
✏✏

✏✏
✏✏

✏✏✏❅
❅
❅

❅
❅
❅

❅
❅
❅

• • • •

• • • •
∼=
• • • •

• • • •

���������

❍❍❍❍❍❍�
�
�

✟✟
✟✟

✟✟

✟✟
✟✟

✟✟
p3 p2 p1 p′4

p′1 p′2 p′3 p4
(3.76)

The first isomorphism shows that the cubic graph obtained by the regular
union of the separate pair of inequivalent trivalent trees (3.74) can be
isomorphic to a cubic graph obtained by the regular union of the left-
most trivalent tree with itself.

It is known from graph theory that the five cubic graphs on eight
points given by (3.75) constitute all such cubic graphs. It turns out
that all cubic graphs on four, six, and eight points arise in the binary
theory of the coupling of angular momenta, but this property fails for
ten points. Not all cubic graphs containing 2n points can be obtained
by the regular union of two trivalent trees of order n by n + 2 lines (see
(3.87) below). We require more detailed analysis of this property, as
well as the properties of those cubic graphs that do occur and give rise
to the factoring of the associated fundamental triangle coefficients such
as occurs for the B-E identity. We return to this below, but let us first
note some geometrical aspects of the coupling of three and four angular
momenta.

The geometrical content of the Racah sum rule, the B-E identity, and
the Wigner 9 − j coefficient can be described in terms of cubic graphs,
but the labels associated with the vertices of the cubic graphs must be
assigned in accordance with the rules already set forth. This point needs
further discussion. We have chosen in relation (2.155) to associate the
Racah coefficient with a special pair of standard labeled binary trees and
the corresponding fundamental triangle coefficient of order four:


◦ ◦
• ◦
•

❅
❅
❅
��

��

a b

ck

j

◦ ◦
•◦

•❅❅�
�
�❅❅

b c

a k′

j

 (3.77)

=

{
a k
b c
k j

∣∣∣∣∣ b a
c k′
k′ j

}
=
√

(2k + 1)(2k′ + 1)W (abjc; kk′).

We have earlier remarked that a tetrahedron has the unique property
that each of its points is adjacent to every other point. This property can
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be realized by assigning four arbitrary triangles, say, (abc), (dec), (dbf),
(aef), each of which shares exactly one entry with each of the other
triangles, to any four distinct points and joining by lines each pair of
points that shares a common letter. But the only labelings of cubic
graphs that we allow in the treatment of angular momentum are those
that arise from the standard labeling of a pair of binary trees of order 2—
there are four external points to be assigned angular momentum labels,
since the two internal points and the roots have the standard k1, k2, j
and k′1, k′2, j assignment. If we keep the order of the parts in each of
(abc), (dec), (dbf), (aef) fixed, then there is no assignment of these tri-
angles to the pair of standard labeled binary trees that gives the coupling
rules for three angular momenta. By design, all standard labelings leave
invariant the set of eigenvalue relations associated with the coupling
scheme. Thus, extra conditions are imposed on the structure of angular
momentum triangles that label the vertices of the tetrahedron. Exactly
these same restrictions apply to the associated fundamental triangle co-
efficients with four columns of angular momentum triangles—they are al-
ways read off the pair of labeled binary trees by the stated rule (2.126), as
illustrated by the examples (2.127). It is, of course, the case that if per-
mutations among the parts of the four triangles (abc), (dec), (dbf), (aef),
are allowed, then they can always be brought to the form of two distinct
angular momentum coupling schemes. In our usage, it is always the
coupling schemes themselves that determine the relations between the
angular momentum triangles, and, most significantly, the adjacency of
points in the corresponding labeled cubic graph. It is useful to discuss
these rules in relation to the Racah coefficient.

The assignment of a tetrahedron to a Racah coefficient is made on
the basis of relation (2.155), which is (3.77) above, with phase factors in
accordance with the properties of the triangle coefficient of order four as
presented in (2.155)-(2.156):

• •
❅
❅
❅❅• •�

�
��

(abk) (kcj)

(bck′) (ak′j)

=

{
a k
b c
k j

∣∣∣∣∣ b a
c k′
k′ j

}
. (3.78)

Given the point assignment p1 = (abk), p2 = (kcj), p′1 = (bck′), p′2 =
(ak′j) in terms of the angular momentum quantum numbers a, b, c, j, k, k′ ,
as read off the pair of binary trees in (3.77), the fundamental triangle co-
efficient of order four is assigned exactly the labels shown. This provides
the labeling of the four points of the tetrahedron on the left. We can
think of this relation as providing a symbolic identity between the labeled
tetrahedron and the fundamental triangle coefficient, as shown. But now
we can apply all six permutations of the three angular momenta a, b, c
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labeling the external points to obtain signed labeled tetrahedra. For ex-
ample, the interchange of a and b in (3.78) gives the signed tetrahedron:

• •
❅
❅
❅❅• •�

�
��

(bak) (kcj)

(ack′) (bk′j)

• •
❅
❅
❅❅• •�

�
��

(abk) (kcj)

(ack′) (bk′j)

= (−1)a+b−k (3.79)

The interchange of the top and bottom labels in (3.78) is also admitted:

• •
❅
❅
❅❅• •�

�
��

(abk) (kcj)

(bck′) (ak′j)

=
• •
❅
❅
❅❅• •�

�
��

(bck′) (ak′j)

(abk) (kcj)

(3.80)

The general rule is: A labeled (possibly signed) tetrahedron is a sym-
bolic graphical presentation of the numerical-valued triangle coefficient
of order 4 corresponding to a standard labeled pair of binary trees, each
of order 2. The content of such relations is exactly the same as their
triangle coefficient presentation, no more and no less.

The entire content of angular momentum recoupling theory can be
expressed by symbolic relations between signed tetrahedra, as defined
above. We illustrate this by writing relations (2.185),(2.187),(2.208),
and (2.210) for the orthogonality relations, the Racah sum rule, the
Biedenharn-Elliott identity, and the Wigner 9− j coefficient as symbolic
rules for composing tetrahedra:

1. Orthogonality relations: :

∑
k

• •

• •

❅
❅
❅
❅❅�

�
�
��

q1 q2

p′1 p′2

• •

• •

❅
❅
❅
❅❅�

�
�
��

q1 q2

p′′1 p′′2

= δk′,k′′ (3.81)

where all the triangles qi have a part equal to the summation pa-
rameter k and are given in terms of angular momentum quantum
numbers by q1 = (abk), q2 = (kcj); and the ’free’ triangles are given
by p′1 = (bck′), p′2 = (ak′j), p′′1 = (bck′′), p′′2 = (ak′′j).
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2. Racah sum rule:

∑
k

• •

• •

❅
❅
❅
❅❅�

�
�
��

p′1 p′2

q1 q2

• •

• •

❅
❅
❅
❅❅�

�
�
��

q1 q2

p′′1 p′′2

=

• •

• •

❅
❅
❅
❅❅�

�
�
��

p′1 p′2

p′′1 p′′2

(3.82)

where all the triangles qi have a part equal to the summation pa-
rameter k and are given by in terms of angular momentum quantum
numbers: q1 = (bck), q2 = (kaj); and the free triangles are given by
p′1 = (abk′), p′2 = (k′cj), p′′1 = (ack′′), p′′2 = (k′′bj).

3. Biedenharn-Elliott identity:

∑
k

• •

• •

❅
❅
❅
❅❅�

�
�
��

p1 q1

p2 q2

• •

• •

❅
❅
❅
❅❅�

�
�
��

p3 p4

q2 q3

• •

• •

❅
❅
❅
❅❅�

�
�
��

q2 q3

p5 p6

=

• &
❅
❅
❅
❅• •�

�
�
��

p3 p∗

p2 p5

• •
❅
❅
❅
❅❅& •�

�
�
�

p1 p4

p∗ p6

=

• • •

• • •

❅
❅
❅
❅

❅
❅
❅
❅✟✟

✟✟
✟✟

✟✟✟
p3 p4 p1

p2 p5 p6

(3.83)

where all the triangles qi have a part equal to the summation pa-
rameter k and are given by q1 = (ak2k), q2 = (k′1dk), q3 = (ckj);
the free triangle pi by p1 = (bdk2), p2 = (abk′1), p3 = (cak1), p4 =
(k1k2j), p5 = (k′1ck′2), p6 = (dk′2j); and the new, created triangle in
the middle term only by p∗ = (bk1k′2). Expression (3.83) conceals
the fact that the B-E identity has a row-column matrix element
form similar to the Racah sum rule. This is because of the reduc-
tions that take place in consequence of Kronecker delta factors.
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4. Wigner 9− j defining relation:

∑
k

• •

• •

❅
❅
❅
❅❅�

�
�
��

p1 p4

q1 q2

• •

• •

❅
❅
❅
❅❅�

�
�
��

p2 q3

p3 q1

• •

• •

❅
❅
❅
❅❅�

�
�
��

q3 q2

p5 p6

=

• • •

• • •

❍❍❍❍❍❍❍❍❍✟✟
✟✟

✟✟
✟✟✟

p3 p4 p1

p2 p6 p5

(3.84)

where all the triangles qi contain a part equal to the summation pa-
rameter k and are given by q1 = (bk1k), q2 = (kdj), q3 = (k′1ck); and
the pi by p1 = (bdk2), p2 = (abk′1), p3 = (cak1), p4 = (k1k2j), p5 =
(cdk′2), p6 = (k′1k

′
2j).

There are denumerably infinitely many such relations between recou-
pling coefficients of the sort given above. We will eventually understand
in the next chapter on generating functions that all such relations are
expressions between integers because all recoupling coefficients are in-
tegers times square-root factors, and all such square-root factors either
get squared or can be canceled from the two sides of relations between re-
coupling coefficients, leaving behind integer relationships. In particular,
this is true for the expressions of recoupling coefficients in terms of the
basic 6 − j coefficients. The “tetrahedral integers” constitute, in some
sense, a “basis.” Angular momentum theory is about the properties of
integers in which Diophantine theory eventually gets entangled.

Adjacency properties of triangles have a vital role in the structure
of relations between recoupling coefficients. In expressing a recoupling
coefficient in terms of labeled tetrahedra, we connect only the four points
with six lines within each of the individual tetrahedra. No lines go be-
tween different tetrahedra. This is the content of the symbolic represen-
tation (3.83) of the relation (2.208) for the B-E identity. In particular,
all q−triangle labeling points have a part equal to the summation index
in the above examples and are adjacent, but only those belonging to a
given tetrahedron are connected. The other triangles that label points
that belong to different tetrahedra under the summation may likewise
be adjacent, but they are not connected.
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The symbolic identity

=

• &
❅
❅
❅
❅• •�

�
�
��

p3 p∗

p2 p5

• •
❅
❅
❅
❅❅& •�

�
�
�

p1 p4

p∗ p6

• • ••

• • •

❅
❅
❅
❅

❅
❅
❅
❅✟✟

✟✟
✟✟

✟✟✟
p3 p4 p1

p2 p5 p6

(3.85)

is crucial in the B-E identity. Relation (3.85) is rather remarkable in that
it shows that a labeled cubic graph on six points can be constructed from
the product of two labeled tetrahedra and a point p∗ that appears as a
virtual point, where we use the term virtual to describe a point or triangle
that appears in one side of a relation between labeled cubic graphs, but
not in the other. It is an intrinsic property of the cubic graph on the left
in (3.85).

From the viewpoint of angular momentum theory, the factorizing
property of the particular cubic graph in (3.85) is a consequence of
the simple relation between orthogonal recoupling matrices expressed
by relation (2.125), as implemented through the matrix elements of this
identity in relations (2.196)-(2.198), and using properties of triangle co-
efficients. The virtual triangle made its appearance automatically in the
process of taking matrix elements. But there is nothing special about
this procedure, which implies that we can expect virtual triangles to
enter in many relations between recoupling coefficients.

A general property of all relations between recoupling coefficients is
that there must be conservation of free triangles and of the adjacency of
these triangles. This phrase is intended to mean that the free triangles
and their adjacency in the left- and right-hand sides of an identity be-
tween two cubic graphs be invariant (the same); “free” applies to those
triangles not containing a summation index that are not virtual triangles,
where we observe that virtual triangles come in identical pairs, should
they appear. This property of such relations must be true or the rela-
tion is self-contradictory. It is interesting how this property comes about
under a summation over labeled tetrahedra, as in the above examples.
It is directly verified that when two triangles are free and adjacent in
a given tetrahedron, they are adjacent in both sides of the identity. If
they belong to different tetrahedra, the adjacent or non-adjacent prop-
erty is verified by comparison of the triangles, and is carried forward to
the other side of the relation. The transitive property of adjacent points
belonging to different tetrahedra can also be important. Adjacency of
triangles is reflective, but it is not, in general, transitive. But there can
be subsets of triangles that are transitive. For example, in the expression
for the Wigner 9 − j coefficient, we have p1 ≡ p4, p1 ≡ q1 ≡ p2 implies
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p1 ≡ p2 and p1 ≡ q2 ≡ p5 implies p1 ≡ p5 in the left-hand side, which
accounts for the three lines adjacent to p1 in the cubic graph symbol for
the 9 − j coefficient. Similarly, in the expression for the B-E identity,
we have p1 ≡ p2, p1 ≡ q2 ≡ p4 implies p1 ≡ p4 and p1 ≡ q2 ≡ p6 implies
p1 ≡ p6 in the left-hand side, which accounts for the three lines adjacent
to p1 in the cubic graph symbol of the B-E identity.

We next address the general relationship between pairs of unlabeled
nonisomorphic trivalent trees and unlabeled cubic graphs. We have de-
fined on p. 189 the notion of the regular union of two trivalent trees
Vn, V

′
n ∈ Vn of order n : all points of degree 1 and 2 of belonging to

the separate trivalent trees are joined together to obtain a graph hav-
ing 2n points and 3n lines such that each point of the composite graph
has degree 3. Each such joining gives a cubic graph, and the set of all
such cubic graphs is denoted C(Vn, V ′

n). The required n+ 2 joining lines
always exists, as shown in the first paragraph of this section. Unfortu-
nately, the regular union of two trivalent trees, one in the set of complete
nonisomorphic [n, k, d], the other in [n, k′, d′], does not, in general, give
a set of nonisomorphic cubic graphs: The identification of a set of noni-
somorphic cubic graphs with 2n points is not resolved. The set of cubic
graphs C(Vn, V ′

n) does contain all cubic graphs that can arise in recou-
pling matrices associated with the binary coupling of angular momenta,
but further refinement of the structure of the set C(Vn, V ′

n) is needed to
determine the nonisomorphic cubic graphs contained therein, a task to
which we next turn.

3.4 Cubic Graphs

As an abstract graph, a cubic graph may be defined as follows:

A cubic graph C2n of order 2n is a collection of 2n distinct points pi, i =
1, 2, . . . , 2n, and 3n lines lj , j = 1, 2, . . . , 3n, such that three lines are
incident on each point, there being exactly one line going between each
pair of points.

Cubic graphs can be presented in various forms for visualizing their
properties: A collection of points in Cartesian R3 space; a collection
of points (planar graphs) in Cartesian R2 space; and as arrangements
of triangles as columns in a matrix having 3 rows and 3n columns (see
Sect. 3.4.3). The previous definitions of adjacency of points and of iso-
morphic graphs apply also to cubic graphs:

1. Two points in a cubic graph are adjacent if there exists a line inci-
dent on each point.

2. Two cubic graphs are isomorphic if there exists a one-to-one corre-
spondence between their points that preserves adjacency.
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We introduce the following notations for the sets of cubic graphs of
order 2n encountered:

C2n = {all nonisomorphic cubic graphs of order 2n},
Cn,n = {C(Vn, V ′

n) |Vn ∈ [n, k, d], V ′
n ∈ [n, k′, d′]}. (3.86)

Examples. It is useful to illustrate some unusual planar cubic graphs:

1. A cubic graph with one line joining two (noncubic) subgraphs:

• •

• •

•
❅
❅
❅
❅�

��

b •

•

•

• •�
�
�
��

❅
❅❅ (3.87)

This cubic graph on ten points is a member of C10, but not of C5,5;
it cannot be assembled from two trivalent trees of order five joined
by seven lines, because, by symmetry one of the joining lines must
be b, and if this line is removed, there is no end point of degree
1 in either of the two disjoint subgraphs that remains to serve as
base point of a trivalent tree. This illustrates the property: Not all
cubic graphs of order 2n are contained in Cn,n.

2. The following cubic graph on sixteen points factors into four cubic
subgraphs of order four:

• •

• •
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❅
❅
❅
❅
❅

❅
❅
❅
❅
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�
�
�
�
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�
�
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• •

• •
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�
�
�
�
�

�
�
�
�

❅
❅
❅
❅❅

• •

• •

• •

• •
❅
❅
❅
❅
❅
❅

k1 k2

k4 k3

k′1 k′2

k′4 k′3

=
4∏
i=1

δki,k′
i

×
• •
❅
❅
❅
❅• •�

�
�
��
k1k4 k1 k2

• •
❅
❅
❅
❅❅• •�

�
�
�

• •
❅
❅
❅
❅• •�

�
�
��
k3k2

• •
❅
❅
❅
❅❅• •�

�
�
�
k4k3

(3.88)
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We can cut the lines k2, k
′
2, k4, k

′
4 and join together smoothly (no

new • point) the end points k2 and k′2 and those of k4 and k′2 thus
obtaining a product of two cubic subgraphs on eight points. This
procedure can be repeated on each of these subgraphs in the prod-
uct thus obtaining the product of the four tetrahedra shown on the
right-hand side having the shared vertical line labels shown. This
planar cubic graph of order sixteen generalizes in the obvious way to
arbitrarily many subunits containing the four • points shown, with
pairs of points on two concentric circles. Thus, there are denumer-
ably infinitely many cubic graphs that can be viewed as factoring
into cubic subgraphs under the cutting and joining of lines. None
of these cubic graphs belongs to Cn,n. They do not occur in angular
momentum binary recoupling theory. This is proved below in the
Yutsis factoring theorem for cubic graphs in the set Cn,n by showing
that the line labels in the product on the right-hand side of (3.88)
cannot occur in cubic graphs belonging to the set Cn,n.

These examples illustrate the subtleties of the role of general cubic
graphs in the binary recoupling theory of angular momenta. The first
example (3.87) shows that a cubic graph may fail to be in the set Cn,n
because the lines joining subgraphs do have the required properties; the
second example (3.88) fails, as shown below, because the structure of the
factors is incompatible with a cubic graph belonging to Cn,n. The cutting
and joining of lines and the associated factoring of cubic graphs in the set
Cn,n is an important refinement for determining the subset Cn,n ⊂ C2n
of nonisomorphic cubic graphs that occur in binary recoupling theory of
angular momenta.

3.4.1 Factoring properties of cubic graphs

A significant property of cubic graphs for the classification of recoupling
matrices is the following:

Yutsis factoring theorem for cubic graphs (sufficiency version). If
a cubic graph is constituted of two subgraphs joined by two or three lines,
and each of the subgraphs contains at least three points, then this cubic
graph factors into two cubic graphs of lower order by the cut and join of
lines. In the case of two lines labeled by k and k′, there is a Kronecker
delta contraction δk,k′ that gives two disjoint cubic graphs that share the
common line labeled k. In the case of three lines labeled by k, q, k′, a new
virtual point p∗ = (kqk′) is created that gives two disjoint cubic graphs
that share the common point p∗, provided the cut and join produces no
loops (a line that closes on the same point) or double lines (two lines
between the same point).
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Proof. We give the proof by examples, since it is clear that the illustrated
properties generalize. The two cubic graph with diagrams given by the
first and second lines of (3.89) below illustrate this factoring. Note, how-
ever, that the cutting of the three lines in the first graph gives a double
line; these lines cannot be cut and rejoined to obtain a pair of cubic
graphs. Moreover, the graph on the third line shows that a cubic graph
with four joining lines can also be partitioned into two cubic subgraphs
by the cut and join operation.

Examples. Partitioning of cubic graphs into cubic subgraphs by cutting
and rejoining of lines:

• • • •

• • • •

❅
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❅❅�
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❅❅�
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❅
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❅
❅
❅
❅

❅
❅
❅
❅✟✟

✟✟
✟✟

✟✟✟
k

q

k′

(3.89)
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• •

•
••

❍❍
✟✟

✟✟
❍❍

If one, or both, of the cubic subgraphs that occurs in the factoring the-
orem is itself constituted of two subgraphs joined by two or three lines,
then the factoring process can be continued. The cubic graph on the
left in the third line of (3.89) has 2 · 12 = 24 points and 3 · 12 = 36
lines, while each of the two cubic subgraphs on the right has 2 · 6 = 12
points and 3 · 6 = 18 lines. (Each right-angle line incident on a pair of
• points represents the same smooth line, with no points of the graph.)
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The number of points and lines is conserved in these factorings for pairs
of cut lines that are rejoined into lines, as in the first and third examples
in (3.89), two lines are replace by two lines, one each in the two disjoint
cubic subgraphs. But when three cut lines are joined into a point, as in
the second example, the number of points is increased by two because a
single new virtual point has been created, and it belongs to each of the
two disjoint cubic subgraphs—points are not conserved in this process.

�
Application of the Yutsis factoring theorem to the five nonisomorphic

cubic graphs on eight points given by (3.75) gives the following: The first
one in the top row factors into a product of two tetrahedra, the second
into the product of three tetrahedra, and the third into a tetrahedra
times a cubic graph on six points, the cubic graph on six points being
the one that corresponds to the Wigner 9−j coefficient. Thus, these three
nonisomorphic cubic graphs give no coefficients not already encountered
in the binary coupling of four angular momenta or less. The Yutsis
factoring theorem, as stated, does not apply to the two cubic graphs
given in the second row of (3.75), but it is the case that these two cubic
graphs cannot be factored (see 3.90 below) by cut and join operations.
These two give rise to two 12 − j coefficients. We have not yet proved
this, nor have we yet given a definition of a 3n− j coefficient, results we
supply below. The factoring theorem is due to the Yutsis et al. [192, 193]
school and repeated in the present notation in Ref. [21].

We have discussed in some detail how binary recoupling theory leads
to cubic graphs in the sets Cn,n, n ≥ 2. These cubic graphs are always
obtained from a pair of binary trees which present the coupling of n+ 1
angular momenta j1, j + 2, . . . , jn+1 to a final angular momentum j, as
exhibited in the standard labeling of two binary trees without common
forks, as explained in detail in Chapter 2. It is convenient to refer to
these cubic graphs as being of angular momentum type. We denote this
set of cubic graphs by G(T, T ′). Only cubic graphs G(T, T ′) ∈ G(T, T ′)
of angular momentum type can occur in the binary recoupling theory
of angular momenta, including those associated with the cubic graphs
that occur in a factoring. The five nonisomorphic cubic graphs on eight
points given by (3.75) are all obtained from the regular union of a pair
of trivalent trees of order 4, which all are members of G(T, T ′), where
T, T ′ are binary trees of order five. The three in the top line factor into
products of the required angular momentum type, while the two in the
bottom line cannot be factored: they correspond to two 12−j coefficients,
as noted above. Being of angular momentum type (including factors)
severely restricts the cubic graphs that can arise in binary recoupling
theory for n ≥ 5.

The results discussed above pose the following question: Given a
cubic graph Cn,n ∈ Cn,n that is the regular union of two trivalent trees of
order n, what are the conditions that it factor into a product of two cubic
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subgraphs Cr,r ∈ Cr,r and Cs,s ∈ Cs,s, by the cut and join process such
that each subgraph is of angular momentum type? This is a paramount
question that we next address.

We first observe that each cubic graph Gp,q,r,s ∈ C2n satisfies:

The cut and join of lines in a cubic graph Gp,q,r,s ∈ C2n can effect a
product into two cubic graphs C2r ∈ C2r and C2s ∈ C2s, if and only if
Gp,q,r,s has the form presented by the diagram:

Gp,q,r,s =

2r − p
points

3r + q
points

3p + 2q lines
2s− p
points

3s + q
points

(3.90)

The diagram on the right represents two subgraphs joined by t = 3p+2q ≥
2 lines, the first containing 2r−p ≥ 3 points and 3r+ q lines, the second
2s − p ≥ 3 points and 3s + q lines, where p and q are some pair of
nonnegative integers, not both 0, and we require the graphs concealed in
the boxes to have exactly three lines incident on each point (degree 3).

Proof. Suppose there are t ≥ 2 joining lines. Then, since every positive
integer t ≥ 2 can be written in the form t = 3p + 2q for some pair of
nonnegative integers p and q, we can collect the lines together into p
subsets of three lines and q subsets of two lines. After cutting all the t
lines, each identified subset of three lines is joined to a point, thereby
creating p new pairs of points, each of degree 3; each identified subset
of two lines is joined smoothly to a line, thus preserving the number 2q
of lines. One set of p points of degree three goes back into the left-hand
box and one set into the right-hand box, thus increasing the number of
points of degree three in each box to 2r and 2s, respectively; similarly, q
lines go back into each of the boxes, thus decreasing the number of lines
by q. Thus, the number of points and lines is 2r and 3r in the left-hand
box, and 2s and 3s in the right-hand box, each point being of degree 3.
Thus, diagram (3.90) is necessary; it is clearly sufficient. �

We can also derive conditions for a cubic graph to be realized as a
regular union of two trivalent trees. Consider the following diagram:

Lu Rv

L
′
u′ R

′
v′

❅
❅
❅
❅❅

�
�
�
��

a1
a2 a3

a4

t

t′

Cn,n = (3.91)
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This diagram presents a cubic graph Cn,n in terms of points and lines that
taken together constitute a cubic graph that belongs to the regular union
Cn,n of any pair of trivalent trees in the set Vn. This is proved below,
after defining the symbols in diagram (3.91), where we use the language
of angular momentum adjacency diagrams to describe the collection of
points and lines. The nomenclature a k−line, a k′−line, and a j−line
refers to lines in the adjacency diagram that are labeled, respectively,
by k1, k2, . . . , kn−1, in the upper trivalent tree, by k′1, k′2, . . . , k′n−1 in the
lower trivalent tree, and by j1, j2, . . . , jn+1, j for the n + 2 joining lines.

Diagram (3.91) has the following description:

1. The top trivalent tree is the union of a left and right subgraph
denoted Lu and Rv that are joined by a number t of k−lines.

(a) The subgraph Lu consists of u points l1, l2, . . . , lu and a number
t + x of k−lines.

(b) The subgraph Rv consists of v points r1, r2, . . . , rv and a num-
ber t + y of k−lines.

2. The bottom trivalent tree is the union of a left and right subgraph
denoted L

′
u′ and R

′
v′ that are joined by a number t′ of k′−lines.

(a) The subgraph L
′
u′ consists of u′ points l′1, l′2, . . . , l′u′ and a num-

ber t′ + x′ of k′−lines.
(b) The subgraph R

′
v′ consists of v′ points r′1, r′2, . . . , r′v′ and a num-

ber t′ + y′ of k′−lines.

3. The lines joining these four subgraphs are the following:

a1 j−lines join Lu and L′
u′ , a2 j−lines join Lu and R′

v′ ,

a3 j−lines join Rv and L′
u′ , a4 j−lines join Rv and R′

v′ . (3.92)

The total number of j−lines in (3.91) is

a1 + a2 + a3 + a4 = n + 2. (3.93)

4. The parameters u, v, t, x, y;u′, v′, t′, x′, y′ entering into the defini-
tions in Items 1 and 2 are nonnegative integers that satisfy the
following conditions:

u + v = n, u′ + v′ = n, (3.94)

t + x + y = n− 1, t′ + x′ + y′ = n− 1, t ≥ 1, t′ ≥ 1;

x + x′ ≥ 1, x ≥ 0, x′ ≥ 0; y + y′ ≥ 1, y ≥ 0, y′ ≥ 0. (3.95)

These conditions are necessary and sufficient for a regular union of
two trivalent trees of order n to give a cubic graph (3.91) that has
2n points, 3n lines, with each point of degree 3.
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5. The vertical line partitioning the cubic graph into the left sets of
points Lu and L

′
u′ and the right sets of points Rv and R

′
v′ is called

the channel line; it contains three channels, the upper one called
the k−channel, the middle one called the j−channel, and the lower
one called the k′−channel. There are t lines going through the
k−channel, t′ lines going through the k′−channel, and a23 = a2+a3
lines going through the j−channel. The total number of lines going
through these three channels is t+a23+t′ = 3p+2q. The channel line
is not part of the cubic graph Cn,n; it is placed in the diagram over
the graph to account for the left-right partitioning of the adjacency
diagram into subgraphs and joining lines.

We can now provide the proof of the result above, which we state as
follows:

The graph, denoted Cn,n in diagram (3.91), which satisfies all the prop-
erties set forth in Items 1-5, is a cubic graph obtained by the regular
union of two trivalent trees in the set Vn, where the joining lines can be
any of the compositions of nonnegative integers (a1, a2, a3, a4) � n + 2;
that is Cn,n ∈ Cn,n. Every cubic graph Cn,n ∈ Cn,n has this structure.

Proof. The proof is given by showing that the sets of points Rv and
L

′
u′ can be transfered in diagram (3.91) in such a way as required in the

definition of a regular union, as shown in the following picture:

Lu Rv

L
′
u′ R

′
v′

�����������

❍❍❍❍❍❍❍

✡
✡
✡✡ a3

a2
a4

a1

t

t′

Cn,n = =

Lu Rv

L
′
u′ R

′
v′

�����������

❍❍❍❍❍❍❍❍

◗
◗
◗
◗
◗◗

❍❍❍❍❍❍❍❍

a2
a4a3

a1

t

t′

(3.96)

The two diagrams in this picture are obtained by the following two trans-
fers of sets of points in Cn,n defined by (3.91) and Items 1-5. First,
subgraph Rv in diagram (3.91) is shifted to the left-hand side of the ver-
tical channel line to the position shown in the left-most diagram in (3.96).
This shift of Rv carries all t k−lines joining Rv and Lu, and all a4 j−lines
joining Rv and R

′
v′ , to the new positions shown in the left-most diagram,

leaving the other subgraphs and lines unchanged; in particular, the up-
per channel is now closed, and the middle channel gains a4 new j−lines.
Second, the subgraph L

′
u′ in the left-most diagram (3.96) is shifted to the

right-hand side of the vertical channel line to the new position shown.
This shift carries all t′ k′−lines joining L

′
u′ and R

′
v′ , and all a3 j−lines
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joining L
′
u′ and Rv, to the new positions shown, leaving the other sub-

graphs and lines on the left-hand side unchanged; in particular, the lower
channel is now closed, and the middle channel gains a1+a3 new j−lines.
The final result of these two positional shifts of subgraphs and lines is
the right-hand diagram in (3.96). But this is just the configuration of
points for the joining of two trivalent trees in Vn, since the subgraphs
Lu and Rv, joined by t k−lines, and the subgraphs L

′
u′ R

′
v′ , joined by

t′ k′−lines, constitute the top and bottom trivalent trees, respectively.
Moreover, the number of j−lines is a1 + a2 + a3 + a4 = n + 2. Since
the two shifts of subgraphs and the “dragging along” of lines is just a
reconfiguration of the subgraphs and points in (3.91) that preserves all
features of the graph from which we started, diagram (3.91) is that of
a cubic graph Cn,n ∈ Cn,n. Since the entire procedure just described is
reversible, every cubic graph Cn,n ∈ Cn,n can be presented as a diagram
of the form (3.91). �
Examples. By a slight rearrangement of points and lines, the cubic
graph (3.88) can be presented as the following diagram:

• •

• •
❅
❅❅
�
��

• •

• •
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�
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❉
❉
❉❉

�
�
��• •

• •
❅
❅❅
�
��

• •

• •
❅
❅❅
�
��

C16 =
(3.97)

(The bent lines in this diagram are smooth lines containing no • points.)
Comparing this diagram with (3.91), we obtain the parameter values
given by n = 8; p = 0, q = 2;u = v = u′ = v′ = 4; a1 = 2, a2 = 0, a3 =
0, a4 = 2; t = t′ = 2, a23 = 0; hence, a1+a2+a3+a3 = 4; t+a23+ t′ = 4.
Since the condition a1 + a2 + a3 + a3 = n + 2 is violated, the cubic
graph (3.88) cannot be presented as the joining of two trivalent trees of
order 8—it cannot occur in the addition of n+2 = 10 angular momenta.
Similarly, it can be shown that the third cubic graph in (3.89) cannot
be presented as the joining of two trivalent trees of order 12—it cannot
occur in the addition of n + 2 = 14 angular momenta. �

The results obtained above on trivalent trees and cubic graphs can
now be used to derive conditions under which a cubic graph Cn,n can
be presented as two cubic subgraphs Cr,r ∈ Cr,r and Cs,s ∈ Cs,s joined
by 3p + 2q lines. These conditions come in the form of a family of
Diophantine relations that must be satisfied. Thus, we can prove the
following result:

Under the cut and join operations of the 3p+2q joining lines in diagram
(3.90), applied now to Cn,n, each cubic graph Cn,n ∈ Cn,n factors into a
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cubic graph Cr,r ∈ Cr,r and a cubic graph Cs,s ∈ Cs,s :

Cn,n = Cr,r × Cs,s, (3.98)

where the positive integral parameters n, r, s, p, q satisfy the relations

n = r + s− p ≥ 3, 2r ≥ p + 3, 2s ≥ p + 3, p + q ≥ 1. (3.99)

In addition, the nonnegative parameters (a1, a2, a3, a4), t, x, y, t′, x′, y′ en-
tering into the regular union of the two trivalent trees in the left-most
diagram (3.96), which is an alternative presentation of the same diagram
(3.90), must satisfy the Diophantine relations (3.100)-(3.102) below.

Proof. The following relations are just a systematic reassembly of condi-
tions set forth in Items 1-5 in the description of the subgraphs and lines
in diagram (3.91), which, via diagram (3.96), express diagram (3.90) as
a regular union of two trivalent trees:

1. It follows from (3.99) that the integers n, r, s, p, q satisfy:

r ≥ 2, s ≥ 2, |r − s| ≤ n− 3,

p = r + s− n, p + q ≥ 1. (3.100)

2. The composition (a1, a2, a3, a4) of nonnegative integers satisfies:

a1 + a2 + a3 + a4 = n + 2. (3.101)

3. The parameters t, x, y, t′, x′, y′ satisfy:

t + t′ = (3p + 2q)− (a2 + a3),
t + x + y = n− 1,

t′ + x′ + y′ = n− 1, (3.102)

t + t′ + x + x′ = (3r + q)− (a1 + a2 + a3),

t + t′ + y + y′ = (3s + q)− (a2 + a3 + a4).

The method of solving the Diophantine relations (3.100)-(3.102) is by
the following four steps, where n ≥ 3 is specified: (i) Any pair of inte-
gers (r, s) satisfying (3.100) is selected; (ii) p is defined from step (i) as
given by (3.101), and q is selected to satisfy p + q ≥ 1; (iii) any com-
position (a1, a2, a3, a4) satisfying (3.101) is selected; (iii) all solutions in
nonnegative integers of relations (3.102) are constructed, using the se-
lected values of the parameters from (i), (ii), and (iii). The family of all
such solutions obtained in this way gives a factoring of cubic graphs of
the form (3.98). �
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The five linear relations are not independent, but they are always
compatible—relations (3.102) presents the conditions in the most sym-
metric form. It will also be noticed that no use has been made in (3.98)-
(3.102) of the conditions u+v = u′+v′ = n. These are restrictions on the
internal structure of the three cubic graphs entering into relation (3.98)
that have not yet been enforced.

The factoring property Cn,n = Cr,r×Cs,s is, however, too general for
the coupling of angular momenta: all cubic graphs in this relation must
be of angular momentum type G(T, T ′). The requirement of being of
angular momentum type places severe restrictions on these three cubic
graphs. It is useful to illustrate the occurrence of a cubic graph that is
not of angular momentum type and one that is, both of which factor.
(We have introduced × between the factors in the above relations and
below to keep the factors clear; it is a generic separation symbol with no
specific properties.)

Example 1. A factoring not of angular momentum type occurs for
n = 5, p = q = 1, r = 2, s = 4 :

• • •
•

•

✏✏
✏✏

✏✏

������

✏✏
✏✏

✏✏

������

✟✟
✟✟

✟✟
✟✟

✟✟
✟✟

✟✟
✟✟

✟✟

❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍

❍❍❍❍❍❍❍❍❍❍❍❍

✟✟
✟✟

✟✟
✟✟

✟✟
✟✟

k1 k2
k3

k4

p1 p2 p3

p4

p5

• •
•

•
•

p′1 p′2 p′3

p′4

p′5

k′1 k′2

k′3

k′4

a b c d

e

f

g

• •

• •�
�
�
�
�
��❅

❅
❅
❅
❅
❅❅

p1 p2

p′1 p∗

k1

k′1a
b

c

d

×= δk′
1,k2

• • • •������������������✏✏
✏✏

✏✏
✏✏

✏✏
✏✏

✏✏
✏✏

✏✏

✟✟
✟✟

✟✟
✟✟

✟✟
✟✟❍❍❍❍❍❍



✟✟
✟✟

✟✟

• •

•

•

c

k2

k3 k4
p∗ p4 p3 p5

k′2

k′3
k′4p′2 p′3

p′4

p′5

b f
d

e

g

(3.103)

The factoring illustrated in this diagram is the result of the cut of the
five lines k2, d, b, c, k′1 and join of d, b, c to form the virtual point p∗, and
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then the smooth join of the lines k′1, k2, which are now identified as the
same line and introduces the factor δk′

1,k2. It is quite easy to read off
the second cubic graph in the second line of (3.103) directly from the
left-hand side of the relation. It is, however, the case that this graph is
isomorphic to the second one in the top row of (3.75), as shown by the
adjacency of points in the following two diagrams:

• • • •�����������✏✏
✏✏

✏✏
✏✏

✏✏✏

✟✟
✟✟

✟✟
✟❍❍❍❍



✟✟
✟✟

• •
•

•

p∗ p4 p3 p5

p′2 p′3

p′4

p′5

∼=
• • • •

• • • •✏✏
✏✏

✏✏
✏✏

✏✏✏❅
❅
❅❅

❅
❅
❅❅

❅
❅
❅❅

p∗ p′5 p5 p3

p4 p′4 p′3 p′2

(3.104)

The parameters (3.91) of the graphs in (3.103) are:

Lu : u = 2, t = 1, x = 1, a1 = 1, a2 = 2;

L
′
u′ : u′ = 1, t′ = 1, x′ = 0, a1 = 1, a3 = 1;

(3.105)
Rv : v = 3, t = 1, y = 2, a3 = 1, a4 = 3 :

R
′
v′ : v′ = 4, t′ = 1, y′ = 3, a2 = 1, a4.

These parameters satisfy the Diophantine relations (3.100)-(3.102), in-
cluding u + v = u′ + v′ = n.

The diagram on the left in (3.103) with parameters (3.105) cannot be
realized as a member of G(T, T ′), despite the factoring property: The
joining lines a, b, c, d, e, f, g of external angular momenta going between
the pair of trivalent trees of order five on the left must all remain join-
ing lines of the factored trivalent trees on the right, and this is clearly
violated by the virtual point p∗. The cubic graph (3.103) factors, but it
is not of angular momentum type.

Example 2. A factoring of angular momentum type occurs for n =
5, p = 1, q = 0, r = 2, s = 4. These parameters also satisfy the Dio-
phantine relations (3.100)-(3.102). The structure of Cn,n is now assured
because we start with a pair of binary trees with no common forks. The
three joining lines have the proper form to be cut and joined into a single
point p∗ of the proper form. We give all the details of the continued fac-
toring because it is a nice representative of the methods advanced here,
using binary trees and the associated triangle coefficients:
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

◦ ◦
• ◦
• ◦
•

❅
❅
❅
❅
❅❅

��
��
��

a b
c
d
e
f��

��

k1
k2
k3
k4

j

◦
◦•
•

◦◦◦◦
◦◦••

•

•

•
��
❅
❅❅

�
��

✱
✱
✱
✱✱





❅❅




a b d
k′1

c
k′2

k′3 k′4

j

fe



• • • • •
❅
❅
❅
❅❅�

�
�
��

✟✟
✟✟

✟✟
✟✟
✟❍❍❍❍❍

❅
❅
❅
❅❅• • •

•
•

k4 k3 k2 k1
p5 p4 p3 p2 p1

p′2k′4 k′3

k′2

k′1p′5 p′4

p′3
p′1

f
j

e d c b a∼=

• •

• •

❅
❅
❅
❅❅�

�
�
��

• • •

• • •✟✟
✟✟

✟✟
✟✟
✟

❅
❅
❅
❅❅

❅
❅
❅
❅❅

k4

k3

k2 k1
p5 p4 p3 p2 p1

p′3k′4

k3

k′2 k′1p′5 p′4 p′2 p′1

ej
f d

cb
a= δk3,k′

3
×

• •

• •

❅
❅
❅
❅❅�

�
�
��

• &

• •�
�
�
��❅

❅
❅
❅❅

k4

k3 b

k2 k1
p5 p4 p3 p∗2

p′3k′4

k3

k′2 k′1p′5 p′4

•

&

•

•

❅
❅
❅
❅❅�

�
�
��

p′2 p′1

p1

p∗2

p2

ej
f d k′1

b
ak2

c
= δk3,k′

3
× × (3.106)

The set of factors C2,2 ×C3,3, as well as C2,2 × (C2,2 ×C2,2) are all seen
to be of angular momentum type. Points in this diagram are labeled by

p1 = (a b k1), p2 = (k1 c k2), p3 = (k2 d k3), p4 = (k3 e k4),

p5 = (k4 f j), p∗2 = (k2 b k′1); p′1 = (a c k′1), p
′
2 = (k′1 k

′
2 k3),

p′3 = (b d k′2), p
′
4 = (k3 k′4 j), p

′
5 = (e f k′4). (3.107)

This symbolic identity (3.106), of course, implies relations between the
various corresponding fundamental triangle coefficients by the rules given
in Sect. 2.2.11, Chapter 2.
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Further refinements of the family of Diophantine relations (3.100)-
(3.102) requires that we enforce the requirement that Cr,r and Cs,s in
(3.98) be of angular momentum type, which we now consider. The gen-
eral situation for the cut and join of the 3p + 2q lines lines may be
described by the following diagram:

t k−lines
a2 + a3 j−lines 3p + 2q total lines
t′ k′−lines

 (3.108)

The 3p+ 2q = t+ a2 + a3 + t′ lines must be cut and joined in a way that
effects a factoring into the product Cr,r×Cs,s, where each of these cubic
graphs is of angular momentum type.

It is useful to examine first the special case t = t′ = 1 : There are
3p + 2q − 2 join lines of j−type. For p + q ≥ 2, there are at least
p + 2 j−type join lines. Thus, for p ≥ 1, at least three j−lines must
be joined, which is prohibited. If p = 0, there are at least two j−lines
that must be joined. This is also prohibited: The smooth join of two
j−lines into a line introduces a Kronecker delta factor on the labels of
the two j−lines, which identifies two j−lines as having identical labels,
and this creates a double line in either Cr,r or Cs,s. We conclude that
it is necessary that p + q ≤ 1 to obtain a factoring into cubic graphs of
angular momentum type.

It is, of course, possible to make a cut for which t+ t′ ≥ 2, as diagram
(3.104) shows: the result for t = t′ = 1 is too restrictive, unless proved
otherwise.

A general result obtained by considering each case is the following:

Under the cut of the 3p + 2q join lines in (3.108), those lines with the
following properties cannot be joined: three lines with j−labels to a point;
pairs of j−lines smoothly to a line; pairs of k−lines smoothly to a line;
pairs of k′−lines smoothly to a line; a k−line and a k′−line smoothly to
a line; and lines that create loops (a line that joins a point to itself) or
double lines (two lines that join the same pair of points).

These ancillary conditions imply that the only possible matchings in
diagram (3.108) are those that give q smooth joins of a k−line and a
k′−lines, and those that give p joins to a virtual point p∗ of a k−line,
a k′−line, and a j−line. By adding the number of k−lines, j−lines,
and k′− lines that appear in the cut and join, we obtain the relations
t = t′ = p + q and a2 + a3 = p.

These conditions on the cut and join of lines are now used in relations
(3.101)-(3.102) to obtain a refined version of those Diophantine equations
given by
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1. The positive integers n, r, s and nonnegative integers p, q satisfy:

r ≥ 2, s ≥ 2, |r − s| ≤ n− 3,

p = r + s− n, p + q ≥ 1. (3.109)

2. The composition (a1, a2, a3, a4) of nonnegative integers satisfies:

a1 + a2 + a3 + a4 = n + 2, a2 + a3 = p. (3.110)

3. The parameters t, x, y, t′, x′, y′ satisfy

t = t′ = q,

x + y = n− 1− (p + q),

x′ + y′ = n− 1− (p + q), (3.111)

x + x′ = 3r − (3p + q)− a1,

y + y′ = 3s− (3p + q)− a4.

The last four relations are always compatible in consequence of the
first relation and of n = r + s− p.

Relations (3.110) still do not take into account the requirements
that Cr,r and Cs,s be cubic graphs of angular momentum type; that
is, Cr,r, Cs,s ∈ G(T, T ′). These conditions are the following: When the
q lines obtained by the smooth joining of the q pairs consisting of a
k−line and a k′−line and the p points obtained by the joining of three
lines to a virtual point containing a k−line, a j−line, and a k′−line are
all adjoined to the subgraph {Lu,L

′
u′}, and separately to the subgraph

{Ru,R
′
u′}, the cubic graphs Cr,r and Cs,s of angular momentum type

must be created. These requirements impose further conditions on the
parameters. In particular, it must be the case that a1 + 2p + q = r + 2,
so that the number of lines joining the upper trivalent tree and the lower
trivalent tree in Cr,r is r + 2, with a similar result a4 + 2p + q = s + 2
for Cs,s. This result and (3.110) now gives p + q = 1. This proves:

Every cubic graph Cn,n ∈ G(T, T ′) of angular momentum type that fac-
tors into a product Cn,n = Cr,r × Cs,s of cubic graphs Cr,r and Cs,s,
each of angular momentum type, has parameter values that satisfy the
following family of Diophantine relations:

Two-line case (p = 0, q = 1) :
n = r + s ≥ 4, r ≥ 2, s ≥ 2,
a2 = a3 = 0, a1 + a4 = n + 2,

x + y = x′ + y′ = n− 2,

x + x′ = 3r − a1 − 1, y + y′ = 3s− a4 − 1. (3.112)



3.4. CUBIC GRAPHS 213

Three-line case (p = 1, q = 0) :
n = r + s− 1 ≥ 3, r ≥ 2, s ≥ 2,
a2 + a3 = 1, a1 + a4 = n + 1,

x + y = x′ + y′ = n− 2,

x + x′ = 3r − a1 − 3, y + y′ = 3s− a4 − 3. (3.113)

The Yutsis factoring theorem is also necessary for cubic graphs of angular
momentum type (necessary version).

The general family of Diophantine relations (3.100)-(3.102) is invari-
ant under the interchange of the primed and unprimed parameters, and
under the simultaneous interchange of the parts of the three pairs of
parameters (r, s), (a1, a4), (a2, a3). The first operation interchanges the
upper and lower trivalent trees in Cn,n, Cr,r, Cs,s; the second the sub-
graphs to the left and right of the 3p + 2q joining lines. These symmery
operations give isomorphic cubic graphs. These results carry over to
relations (3.112) and (3.113).

3.4.2 Join properties of cubic graphs

The factoring of cubic graphs obtained by the cut and join of two or three
lines depends entirely on the local configuration of points and lines. The
three possible local pictures have the following diagrams:

• •

• •

✟✟

❍❍

❍❍

✟✟
· · ·· · ·

p2 k p3

p′2 k
′
p′3

• •

• •❍❍ ✟✟

❍❍✟✟
· · ·· · ·

p1 p2

kk
= δk,k′ ×

p′1 p′2

• • •

• • •
❅
❅❅✥✥✥

✥✥


· · ·· · · =

p1 p2 p3

p′1 p′2 p′3

• •

• •
❅
❅❅�
�� ×

p1 p∗

p′1 p′2

· · ·
• •

• • •✥✥✥✥

 · · ·

p2 p3

p∗ p′3

(3.114)

• • •

• • •


�
��
✥✥✥

· · ·· · · =

p1 p2 p3

p′1 p′2 p′3

• •

• •
❅
❅❅�
�� ×

p1 p2

p′1 p∗

· · ·
• •

• • •✥✥✥✥

 · · ·

p∗ p3

p′2 p′3
The diagram on the right is the result of the cut and join operation
on the diagram to the left. The symbol · · · denotes that the points and
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lines to the right and left of the depicted local configuration complete
the picture to a full cubic graph.

The joins in these diagrams are of different types: The first is a
smooth-line join, and the two three-line joins are of a down-diagonal
type and an up-diagonal type as represented by the diagrams:

• •

• •
❅
❅❅

and
• •

• •�
�� (3.115)

The neutral × symbol in (3.114) needs to be refined: We introduce the
wedge symbol ∧ to denote the cut and smooth-line join of two lines; the
join symbol ∨∗ to denote the cut and join of three lines to a point in
the down-diagonal case; and the join symbol ∨∗ to denote the cut and
join of three lines to a point in the up-diagonal case. The joins down-
diagonal three-line join ∨∗ and the up-diagonal three-line join ∨∗ are also
distinguished by the positions of the two virtual points created.

A characteristic of the × = ∧ operation in the first diagram in (3.114)
is: it is immediately preceded and immediately followed by a three-line
join. But such three-line joins have the property:

A three-line cut is not allowed in the pair of contiguous three-line joins
to a two-line join; such a cut creates a double line. Only the two-line cut
and join is allowed.

A full cubic graph Cn,n of which (3.114) is just a local part may exhibit
several two-line or three-line joins. We require further nomenclature for
their description. With each cubic graph Cn,n ∈ Cn,n, we associate a
sequence consisting of all the two-line joins, the down-diagonal three-
line joins, and the up-diagonal three-line joins, ordered in the sequence
as read from left-to-right across the upper horizontal line. We call this
sequence the characteristic join sequence of Cn,n. The characteristic join
sequence of Cn,n, in turn, uniquely determines a maximal product of cubic
graphs of the form

∏×
t Ct,t, which is obtained by the cut and join of every

two-line join and every allowed three-line join in its characteristic join
sequence. We define two cubic graphs Cn,n and C ′

n,n, both in Cn,n, to
be sequentially isomorphic if their characteristic join sequences are the
same; otherwise, sequentially nonisomorphic.

The characteristic join sequence of a cubic graph may be presented
as a word in the three-letter alphabet N,L,R defined in terms of the
line-join operations by making the mappings

∧ �→ N, ∨∗ �→ L, ∨∗ �→ R, (3.116)

where the mapping of each join subsequence ∨∗ ∧ ∨∗ �→ ∧ and, corre-
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spondingly, LNR �→ N take into account that three-line cuts of the 3-line
joins that always precede and follow a two-line join are not allowed.

It is useful to illustrate these concepts. For this purpose, we introduce
the following space-saving notations:

• •

• •
❅
❅❅�
��W = ,

• • •

• • •

❍❍❍❍❍✟✟
✟✟
✟

.V =
(3.117)

Example 1. There are two nonisomorphic cubic graphs on six points.
They can be taken to be those in diagram (3.83) and (3.84). The first
one has the maximal factors given by

• • •

• • •✟✟
✟✟
✟❅

❅❅
❅
❅❅

= W ∨∗ W. (3.118)

The second one is V, given by (3.117); it has no two-line or three-line joins
and is the Wigner 9−j symmetric cubic graph (3.84). The characteristic
join sequence of (3.18) is ∨∗ �→ L.

Example 2.There are five nonisomorphic cubic graphs on eight points.
They can be taken to be those in diagram (3.75). Three have the maximal
factor cubic graphs as follows:

• • • •

• • • •
❅
❅❅�
�� ❅

❅❅�
�� = W ∧ W ,

• • • •

• • • •✏✏
✏✏

✏✏
✏

❅
❅❅
❅
❅❅
❅
❅❅

= W ∨∗ (W ∨∗ W ) ,

• • • •

• • • •

�������✟✟
✟✟
✟

�
�� = W ∨∗ V .

(3.119)

The remaining two are given by the following symmetric cubic graphs:

• • • •

• • • •

�������✏✏
✏✏

✏✏
✏

U =
• • • •

• • • •✟✟
✟✟
✟

✟✟
✟✟
✟❍❍❍❍❍

❍❍❍❍❍
X =, . (3.120)

The characteristic join sequences of the cubic graphs (3.119) and the
corresponding words are given, respectively, by

∨∗ ∧ ∨∗ �→ ∧ �→ N, ∨∗ ∨∗ �→ LL, V ∗ �→ R. (3.121)
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The two cubic graphs in (3.120) that do not factor may be regarded as
corresponding to the empty word ∅. All five cubic graphs are of angular
momentum type, since each can be realized in terms of a pair of standard
labeled binary trees, as can each of the factors in the maximal factorings
(3.119) (see Ref. [21, Vol. 9]). Sequentially nonisomorphic cubic graphs
on eight points are nonisomorphic; there are two 12 − j coefficients.

�
The determination of a set of nonisomorphic cubic graphs on ten

points is more complicated; it is the first case where features representa-
tive of many of the complex relations between general cubic graphs and
cubic graphs of angular momentum type appear, so it is worth examining
in some detail.

There are nineteen nonisomorphic cubic graphs on ten points (Ko-
rflage [93, p. 53] and Harary [77]. Two members of the set C10 can
be chosen to be the cubic graph given by (3.87) and the one given by
(3.103), where we now replace the second factor by the isomorphic cubic
graph (3.104) and remove all labels, since they serve no purpose here.
These two cubic graphs, which are not of angular momentum type, il-
lustrate the nontrivial nature of the problem of determining whether a
given cubic graph belongs to the set G(T, T ′).

Additional features of cubic graphs that must be taken into account
are the following:

(i). The isomorphism of a pair of cubic graphs may or may not pre-
serve its 3p+ 2q join-line structure. This is illustrated by examples
(3.76),(3.104), and (3.123)-(3.124) below.

(ii). The balance of points between the number 2n of points in Cn,n
and the number of points 2t that appear in the factors Ct,t of any
product relation for Cn,n must satisfy the relation∑

t

nt = n + h, (3.122)

where h is the number of ∨ operations (either type) that appears
in the factored product, nt = |Ct,t| is the number of cubic graphs
on 2t points that occurs in the factoring, which is h + 1, and the
summation is over all such factor. This relation must hold because
the ∧ operation does not change the number of points, and the ∨
operation (either type) increases the number of points by two.

We can now assemble maximal join diagrams of the form (3.118) and
(3.119) to realize a set of eighteen nonisomorphic cubic graphs of order
ten, example (3.87) excepted, by implementing the following build-up
rule, which is a summary of properties of products developed above.
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Build-up rule:

1. Form all products ∧,∨∗,∨∗ of lower order cubic graphs of order
(number of factors) f = 1, 2, . . . , 2h + 1, where h is the number of
join operations ∨ (either type) in the product, such that the balance
of products relation (3.122) is satisfied.

2. Insert parenthesis pairs (A (B (C · · · (X (Y Z)))) · · ·) into each such
product, and read off the characteristic join sequence.

3. Take into account the symmetry that interchanges the upper and
lower trivalent trees (and reverses the slopes of the join lines), the
left-right reflection symmetry through any vertical line, and the
symmetry that interchanges factors in any parenthesis pair, for ex-
ample, (Y Z) = (Z Y ), (X (Y Z)) = ((Y Z)X), . . . , and keep only
those with the standard parenthesis pairs in Item 2 that have char-
acteristic join sequences that are nonisomorphic. (Such parenthesis
pair bracketings are called commutative, and their number is given
by the Wedderburn-Etherington numbers—see Comtet [44, p. 54].)

4. Replace each subsequence ∨∗ ∧ ∨∗ appearing in the characteristic
join sequence by ∧ �→ N to account for the special feature (3.121)
of all two-line joins.

5. Reverse the direction of the factor process in relations (3.114) to
obtain the (unique) cubic graph represented by the factors obtained
in Items 1-4; if the cubic graph so obtained contains a two-line or
three-line join, continue the factor process until a maximal factoring
is effected, where we note that the maximal factoring of each cubic
graph in the set Cn,n gives a unique characteristic join sequence.

We implement the build-up rule to obtain a set of eighteen noniso-
morphic cubic graphs on ten points, each of which factors. For this, we
require two additional cubic graphs on eight points that are not already
listed in Example 2 above:

• • • •

• • • •

�������

❍❍❍❍❍�
��
✟✟

✟✟
✟
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p1 p2 p3 p4

p′1 p′2 p′3 p′4

∼=Y =
• • • •

• • • •✏✏
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❅
❅❅
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p2 p3 p4 p′4

, (3.123)
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. (3.124)
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The eighteen nonisomorphic cubic graphs may be chosen to be those
given by the notation U, V,W,X, Y,Z by the following maximal factors:

• • • • •

• • • • •
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(3.125)



3.4. CUBIC GRAPHS 219

• • • • •• • • • •
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This leaves the following five nonisomorphic cubic graphs that do not
factor on two or three lines:
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(3.126)

Sequentially nonisomorpic cubic graphs are nonisomorphic, and the cubic
graphs in (3.126) determine five 15− j coefficients.

Three of the nonisomorphic cubic graphs on ten points are not of
angular momentum type G(T, T ′). These three are the one-line join given
by (3.87) and the fifth and sixth one in the collection of thirteen give by
(3.125). To verify this fully, it is necessary to show that each of the five
cubic graphs given by (3.126) can be realized as the standard labeling of
a pair of binary trees selected from

• • • • • → = T

◦
•
•
•
•
•

��
��
��
��
��

❅
❅
❅
❅
❅
❅

◦
◦
◦
◦
◦ (3.127)
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❅
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❍❍❍ ✟✟✟

◦ ◦ ◦ ◦
◦ ◦

such that the pair of binary trees contains no common forks.
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It is quite interesting that all members of the class of nonisomorphic
cubic graphs that factor into a product of h + 1 tetrahedral W−factors
can be given. The class is determined by the set of corresponding charac-
teristic join sequences for which the words of length h in the two letters
L and R have certain symmetry properties (see (3.122) for the definition
of h), as follows:

Select any cubic graph that factors into h + 1 tetrahedra and determine
its corresponding word w of length h. Determine the set of words with the
following properties: (i) w is in the set; (ii) the reversal of every word
in the set is in the set; and (iii) each word obtained by interchanging L
and R in every word in the set is in the set. This collection of words
uniquely determines a family of isomorphic cubic graphs with the required
factoring properties. A word not in the set with w is then selected, and
a second class of isomorphic cubic graphs is constructed. This process is
continued in the standard way to partition the set of all cubic graphs in
question into disjoint equivalence classes. Then, any set of representa-
tives of these equivalence classes gives a complete set of nonisomorphic
cubic graphs that factor into a product of h + 1 tetrahedral W−factors.

Example. The last three in the list (3.125) corresponding, respectively,
to the words LLL,LLR,LRL are nonisomorphic cubic graphs for which
a generalized B-E identity holds. This is because the five cubic graphs
corresponding to the words RRR;RRL,LRR,RLL;RLR are isomorphic
to the original three; hence, we have the word isomorphisms given by

RRR ∼= LLL; RRL ∼= LRR ∼= RLL ∼= LLR; RLR ∼= LRL. � (3.128)

When applied to cubic graphs of angular momentum type, so that the
product into h+1 W-factors gives the product of h+1 Racah coefficients
(with adjoined dimension and phase factors), each member of the family
of relations described above generalizes the B-E identity (3.83).

The build-up rule is a guide for constructing nonisomorphic cubic
graphs, but it is not yet an algorithm. For example, the selection of the
additional cubic graphs on 2n points (Y and Z in (3.123)-(3.124) for
n = 4) in going to the next higher level 2n + 2 has not been given. The
property that the class of characteristic join sequences corresponding to
the set of words having the symmetries in the letters N,R,L defined
above, and in Item 3, are an isomorphic set is a powerful tool. But to
effect this, even at the next level of twelve points, is nontrivial. It has
not been attempted. Alternative constructive methods should also be
developed, keeping the approach fully under the purview of combinatorial
methods.
Alternative approaches

Abstract triangles (abc) of symbols with a �= b �= c have a vital role in
the theory of cubic graphs from the point of view of angular momentum
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theory. The points of a cubic graph can always be represented by a
collection of 2n such triangles pi = {ai bi ci}, i = 1, 2, . . . , 2n, with the
property that each of the three parts of the triangle is shared by exactly
one other triangle. Lines incident on points triangles) are then defined
by the pairs of triangles that share a common letter. This gives a total
of 3n lines with three lines incident on each point; that is, a cubic graph.
Each selection of such triangles gives a unique cubic graph. All cubic
graphs of order 2n can be constructed in this manner, but many cubic
graphs obtained in this manner are isomorphic. We address this problem
in the next section.

3.4.3 Cubic graph matrices

The enumeration of the full set of cubic graphs on 2n points can be
approached by using matrix arrays similar to the fundamental trian-
gle coefficients of order 2n. Thus, we consider a 3 × 2n matrix of 6n
indeterminates x = (x1, x2, . . . , x3n) and y = (y1, y2, . . . , y3n) that are
distributed among the rows and columns of the matrix by certain rules
given below. We denote such an array by A3×2n(x; y), refer to the inde-
terminates as coordinates, and call the three coordinates in each column
the internal coordinates of a point. Thus, a matrix array A3×2n(x; y)
consists of 2n points, p1, p2, . . . , p2n, as read from left-to-right across the
columns; and each point (column) pi has three distinct internal coordi-
nates, which can be interpreted as generic points in Cartesian 3−space
R3, or as triples of labels of planar points, but with no significance as
Cartesian coordinates in R2. The rules for the distribution of the 6n co-
ordinates x = (x1, x2, . . . , x3n) and y = (y1, y2, . . . , y3n) into the matrix
A3×2n(x; y) are called adjacency conditions, and are as follows:

(1). Adjacency conditions: Let the three internal coordinates of a given
column of A3×2n(x; y) be denoted by (za, zb, zc), where each compo-
nent is selected from the 6n coordinates x = (x1, x2, . . . , x3n) and
y = (y1, y2, . . . , y3n) by the following rules:

(i). All three subscripts a, b, c of the internal coordinates (za, zb, zc)
are distinct.

(ii). Subscript a appears in col(za, zb, zc) and in exactly one other
column, distinct from col(za, zb, zc); subscript b appears in
col(za, zb, zc), and in exactly one other column, distinct from
col(za, zb, zc), and distinct from the second column in which a
appears; and subscript c appears in col(za, zb, zc) and in exactly
one other column, distinct from col(za, zb, zc), and distinct from
the second column in which a appears and from the second
column in which b appears. These relations between columns
are to hold for each of the 2n columns of A3×2n(x; y).
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We introduce the following notation for these matrix arrays:

A3×2n(x; y) = {all matrix arrays satisfying conditions (1)} . (3.129)

We call each matrix in this set a cubic graph matrix. Each cubic graph
matrix maps to a cubic graph whose points pi, i = 1, 2, . . . , 2n, are pre-
sented as the columns of the matrix (3.129) with incident lines given by
the coordinates that share a common subscript. Conversely, each cubic
graph whose points are presented by 3-tuples of points satisfying the
adjacency rules with incident lines given by the 3-tuples that share a
common subscript maps to a cubic graph matrix (3.129). This bijection,
however, does not differentiate between isomorphic cubic graphs.

Permutations may be used to reduce the number of cubic graph ma-
trices A3×2n(x; y) that give nonisomorphic cubic graphs. The following
three permutation groups leave the adjacency conditions invariant:

S3(2n) = S3 × S3 × · · · × S3 (2n times),
S2n = standard permutation group on 1,2, . . . , 2n, (3.130)
S2 = interchange of symbols x and y.

The action of each ρ ∈ S3(2n) (direct product group) on each A3×2n(x; y)
∈ A3×2n(x; y) is defined to be a permutation of the three row entries
in each of its columns, while the action of each π ∈ S2n is defined to
be a permutation of the 2n columns themselves. Thus, we have that
|S3(2n) | = 3!(2n)! and |S2n | = (2n)!.

The action of these invariance groups can be used to bring each cubic
matrix A3×2n(x; y) ∈ A3×2n(x; y) to the following form:

A∗
3×2n(x; y) =

 x1 y3 y5 · · · y2n−1 yi1 yi3 · · · yi2n−3 yi2n−1

x2 x4 x6 · · · x2n yi2 yi4 · · · yi2n−2 yi2n
x3 x5 x7 · · · x2n+1 x2n+2 x2n+3 · · · x3n y3n

,
(3.131)

where the entry yi2n+1 in row 3 and column 2n has subscript i2n+1 = 3n,
and the remaining subscripts i1, i2, . . . , i2n are a permutation of the 2n
integers in the set H2n = {1, 2, 4, . . . , 2n−2, 2n, 2n+1, 2n+2, . . . , 3n−1}
such that following three conditions hold:

(i). Adjacency conditions (1i) and (1ii) are preserved.

(ii). The column subscripts {i1, i2}, {i3, i4}, . . . , {i2n−2, i2n} are disjoint
2−subsets of H2n such that i1 < i2, i3 < i4, . . . , i2n−1 < i2n.

(iii). The set of integer subscripts i1, i2, . . . , i2n, which are permutations
of the integers in the set H2n, must preserve the adjacency condi-
tions (i), the 2-subset conditions (ii), and yield nonisomorphic cubic
graph matrices.
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The term nonisomorphic cubic graph matrices designates that the set
of cubic graphs with their 2n points presented as the columns of the set
of cubic graph matrices are nonisomorphic. We can now prove:

Each cubic graph matrix A3×2n(x; y) ∈ A3×2n(x; y) is isomorphic to a
cubic graph matrix in the set of cubic graph matrices A∗

3×2n(x; y) de-
fined by (3.131) and conditions (i)-(iii); A∗

3×2n(x; y) is a complete set of
nonisomorphic cubic matrices.

Examples. It is useful to see some examples of cubic graph matrices
before proceeding to the proof.

n = 2 : The following cubic graph matrix represents the tetrahedron
(3.69):  x1 y3 y1 y2

x2 x4 y4 y5
x3 x5 x6 y6

 . (3.132)

n = 3 : The following two cubic graph matrices represent the two noni-
somorphic cubic graphs (3.83)-(3.84) on six points: x1 y3 y5 y2 y4 y1

x2 x4 x6 y6 y8 y7
x3 x5 x7 x8 x9 y9

 ,

 x1 y3 y5 y1 y2 y4
x2 x4 x6 y6 y8 y7
x3 x5 x7 x8 x9 y9

 .

(3.133)
n = 4 : The following five cubic graph matrices represent the five noni-
somorphic cubic graphs (3.75) on eight points: x1 y3 y5 y7 y1 y2 y8 y6

x2 x4 x6 x8 y4 y10 y11 y9
x3 x5 x7 x9 x10 x11 x12 y12

 ,

 x1 y3 y5 y7 y1 y2 y4 y6
x2 x4 x6 x8 y8 y10 y11 y9
x3 x5 x7 x9 x10 x11 x12 y12

 ,

 x1 y3 y5 y7 y1 y8 y6 y2
x2 x4 x6 x8 y4 y10 y11 y9
x3 x5 x7 x9 x10 x11 x12 y12

 , (3.134)

 x1 y3 y5 y7 y2 y4 y6 y1
x2 x4 x6 x8 y8 y10 y11 y9
x3 x5 x7 x9 x10 x11 x12 y12

 ,

 x1 y3 y5 y7 y1 y8 y2 y4
x2 x4 x6 x8 y6 y10 y11 y9
x3 x5 x7 x9 x10 x11 x12 y12

 .
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The cubic graph (3.87) is represented by the cubic graph matrix: x1 y3 y5 y7 y9 y1 y4 y2 y6 y8
x2 x4 x6 x8 x10 y14 y12 y13 y10 y11
x3 x5 x7 x9 x11 x12 x13 x14 x15 y15



• •

• •

•
❅
❅
❅
❅�

��

•

•

•

• •�
�
�
��

❅
❅❅

p1 p2

p6 p7

p8

p3

p10

p4

p9 p5

→ , (3.135)

where pi denotes column i = 1, . . . , 10 of the matrix. �
Proof that A∗

3×2n(x; y) is a complete set of nonisomorphic cubic graph
matrices. We first show that the permutation operations (3.130) can
be used to bring every cubic graph matrix A3×2n(x; y) to the form
A∗
3×2n(x; y) in which the indices i1, i2, . . . , i2n+1 have not yet been spec-

ified, except that they must be a permutation of the integers in the set
{H2n, 3n}. Let n1, n2, n3, n4 denote the number of columns, respectively,
containing three x′s, two x′s and one y, two y′s and one x, three y′s.
Then, since the number of x′s and the number of y′s is equal, we have
that 3n1 + 2n2 +n3 = n2 + 2n3 + 3n4 = 3n. Since adjacency is preserved
by the interchange of x′s and y′s, we must have n1 = n4, n2 = n3, hence,
n1 + n2 = n. But, since an xi can only share the subscript i with yi, the
adjacency conditions imply that n1 = 1 and n2 = n− 1. But each of the
(2n)! arrangements of the columns and the 3! arrangements of the three
coordinates of a point give a trivial isomorphism (such rearrangements
of coordinates leave the point-to-line relation trivially invariant). Thus,
the columns of each A3×2n(x; y) can be brought to the form in which
columns 1 through 2n have the column with three x′s occuring as col-
umn 1, followed by the n−1 columns containing two x′s, followed by the
n − 1 columns containing one x, followed by the column containing the
three y′s, where the coordinate assignment within each column is still
not specified . But, again by application of permutations in the group
S3(2n), we can bring the x′s to the positions shown in (3.131), and this
is a trivial isomorphism. Thus, by some permutation π ∈ S3n, each cubic
graph matrix A3×2n(x; y) can be brought to a form in which the xi occur
in the positions shown in (3.131). This still leaves open the assignment
of the subscripts of the yi, for all i = 1, 2, . . . , 3n. Without exception,
every cubic graph on 2n points has a subgraph of the form

• • • · · · • ••
p1 p2 p2 pn−1 pn

(3.136)
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This implies that we can choose the entries in row 1 of columns 2
through n − 1 of each A3×2n(x; y) to be y3, y5, · · · , y2n−1, since the first
n columns correspond to a subgraph of the form (3.136). We conclude
that the subscripts of the entries yi1 , yi2 , . . . , yi2n+1 must be a permuta-
tion of {1, 2, 4, . . . , 2n − 2, 2n, 2n + 1, . . . , 3n} such that those in each
column are distinct (condition (1i), p. 221). But, again by application
of permutations in S3(2n) that leave the first n columns unchanged, the
subscript entries in rows 1 and 2 in columns n + 1, n + 2, . . . , 2n can
be brought to the form in which the following conditions are satisfied:
i1 < i2, i3 < i4, . . . , i2n−3 < i2n−2, i2n−1 < i2n < i2n+1, where yi2n+1 is
the entry in row 3 and column 2n, since all permutations that effect this
ordering are trivial isomorphisms. The choice of the entry yi2n+1 in row 3
and column 2n to have subscript i2n+1 = 3n assigns the last two columns
a common subscript, hence, a line incident on each of the points in the
corresponding cubic graph. But there is always the freedom, in any cu-
bic graph, of choosing any two points to have a common incident line
without restricting the remaining point-line relationships. Correspond-
ingly, there is no restriction in realizing all nonisomorphic cubic graph
matrices by making the choice i2n+1 = 3n in (3.131). Thus, the integer
3n can be omitted from further consideration, and the subscripts of the
entries yi1 , yi2 , . . . , yi2n can chosen to be the 2−subsets of H2n given by

i1 < i2, i3 < i4, . . . i2n−1 < i2n; i1 < i3 < · · · < i2n−1. (3.137)

Condition (iii) is imposed to ensure that no isomorphic cubic graphs are
admitted into the collection of cubic graph matrices of the form (3.131).
These conditions are, however, very difficult to implement, since this re-
quires that the set of cubic graph matrices corresponding to all solutions
that satisfy condition (i) and (ii) be partitioned into equivalence classes
of nonisomorphic cubic matrices. Completeness of the set A∗

3×2n(x; y),
with condition (iii) enforced, follows because every cubic graph matrix
in the set (3.129) is isomorphic to one in this set, and, by definition, the
set (3.129) includes all possible cubic graphs. �

The necessity of enforcing condition (iii)—the set of cubic graph ma-
trices A∗

3×2n(x; y) must contain only nonismorphic matrices—is already
illustrated by the tetrahedron; it can also be represented by x1 y3 y1 y2

x2 x4 y5 y4
x3 x5 x6 y6

 . (3.138)

This cubic graph matrix satisfies conditions (i) and (ii), and is isomorphic
to the one given by (3.132).

Conditions (ii) in (3.131) need to be restricted further to determine
a set of nonisomorphic cubic graphs, which is the purpose of condition



226 CHAPTER 3. GRAPHS AND ADJACENCY DIAGRAMS

(iii). The situation is similar to that involved in the concept of match-
ings, where the 2−subset conditions (ii) are further augmented by the
requirement that i1 < i3 < · · · < i2n−1 (see Brualdi and Ryser [34,
p. 318] and Sect. 4.1 of the next chapter). While there must exist a set
of permutations of the set of integers in the set H2n that give exactly a
set A∗

3×2n(x; y) of nonisomorphic cubic graphs, such permutations of H2n

must not only respect the adjacency conditions, they must also account
for isomorphisms. This procedure can always be effected by comput-
ing the full set of indices {ı1, i2, . . . , i2n} that satisfy conditions (i) and
(ii) and selecting a subset of nonisomorphic cubic matrices by partition-
ing this set into equivalence classes of isomorphic cubic matrices—those
that preserve adjacency of points. This is very difficult to implement
algebraically, especially as a statement of conditions on the set of indices
{i1, i2, . . . , i2n}. Of course, given such a set of nonisomorphic cubic graph
matrices, the corresponding set of nonisomorphic cubic graphs is read off
the matrix by assigning the columns to be the points of the graph.

Cubic graph matrices can be adapted by appropriate notational ad-
justments to the set G(T, T ′) of cubic graphs of angular momentum type.
In this case, the cubic graph matrix A∗

3×2n(x; y) has for its columns ex-
actly the columns of the fundamental triangle coefficient of order 2n,
which itself is read off the pair of binary trees of order n + 1 without
common forks—now seen to be nontrivial conditions—corresponding to
a given coupling scheme. Many of the properties of such triangle coeffi-
cients can be transcribed to cubic graph matrices of angular momentum
type.

3.4.4 Labeled cubic graphs

It is quite interesting that the counting formula giving the number of
labeled cubic graphs on 2n points is known. We recall the definition of a
labeled cubic graph on 2n points. We assign to the points of a given cubic
graph the integers 1, 2, . . . , 2n in all possible (2n)! ways. Two such cubic
graphs with such permuted labels are then defined to be isomorphic if the
adjacency of the points is preserved (Harary and Palmer [78]); otherwise,
they are nonisomorphic (see Sect. 2.2.2 for an example of labeled forks).
We denote the set of nonisomorphic labeled cubic graphs by LC2n, and
the cardinality by

L2n =| LC2n | . (3.139)

A formula giving the number L2n has been derived by Read [146], and
a rederivation of that result, using the principle of inclusion-exclusion,
has been given by Chen and Louck [42]. The formula for L2n can be put
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in the form

L2n =
(2n)!

6n

n∑
i=0

Ai
(n− i)!

, (3.140)

where the quantity Ai is independent of n. It is given by

Ai =
3i

2i

i∑
j=0

(−1)j

j!

2i−2j∑
k=0

(−1)k(2i + 2k − 1)!!
3k k!(2i − 2j − k)!

. (3.141)

Thus, in evaluating L2n, the quantities Ai, i = 0, 1, 2, . . . , can be eval-
uated separately, and then used back in (3.140). For example, we find
that

A0 = (−1)!! = 1, A1 = −1, A2 = 2, A3 = 58/3,
(3.142)

L0 = 1, L2 = 0, L4 = 1, L6 = 70.

That Ai is independent of n suggests that this number has a combina-
torial interpretation beyond the context of cubic graphs.

The enumeration of the set of labeled graphs is often taken as the
starting point for the enumeration of unlabeled graphs by application
of Polya’s enumeration theorem (see Harary and Palmer [78]). In the
case of cubic graphs on six points, the relationship is the following. We
label the points of the nonisomorphic cubic graphs (3.84) and (3.83) as
follows:

• • •

• • •

❍❍❍❍❍❍✟✟
✟✟

✟✟
1 2 3

4 5 6

• • •

• • •✟✟
✟✟

✟✟❅
❅
❅

❅
❅
❅

1 2 3

4 5 6

(3.143)

Then, because of the symmetries of these cubic graphs, the following
permutations of (1,2,3,4,5) give all the isomorphic labeled cubic graphs,
respectively:

1. The labelings given by (1, 2, 3, 4, 5, 6), (1, 2, 3, 6, 5, 4),
(1, 2, 5, 4, 3, 6), (1, 2, 5, 6, 3, 4), (1, 4, 3, 2, 5, 6), (1, 4, 3, 6, 5, 2),
(1, 4, 5, 2, 3, 6), (1, 4, 5, 6, 3, 2), (1, 6, 3, 2, 5, 4), (1, 6, 3, 4, 5, 2),
(1, 6, 5, 2, 3, 4), (1, 6, 5, 4, 3, 2), and all six cyclic permutations of each
of these permutations, give altogether seventy-two labeled cubic
graphs that are isomorphic to the first labeled cubic graph in (3.143).
Thus, there are 720/72 = 10 nonisomorphic labeled cubic graphs
corresponding to the first cubic graph in (3.143).

2. The labelings given by (1, 2, 3, 4, 5, 6), (1, 2, 6, 5, 4, 3), and all six
cyclic permutations of each of these permutations, give altogether
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twelve labeled cubic graphs that are isomorphic to the second labeled
cubic graph in (3.143). Thus, there are 720/12 = 60 nonisomorphic
labeled cubic graphs corresponding to the second cubic graph in
(3.143).

Thus, the number of nonisomorphic labeled cubic graphs is 10 + 60 =
70, in agreement with Read’s formula. The implementation of Polya’s
enumeration theorem, or other methods, to obtain a formula for | C2n |
remains unsolved to our knowledge.

3.4.5 Summary and unsolved problems

A principal method of this monograph for obtaining recoupling coeffi-
cients is the use of pairs of standard labeled binary trees that share no
common fork and of the corresponding fundamental triangle coefficients.
These objects, in turn, define cubic graphs of angular momentum type.
It can now be recognized that the property “no common fork” is nontriv-
ial to implement: it is equivalent to fulfilling the adjacency conditions
stated at the beginning of Sect. 3.4.3. The methods developed in Chapter
2 are now supplemented by those of this chapter by effecting the factor-
ing of each cubic graph of angular momentum type that has a two-line
join or a three-line join into maximal factors. This can be carried out
for all such pairs of binary trees with no common fork, thus expressing
all fundamental triangle coefficients as maximal factored forms. For all
those that do not factor, there is the deeper problem of relating each
such fundamental triangle coefficient to one that is associated with a
set of nonisomorphic cubic graphs. It is the latter nonisomorphic cubic
graphs of angular momentum type that define the so-called 3n− j coeffi-
cients. It is for this reason that the study of cubic graphs and the subset
of cubic graphs of angular momentum type is important. Some of the
properties of these two classes of cubic graphs have been presented, but
the structural details that identify, in general, the subset that is of an-
gular momentum type is still to be found. In the context of cubic graph
matrices, these issues may be viewed as a combinatorial problem of dis-
tinguishing between distributions of subscript indices in a 3×3n matrix.
The discovery of structural principles that allow such an identification
of cubic graphs of angular momentum type is one of the most impor-
tant unsolved problems in angular momentum theory, as are counting
formulas for their number (and the number of cubic graphs, as well).



Chapter 4

Generating Functions in
Angular Momentum
Theory

In the three previous chapters, we have developed the rich interplay be-
tween angular momentum theory and combinatorics in the setting of
binary trees, trivalent trees, and cubic graphs. This is a very intricate
relationship in which the binary coupling theory of angular momentum
selects its own pathway into these mathematical subjects by utilizing
pairs of binary and trivalent trees, culminating in the study of the prop-
erties of a subset of all cubic graphs of 2n points, namely, those that can
be realized as the joining of pairs of trivalent trees. It seems unlikely
that such a subset of cubic graphs would be studied on its own were
it not for this relationship to angular momentum theory, which itself
may be regarded as the study of the properties of copies of the group
SU(2). But the inter-relations do not stop here. Physics demands ex-
plicit formulas for its complex entities before the subject is complete;
combinatorics affords the possibility for understanding the structure of
complex relationships through the concept of generating functions. It is
here that again the binary coupling theory of angular momentum and
combinatorics continue their relationship. The purpose of this chapter
is to set this forth in some detail. New concepts entering these develop-
ments include that of a double Pfaffian, the skew-symmetric matrix of a
binary tree coupling scheme, and triangle monomials, as well as MacMa-
hon’s Master Theorem in its general form given by (1.255) in Chapter 1.
We repeat it for easy reference:

1
det(I − tZ)

=
∞∑
p=0

tp
∑
α� p

Dp
αα(Z), (4.1)
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in which Z = (zij)1≤i,j≤n is an arbitrary matrix of commuting inde-
terminates, and the Dp

α,β(Z) are SU(n) solid harmonics defined over
these indeterminates. Schwinger’s Master Theorem (1.252) follows from
this relation by setting Z = XY and using the multiplication property
(1.245); MacMahon’s relation (1.254) follows from Schwinger’s result by
setting X = diag(x1, x2, . . . , xn).

4.1 Pfaffians and Double Pfaffians

Schwinger [160] observed that the calculation of 3n − j coefficients in-
volves taking the square root

√
(I −AB), where A and B are skew-

symmetric (antisymmetric) matrices of order n, but the procedure is
rather obscure. The appropriate concepts for taking the square root

√
A

of a skew-symmetric matrix A and of
√

(I −AB) is that of a Pfaffian
and a double Pfaffian, which we denote by Pf(A) and Pf(A,B). Since
detA = 0 for skew-symmetric matrices of odd order, we define the Pfaf-
fian only for matrices of even order 2n, but the double Pfaffian is defined
for matrices A and B of all orders n ≥ 2. The definitions use the concept
of a matching of the set of integers {1, 2, . . . , 2n} (see Brualdi and Ryser
[34, p. 318] for definitions and references to the literature, and Chen and
Louck [40] for further references and the relation to unitary group the-
ory). A matching of the set of integers {1, 2, . . . , 2n} is an unordered set
of n disjoint 2−subsets given by

I2n = {{i1, i2}, {i3, i4}, . . . , {i2n−1, i2n}}, (4.2)

where the notation is standardized by choosing

i1 < i2, i3 < i4, . . . i2n−1 < i2n; i1 < i3 < · · · < i2n−1. (4.3)

The cardinality of the set I2n is | I2n | = (2n− 1)!! = (1)(3) · · · (2n − 1).

The definition of the Pfaffian is given in terms of the matchings of
{1, 2, . . . , 2n} by

Pf(A) =
∑

all matchings of
{1,...,2n}

ε(i1, i2, . . . , i2n)ai1,i2ai3,i4 · · · ai2n−1,i2n , (4.4)

where ε(i1, i2, . . . , i2n) is the sign of the permutation (i1, i2, . . . , i2n).

We standardize the form of the elements in a skew-symmetric matrix
A of order n by writing the elements in row i and column j that are above
the diagonal of 0′s as aij , i < j; hence, the element in row i and column
j below the diagonal is aij = −aji, i > j. We abbreviate this convention
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of indexing the elements of a skew-symmetric matrix A = −AT by the
notation:

A = (aij)1≤i<j≤n . (4.5)

Examples. The Pfaffians of skew-symmetric matrices of order 2 and
4 are obtained from the single 2−set matching {{1, 2}} of the set {1, 2},
and the three 2−set matchings of the set {1, 2, 3, 4} given by the three
sets of 2−sets {{1, 2}, {3, 4}}; {{1, 3}, {2, 4}}; {{1, 4}, {2, 3}} :

n = 1 : Pf(A) = a12, (4.6)
n = 2 : Pf(A) = a12a34 − a13a24 + a14a23. �

For the definition of the double Pfaffian, we need the set of all subsets
of {1, 2, . . . , n} of even length. We denote the set of all such subsets of
{1, 2, . . . , n} by the notation I2k, and a 2k−subset member of this set by
{i1, i2, . . . , i2k} ∈ I2k. The notation for the 2k−subset {i1, i2, . . . , i2k} is
standardized by writing i1 < i2 < · · · < i2k. For example, there are three
2-sets of {1, 2, 3} given by I2 = {{1, 2}, {1, 3}, {2, 3}}. The definition of
the double Pfaffian for two skew-symmetric matrices A and B of order
n may be given in terms of a summation over ordinary Pfaffians:

Pf(A,B) = 1 +
∑
k≥1

∑
{i1,i2,...,i2k}∈I2k

Pf(Ai1,i2,...,i2k)Pf(Bi1,i2,...,i2k). (4.7)

The skew-symmetric matrix Ai1,i2,...,i2k , with i1 < i2 < · · · < i2k of order
2k is obtained by selecting its elements from a subset of elements {aij}
of the skew-symmetric matrix A given by (4.5) and placing them in row
r and column s by the following rule:

(Ai1,i2,...,i2k)r,s = air ,is , each pair 1 ≤ r < s ≤ 2k. (4.8)

The elements of the skew-matrix Bi1,i2,...,i2k are similarly defined.

Examples. The details of the construction of the double Pfaffian for
n = 3, 4 are as follows: The standardized subsets of {1, 2, 3} of even
length are I2 = {{1, 2}, {1, 3}, {2, 3}}, while those of {1, 2, 3, 4} are I2 =
{{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}} and I4 = {{1, 2, 3, 4}}. For n =
3, there is only one k = 1 term in (4.7), which is followed by a sum
over the three terms corresponding to the three subsets in I2, which are
a12b12, a13b13, a23b23. For n = 4, the k = 1 term in (4.7) gives the sum of
the six terms ai1i2bi1i2 corresponding to the standard matchings, while
the k = 2 term gives a product of the order 2 Pfaffian in (4.6) and the
same term with the letter a replaced by b. Thus, we obtain for n = 2
and n = 3, respectively, the double Pfaffians:
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Pf(A,B) = Pf(B,A) = 1 + a12b12 + a13b13 + a23b23, (4.9)
Pf(A,B) = Pf(B,A) = 1 + a12b12 + a13b13 + a14b14

+a23b23 + a24b24 + a34b34 (4.10)
+ (a12a34 − a13a24 + a23a14)(b12b34 − b13b24 + b23b14). �

The general relations of determinants of skew-symmetric matrices
A,B to Pfaffians are given by

detA = (Pf(A))2, (4.11)

det(I −AB) = (Pf(A,B))2, Pf(A,B) = Pf(B,A). (4.12)

It turns out that the double Pfaffian is, in fact, the Pfaffian of a skew-
symmetric matrix of order 2n, which is given by

det(I −AB) = Pf

(
A I
−I −B

)
= (Pf(A,B))2, n ≥ 1. (4.13)

(Private communication from John Stembridge as noted in Chen and
Louck [40]). These relations can be verified by direct expansion for the
cases n = 1, 2, 3.

Pfaffians have a very important role in the theory of generating func-
tions for all of the fundamental triangle coefficients. This is because a
skew-symmetric matrix, hence, a Pfaffian, can be associated with each
standard labeled binary tree, then a double Pfaffian with each pair of
such binary trees without common forks, hence, with each fundamental
triangle coefficient.

4.2 The Skew-Symmetric Matrix of a Standard
Labeled Binary Tree

A skew-symmetric matrix A of order n + 2 can be associated with each
binary tree T ∈ Tn+1. Each element aij of the matrix A depends on the
binary tree T, a permutation π = (π1, π2, . . . , πn+1) ∈ Sn+1 of a stan-
dard labeling (u1, u2, . . . , un+1) of the n+1 external ◦ points, and on the
indeterminates xkl that belong to a 3× n matrix X = (xkl)1≤k≤3,1≤l≤n;
each aij is a monomial in the xkl. (See Sect. 2.2, pp. 101-102, for examples
of the shape of a binary tree and the corresponding external ◦ points to
which the standard labeling (u1, . . . , un+1) is assigned). Each element aij
is labeled by the shape of T, filled in with the parts of the permutation
π, and the variables (indeterminates) X—the aij do not depend on the
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dummy variables (u1, . . . , un+1), only on the permutation thereof). We
introduce the following notation for the matrix A and its elements:

A = AshT (π)(X), aij = (AshT (π)(X))ij . (4.14)

It is useful to illustrate this notation for the skew-symmetric matrix
of a binary tree before giving the rules for its determination:

Example. n + 1 = 3 : shT = ((◦ ◦)◦), π(u1 , u2, u3) = (uπ1 , uπ2 , uπ3) =
(u2, u3, u1), π = (π1, π2, π3) = (2, 3, 1), shT (π) = ((π1π2)π3)) = ((23)1) :

A = A((2 3) 1)(X) =

 0 a12 a13 a14
−a12 0 a23 a24
−a13 −a23 0 a34
−a14 −a24 −a34 0

 , (4.15)

in which each aij = aij(X) is a monomial in the indeterminate elements
xij of a 2× 3 matrix

X =

(
x11 x12
x21 x22
x31 x32

)
. (4.16)

The explicit monomials xij are given by

a12 = −x21x23 a13 = −x11x21 a14 = x21
a23 = x31 a24 = x21x22

a34 = x11x12 �
(4.17)

It is the rules for obtaining the elements of this matrix for the general
3×n case (4.14) in terms of the structure of a binary tree of order n+ 1
and general shape that are developed in this section.

The rules for writing out the elements of the skew-symmetric matrix
A = AshT (π)(X) for a given tree T ∈ Tn+1 are quite intricate; they utilize
still another set of indeterminates assigned to the forks of a binary tree,
which carry the full structure of the binary tree, but these indeterminates
are generating function variables and do not appear in the final result
for AshT (π)(X).

We begin with a binary tree T ∈ Tn+1 and consider the standard
labeled binary tree T (π(j)k)j , where for n + 1 angular momenta, we
have k = (k1, k2, . . . , kn−1), π(j) = (jπ1 , jπ2 , . . . , jπn+1), π ∈ Sn+1. We
now introduce new generic labels in the spirit of the u, v notation in
Sect. 2.2.2, because the labels required need not be angular momentum
labels; they need only reflect the structure of the underlying standard
labeled binary tree. The adjustments of notation are: Replace each ji by
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zi, i = 1, 2, . . . , n+ 1; each ki by wi, i = 1, 2, . . . , n− 1; and j by wn, and
write z = (z1, z2, . . . , zn+1) and w = (w1, w2, . . . , wn). We also consider
all permutations π(z). The standard labeled binary tree T (π(j)k)j , under
this renaming of parameters, is now denoted by T (π(z)w), T ∈ Tn+1.

We next take the unusual step, motivated by the work of Schwinger
[160], of writing each root symbol wi, i = 1, 2, . . . , n, of the i−th fork as
a linear combination of the symbols that appear at the end points of the
fork. There are four cases to consider, as given below (2.85), Chapter 2:

& &
•❅❅��
wi

ui vi
→

(
ui
vi
wi

)
: wi = x2iui + x1ivi, (4.18)

where the labels ui and vi are, respectively, the labels of the points that
occur in the i−th fork in the standard labeled tree T (π(z)w) :

1. For (&, &) = (◦, ◦), the labels ui and vi are both external z−labels.

2. For (&, &) = (•, ◦), the label ui is an internal w−label, and vi is an
external z−label.

3. For (&, &) = (◦, •), the label ui is an external z−label, and vi is an
internal w−label.

4. For (&, &) = (•, •), the labels ui and vi are both internal w−labels.

The important point is that for a given standard labeled binary tree
T (π(z)w), the labels of the i−th fork are uniquely assigned and fall
into one of these four classes, so that the labels ui and vi are uniquely
identified in terms of the parts of z and w. Since there are n such forks,
we have n such relations of the form (4.18):

w1 = x21u1 + x11v1,

w2 = x22u2 + x12v2,

... (4.19)
wn = x2nun + x1nvn.

In these relations, the xij , 1 ≤ i ≤ 2, 1 ≤ j ≤ n are taken as the elements
in row i and column j of a matrix X2×n, which constitutes rows 1 and 2 of
an extended 3× n matrix X = (xij)1≤i≤3,1≤j≤n of indeterminates—this
extension is used in (4.21) below. The pairs (ui, vi), i = 1, 2, . . . , n, in
these relations consist of n+ 1 symbols zi and n symbols wi. (See (2.81)
with n replaced by n + 1 and examples (2.83).) The assignment of the
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zi and wi to a standard labeled binary tree is such that the first relation
in (4.19) always gives w1 in terms of a pair (u1, v1) of z−symbols, and
in all relations above the i−th relation, wi = x2iui + x1ivi, only those
wj with j < i occur in the right-hand side of (4.19). This distribution of
the n symbols wi, i = 1, 2, . . . , n, among the variables on the right-hand
side of (4.19) allows each wi to be expressed as a linear combination of
the zj , i = 1, 2, . . . , n, with coefficients Mij(X2×n) that are monomials
in the 2n indeterminates X2×n = (xij)1≤i≤2,1≤j≤n :

wi =
∑
j

Mij(X2×n)zj . (4.20)

The structure of relations (4.19)-(4.20) is uniquely determined by
the underlying binary tree T, and this leads to the following rule for
associating a unique skew-symmetric matrix with each binary tree T ∈
Tn+1 :

Skew-symmetric matrix of a binary tree.The skew-symmetric ma-
trix AshT (π)(X) of a standard labeled binary tree T (π(z)w) is determined
by equating coefficients of det(zi, zj) in the following relation:

∑
1≤i<j≤n+1

aij det(zi, zj) =
n∑
j=1

x3j det(uj , vj) + det(wn, zn+1)

=
∑

1≤i<j≤n+1

(
AshT (π)(X)

)
ij

det(zi, zj). (4.21)

This gives uniquely the elements aij of

A = AshT (π)(X). (4.22)

Relation (4.21) is called the generating function for the skew-
symmetric matrix of a binary tree. It is useful to review how the structure
of relations (4.19)-(4.20) leads to the determination of A from (4.21): The
2n indeterminates (uj , vj), j = 1, 2, . . . , n, are identified, for each stan-
dard labeled tree T (π(z)w) in terms of the n indeterminates z1, . . . , zn
by the rules (1)-(4) following (4.18); the extra indeterminates x3j (row
3 of X) mark these terms; the quantity wn is defined by the last expres-
sion in (4.19); and each wi has the form (4.20) that can be substituted
into the middle term in (4.21), whenever a wi occurs. Thus, there are
(n+1)(n+2)/2 terms det(zi, zj) in the left-most and middle expressions
in relation (4.21). This leads to the right-most expression in (4.21), in
which the elements of the matrix AshT (π)(X) are independent of all vari-
ables zi and wi, but still encode the shape of the tree and the permutation
π. The examples below illustrate the implementation of relation (4.21).
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Examples:

n + 1 = 2 :

• w1

◦ ◦z1 z2

❅
❅❅
�
�� :

shT (π) = (1 2),
w1 = x21z1 + x11z2

;

∑
1≤i<j≤3

aij det(zi, zj) = x31 det(u1, v1) + det(w1, z3)

= x31 det(z1, z2) + x21 det(z1, z3) + x11 det(z2, z3);

A = A(1 2)(X) =

 0 x31 x21
−x31 0 x11
−x21 −x11 0

 . (4.23)

n + 1 = 3 :

◦ ◦
• ◦
•

❅
❅
❅
��

��

z1 z2
w1 z3 :

w2

shT (π) = ((1 2) 3);
w1 = x21z1 + x11z2,

w2 = x22w1 + x12z3
= x22x21z1 + x22x11z2 + x12z3;

∑
1≤i<j≤4

aij det(zi, zj)

= x31 det(u1, v1) + x32 det(u2, v2) + det(w2, z4)
= x31 det(z1, z1) + x32 det(w1, z3) + det(w2, z4)
= x31 det(z1, z2) + x21x32 det(z1, z3) + x21x22 det(z1, z4)
+x11x32 det(z2, z3) + x11x22 det(z2, z4) + x12 det(z3, z4);

A = A((1 2) 3)(X) =

 0 x31 x21x32 x21x22
−x31 0 x11x32 x11x22
−x21x32 −x11x32 0 x12
−x21x22 −x11x22 −x12 0

 . (4.24)
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n + 1 = 4 :

◦◦◦◦

••

•✟✟
✟✟

❍❍
❍❍
�
�

❅
❅

�
�

❅
❅

z3 z1 z4 z2

w3

w1 w2
:

shT (π) = ((3 1)(4 2));

w1 = x21z3 + x11z1,

w2 = x22z4 + x12z2,

w3 = x23w1 + x13w2

= x11x23z1 + x12x13z2

+x21x23z3 + x13x22z4;∑
1≤i<j≤5

aij det(zi, zj)

= x31 det(z3, z1) + x32 det(z4, z2) + x33 det(w1, w2) + det(w3, z5)
= x11x12x33 det(z1, z2)− x31 det(z1, z3) + x11x22x33 det(z1, z4)
+x11x23 det(z1, z5)− x12x21x33 det(z2, z3)− x32 det(z2, z4)
+x12x13 det(z2, z5) + x21x22x33 det(z3, z4) + x21x23 det(z3, z5)
+x13x22 det(z4, z5);

(4.25)
a12 = x11x12x33 a13 = −x31

a23 = −x12x21x33
a14 = x11x22x33
a24 = −x32
a34 = x21x22x33

a15 = x11x23
a25 = x12x13
a35 = x21x23
a45 = x13x22

where these are the elements above the diagonal of the skew-symmetric
matrix A = AshT (π)(X) = A((3 1)(4 2))(X).

It is not necessary to calculate the elements of AshT (π)(X) for every
π ∈ Sn+1, since these can be obtained by a rearrangement of the elements
of AshT (π)(e), e = (1 2 · · · n + 1) :(

AshT (π)(X)
)
i,j

=
(
AshT (π)(e)

)
π−1
i ,π−1

j

, 1 ≤ i < j ≤ n + 1,

(4.26)(
AshT (π)(X)

)
i,n+2

=
(
AshT (π)(e)

)
π−1
i ,n+2

, 1 ≤ i ≤ n + 1.

The skew-symmetric matrix AshT (π)(X) of a standard labeled binary
tree T (π(z)w) occurs in the generating functions for coupled wave func-
tions given below in Sect. 4.4.
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4.3 Triangle Monomials

The definition of a triangle monomial associated with a standard labeled
binary tree is an essential step in developing generating functions.

Let 〈a, b, c〉 be a triangle of quantum numbers (a, b, c), and let
(x, y, z) be three indeterminates. The elementary triangle monomial
Φ〈a,b,c〉(x, y, z) is defined by

Φ〈a,b,c〉(x, y, z) = {abc}−1xb+c−aya+c−bza+b−c, (4.27)

where {abc} is
√

2c + 1 times the δ−triangle coefficient ∆(abc) defined
by (2.164):

{abc} =
[

(2c + 1)(b + c− a)(a + c− b)!(a + b− c)!
(a + b + c + 1)!

]1/2
. (4.28)

These monomials satisfy the following orthogonality relations in the inner
product ( , ):(

Φ〈a′,b′,c′〉,Φ〈a,b,c〉
)

= δa′,aδb′,bδc′,c(a + b + c + 1)!/(2c + 1). (4.29)

Using the definition (4.27) of an elementary triangle monomial, we
now define the triangle monomial associated with a standard labeled
binary tree T (j k)j of order n + 1, where now

j = (j1, j2, . . . , jn+1), k = (k1, k2, . . . , kn−1), (4.30)

by taking the product of all elementary triangle monomials over the n
triangles that label the n forks of the standard labeled binary tree. This
gives a triangle monomial for each binary tree T ∈ Tn+1 :

ΦT (j k)j (X) =
n∏
i=1

Φ〈ai,bi,ki〉(x1i, x2i, x3i), (4.31)

where (ai, bi, ki) are the labels of the i−th fork in the standard labeled
tree T (j k)j , as defined in detail in relations (2.84)-(2.87), with n replaced
by n + 1. These triangle monomials satisfy the orthogonality relations
given by

(
ΦT ′(j k′)j ,ΦT (j k)j

)
= δT ′,T δk′,k

n∏
i=1

(ai + bi + ki + 1)!
2ki + 1

. (4.32)
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4.4 Generating Functions for Coupled Wave
Functions

The defining relation (4.21) for the skew-symmetric matrix associated
with a standard labeled binary tree T (π(j)k)j , T ∈ Tn+1, can be written
in matrix form (tr now denotes transposition):

n∑
i=1

x3i det(ui, vi) + det(wn, zn+1) = xAytr,

A = AshT (π)(X), zi = col(xi, yi), i = 1, 2, . . . , n + 1, (4.33)

x = (x1, x2, . . . , xn+1), ytr = col(y1, y2, . . . , yn+1).

The abstract relation (2.116) for the coupled state vectors |T (π(j)k)jm〉
is realized in terms of coupled spinor wave functions for n + 1 angular
momenta as

ΨT (π(j)k)jm(x, y) =
∑
m

CT (π(jm)k)jm

n+1∏
i=1

Pjimi
(xi, yi),

(4.34)

Pjimi
(xi, yi) =

xji+mi

i yji−mi

i√
(ji + mi)!(ji −mi)!

, i = 1, 2, . . . , n + 1,

in which now the standard labeled tree T (π(j)k)jm has j and k ex-
tended to n + 1 angular momenta as given by (4.30), and also m =
(m1,m2, . . . ,mn+1). The coefficients CT (π(jm)k)jm are the generalized
WCG coefficients defined by the product (2.115), extended to n.

Schwinger’s generating function for the coupled spinor wave functions
(4.34) is given by

exp
(
xAshT (π)(X) ytr

)
=
∑
j,k, j

ΦT (π(j)k)j(X)

×
∑
m

(−1)j−mPj,−m(xn+1, yn+1)ΨT (π(j)k)jm(x, y). (4.35)

The summation in this formal generating relation is over the denu-
merably infinite set of values j, k, j for which the WCG coefficients in
(4.34) are defined, as explained in detail in (2.89)-(2.91). The proof of
Schwinger’s result is by exponentiating relation (4.34), and using the
definition of the triangle monomials.
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We also have from relations (1.252)-(1.253) that the exponential in
(4.35) is given by

exp
(
xAshT (π)(X) ytr

)
=

∞∑
p=0

∑
α,β �k

xα√
α!
Dp
α,β

(
AshT (π)(X)

) yβ√
β!

.

(4.36)
Using this relation in (4.35) gives the relation between Dp−functions of
argument AshT (π)(X) and triangle monomials as follows:

Dp
α,β

(
AshT (π)(X)

)
= (−1)j−m

∑
k

CT (π(jm);k)jmΦT (π(j)k)j (X), (4.37)

where the relations between parameters are given by

αi = jπi + mπi, βi = jπi −mπi i = 1, 2, . . . , n + 1;
αn+2 = j −m, βn+2 = j + m; (4.38)

p =
n+2∑
i=1

αi =
n+2∑
i=1

βi = j1 + j2 + · · ·+ jn+1 + j.

Relation (4.37) gives directly the Van der Waerden form for the pre-
sentation of the SU(2) WCG coefficients. Thus, for n = 1, the skew-
symmetric matrix of order 3 is given by (4.23). For this case, there is
no summation over k in the right-hand side of (4.37), since k1 = j and
there is no k0; the right-hand side reduces to

(−1)j−mCj1 j2 j
m1m2mΦ〈j1,j2,j〉(x11, x21, x31), (4.39)

since CT (j1m1 j2m2)j m = Cj1 j2 j
m1m2m. The direct substitution of the skew-

symmetric matrix A = A(12)(X) of order 3 into (1.243) for the SU(3)
solid harmonics gives an expression that is a multiple of the triangle
monomial xj2+j−j111 xj1+j−j221 xj1+j2−j31 . This monomial cancels from each
side of relation (4.37) for n = 1, leaving behind the following formula for
the SU(2) WCG coefficients:

Cj1 j2 j
m1m2m = {j1j2j}

√
α!β!

∑
B∈M′(α,β)

(−1)b21

B!
, (4.40)

α = (j1 + m1, j2 + m2, j −m), β = (j1 −m1, j2 −m2, j + m).

The set of 3× 3 matrix arrays M′(α, β) is the subset of M
p
3×3(α, β), p =

j1 + j2 + j, with diagonal elements bii = 0. This result is just Van
der Waerden’s form (1.213) (when written conventionally) of the WCG
coefficients, now written in terms of the redundant summation over all
elements of the matrix array M′(α, β) (put k2 = b12 in (1.214)).
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4.5 Generating Functions for Recoupling
Coefficients

MacMahon’s Master Theorem in the form (4.1) and relation (4.37) above
for the Un+1 solid harmonics defined on the skew-symmetric matrix
AshT (π)(X) of a standard labeled binary tree T (π(j)k)j can now be
used to obtain generating function for all recoupling coefficients for the
binary coupling of n+ 1 angular momenta. For economy of notation, we
write

A = AshT (π)(X), A′ = AshT ′ (π′)(X
′). (4.41)

Then, setting t = 1 and Z = AA′ in (4.1) and using (4.7) for the double
Pfaffian, we obtain the relation:

1
(Pf(A,A′))2

=
1

det(I −AA′)
=

∞∑
p=0

(−1)p
∑
α,β � p

Dp
α,β(A)Dp

α,β(A′),

(4.42)
where we have used the multiplication property (1.245) and the trans-
position symmetry property (1.250) to obtain

Dp
α,α(AA′) =

∑
β � p

(−1)pDp
α,β(A)Dp

α,β(A′). (4.43)

We next use relation (4.31) to obtain the following form of (4.42):

1
(Pf(A,A′))2

=
1

det(I −AA′)
=

∞∑
p=0

(−1)p
∑
j , j

j1+j2+···+jn+1+j=p

(2j + 1)−1

×
∑
k,k′

ΦT (π(j)k)j (X)ΦT ′(π′(j)k′)j(X
′)
(
R

sh(π(j));sh′
(π′(j))

T,T ′

)
k j;k′ j

.

(4.44)

In obtaining this result, we have used the inner product relation(
ΨT (π(j)k)j m(x, y) , ΨT ′(π′(j)k′)j m(x, y)

)
= 〈T (π(j)k)j |T ′(π′(j)k′)j〉

=
(
C

sh(π(j))
T C

sh′
(π′(j))tr

T ′

)
k j;k′ j

=
(
R

sh(π(j)) ; sh′
(π′(j))

T,T ′

)
k j;k′ j

. (4.45)

These relations are discussed in detail in Chapter 2. We have also used
the property that the inner product is independent of m, which intro-
duces the factor (2j + 1)−1, since m has been summed over. Moreover,
the relations between the αi, βi and the ji,mi and j,m are invertible so
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that the summation over all α, β � p can be replaced by the summation
over all j, j,m, which gives the slightly modified form:

1
(Pf(A,A′))2

=
1

det(I −AA′)
= 1 +

∑
j,k,k′,j

(−1)j1+···+jn+1+j

(2j + 1)

×ΦT (π(j)k)j (X)ΦT ′(π′(j)k′)j(X
′)
(
R

sh(π(j)) ; sh′
(π′(j))

T,T ′

)
k j;k′ j

.

(4.46)

The summation is over the denumerably many sets of angular momentum
quantum numbers j,k,k′, j such that all triangle relations are satisfied
among the triangles 〈ai bi ki〉, 〈a′i b′i k′i〉 associated with the forks of the
standard labeled binary trees T (π(j)k)j and T ′(π′(j)k′)j , T, T ′ ∈ Tn+1.
The form (4.46) is useful for comparing with a second expansion (4.53)
below that gives the recoupling coefficients themselves.

The reciprocal of the double Pfaffian in (4.46) can be expanded in a
second way, using

Pf(A,A′) = 1 + G(X,X ′), (4.47)
where G(X,X ′) is a polynomial with integral coefficients in the elements
of the 3× (n + 1) matrices X and X ′, as described in detail in Sect. 4.2,
and determined by (1 +G(X,X ′))2 = det(I −AA′), where A and A′ are
given by (4.41). We now effect the following expansion:

1
(Pf(A,A′))2

= (1 + G(X,X ′))−2

= 1 +
∞∑
p=1

(−1)p(p + 1)(G(X,X ′))p. (4.48)

But each G(X,X ′) in this result is a sum of monomial terms of the form

G(X,X ′) =
h∑
q=1

Gq(X,X ′), (4.49)

where each Gq(X,X ′) is a monomial in the variables xij and x′ij , multi-
plied by an integer, and h is the number of distinct monomials occurring
in the double Pfaffian Pf(A,A′) = 1 + G(X,X ′). Thus, using the multi-
nomial expansion theorem, we obtain

(G(X,X ′))p =
∑

p1,p2,...,ph
p1+p2+···+ph=p

(
p

p1, p2, . . . , ph

)
(4.50)

×(G1(X,X ′))p1(G2(X,X ′))p2 · · · (Gh(X,X ′))ph .
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But, since each Gq(X,X ′) is a monomial in the variables xij and x′ij ,
multiplied by an integer, it must be the case that

(G1(X,X ′))p1(G2(X,X ′))p2 · · · (Gh(X,X ′))ph (4.51)

= I(p)p1,p2,...,ph

n∏
i=1

(x1i)bi+ki−ai(x2i)ai+ki−bi(x3i)ai+bi−ki

×
n∏
i=1

(x′1i)
b′i+k

′
i−a′i(x′2i)

a′i+k
′
i−b′i(x′3i)

a′i+b
′
i−k′

i ,

where I
(p)
p1,p2,...,ph is an integer. The triangles 〈ai bi ki〉 and 〈a′i b′i k′i〉

are those read off the i−th forks of the standard labeled binary trees
T (π(j)k)j and T ′(π′(j)k′)j , T, T ′ ∈ Tn+1. Relation (4.51) giving the
product of powers of the Gq(X,X ′) in terms of the triangle monomi-
als (without normalizing factors) must hold because of the orthogonality
of the triangle monomials.

Because of the monomial property of each Gq(X,X ′) in (4.51), the
product of the powers of these monomials must give 6n linear relations
of the following form, where each of the Lli, L

′
li is a linear combination

of the p1, p2, . . . , ph with coefficients 0 or 1.

L1i(p1, p2, . . . , ph) = bi + ki − ai ,

L2i(p1, p2, . . . , ph) = ai + ki − bi ,

L3i(p1, p2, . . . , ph) = ai + bi − ki ; (4.52)

L′
1i(p1, p2, . . . , ph) = b′i + k′i − a′i ,

L′
2i(p1, p2, . . . , ph) = a′i + k′i − b′i ,

L′
3i(p1, p2, . . . , ph) = a′i + b′i − k′i .

The effect of different orderings of the factors in (4.51) is to permute
the p1, p2, . . . , ph in these relations. Relations (4.52) are quite signif-
icant: The solutions for the pi in terms of an independent subset of
{p1, p2, . . . , ph}, and in terms of the 3n quantum numbers consisting of
the angular momentum quantum numbers j, the intermediate angular
momentum quantum numbers k,k′, and the total angular momentum
j determine the form of the recoupling matrices. These relations must
always be solvable because of the form of the expansion (4.44). This is
illustrated by the examples below in Sect. 4.6.

We next substitute (4.51) into (4.50), and the resulting relation back
into (4.48), to obtain the following expression for the expansion of the
reciprocal of the double Pfaffian:
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1
(Pf(A,A′))2

= (1 + G(X,X ′))−2 = 1 +

∑
j,k,k′,j

∞∑
p=1

restricted∑
p1,p2,...,ph

p1+p2+···+ph=p

(−1)p(p + 1)
(

p
p1, p2, . . . , ph

)
I(p)p1,p2,...,ph

×
n∏
i=1

(x1i)bi+ki−ai(x2i)ai+ki−bi(x3i)ai+bi−ki

×
n∏
i=1

(x′1i)
b′i+k

′
i−a′i(x′2i)

a′i+k
′
i−b′i(x′3i)

a′i+b
′
i−k′

i . (4.53)

The summation is over the denumerably many sets of angular momentum
quantum numbers j,k,k′, j such that all triangle relations are satisfied
among the triangles 〈ai bi ki〉, 〈a′i b′i k′i〉 associated with the forks of the
standard labeled binary trees T (π(j)k)j and T ′(π′(j)k′)j , T, T ′ ∈ Tn+1.
The summation over the pi is a finite summation that is restricted in
a way that takes into account all of the linear relations (4.52). It is
important to take the summation in (4.53) in this manner because it is
the coefficients of the triangle monomials having the same set of triangles
that are to be compared between (4.53) and (4.46).

The equating of the coefficients of like triangle monomials in (4.46)
and (4.53) now gives the matrix elements of the recoupling matrix:

〈T (π(j)k)j |T ′(π′(j)k′)j〉 =
(
R

sh(π(j));sh′
(π′(j))

T,T ′

)
k j;k′ j

(4.54)

=
(−1)j1+···+jn+1+j

2j + 1

n∏
i=1

√
(2ki + 1)(2k′i + 1) ∆(ai bi ki)∆(a′i b

′
i k

′
i)

×
restricted∑

p

restricted∑
p1,p2,...,ph

p1+p2+···+ph=p

(−1)p(p + 1)
(

p
p1, p2, . . . , ph

)
I(p)p1,p2,...,ph.

We have used the relation {abc} =
√

2c + 1 ∆(abc) (compare (4.28)
and (2.164)). We recall also that the δ−triangle factors ∆(ai bi ki) and
∆(a′i b

′
i k

′
i) are known in terms of the angular momentum quantum num-

bers j1, j2, . . . , jn+1, the intermediate angular momentum quantum num-
bers, k1, k2, . . . , kn−1; k′1, k′2, . . . , k′n−1, and the total angular momentum
j. These δ−triangle factors contain all the triangles coming from the
forks of the associated pair of labeled binary trees; they assure in (4.54)
that all triangles are carried over to the matrix elements of the associated
recoupling matrix.



4.6. SPECIAL CASES 245

We conclude:

The matrix elements of each recoupling matrix are given by an inte-
ger multiplied by the δ−triangle factors determined by the forks of the
pair of binary trees that define the two coupling schemes and the dimen-
sional factors associated with the angular momenta labeling the roots of
the forks. The integer itself is a restricted sum over multinomial coeffi-
cients, weighted by an integral factor that depends on the skew-symmetric
matrices associated with each binary tree.

This integer property can be very useful in the development of algorithms
for the calculation of 3n− j coefficients (see Wei [175]).

There is no direct reference in (4.54) to Racah coefficients or to cubic
graphs. Since the matrix elements of each nontrivial recoupling ma-
trix can also be expressed in terms of Racah coefficients, the generating
function gives an entirely different expression of the fundamental triangle
coefficients.

Relation (4.54) depends on the explicit construction of the skew-
symmetric matrices in (4.41) and the matrices of indeterminates X and
X ′, as illustrated by (4.15) and(4.23)-(4.25), which, in turn, determine
the integral weight factor I

(p)
p1,p2,...,ph . Since we only have a recursive

method for the generation of the matrices X and X ′, these weight factors
have not been determined. It is useful to see how the preceding method
works for 6− j and 9− j coefficients, and how it compares to published
results.

4.6 Special Cases of the Generating Function

The methods developed above are illustrated in this section for n + 1 =
2, 3, 4. To avoid excessive use of the prime ′ and for comparison with
earlier results, we introduce the notations B = A′ and Y = X ′ for the
the second skew-symmetric matrix in (4.41):

A = AshT (π)(X), B = AshT ′(π′)(Y ). (4.55)

n + 1 = 2 : This case corresponds to the triangle coefficient given by
(2.151), so that we must find 〈T (ab)j | T (ab)j〉 = 1. There are no inter-
mediate angular momenta for this case so that the symbols k and k′ are
empty, and the summation over these quantum numbers does not occur
in the general formulas above. From (4.9), (4.23), and (4.48), we obtain
the following relations:

Pf(A,B) = 1 + x11y11 + x21y21 + x31y31, (4.56)
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1
(Pf(A,B))2

= 1 +
∞∑
p

(−1)p (p + 1)(x11y11 + x21y21 + x31y31)p, (4.57)

(x11y11 + x21y21 + x31y31)p

=
∑
a,b,j

a+b+j=p

(
p

b + j − a, a + j − b, a + b− j

)
(4.58)

×(x11)b+j−a(x21)a+j−b(x31)a+b−j(y11)b+j−a(y21)a+j−b(y31)a+b−j .

The restriction relations (4.52) give uniquely p1 = b + j − a, p2 = a +
j − b, p3 = a + b− j, so that there is no summation over p in (4.54) and
I
(p)
p1,p2,p3 = 1. Thus, we obtain

〈T (ab)j | T (ab)j〉 = (C(ab)T C
(ab)tr
T )j;j = R

(ab); (ab)
T,T = 1 (4.59)

= (a + b + j + 1)(∆(abj))2
(

a + b + j
b + j − a, a + j − b, a + b− j

)
.

The 3 − j coefficient is unity (the Wigner coefficients (4.40) are more
properly called 3− jm coefficients).

n+ 1 = 3 : The generating function (4.46) for n = 2 (in an equivalent
form) is often called the Schwinger-Bargmann (Bargmann [8]) generating
function for the 6−j coefficients. Historically, it is an important result in
angular momentum theory because it was the first derivation giving the
Racah coefficients directly in the form (2.162) without the necessity of
summing over WCG coefficients, as carried out by Racah. Regge [147]
also found this formula from the generating function and pointed out
the 144 symmetries of the 6 − j coefficient, which were overlooked by
Schwinger. We give the derivation in some detail, because it confirms
the details of relations (4.46) and (4.54), based on the double Pfaffian.
This derivation starts with the pair of binary trees given by (2.157) and
arrives at the same result:

◦ ◦
• ◦
•

❅
❅
❅
��

��

a b

ck

j

◦ ◦
•◦

•❅❅�
�
�❅❅

b c

a k′

j


=

{
a k
b c
k j

∣∣∣∣∣ b a
c k′
k′ j

}
=
(
R
(ab)c; a(bc)
T,T ′

)
k,j;k′,j

=
√

(2k + 1)(2k′ + 1)W (abjc; kk′). (4.60)
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The two skew-symmetric matrices that enter the double Pfaffian are

A =

 0 x31 x21x32 x21x22
−x31 0 x11x32 x11x22
−x21x32 −x11x32 0 x12
−x21x22 −x11x22 −x12 0

 ; (4.61)

B =

 0 y21y32 y11y32 y22
−y21y32 0 y31 y12y21
−y11y32 −y31 0 y11y12
−y22 −y12y21 −y11y12 0

 . (4.62)

The result for B is obtained by application of the method of Sect. 4.2.

The double Pfaffian is given by (4.10). Because of the identities
a13a24 = a23a14 = x21x32x11x22 and b13b24 = b12b34 = y11y32y12y21,
the double Pfaffian reduces to

Pf(A,B) = 1 + x11x32y31 + x21x22y22 + x12y11y12 + x31y21y32
+x11x22y12y21 + x21x32y11y32 + x31x12y22y31. (4.63)

The p−th power of this double Pfaffian is expressed in terms of the
unnormalized triangle monomials (4.31) (the triangle factors have been
divided out in (4.64)) corresponding to the pair of labeled binary trees
in (4.60) by

(G(X,Y ))p =
restricted∑
p1,p2,...,p7

p1+p2+···+p7=p

(
p

p1, p2, p3, p4, p5, p6, p7

)

×
ΦT (((ab)c)k)j (X)ΦT ′(((a(bc))k′)j(Y )

{a b k})−1({k c j})−1({b c k′})−1({a k′ j})−1 . (4.64)

The restriction conditions (4.52) are
p1 + p5 = −a + b + k, p2 + p6 = a− b + k, p4 + p7 = a + b− k;
p3 + p7 = −k + c + j, p2 + p5 = k − c + j, p1 + p6 = k + c− j;
p3 + p6 = −b + c + k′, p4 + p5 = k − c + k′, p1 + p7 = b + c− k′;
p3 + p5 = −a + k′ + j, p2 + p7 = a− k′ + j, p4 + p6 = a + k′ − j;

(4.65)
These restriction conditions can be solved for the pi as follows:

p1 = p− (a + k′ + j), p2 = p− (b + c + k′),
p3 = p− (a + b + k), p4 = p− (k + c + j), (4.66)

p5 = b + j + k + k′ − p, p6 = a + c + k + k′ − p,

p7 = a + b + c + j − p.
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These relations identify the unknown multiplying factor in (4.53) as
I
(p)
p1,p2,...,p7 = 1. Thus, we obtain from (4.54) the result:

◦ ◦
• ◦
•

❅
❅
❅
��

��

a b

ck

j

◦ ◦
•◦

•❅❅�
�
�❅❅

b c

a k′

j


=

{
a k
b c
k j

∣∣∣∣∣ b a
c k′
k′ j

}
=
(
R
(ab)c; a(bc)
T,T ′

)
k,j;k′,j

= 〈T (((ab)c)k)j | T ′((a(bc))k′)j〉

= (−1)a+b+c+j
√

(2k + 1)(2k′ + 1) ∆(abk)∆(kcj))∆(bck′)∆(ak′j)

×
restricted∑

p

(−1)p(p + 1)
(

p

p1, p2, p3, p4, p5, p6, p7

)
=
√

(2k + 1)(2k′ + 1)W (abjc; kk′), (4.67)

where the pi are defined by (4.66). Accounting for the introduction of the
parameter p, this result is in complete agreement with (2.162). It is quite
remarkable that the generating function method effects the summation
over all WCG coefficients in (2.160).

n + 1 = 4 : The generating function (4.46) for n + 1 = 4 (in an
equivalent form) is often called the Bargmann-Wu generating function
for the 9 − j coefficients (Bargmann [8], Wu [188]), but it is implicit
in Schwinger’s work. We give the rederivation in some detail, because
it again confirms the details of relations (4.46) and (4.54) based on the
double Pfaffian. We recall from (2.210) that we have obtained Wigner’s
9− j coefficient in the following form:

{ ◦◦◦◦
••

•✟✟
✟❍❍❍

��❅❅ ��❅❅

dbca

k2k1
j

∣∣∣ ◦◦◦◦
••

•✟✟
✟❍❍❍

��❅❅ ��❅❅

dcba

k′2k′1
j

}

=


a b k1
c d k2
k1 k2 j

∣∣∣∣∣
a c k′1
c d k′2
k′1 k′2 j


=
(
R
(ac)(bd);(ab)(cd)
T, T

)
k1 k2 j;k′

1 k
′
2 j

= 〈T ((ac)(bd) k1k2)j | T ((ab)(bd) k′1k
′
2)j)〉
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=
√

(2k1 + 1)(2k′1 + 1)(2k2 + 1)(2k′2 + 1)


a b k′1
c d k′2
k1 k2 j


=
√

(2k1 + 1)(2k′1 + 1)(2k2 + 1)(2k′2 + 1)
∑
k

(−1)a+k−k1−k′
1

×(2k + 1)W (dbjk1; k2k)W (bakc; k′1k1)W (k′1cjd; kk′2). (4.68)

The two skew-symmetric matrices A = A((13)(24))(X), π′ = (1324),
and B = A((12)(34))(Y ), e = (1234), that enter the double Pfaffian are

A =


0 x21x22x33 −x31 x12x21x33 x21x23

−x21x22x33 0 −x11x22x33 x32 x13x22
x31 x11x22x33 0 x11x12x33 x11x23

−x12x21x33 −x32 −x11x12x33 0 x12x13
−x21x23 −x13x22 −x11x23 −x12x13 0

 ,

(4.69)

B =


0 −y31 y21y22y33 y12y21y33 y21y23
y31 0 y11y22y33 y11y12y33 y11y23

−y21y22y33 −y11y22y33 0 y32 y13y22
−y12y21y33 −y11y12y33 −y32 0 y12y13
−y21y23 −y11y23 −y13y22 −y12y13 0

 .

(4.70)

Since B corresponds to the identity permutation e = (1234) (one-line
notation) and π = (3142), hence, π−11 = 2, π−12 = 4, π−13 = 3, π−14 = 3,
application of (4.26) gives B from (4.25), after changing the xij to yij.
Similarly, A is obtained from B in (4.70).

The double Pfaffian is obtained from relation (4.6) to be

Pf(A,B) = 1 +
∑

1≤i<j≤5
aijbij (4.71)

+(a12a34 − a13a24 + a23a14)(b12b34 − b13b24 + b23b14)
+(a12a35 − a13a25 + a23a15)(b12b35 − b13b25 + b23b15)
+(a12a45 − a14a25 + a24a15)(b12b45 − b14b25 + b24b15)
+(a13a45 − a14a35 + a34a15)(b13b45 − b14b35 + b34b15)
+(a23a45 − a24a35 + a34a25)(b23b45 − b24b35 + b34b25).

However, the family of relations as follows allows for a substantial sim-
plification of the double Pfaffian:
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a12a34 = −a23a14, b13b24 = b23b14, a12a35 = −a23a15,
b13b25 = b23b15, a12a45 = a14a25, b14b25 = b24b15, (4.72)
a14a35 = a34a15, b13b45 = b14b35, a23a45 = −a34a25,
b23b45 = b24b35.

The double Pfaffian reduces to

Pf(A,B) = 1 +
∑

1≤i<j≤5
aijbij − a13a24b12b34 (4.73)

−a13a25b12b35 + a24a15b12b45 + a13a45b34b15 − a24a35b34b25.

This gives

G(X,Y ) (4.74)
= x12x13y12y13 + x11x23y13y22 + x11x12x33y32

+x13x22y11y23 + x21x23y21y23 + x21x22x33y31

+x32y11y12y33 + x31y21y22y33 − x31x32y31y32

−x11x22x33y11y22y33 + x12x13x31y21y23y32 + x21x23x32y12y13y31

−x13x22x31y13y22y31 + x12x21x33y12y21y33 − x11x23x32y11y23y32 .

We denote the fifteen terms in this expression by G1(X,Y ), G2(X,Y ),
. . . , G15(X,Y ) as read from left-to-right. While the ordering is arbitrary,
this ordering of terms allows for easy comparison with the expression for
the 9− j coefficient obtained below with the one presented in the Drake
Handbook [53]. (Different orderings correspond to a redistribution of
parameters.)

The generating function of the 9−j coefficients for the pair of labeled
binary trees given by (4.68) is obtained from (4.44):

1
(Pf(A,B))2

=
1

det(I −AB)
=

1
(1 + G(X,Y ))2

= 1 +
∑
a,b,c,j

k1,k2,k′
1,k

′
2

(−1)a+b+c+d+j

2j + 1

×ΦT ((ac)(bd) k1 k2)j (X)ΦT ((ab)(bd) k′
1 k

′
2)j

(Y )

×
(
R
(ac)(bd);(ab)(cd)
T, T

)
k1 k2 j; k′

1 k
′
2 j
. (4.75)
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Relation (4.54) now gives the following form of these recoupling coeffi-
cients:(

R
(ac)(bd);(ab)(cd)
T, T

)
k1 k2 j; k′

1 k
′
2 j

=


a b k1
c d k2
k1 k2 j

∣∣∣∣∣
a c k′1
b d k′2
k′1 k′2 j

 (4.76)

=
√

(2k1 + 1)(2k′1 + 1)(2k2 + 1)(2k′2 + 1)


a b k′1
c d k′2
k1 k2 j

 ;


a b k′1
c d k′2
k1 k2 j


= (−1)a+b+c+d+j∆(ack1)∆(bdk2)∆(k1k2j)∆(abk′1)∆(cdk′2)∆(k′1k

′
2j)

×
restricted∑

p

restricted∑
p1,p2,...,p15
p1+···+p15=p

(−1)p+q(p + 1)
(

p
p1, p2, . . . , p15

)
, (4.77)

where q = p9 + p10 + p13 + p15. The restricted summation is over all
p1, p2, . . . , p15 in the multinomial coefficient such that the following eigh-
teen conditions are satisfied:

p2 + p3 + p10 + p15 = −a + c + k1,

p5 + p6 + p12 + p14 = a− c + k1,

p8 + p9 + p11 + p13 = a + c− k1;
p1 + p3 + p11 + p14 = −b + d + k2,

p4 + p6 + p10 + p13 = b− d + k2,

p7 + p9 + p12 + p15 = b + d− k2;
p1 + p4 + p11 + p13 = −k1 + k2 + j,

p2 + p5 + p12 + p15 = k1 − k2 + j,

p3 + p6 + p10 + p14 = k1 + k2 − j;
(4.78)

p4 + p7 + p10 + p15 = −a + b + k′1,
p5 + p8 + p11 + p14 = a− b + k′1,
p6 + p9 + p12 + p13 = a + b− k′1;

p1 + p7 + p12 + p14 = −c + d + k′2,
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p2 + p8 + p10 + p13 = c− d + k′2,
p3 + p9 + p11 + p15 = c + d− k′2;

p1 + p2 + p12 + p13 = −k′1 + k′2 + j,

p4 + p5 + p11 + p15 = k′1 − k′2 + j,

p7 + p8 + p10 + p14 = k′1 + k′2 − j.

These relations may be reduced in a variety of ways; different reductions
give different expressions of the 9− j coefficient. We effect the reduction
in a manner that gives the final form (4.85) below (Wu’s form), which
also demonstrates their consistency. Adding the relations corresponding
to a given triangle gives the six relations:

p1 + p4 + p7 = p− (a + c + k1),
p2 + p5 + p8 = p− (b + d + k2),
p7 + p8 + p9 = p− (k1 + k2 + j), (4.79)

p1 + p2 + p3 = p− (a + b + k′1),
p4 + p5 + p6 = p− (c + d + k′2),
p3 + p6 + p9 = p− (k′1 + k′2 + j).

These conditions may be written in the form of a 3×3 matrix array with
fixed row and column sums:(

p1 p2 p3
p4 p5 p6
p7 p8 p9

)
p− t1
p− t2
p− t3

, (4.80)

p− t4 p− t5 p− t6

where the ti are the sums of quantum numbers of the six triangles
〈abk′1〉, 〈cdk′2〉, 〈k′1k′2j〉, 〈ack1〉, 〈bdk2〉, 〈k1k2j〉 associated with the two la-
beled binary trees in (4.68), and also are the row and column sums of
the quantum numbers in the symbol in (4.68) for the 9− j coefficient:

t1 = a + b + k′1, t2 = c + d + k′2, t3 = k1 + k2 + j,

(4.81)
t4 = a + c + k1, t5 = b + d + k2, t6 = k′1 + k′2 + j.

Each set of p1, p2, . . . , p9 that satisfies the row-column sum conditions
in the matrix (4.80) determines a compatible system (4.78) for the set
of p10, p11, . . . , p15 that satisfies the relations:
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p10 + p15 = −p + p1 + s1, p11 + p14 = −p + p2 + s2,

p12 + p13 = −p + p3 + s3;
p12 + p14 = −p + p4 + s4, p10 + p13 = −p + p5 + s5, (4.82)
p11 + p15 = −p + p6 + s6;
p11 + p13 = −p + p7 + s7, p12 + p15 = −p + p8 + s8,

p10 + p14 = −p + p9 + s9;

s1 = b + c + k1 + k′1, s2 = a + d + k′1 + k2, s3 = a + b + k′2 + j,

s4 = a + d + k1 + k′2, s5 = b + c + k2 + k′2, s6 = c + d + k′1 + j,

s7 = a + c + k2 + j, s8 = b + d + k1 + j, s9 = k1 + k2 + k′1 + k′2.
(4.83)

These relations can be solved for any five of the p10, p11, . . . , p15 in terms
of the remaining one. For example, if we choose p15 = s to be the
arbitrary parameter, then we have

p10 = −s− p + p1 + s1, p11 = −s− p + p6 + s6,

p12 = −s− p + p8 + s8, (4.84)
p13 = s + p5 − p1 − s1 + s5, p14 = s + p2 − p6 + s2 − s6,

p15 = s.

We thus arrive at the following expression for the Wigner 9−j coefficient:
a b k′1
c d k′2
k1 k2 j

 (4.85)

= ∆(ack1)∆(bdk2)∆(k1k2j)∆(abk′1)∆(cdk′2)∆(k′1k
′
2j)

×
restricted∑

p

restricted∑
p1

restricted∑
p2

(−1)p10+p11+p12(p + 1)
(

p
p1,p2

)
,

where p1 = (p1, p2, . . . , p9) and p2 = (p10, p11, . . . , p15). The summations
in (4.85) are implemented as follows: For each set of quantum num-
bers a, b, c, d, j, k1 , k2, k′1, k′2 appearing in the 9− j coefficient symbol and
satisfying the triangle conditions

〈a c k1〉, 〈b d k2〉, 〈k1 k2 j〉, 〈a b k′1〉, 〈c d k′2〉, 〈k′1 k′2 j〉, (4.86)
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we select any nonnegative integer p such that the following two conditions
are met:

p ≥ max(t1, t2, t3, t4, t5, t6), (4.87)
p ≤ min(p1 + s1, p2 + s2, . . . , p9 + s9),

where t1, t2, . . . , t6 are defined by (4.81) and s1, s2, . . . , s9 are defined by
(4.83). Then, the summations over p1 and p2 are over all nonnegative
compositions of p such the row-column conditions in (4.80) are satisfied.
The summation over p is then over the finite set of all p satisfying (4.87).
The phase in (4.85) is obtained from that in (4.77), using relations (4.80)
and (4.82), as follows: The identity

(−1)a+b+c+d+j(−1)p+p9+p10+p13+p15 = (−1)p10+p11+p12 (4.88)

is a consequence of

(−1)p+p9+p10+p13+p15(−1)p10+p11+p12 = (−1)p+p9+(p12+p13)+(p11+p15)

= (−1)p+p9+p3+p6+s3+s6 = (−1)s3+s6−t6 = (−1)a+b+c+d+j .

Relation (4.85) is exactly that of Wu [188], as interpreted in the Drake
Handbook [53] (see the discussion below).

Quite remarkably, just as the generating function for the 6− j coeffi-
cient gives the sum over four WCG coefficients in terms of the product of
δ−triangles (and associated dimension factors), multiplied by an integer
that is a restricted sum of multinomial coefficients of order seven, so also
does the generating function for the 9 − j coefficient give the sum over
three Racah coefficients in terms of the product of δ−triangles (and as-
sociated dimension factors), multiplied by an integer that is a restricted
sum of multinomial coefficients of order fifteen.

It is by no means a simple task to reduce the form (4.54) to a more
manageable form, as illustrated by the intricacies of the special cases
given above. What has been achieved, however, is a universal form (see
Refs. [122, 123]) based on the combinatorial concepts of pairs of labeled
binary trees, the uniform notation of triangle coefficients, the MacMahon
master theorem, the double Pfaffian, and the skew-symmetric matrix of
a binary tree, all of which exhibit the remarkable similarity of structure
of the 6−j and 9−j coefficients, as expressed by a restricted summation
of integral weighted multinomial coefficients.

The indeterminates that appear in the 3× n matrix X and the 3×n
matrix Y = X ′ in the generating relation (4.46), and in the matrix ele-
ments of the recoupling matrix in (4.54), are related to the triangles of
the pair of binary trees through their occurrence in the triangle monomi-
als in (4.53). This suggests a relationship with the cubic graph matrices
A3×2n(x; y) introduced in Sect. 3.4.3 of Chapter 3. We illustrate this in
the next section for the 6− j and 9− j coefficients.
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4.6.1 Cubic graph geometry of the 6− j and 9− j
coefficients

The double Pfaffian of the tetrahedron

We make the following identification of indeterminates xij and yij that
occur in the skew-symmetric matrix A and B in relations (4.61) and
(4.62) with the variables xi and yi in a cubic graph matrix (see (3.138)):(

x11 x12 y11 y12
x21 x22 y21 y22
x31 x32 y31 y32

)
=

(
y1 y6 x5 x1
y5 y4 x4 x3
x6 y2 y3 x2

)
. (4.89)

This association is made from the pair of binary trees in (4.67), which
corresponds to x1 = y1 = a, x2 = y2 = j, x3 = y3 = k′, x4 = y4 =
c, x5 = y5 = b. x6 = y6 = k. The double Pfaffian (4.63) is given in terms
of the xi and yi variables in the cubic graph matrix (4.89) by

1 + G(x, y) = 1 + V3 + E4, (4.90)

where V3 is called a vertex function and E4 an edge function, as explained
below, and given by

V3 = y1y2y3 + x3y4y5 + x1x5y6 + x2x4x6, (4.91)
E4 = x1y1x4y4 + x2y2x5y5 + x3y3x6y6. (4.92)

The tetrahedron corresponding to the double Pfaffian (4.90)-(4.92) is
obtained from the columns of the cubic graph matrix (4.89) as follows,
where the lines of a pair of adjacent points are labeled by the internal
coordinates that share a common index:

✡
✡
✡
✡
✡
✡
✡✡

· ·
· ·
· ·
· ··
··
··
··
··

··
··

··
·

❏
❏
❏
❏
❏
❏
❏❏

(y1y5x6)

(y6y4y2)

(x1x3x2) (x5x4y3)

x1y1 x5y5

x6y6

x3y3

x2y2 x4y4

•

•

• •

↙ (4.93)

We give below a rule for reading the vertex function V3 and the edge
function E4 directly off this labeled tetrahedron.

The expansion of (1 + V4 + E3)−2 then gives the 6 − j coefficient as
the coefficient multiplying the triangle monomials, just as obtained in
(4.67) from the double Pfaffian in terms of the X,Y variables.
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The double Pfaffian of the 9− j cubic graph

We make the following identification of indeterminates xij and yij that
occur in the skew-symmetric matrix A and B in relations (4.69) and
(4.70) with the variables xi and yi in a cubic graph matrix (see p. 221)):(

x11 x12 x13 y11 y12 y13
x21 x22 x23 y21 y22 y23
x31 x32 x33 y31 y32 y33

)
=

(
x2 x5 y3 y2 y1 x8
x1 x4 y6 y5 y4 x7
x3 x6 y9 y8 y7 x9

)
.

(4.94)
This association is made from the pair of binary trees in (4.68), which
corresponds to x1 = y1 = c, x2 = y2 = a, x3 = y3 = k1, x4 = y4 =
d, x5 = y5 = b, x6 = y6 = k2, x7 = y7 = k′2, x8 = y8 = k′1, x9 = y9 = j.
The double Pfaffian is now obtained from (4.74) in terms of the xi and
yi variables in the cubic graph matrix (4.94) as

1 + G(x, y) = 1 + y1y3x5x8 + y4y6x2x8 + y7y9x2x5
+ y2y3x4x7 + y5y6x1x7 + y8y9x1x4
+ y1y2x6x9 + y4y5x3x9 − y7y8x3x6 (4.95)
− x2y2x4y4x9y9 + x3y3x5y5x7y7
+ x1y1x6y6x8y8 − x3y3x4y4x8y8
+ x1y1x5y5x9y9 − x2y2x6y6x7y7.

The cubic graph corresponding to the this double Pfaffian is obtained
from the columns of the cubic graph matrix (4.94) as follows, where the
lines of a pair of adjacent points are labeled by the internal coordinates
that share a common index:

❜
❜
❜
❜
❜
❜
❜
❜
❜
❜❜

�
�
�
�
��

···
···
···
···

❝
❝
❝
❝
❝❝

✧
✧
✧
✧
✧
✧
✧
✧
✧
✧✧

···
···
···
···
·

···
···
···
···
··

• •

• •

•

•
(y1y4y7)

(x8x7x9)

(y2y5y8)(y3y6y9)

(x5x4x6)(x2x1x3)

x7y7
x1y1 x4y4

x9y9 x8y8x3y3 x5y5

x2y2x6y6

(4.96)

The expansion of (1 + G(x, y))−2 then gives the 9 − j coefficient as
the coefficient multiplying the triangle monomials, just as obtained in
(4.75)-(4.85) from the double Pfaffian in terms of the X,Y variables.
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We have the following general result from the preceding sections on
double Pfaffians and the skew-symmetric matrix of a binary tree:

A double Pfaffian can be associated with every cubic graph G(T, T ′) of
angular momentum type.

The question arises: Can the double Pfaffian associated with a pair of
labeled binary trees be read off directly from its associated cubic graph?
Such rules for the 6 − j coefficient and the 9 − j coefficient are stated
directly from the cubic graph by Biedenharn et al. [16] and in the Drake
Handbook [53]. The rules below were found empirically from the results
given by Bargmann [8] and Wu [188] prior to the discovery of the double
Pfaffian, and, for the 9−j coefficients, the cited rule is given in a modified
version of the double Pfaffian.

The rule for the tetrahedron (4.93) is very simple:

The tetrahedron rule: The vertex function V3 and the edge function E4
then have the following geometrical significance: First, we interchange
the xi and yi coordinates labeling the points of the tetrahedron. Then,
we have the following rules for obtaining the double Pfaffian:

V3 : Multiply together the coordinates of each vertex and sum over
all four vertices.

E4 : Multiply together the coordinates of all pairs of disjoint edges
and sum over all the three pairs of edges.

Disjoint edges of a cubic graph are defined to be edges having no common
vertex. These rules give the forms (4.90)-(4.92).

The 9 − j cubic graph rule: The Drake Handbook version replaces the
double Pfaffian (4.95) by the following form:

1 + H(x, y) = 1− V4 + E6, (4.97)

where the vertex function V4 and the edge function E6 are defined by

V4 = y1y2x6x9 + y1y3x5x8 + y2y3x4x7
+y4y5x3x9 + y4y6x2x8 + y5y6x1x7 (4.98)
+y7y8x3x6 + y7y9x2x5 + y8y9x1x4;

E6 = det

(
x1y1 x2y2 x3y3
x4y4 x5y5 x6y6
x7y7 x8y8 x9y9

)
. (4.99)

These functions have the following interpretation in terms of the labeled
cubic graph (4.96). Interchange the symbols x and y in the cubic graph
(4.96), and then define:



258 CHAPTER 4. GENERATING FUNCTIONS

V4 vertex function: multiply together all the coordinates of each pair
of adjacent vertices, divide out the coordinates with a common subscript,
and sum over all nine such pairs.

E6 edge function: multiply together the edge coordinates correspond-
ing to any three edges having no common vertex, there being nine such
combinations, and add the nine together with ± signs to give the deter-
minant (4.99).

Except for signs, the expression (4.97) is the same as that for the double
Pfaffian (4.95) ( These latter signs are uniquely determined from the
definition of the double Pfaffian and the skew-symmetric matrices A and
B.) However, the signs in the different expressions compensate, and the
expansion of (1 + H(x, y))−2 and (1 + G(x, y))−2 work out to the same
final form (4.85) for the 9− j coefficient.

The answer to the question posed above is unsettled: We do not
know the general rule for reading the double Pfaffian from the associated
labeled cubic graph. Such a rule would be a unifying result of some
importance.

The indeterminates x3i, y3i, i = 1, 2, . . . , 9 in relation (4.94) can be
realized in many ways in terms of a cubic graph matrix, the only re-
quirement being that the subscript placement encodes the triangles of
the associated cubic graph. In Biedenharn et al. [16], the following vari-
ables are used:(

x11 x12 x13 y11 y12 y13
x21 x22 x23 y21 y22 y23
x31 x32 x33 y31 y32 y33

)
=

(
x2 y8 y3 y2 y1 x6
x1 x9 x4 x8 y9 x7
x3 y4 x5 y6 y7 y5

)
.

(4.100)

Regrettably, several errors were made in Sect. 2.4 of Ref. [16]: Rather
than giving the detailed corrections, we note only that relation (16) for
the 9 − j coefficients is corrected by interchanging the triangle sums t3
and t4, and taking into account the equality of the two notations as
follows for the 9− j coefficient:{

j1 j2 j3
j9 j8 j4
j7 j6 j5

}
=

 a b k′1
c d k′2
k1 k2 j5

 . (4.101)

We aso note that the number of free parameters in the summation
(4.85) for the 9 − j coefficient is four, there being two free parameters
in (4.80). It is possible to reduce this number to three as shown by
Yutsis and Bandzaitis [193], but caution must be exercised, since such
reductions can obscure the combinatorial origins of the 3n−j coefficients.

We also take this opportunity to point out that the form for the
9− j coefficient given by relation (3.326) in Biedenharn and Louck [21]



4.7. CONCLUDING REMARKS 259

contains two errors: The repeated factor (a+d+h+1−z)! should occur
only once; and the factor (b + f − a− j + x + z)! should be replaced by
(b + j − a − f + x + z)! Moreover, in Vol. 9, on p. 473, a line should be
removed from one of the cubic graphs, and on p. 476, the second cubic
graph diagram should be replaced by the second one in relations (3.126).

Symmetries

The symmetries of the WCG coefficients and the 6 − j coefficients are
discussed in Sect. 1.4, Chapter 1, and in a comprehensive manner in Ref.
[21]. In particular, it is the rotation-inversions that transform the regu-
lar tetrahedron into itself (the group Td in point-group terminology) that
give rise to 24 permutations in S4 of 1, 2, 3, 4, 5, 6 that leave the 6− j co-
efficient invariant. In terms of the labeling of the tetrahedron in (4.93),
these are the twenty-four permutations that leave the edge function E4
and vertex function V3 invariant upon setting xi = yi, i = 1, 2. . . . , 6. This
set consists of those permutations of the pairs (14)(36)(25) among them-
selves, together with no permutations of the entries within each pair, or
of the entries in any two of the pairs (four permutations, including the
identity). This invariance group also has the second interpretation as the
set of permutations induced on the subscripts 1, 2, . . . , 6 by the twenty-
four permutations of the four 3−sets of unordered (all orders equal)
integers ∆1 = {1, 2, 3}, ∆2 = {3, 4, 5},∆3 = {1, 5, 6},∆4 = {2, 4, 6},
where we standardize the notation by writing 1 < 2 < 3 < 4 < 5 < 6.
For example, the interchange of ∆1 and ∆2 induces the permutation
(1, 2, 3, 4, 5, 6) �→ (5, 4, 3, 2, 1, 6). The additional symmetries that involve
linear combinations of angular momentum labels giving a total of 144
symmetries of the 6 − j coefficient have no such geometrical interpreta-
tion. In general, a 3n − j coefficient (n ≥ 2) has the (2n)! symmetries
corresponding to the permutations of its 2n triangles in the form (4.54)
(the second interpretation above), and further symmetries are unknown.
The triangle symmetries are closely related to the choices of the pi that
solve relations (4.52); they are built into the structure of the cubic graph
matrices (3.131).

4.7 Concluding Remarks on Angular
Momentum Theory

We have attempted to place the quantum theory of angular momentum
within the mathematical framework of combinatorial mathematics in a
natural way. One of the most striking features is that the abstract enti-
ties of combinatorics become the quantities that label the mathematical
functions that arise, as we have demonstrated numerous times, beginning
with pairs of labeled binary trees without common forks, and following
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the natural evolving pathways. The unifying concepts of a recoupling
matrix and of a fundamental triangle coefficient are principal examples.

Complementary approaches to the methods presented here can be
found in the publications of many others, for example, Judd [85, 86] and
Judd and Lister [87].

The are many unsolved problems. While many results have been
presented in an algorithmic form, these forms are often too unruly for
the derivation of fully explicit algebraic formulas. Unsolved problems
include the following:

1. Enumeration of a complete set of nonisomorphic trivalent trees of
order n and an associated counting formula.

2. Enumeration of a complete set of nonisomorphic cubic graphs on
2n points and an associated counting formula.

3. Enumeration of a complete set of nonisomorphic cubic graphs on
2n points of angular momentum type and an associated counting
formula.

4. Presentation of a more tractable method of obtaining the skew-
symmetric matrix of a binary tree.

5. Determination of the multiplying integers I(p)p1,p2,...,ph in the universal
form of recoupling coefficients.

6. Exposition of a geometric basis for the relationship between cubic
graphs and double Pfaffians.

7. Development of a general theory of triangles and graphs.

8. Development of a more comprehensive theory of paths associated
with recoupling matrices.

We turn next to the development for the general unitary group U(n)
of some aspects of U(2) presented in the first four chapters. But the goal
is far more modest, since a theory of recoupling coefficients in the sense
of 3n− j coefficients is mostly unknown. The theory of the unitary irre-
ducible representations themselves, and of the analog of the U(2) WCG
coefficients (one Kronecker product of irreducible representations), is al-
ready rich in structure. The proliferation of multiplicities for more than
a single Kronecker product is overwhelming. Combinatorial objects that
make their appearance and have a very prominent role include: semistan-
dard Young tableaux, Gelfand-Tsetlin patterns, Littlewood-Richardson
numbers, Sylvester’s identity and the complete homogeneous symmet-
ric functions, shift-operators, and operator-valued polynomials as tensor
operators.



Chapter 5

The Dλ−Polynomials: Form

5.1 Overview

Chapter 5 through Chapter 9 of this monograph develop the generaliza-
tion of the SU(2) Dj−polynomials that occur in angular momentum the-
ory to the general unitary group U(n), indeed, the general linear group
GL(n,C). These chapters draw freely from the subject matter presented
in Compendiums A and B, where summaries of various mathematical
concepts are given, so as not to interfere with the flow of the applica-
tions of these notions in the chapters. The notations and properties
of partitions, semistandard Young-Weyl tableaux, and Gelfand-Tsetlin
patterns presented in Sects. 11.1-11.3, Compendium B, should be con-
sulted before reading this chapter. Section 10.6 in Compendium A on
inner products is also quite important. The structure of the U(2) solid
harmonics in Sect. 1.7, Chapter 1 is the model for generalization.

One of the principal objectives of Chapters 5-8 is to develop the prop-
erties of a class of matrices, labeled by partitions λ ∈ Parn and denoted
by Dλ(Z), whose dimension is equal to Dimλ, the Weyl dimension for-
mula. These matrices are functions of n2 variables (zij)1≤i,j≤n, which,
for the most part, may be considered to be indeterminates. The ele-
ments of the matrix are functions of the form Dλ

r,c(Z), r, c ∈ I, where
I is an indexing set that enumerate rows r and columns c of the ma-
trix. These may be chosen to be either ordered pairs of semistandard
Young-Weyl (SSYW) tableaux of shape λ, or ordered pairs of triangular
Gelfand-Tsetlin (GT) patterns of shape λ (or by other schemes). We
choose to denote the elements of this matrix by double GT patterns of
shape λ, rather that the equivalent sets of double SSYW tableaux of
shape λ. We use several different ways of displaying this pair of pat-
terns, depending on the context. Since the partition λ ∈ Parn is usually

261
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specified, it is useful to show this label separately from the remaining
n − 1 rows of the triangular GT patterns that accompany the partition
λ. We use the following three notations to serve various needs:

D

(
m′
λ
m

)
(Z) = D

(
λ
m

∣∣∣∣∣ λ
m′

)
(Z) = Dλ

m,m′(Z). (5.1)

In the first symbol, the upper pattern
( λ
m′
)

is inverted over the lower
pattern

(
λ
m

)
so that the common partition is exhibited only once, but

this inversion carries no other informational content, and is often re-
ferred to in normal (uninverted) form (see (5.6)). The center symbol is
useful, for clarity, in certain specializations of the patterns m and m′
that are encountered. The final symbol is patterned after that used for
the Dj−polynomials of angular momentum theory and exhibits most
clearly the parallel structures. In each of these symbols, we employ the
convention:

m ∈ Gλ means
(

λ
m

)
∈ Gλ, (5.2)

where Gλ denotes the set of all GT patterns corresponding to the choice
of all subpatterns m (see Sect. 11.3, Compendium B). The third nota-
tion, which separates the n − 1 rows of partitions in the symbols m
and m′ from the parent partition λ, is the simplest notation, and more
in accord with the general indexing scheme Dλ

r,c, but can be deceptive.
We use the lexicographic order relation on such patterns given in Com-
pendium B to write out or visualize the elements of the matrix, with m
denoting rows and m′ denoting columns. It is the custom in the physics
literature, which we shall follow, to enumerate the rows and columns in
decreasing order from the greatest pattern to the least pattern as read
from top-to-bottom down the rows and left-to-right across the columns.
The polynomials denoted by (5.1) are called Dλ−polynomials, and the
corresponding matrices are called Dλ−matrices.

In order to have some insight into the nature of the Dλ−polynomials
and the corresponding matrices, we collect together here in this Overview
many of their main properties, and either give the proofs or indicate
where the proof of a given property can be found.

Let Z = (zij)1≤i,j≤n be a set of n2 variables or indeterminates, and
A = (aij)1≤i,j≤n a corresponding set of n2 nonnegative integers. The
Maclaurin polynomials defined by

ZA

A!
=

n∏
i,j=1

z
aij
ij

aij !
(5.3)
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are basic to our presentation of the properties of Dλ−polynomials. The
polynomials (5.3) are orthogonal in the inner product ( , ), this inner
product being defined and discussed in Sect. 1.3.1, Chapter 1:(

ZA, ZB
)

= δ(A,B)A!, A! =
n∏

i,j=1

aij !, (5.4)

where we sometimes write the Kronecker delta in the form δ(A,B) for
complex entities such as the arrays A and B. The polynomials ZA are
also homogeneous of degree

αi =
n∑
j=1

aij in the variables

zi = (zi1, zi2, . . . , zin) in row i of Z;
(5.5)

α′
j =

n∑
i=1

aij in the variables

zj = (z1j , z2j , . . . , znj) in column j of Z.

The Dλ−polynomials are invertible real linear transformations of the
ZA polynomials that preserve their homogeneity properties in the rows
and columns of Z :

D

(
m′
λ
m

)
(Z) =

∑
A∈M

p
n×n(α,α′)

C

(
m′
λ
m

)
(A)

ZA

A!
, (5.6)

where, for given double GT patterns
(λ
m

)
and

( λ
m′
)

of the same shape
(partition) λ � p, the compositions α � p and α′ � p are the weights of
the lower and upper patterns:

α = (α1, . . . , αn) = W

(
λ

m

)
, α′ = (α′

1, . . . , α
′
n) = W

(
λ

m′

)
. (5.7)

The summation in (5.6) is over all matrix arrays A = (aij)1≤i,j≤n of
nonnegative integer exponents in the set M

p
n×n(α,α′) defined by

M
p
n×n(α,α′)

{
A

∣∣∣∣
∑n

j=1 aij = αi, i = 1, . . . , n∑n
i=1 aij = α′

j , j = 1, . . . , n

}
. (5.8)

These are just the conditions of homogeneity given by (5.5), the total de-
gree being the nonnegative integer p. If the partition λ ∈ Parn is selected
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in (5.6), then p = |λ| = λ1 + λ2 + · · · + λn, whereas if the nonnegative
integer p is selected, then λ � p. The partition λ and the nonnegative in-
teger p stand in this relationship throughout this monograph, even when
not noted.

The transformation (5.6) is invertible because we require the transfor-

mation coefficients C
(

m′
λ
m

)
(A) to be the elements of a real orthogonal

matrix, up to multiplying factors as described below in (5.13)-(5.14).
The inversion is given by

ZA

A!
=
∑
λ�p

∑
m,m′∈Gλ(α,α′)

1
M(λ)A!

C

(
m′
λ
m

)
(A)D

(
m′
λ
m

)
(Z),

each A ∈M
p
n×n(α,α′), (5.9)

where Gλ(α,α′) is the set of double GT patterns of weight (α,α′) and
shape λ, and the quantity M(λ) is an invariant normalizing factor defined
by

M(λ) =
n∏
i=1

(λi + n− i)!
/

1!2! · · · (n− 1)!Dimλ; (5.10)

Dimλ =
∏

1≤i<j≤n
(λi − λj + j − i)

/
1!2! · · · (n− 1)!. (5.11)

The factor Dimλ is the Weyl dimension formula that gives the number
of GT patterns (and SSYW tableau) in the set Gλ of all GT patterns of
shape λ.

The orthogonality and normalization of the Dλ−polynomials is ex-
pressed for all pairs λ, λ′ ∈ Parn(p) by(

D

(
m′
λ
m

)
(Z), D

(
m′′′
λ′
m′′

)
(Z)

)
= δm,m′′δm′,m′′′δλ,λ′M(λ). (5.12)

The normalization of the Dλ−polynomials to the factor M(λ) is made
so that the Dλ−matrices give the unit matrix when evaluated at Z =
In : Dλ(In) = IDimλ. From the orthogonality relations (5.4) for the
Maclaurin monomials ZA/A!, it follows that the orthogonality relations
for the Dλ−polynomials are expressed in terms of the C−coefficients for
all pairs λ, λ′ ∈ Parn(p) by

∑
A∈M

p
n×n(α,α′)

R

(
m′
λ
m

)
(A)R

(
m′′′
λ′
m′′

)
(A) = δm,m′′δm′,m′′′δλ,λ′ , (5.13)
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where the new transformation coefficients are defined by

R

(
m′
λ
m

)
(A) =

1√
M(λ)A!

C

(
m′
λ
m

)
(A). (5.14)

The orthogonality relation (5.4) applied to (5.9) then also gives

∑
λ�p

∑
m,m′∈Gλ(α,α′)

R

(
m′
λ
m

)
(A)R

(
m′
λ
m

)
(B) = δ(A,B),

for all pairs A,B ∈M
p
n×n(α,α′). (5.15)

The orthogonality relations (5.13) and ( 5.15) depend on two distinct
indexing sets: The set that appears in (5.13) is M

p
n×n(α,α′), which con-

tains all n × n matrix arrays A of prescribed row and column sums, as
given by the weights α and α′ of the lower and upper GT patterns of
shape λ; and the set that appears in (5.15) is the set of all GT patterns of
shape λ, which is denoted by Gλ(α,α′), having α as the prescribed weight
of the lower pattern and α′ as that of the upper pattern, these weights
being held fixed as λ runs over all compositions of p. For the enumeration
of the second set, the Kostka number K(λ, α) that gives the number of
GT patterns

(λ
m

)
of weight α is required. Thus, the two indexing sets

are M
p
n×n(α,α′) and ∪λ�p Gλ(α,α′), which are, respectively, of cardi-

nality |Mp
n×n(α,α′)| and

∑
λ�p |Gλ(α,α′)|. If desired, the R−quantities

defined by (5.14) can first be partitioned into subsets of all partitions
λ of the nonnegative integer p, followed by the set of all patterns hav-
ing prescribed weights α and α′. These patterns can then be assembled
into a square matrix of order |Mp

n×n(α,α′)| with rows enumerated by
the matrix arrays A in the set M

p
n×n(α,α′) and columns enumerated by

the GT patterns in the set ∪λ� p Gλ(α,α′). The “squareness” of this real
orthogonal matrix then requires that∑

λ�p
K(λ, α)K(λ, α′) = |Mp

n×n(α,α′)|. (5.16)

This is a famous relation known as the Robinson, Schensted, Knuth iden-
tity, and proved combinatorially by Knuth [91]. The above interpretation
of this identity was pointed out in Ref. [118]. This is a classical example
in combinatorics where closed formulas for neither the Kostka numbers
K(λ, α) nor the number of matrix arrays M

p
n×n(α,α′) are known, but a

relation between them exists.
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It is, of course, possible to calculate all the numbers in (5.16) by
the highly inefficient method of enumerating all GT patterns of shape
λ (see Sect. 11.3 in Compendium B) and then determining the weight
α = (α1, α2, . . . , αn) from the formula

αj =
j∑
i=1

mij −
j−1∑
i=1

mi j−1, j = 1, 2, . . . , n, (5.17)

where α1 = m11 and (λ1, λ2, . . . , λn) = (m1n,m2n, . . . ,m1n). The full set
of GT patterns, Dimλ in number, is then listed, and the multiplicity of
a given weight α recorded. This is the Kosta number K(λ, α). The list
is then expanded to include all λ � p, and from the expanded list the
number of occurrences of a given pair (α,α′) is counted, which is the
number |Mp

n×n(α,α′)|.
There are many orthogonal transformations between the polynomials

ZA/A! and some set of Dλ−polynomials that might be considered. Our
interest in this monograph is in a very specific family of Dλ−polynomials
for which the orthogonal transformation is completely specified, and
which endows these polynomials with many special properties. Accord-
ingly, we state at the outset a set of relations that fully defines these
polynomials, although the verification of some of these properties is intri-
cate. These details are deferred to Chapters 6-9. The description of the
transformation Cλ−coefficients in the definition of the Dλ−polynomials
is a major objective.

Relation (5.6) can also be formulated as a relationship between matri-
ces of dimension Dimλ : The lower GT patterns

(λ
m

)
∈ Gλ enumerate the

rows, and the upper GT patterns
( λ
m′
)
∈ Gλ enumerate the columns of a

matrix Dλ(Z), as well as those of a matrix Cλ(A). For the explicit enu-
meration of the elements of such matrices, we need to order the set of GT
patterns corresponding to a given shape λ, so that the Dλ−polynomials
and the Cλ−coefficients can be entered into the matrix in a specified
manner. For this, we first associate with each GT pattern

(
λ
m

)
(see

Sect. 11.3) the sequence of length n(n − 1)/2 obtained by placing rows
n− 1, n− 2, . . . , 2, 1 in a single row sequence Rλ(m) defined as follows:

Rλ(m) = (m1n−1,m2n−1,mn−1n−1; . . . ;m1 2,m2 2;m11). (5.18)

We then use the lexicographic order that

Rλ(m) > Rλ(m′), (5.19)

if and only if the first nonzero entry in the difference sequence Rλ(m)−
Rλ(m′) is positive. In one-to-one correspondence with the ordering
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(5.19), we also write(
λ
m

)
>

(
λ
m′
)
, if and only if Rλ(m) > Rλ(m′). (5.20)

This order relation is a complete order relation; it is regarded simply as
a convenient way for placing the Dλ−polynomials into a matrix and has
no deeper significance here.

The rows and columns of the matrix Dλ(Z) are indexed by the lower
and upper GT patterns, respectively, of the polynomials (5.6), where
the rows are ordered left-to-right as read across the columns from the
greatest to the least pattern, and the columns are ordered top-to-bottom
down the rows by the greatest to the least pattern. The elements of the
matrix Cλ(A) of coefficients in (5.6) are indexed in the same way. But
now it is necessary to defined the Cλ−coefficients in (5.6) for all weights
α,α′ ∈Wλ, where Wλ denotes the set of all weights of the set of GT pat-
terns Gλ. The Maclaurin polynomials ZA/A! are defined for all matrices
of exponents A = (aij)1≤i,j≤n having nonnegative elements aij. In partic-
ular, they are defined for all weights α,α′ ∈ Wλ. We accordingly define
the Cλ−coefficients in the linear transformation for all A corresponding
to all α,α′ ∈Wλ by

C

(
m′
λ
m

)
(A) = C

(
m′
λ
m

)
(A), forA ∈M

p
n×n(α,α′),

α = W

(
λ

m

)
, α′ = W

(
λ

m′

)
;

(5.21)

C

(
m′
λ
m

)
(A) = 0, forA ∈M

p
n×n(α,α′), α, α′ ∈Wλ,

α �= W

(
λ

m

)
or α′ �= W

(
λ

m′

)
.

This definition of the Cλ−coefficients for all A having row and columns
sums corresponding to all weights α,α′ ∈Wλ allows relation (5.6) to be
written in the form

D

(
m′
λ
m

)
(Z) =

∑
A∈M

p
n×n

C

(
m′
λ
m

)
(A)

ZA

A!
, (5.22)
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where the set M
p
n×n is defined by the union

M
p
n×n =

⋃
α,α′∈Wλ

M
p
n×n(α,α′). (5.23)

Relation (5.22) can now be written in the concise matrix form:

Dλ(Z) =
∑

A∈M
p
n×n

ZA

A!
Cλ(A), (5.24)

where the elements of the matrix Cλ(A) are defined by

(
Cλ(A)

)
m,m′

= C

(
m′
λ
m

)
(A), eachA ∈M

p
n×n. (5.25)

Thus, in the matrix form (5.24), the monomial term ZA/A! appears as a
scalar multiplier of the numerical-valued matrix Cλ(A). By design, the
matrix elements of relation (5.24) give back relation (5.6) in consequence
of definition (5.21).

A combinatorial interpretation of the elements of the matrices Cλ(A)
would place the definition of the Dλ−matrix in a purely combinatorial
context. Such an interpretation can be given in terms of digraphs as we
show in Chapter 6. But, now, in the spirit of the present chapter, we
continue with the basic definitions and form of results.

5.2 Defining Relations for the Dλ−Polynomials

The Kronecker product (see Sect. 10.5, Compendium A) Dλ′
(Z)⊗Dλ(Z)

of two Dλ−polynomials is a well-defined matrix polynomial (matrix with
polynomial elements). In particular, for the partitions λ = (0n) and
λ = (1 0n−1), we require that D(0n)(Z) = IDimλ and D(λ 0n−1)(Z) = Z.

The defining relation for the general Dλ−polynomials is taken to be the
following:

n∑
τ=1

⊕ Dλ+eτ (Z) = Rλ
(
Z ⊗Dλ(Z)

)
(Rλ)T , (5.26)

where eτ is the unit row vector of length n with 1 as part τ and 0 as all
other parts, each τ = 1, 2, . . . , n. Thus, the partition λ+eτ has λτ shifted
upward by 1, the other parts remaining unchanged. Should λ+eτ violate
the conditions of being a partition, the corresponding Dλ+er−polynomial
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is to be omitted from the left-hand side. The real orthogonal matrix Rλ

(not to be confused with Cλ(A)) is a matrix that is fully defined in
Sects. (6.1)-(6.4) of Chapter 6.

Relation (5.26) can be viewed as a recurrence relation: If we take the
elements of the real orthogonal matrix Rλ as known for all λ ∈ Parn, and
the matrix Dλ(Z) as known for all partitions λ � p, then this relation
determines the elements of each matrix Dλ+er(Z) (see (5.36) below). The
procedure can then be repeated to generate the elements of each matrix
Dλ+er+eσ(Z), etc. The elements of the Dλ−polynomials for λ � p + 1
are uniquely determined in terms of those for λ � p. Since they are given
by D(0n)(Z) = IDimλ for p = 0, the iteration procedure is fully defined.

It is useful to motivate definition (5.26). It turns out (Chapter 9) that
the specialization of the matrix Z to a unitary matrix Z = U ∈ U(n)
gives an irreducible unitary matrix representation Dλ(U) of U(n) :

Dλ(U ′)Dλ(U) = Dλ(U ′U), each pairU ′, U ∈ U(n),
(5.27)

Dλ(U †) =
(
Dλ(U)

)†
.

It is also the case that the Kronecker product of two irreducible uni-
tary representations of U(n) is completely reducible into a direct sum of
such irreducible unitary representations by a real orthogonal similarity
transformation:

C(µ,ν)(Dµ(U)⊗Dν(U))(C(µ,ν))T =
∑
λ

⊕ cλµν D
λ(U), (5.28)

where µ, ν, λ ∈ Parn, the nonnegative integers cλµν are the Littlewood-
Richardson [104] numbers, and C(µ,ν) is a real orthogonal matrix of di-
mension

DimC(µ,ν) = DimµDim ν =
∑
λ

cλµν Dimλ. (5.29)

Relation (5.26) is just the specialization of (5.28) to the partition µ =
(1 0n−1) with the replacement of ν by λ and U by Z. We have taken (5.26)
as a definition, and the proof that it uniquely defines the Dλ−polynomials
does not depend, of course, on this motivation.

We next give the form of elements of the matrix Rλ that enter into
the defining relation (5.26), together with their orthogonality relations;
they are numerical coefficients given by the bra-ket matrix elements of a
fundamental tensor operator, which, in turn, are simple functions defined
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over diagraphs. A direct proof of the orthogonality relations follows
from Sylvester’s identity. These results are proved in Chapter 6. Using
these results, we then list below a number of explicit relations for the
Dλ−polynomials implied by the defining relation (5.26). The elements
of the real orthogonal matrix Rλ are given by

Rλ(τ,m′)(i,m) =
〈

λ + eτ
m′

∣∣∣tiτ ∣∣∣ λ
m

〉
. (5.30)

In this relation, the matrix Rλ is of dimension nDimλ with rows and
columns enumerated as follows:

rows: (τ,m′), τ = 1, 2, . . . , n;m′ ∈ Gλ+eτ ,

(5.31)
columns: (i,m), i = 1, 2, . . . , n;m ∈ Gλ.

That this real orthogonal matrix is square is assured by the identity:

nDimλ =
n∑
τ=1

Dim(λ + eτ ). (5.32)

As remarked above, the bra-ket coefficients in the right-hand side of
(5.30) are fully defined in Chapter 6, but, here the important property is
the orthogonality relations for the rows and columns of the Rλ−matrix
given, respectively, by

n∑
i=1

∑
m∈Gλ

〈
λ + eρ
m′

∣∣∣tiρ∣∣∣ λ
m

〉〈
λ + eτ
m′′

∣∣∣tiτ ∣∣∣ λ
m

〉
= δρτ δm′,m′′ ,

(5.33)
n∑
τ=1

∑
m′′∈Gλ+eτ

〈
λ + eτ
m′′

∣∣∣tiτ ∣∣∣ λ
m

〉〈
λ + eτ
m′′

∣∣∣tjτ ∣∣∣ λ
m′
〉

= δijδm,m′ .

We now prove the following four identities, which become explicit
when the numerical objects, expressed as the bra-ket matrix elements,〈

λ + eτ
m′

∣∣∣tiτ ∣∣∣ λ
m

〉
(5.34)

appearing in the identities are specified. The first relation gives the
action of all the zij on the Dλ−polynomials, and the second gives their
recursive definition, which uniquely determines them:
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1. Action of zij :

zijD

(
m′
λ
m

)
(Z) =

n∑
τ=1

∑
m′′,m′′′∈Gλ+eτ

〈
λ + eτ
m′′

∣∣∣tiτ ∣∣∣ λ
m

〉

×
〈

λ + eτ
m′′′

∣∣∣tjτ ∣∣∣ λ
m′
〉
D

(
m′′′

λ + eτ
m′′

)
(Z). (5.35)

2. Raising recurrence relation:

D

(
m′′′

λ + eτ
m′′

)
(Z) =

n∑
i,j=1

∑
m,m′∈Gλ

〈
λ + eτ
m′′

∣∣∣tiτ ∣∣∣ λ
m

〉

×
〈

λ + eτ
m′′′

∣∣∣tjτ ∣∣∣ λ
m′
〉
zijD

(
m′
λ
m

)
(Z). (5.36)

3. Action of ∂/∂zij :

∂

∂zij
D

(
m′
λ
m

)
(Z) =

n∑
τ=1

∑
m′′,m′′′∈Gλ−eτ

M(λ)
M(λ− eτ )

(5.37)

×
〈

λ− eτ
m′′

∣∣∣t†iτ ∣∣∣ λ
m

〉〈
λ− eτ
m′′′

∣∣∣t†jτ ∣∣∣ λ
m′
〉
D

(
m′′′

λ− eτ
m′′

)
(Z).

4. Lowering recurrence relation:

D

(
m′′′

λ− eτ
m′′

)
(Z) =

n∑
i,j=1

∑
m,m′∈Gλ

M(λ− eτ )
M(λ)

(5.38)

×
〈

λ− eτ
m′′

∣∣∣t†iτ ∣∣∣ λ
m

〉〈
λ− eτ
m′′′

∣∣∣t†jτ ∣∣∣ λ
m′
〉

∂

∂zij
D

(
m′
λ
m

)
(Z).

Proof. Relation (5.35) is the matrix element version of (5.26); rela-
tion (5.36) is the result of transferring the orthogonal matrices Rλ and
(Rλ)T in (5.26) to the right-hand side and taking matrix elements; re-
lation (5.37) is obtained from (5.35) by using the Hermitian conjugate
relation (zij)† = ∂/∂zij for the inner product ( , ); and (5.38) is obtained
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from (5.37) by using the orthogonality relations in their conjugated form,
where the conjugate coefficients are given by〈

λ− eτ
m′

∣∣∣t†iτ ∣∣∣ λ
m

〉
=
〈

λ
m

∣∣∣tiτ ∣∣∣ λ− eτ
m′

〉
, (5.39)

since the coefficients are real. �
The unit tensor operator coefficient for λ = (0n) is given by (see

Chapter 6, especially the examples in Sect. 6.2)〈
eτ
(0)

∣∣∣tiτ ∣∣∣ 0n
(0)

〉
= δi,n, each τ = 1, 2, . . . , n. (5.40)

Thus, starting with

D

 (0)
0n

(0)

 (Z) = 1, (5.41)

we calculate from (5.36) that D(1 0n−1)(Z) = Z; that is,

D

(
j

1 0n−1
i

)
(Z) = zij , (5.42)

where the GT patterns denoted by i and j are the unique patterns whose
weights are the unit row vectors W

( 1 0n−1

i

)
= ei,W

( 1 0n−1

j

)
= ej . Using

this result back in (5.36), and the assumed known values of the coeffi-
cients (5.34), we construct the polynomial for partitions (2, 0n−1) and
(1, 1, 0n−2), then, from these, the polynomials for (3, 0n−1), (2, 1, 0n−2),
(1, 1, 1, 0n−3), . . . . Thus, the raising recurrence relation (5.36) deter-
mines uniquely the general Dλ(Z) and Cλ(A) matrices in (5.24). For
completeness, we have given the conjugate relations as well.

If the Dλ−polynomials are known by iteration of either (5.36), or
their derivatives by iteration of (5.37), or by some other means, then the
Cλ(A)−coefficients are also obtained from the inner product:ZA,D

 m′
λ
m

 (Z)

 =
(

∂

∂Z

)A
D

 m′
λ
m

(Z)

 ∣∣∣∣
Z=0

= C

 m′
λ
m

 (A). (5.43)
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That relations (5.35)-(5.37) and (5.36)-(5.38)) are conjugate relations
is put more in evidence by using the normalized Dλ−polynomials:

D̂

(
m′
λ
m

)
(Z) =

1√
M(λ)

D

(
m′
λ
m

)
(Z). (5.44)

Thus, we obtain the following matrix element expressions:(
D̂

(
m′′′

λ + eτ
m′′

)
(Z), zijD̂

(
m′
λ
m

)
(Z)

)
(5.45)

=

√
M(λ + eτ )

M(λ)

〈
λ + eτ
m′′

∣∣∣tiτ ∣∣∣ λ
m

〉〈
λ + eτ
m′′′

∣∣∣tjτ ∣∣∣ λ
m′
〉

;

(
D̂

(
m′′′

λ− eτ
m′′

)
(Z),

∂

∂zij
D̂

(
m′
λ
m

)
(Z)

)
(5.46)

=

√
M(λ)

M(λ− eτ )

〈
λ− eτ
m′′

∣∣∣t†iτ ∣∣∣ λ
m

〉〈
λ− eτ
m′′′

∣∣∣t†jτ ∣∣∣ λ
m′
〉
.

Re-expressing these two results in terms of the Dλ−polynomials then
gives agreement with relations (5.35)-(5.38).

The procedure above places the entire burden for the determination
of the Dλ−polynomials on knowledge of the family of Rλ−coefficients
(5.30). Given these coefficients, it is, of course, not easy to effect the
general iteration of any of relations (5.35)-(5.38). We develop in Chap-
ter 7 more effective means for doing this. The tiτ unit tensor operator
appearing in the coefficient (5.30) may be interpreted as a shift or trans-
fer of the GT pattern

(λ
m

)
to the new pattern

(λ+eτ
m′
)
. The algebra of

these fundamental shift operators is basic to our approach. This algebra
is developed in Chapter 6, where they are defined combinatorially as
discrete functions over arc digraphs.

The following list gives a number of properties of the Dλ−polynomials.
Either the proof of each item is given or it is indicated where it is to be
found. Ultimately, these properties are all consequences of the basic re-
lations (5.26), (5.35)-(5.38), and the coefficients (5.30). These properties
suggest that the matrices Dλ(Z) be called matrix Schur functions:



274 CHAPTER 5. THE Dλ−POLYNOMIALS: FORM

1. Transpositional symmetry:(
Dλ(Z)

)T
= Dλ(ZT ),

(5.47)(
Cλ(A)

)T
= Cλ(AT ).

The first property follows from (5.26) by replacing Z by ZT , fol-
lowed by transposing the resulting relation. The second relation
follows from the first and (5.24). A second proof is given by (7.12),
Chapter 7.

2. Diagonal property: For each weight α ∈Wλ, we have

D

(
m′
λ
m

)
(diag(x1, x2, . . . , xn)) = δm,m′xα1

1 xα2
2 · · · xαnn ,

(5.48)

C

(
m′
λ
m

)
(diag(α1, α2, · · · , αn)) = δm,m′α1!α2! · · ·αn! ,

where Z and A are the diagonal matrices Z = diag(x1, x2, . . . , xn)
and A = diag(α1, α2, . . . , αn). These results are proved directly
from (5.6) by specializaling to Z = diag(x1, x2, . . . , xn) and using
the relation

Dλ(In) = IDimλ, (5.49)

which is a consequence of the multiplication property given by the
next Item.

3. Multiplication property:

Dλ(X)Dλ(Y ) = Dλ(XY ), for arbitrary X,Y . (5.50)

This property is fundamental. It follows from the fact that the it-
eration of relation (5.26) is independent of properties of Z : It is
the partitions that are generated by the iteration. The multiplica-
tion property must hold for arbitrary X,Y. An independent proof
is given in Sect. 5.2.1.

4. Kronecker product: Let µ, ν ∈ Parn. Then, the following identity
holds:

C(µ,ν)(Dµ(Z)⊗Dν(Z))(C(µ,ν))T =
∑
λ

⊕ cλµν D
λ(Z), (5.51)
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where C(µ,ν) is a real orthogonal matrix of dimension given by
(5.29). We leave the summation over λ unspecified; it is determined
by the values that λ can assume for given µ, ν in the Littlewood-
Richardson numbers cλµν , which are discussed in Sects. 11.3.6-11.3.8,
Compendium B. The form (5.51) already follows from that of (5.28),
since the properties of the Kronecker product Dµ(U)⊗Dν(U) ex-
tend to those of Dµ(Z) ⊗Dν(Z) by the argument in Item 3. The
determination of a real orthogonal matrix C(µ,ν) that effects the
transformation of the Kronecker product of two D−polynomials to
a direct sum of D− polynomials is another matter; it is difficult.
Various aspects of the problem are addressed in Sect. 6.7, Chapter
6, and its relation to tensor operators is presented in Chapter 9.

5. Group property: If Z ∈ GL(n,C), the matrices Dλ(Z) are irre-
ducible representations of GL(n,C). If specialized still further to
Z = U ∈ U(n), and multiplied by appropriate integer powers of
detU, all inequivalent, irreducible, unitary representations of the
unitary group U(n) are obtained. If Z is specialized to belong
to any matrix group, continuous or finite, representations of that
group are obtained. Indeed, this applies as well to any multiplica-
tive matrix algebra. This representation property is a consequence
of the multiplication property given in Item 3 above.

6. Trace functions: Define Tλ(Z) = traceDλ(Z). Then, these func-
tions satisfy, in consequence of the Kronecker product relation (5.51),
the identity:

Tµ(Z)Tν(Z) =
∑
λ

cλµν Tλ(Z). (5.52)

This result is a consequence of the fact that the Kronecker product
in Item 4 is brought to a direct sum by a similarity transformation,
and the detailed form of the real orthogonal matrix C(µ,ν) is not
needed.

7. Schur functions: The polynomials Tλ(Z) are not symmetric func-
tions in the variables zij, but if Z is specialized to the diagonal
matrix, Z = diag(x1, x2, . . . , xn), then, by the diagonal property
in Item 2, they become symmetric functions in these variables, in
which case, we have the relation to Schur functions given by

sλ(x) = Tλ(diag(x1, x2, . . . , xn)). (5.53)

The Kronecker product relation in Item 4 then gives

sµ(x)sν(x) =
∑
λ

cλµν sλ(x). (5.54)
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It is interesting that relation (5.29) for the Weyl dimension, rela-
tion (5.51) for the Kronecker product reduction, relation (5.52) for the
trace functions, and relation (5.54) for the Schur functions all stand in
the abstract relationship between partitions µ, ν, λ ∈ Parn that may be
symbolized by

µ � ν R
∑
λ

� cλµν λ, (5.55)

where R denotes the “relationship” between the left- and right-hand
sides of this expression. Of course, it is the Kronecker product relation
that is the master relation which gives all the others by an appropriate
operation. Nonetheless, the question arises as to why the other three
cannot be iterated in the fashion of the Kronecker product in the man-
ner of (5.26) to arrive at formulas giving Dimλ, Tλ(Z), eλ(x). It is the
properties of the relation R that determines the answer. In the cases at
hand, it is only the similarity relation in the Kronecker product for which
R is reversible: The operations that lead to the other relations destroy
the reversibility; that is, it is not possible to invert relations (5.29) for
the Weyl dimension, nor (5.52) for the trace functions, nor (5.54) for the
Schur functions.

We continue our list of properties of the Dλ−polynomials with the
reduction (subduction) relation that shows how the Dµ−polynomials,
µ ∈ Parn−1, are obtained from the Dλ−polynomials, λ ∈ Parn, and with
a discussion of the form of an induction method for the construction of
the Dλ−polynomials that uses the Dµ−polynomials:

(i). Reduction (subduction) relation. Let Zn−1 = (zij)1≤i,j≤n−1 de-
note the submatrix of order n − 1 obtained from the matrix Zn =
(zij)1≤i,j≤n of order n by striking row n and column n. The matrix
An−1 is similarly defined in terms of An = (aij)1≤i,j≤n . Then, we
have the direct sum relations:

Dλ

(
Zn−1 0
0 1

)
=
∑
µ≺λ

⊕Dµ(Zn−1),

(5.56)

Cλ

(
An−1 0
0 1

)
=
∑
µ≺λ

⊕Cµ(An−1).

The notation µ ≺ λ denotes any partition ν ∈ Parn−1 whose parts
falls between those of λ ∈ Parn : λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥
λn−1 ≥ µn−1 ≥ λn (see Sect. 11.3, Compendium B). This is just
the statement of the explicit way in which Weyl’s group-subgroup
rule is implemented into the definition of the Dλ−polynomials.
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(ii). Induction relation. The Dλ−polynomials, λ ∈ Parn, can be ob-
tained from a summation over products of Dµ−polynomials, µ ∈
Parn−1 at level n − 1, and certain monomials in the n variables
zn = (zn1, zn2, . . . , zn,n) from row n of Zn and in the n variables
zn = (z1n, z2n, . . . , zn−1,n) from column n. The terms in each prod-
uct in the summations are multiplied by appropriate numerical
coefficients and summed over the partitions µ and the power ex-
ponents of the variables zn and zn such that the homogeneity
properties of the Dλ−polynomials in the rows and columns of Zn
are fulfilled. It is clear from (5.6) that such a recurrence rela-
tion can be obtained simply by factoring off from ZA/A! the factor
ZA

′
/(A′)!, A′ = (zij)1≤i,j≤n−1 and expanding this factor in terms

of the Dµ−polynomials at level n − 1 by using (5.9). We de-
fer this derivation to Sect. 7.3.2, Chapter 7, where some special
Dλ−polynomials are also derived.

5.2.1 Another proof of the multiplication rule

A proof the multiplication rule (5.50) of the Dλ−matrices

Dλ(X)Dλ(Y ) = Dλ(XY ), X, Y arbitrary n× n matrices (5.57)
was given in Item 3, using the defining relation (5.26). Here we give a
second proof. In Sect. 1.6.3 of Chapter 1, we gave a combinatorial proof
of the multiplication for the special Dp−polynomials corresponding to
partitions (p 0n−1) with one part nonzero. This result and existence of
a real orthogonal matrix C that reduces repeated Kronecker products of
this type is all that is needed for the general case. Thus, the following
two relations hold, where the reduction is into a matrix direct sum of cλq
repeated identical block matrices along the diagonal for each λ � |q| =
q1 + q2 + · · · + qm, where q is the composition q = (q1, q2, . . . , qm) :

C (Dq1(X)⊗Dq2(X) ⊗ · · · ⊗Dqm(X))CT =
∑
λ� |q|

⊕ cλq D
λ(X),

(5.58)

C (Dq1(Y )⊗Dq2(Y )⊗ · · · ⊗Dqm(Y ))CT =
∑
λ� |q|

⊕ cλq D
λ(Y ).

Multiplying these two relations together and using the multiplication
properties of Kronecker products and the direct sum gives

C (Dq1(XY )⊗Dq2(XY )⊗ · · · ⊗Dqm(XY ))CT

=
∑
λ� |q|

⊕ cλq D
λ(X)Dλ(Y ) =

∑
λ� |q|

⊕ cλq D
λ(XY ), (5.59)
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which implies Dλ(X)Dλ(Y ) = Dλ(XY ). Since relation (5.59) is true for
every composition q of nonnegative integers into m parts for each m ≥ 2,
all partitions λ ∈ Parn can be obtained: The multiplication rule (1.245)
for partition (p 0n−1) extends to every partition λ ∈ Parn.

5.3 The Dλ−Polynomials Over l × n Variables

Let λ ∈ Parl and (λ 0n−l) ∈ Parn. If we set all variables in the matrix
Zn = Zn×n in rows l+1, l+2, . . . , n to zero, we are left with a matrix Zl×n
of ln variables. Moreover, the Dλ−polynomials defined by relation (5.6)
are zero unless the partition λ ∈ Parn has the form (λ 0n−l), λ ∈ Parl.
Conversely, if we choose the partition in the Dλ−polynomial to be of the
form (λ, 0n−l), λ ∈ Parl and choose the partitions in rows l, l+1, . . . , n of
the lower pattern to be maximal, that is, mk = (λ, 0k−l), k = n− 1, n −
2, . . . , l, then the polynomial is independent of the variables in the matrix
Zn×n that appear in rows l + 1, l + 2, . . . , n, hence, these variables can
be set to 0. We denote (see 5.1 for alternative notation) the polynomials
obtained by either of these operations by

D

(
λ
m

∣∣∣ λ 0n−l

m′

)
(Z) = D


m′

λ 0n−l
max
λ
m

 (Z), (5.60)

where λ ∈ Parl, and it is to be understood from the notation that the
matrix of indeterminates Z is l × n : Z = (zij)1≤i≤l,1≤j≤n. There are no
constraints, other than betweenness, in the pair of GT patterns(

λ
m

)
and

(
λ 0n−l

m′

)
, λ ∈ Parl. (5.61)

The pair of SSYW tableaux corresponding to these patterns are both
of shape λ ∈ Parl, the first one being filled-in by the standard rule
with 1′s, 2′s, . . . , l′s, the second with 1′s, 2′s, . . . , n′s. The number of such
double GT patterns and of the number of SSYW tableau for given λ ∈
Parl is the product of Weyl dimensions given by

Dimλ Dim(λ 0n−l). (5.62)

Many of the properties of the Dλ−polynomials defined over n2 vari-
ables given in the preceding sections carry over directly to the restricted
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Dλ−polynomials defined over l × n commuting indeterminates, where
now we write:

ZA =
l∏
i=1

n∏
j=1

z
aij
ij , A! =

l∏
i=1

n∏
j=1

(aij)!. (5.63)

We list some of these properties that are self-explanatory:

1. Relation to Maclaurin polynomials:

D

(
λ
m

∣∣∣ λ 0n−l

m′

)
(Z)

=
∑

A∈M
p
l×n(α,α

′)

C

(
λ
m

∣∣∣ λ 0n−l

m′

)
(A)

ZA

A!
. (5.64)

2. Inversion:

ZA

A!
=
∑
λ� p

∑
m∈Gλ(α), m′∈G(λ 0n−l)(α

′)

1
M(λ 0n−l)A!

×C
(

λ
m

∣∣∣ λ 0n−l

m′

)
(A)D

(
λ
m

∣∣∣ λ 0n−l

m′

)
(Z),

each A ∈M
p
l×n(α,α′). (5.65)

3. Orthogonality relations for Maclaurin and D−polynomials:(
ZA, ZB

)
= A!δ(A,B). (5.66)

(
D

(
λ
m

∣∣∣ λ 0n−l

m′

)
(Z),D

(
λ

m′′
∣∣∣ λ 0n−l

m′′′

)
(Z)
)

= δm,m′′δm′,m′′′M(λ 0n−l). (5.67)

4. Orthogonality relations for transformation coefficients:

R

(
λ
m

∣∣∣ λ 0n−l

m′

)
(A)

=
1√

M(λ 0n−l)A!
C

(
λ
m

∣∣∣ λ 0n−l

m′

)
(A); (5.68)
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∑
A∈M

p
l×n(α,α

′)

R

(
λ
m

∣∣∣ λ 0n−l

m′

)
(A)

×R
(

λ

m′′
∣∣∣ λ 0n−l

m′′′

)
(A) = δm,m′′δm′,m′′′ ; (5.69)

∑
λ� p

∑
m∈Gλ(α), m′∈G(λ 0n−l)(α

′)

R

(
λ
m

∣∣∣ λ 0n−l

m′

)
(A)

×R
(

λ
m

∣∣∣ λ 0n−l

m′

)
(B) = δ(A,B). (5.70)

5. Transposition property:

D

(
λ
m

∣∣∣ λ 0n−l

m′

)
(ZT ) = D

(
λ 0n−l

m′
∣∣∣ λ
m

)
(Z). (5.71)

The identity M(λ) = M(λ 0n−l) between measure factors also holds.

5.4 Vector Space Aspects

The Dλ−polynomials are an orthogonal basis of a vector space of poly-
nomials. We next itemize the properties of the vector spaces that are
relevant to the Dλ−polynomials defined over the l × n commuting in-
determinates (zij)1≤i≤l,1≤j≤n, which are arranged in an l × n matrix Z
with row i and column j given, respectively, by

zi = (zi1, zi2, . . . , zin),
(5.72)

zj = (z1j , z2j , . . . , zlj).

We introduce the following vector spaces:

1. Vector space of homogeneous polynomials of total degree p :

Ppl×n =


set of polynomials homogeneous of
degree p in the l × n indeterminates
Z = (zij)1≤i≤l,1≤j≤n

 . (5.73)
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2. Vector space of homogeneous polynomials of fixed degree in the
row vectors zi and column vectors zj of Z : Let α = (α1, α2, . . . , αl)
and α′ = (α′

1, α
′
2, . . . , α

′
n) be nonnegative compositions of p into l

and n parts, respectively: α ∈ Cl(p), α′ ∈ Cn(p). The subspace of
polynomials Ppl×n(α,α′) of the vector space Ppl×n is defined by

Ppl×n(α,α′) =


set of polynomials homogeneous of
degree αi in the zi = (zi1, zi2, . . . , zin),
each i = 1, 2, . . . , l; and of degree α′

j

in the zj = (z1j , z2j , . . . , zlj),
each j = 1, 2, . . . , n


.

(5.74)
A polynomial in the space Ppl×n(α,α′) is denoted by P pl×n(α,α′)
with values P pl×n(α,α′)(Z).

We have given two orthonormal bases of the space Ppl×n(α,α′) : the
normalized Maclaurin monomials and the normalized Dλ−polynomials
in l × n variables that are homogeneous of degree α and α′ in the row
and column vectors of Z. These bases are described by

Bpl×n(α,α′) =

{
ZA√
A!

∣∣∣∣∣ A ∈M
p
l×n(α,α′)

}
, (5.75)

B
p
l×n(α,α′) =

⋃
λ∈Parl(p)

Bλl×n(α,α′), (5.76)

where Parl(p) is the set of partitions λ � p into not more than l nonzero
parts, and Bλl×n(α,α′) is the set of all orthonormal Dλ−polynomials in
the l × n indeterminates Z :

Bλl×n(α,α′) (5.77)

=

{
1√

M(λ 0n−l)
D

(
λ
m

∣∣∣∣∣ λ 0n−l

m′

)
(Z)

∣∣∣∣∣ m ∈ Gλ(α),
m′ ∈ G(λ 0n−l)(α′)

}
.

The dimension of the space Ppl×n(α,α′) is given by the cardinalities of
various sets as follows:

DimPpl×n(α,α′) = |Mp
l×n(α,α′)| = |Bpl×n(α,α′)|

=
∑
λ� p
|Bλl×n(α,α′) =

∑
λ� p

K(λ, α)K((λ 0n−l), α′). (5.78)
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A polynomial in the space Ppl×n is denoted P pl×n with values P pl×n(Z).
This space is then given by the direct sum of perpendicular subspaces as
follows:

Ppl×n =
∑

α∈Cl(p), α′∈Cn(p)

⊕ Ppl×n(α,α′). (5.79)

The dimension of the space Ppl×n is given by the cardinalities of various
sets as follows:

DimPpl×n =
(
ln + p− 1

p

)
(5.80)

=
∑
λ� p

∑
α∈Cl(p),α′∈Cn(p)

|Mp
l×n(α,α′)| =

∑
λ� p

Dim λDim (λ 0n−l).

The vector space Pλl×n of polynomials has the following general prop-
erty: Let P λl×n(Z) be an arbitrary polynomial in this space. Then, the
following polynomials are also in the vector space Pλl×n :

P λl×n(XZ) and P λl×n(ZY ), (5.81)

for each l × l matrix X and each n × n matrix Y. Moreover, for each
λ ∈ Parl, no subspace of Pλl×n has the property (5.81); that is,

The space of polynomials Pλl×n is invariant and irreducible with respect
to the action of left and right matrix transformations of its variables.

This property is a standard application of Schur’s lemma (Sect. 10.7.2,
Compendium A)

The left and right transformation properties of the D−polynomials
are as follows:

D

(
λ
m

∣∣∣∣∣ λ 0n−l

m′

)
(XTZ) (5.82)

=
∑

m′′∈Gλ

D

 m
λ

m′′

 (X)D

(
λ

m′′

∣∣∣∣∣ λ 0n−l

m′

)
(Z);

D

(
λ
m

∣∣∣∣∣ λ 0n−l

m′

)
(ZY ) (5.83)

=
∑

m′′′∈G(λ 0n−l)

D

 m′

λ 0n−l

m′′′

 (Y )D

(
λ
m

∣∣∣∣∣ λ 0n−l

m′′′

)
(Z).
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The results of this subsection are, of course, valid for l = n. The
results for the l × n D−polynomials do not require independent verifi-
cation: They follow from the n× n relations by the complementarity of
zeros of the Z variables and those of the discrete A variables.

5.5 Fundamental Structural Relations and
Principal Objectives

5.5.1 Structural relations

We summarize in this section the three most significant structural prop-
erties of the Dλ−matrices in n2 variables zij and of the Cλ−matrices
in n2 integral variables aij , together with some remarks on remaining
objectives. The objects of interest are the matrices:

Dλ(Z) =
∑

A∈M
p
n×n

ZA

A!
Cλ(A), each λ ∈ Parn, (5.84)

Cλ(A) =
(
ZA,Dλ(Z)

)
= (∂/∂Z)ADλ(Z)

∣∣∣
Z=0

, (5.85)

where we have extended the inner product ( , ) in the obvious way to a
matrix. Then, we have the following properties:

1. Multiplication of Dλ−matrices:

Dλ(X)Dλ(Y ) = Dλ(XY ), for arbitrary X and Y . (5.86)

2. Multiplication of Cλ−matrices:

Cλ(A)Cλ(B) =
∑

C∈Mp
n×n

{
C
AB

}
Cλ(C), for arbitraryA,B ∈M

p
n×n.

(5.87)

3. Kronecker product similarity equivalence:

Dµ(Z)⊗Dν(Z) ∼
∑
λ

⊕ cλµν D
λ(Z). (5.88)

The proof of the multiplication property of the Dλ−matrices has
already been given. The proof of the multiplication property of the
Cλ−matrices is a direct consequence of this multiplication property of
functions, and of the transformation and orthogonality property of the
Maclaurin monomials. The structural form of the Kronecker product
has also been proved, but it remains to determine the transformation
coefficients that effect the explicit reduction in the general case.
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5.5.2 Principal objectives and tasks

In this chapter, we have given the form and demonstrated the uniqueness
of the Dλ−polynomials and the Cλ−coefficients based on the defining
relation (5.26); it remains to give the fundamental tensor operator co-
efficients in relation (5.36). Also, we must give explicit methods for
determining the Cλ−coefficients, hence, the Dλ−polynomials. We carry
this out in several chapters, as follows:

1. Chapter 6: The coefficients (5.30) are derived, using diagraphs. It is
proved that these coefficients effect the reduction of the Kronecker
product Z ⊗ Dλ(Z). A combinatorial result, Sylvester’s identity,
is a basic result for this derivation. The reduction of the general
Kronecker product of a Dµ-polynomial and a Dν−polynomal into
a direct sum of Dλ−polynomial is considered from several points
of view, including operator-valued Dλ−polynomials.

2. Chapter 7: The structure of the Dλ−polynomials is examined with
a focus on a complete derivation of the CG coefficients associated
with the totally symmetric D(p 0n−l)−polynomials, and on an asso-
ciated recurrence formula for the general Dλ−polynomials and the
general Cλ−coefficients. The case for partitions with two nonzero
parts is also solved completely.

3. Chapter 8: The Dλ−polynomials are presented as the simultaneous
eigenvectors of a complete set of commuting Hermitian differential
operators. This is a Lie algebraic characterization, but realized here
in terms of the more fundamentatl algebra of a set of shift operators
tiτ introduced in Chapter 6. These shift operators, which are re-
lated to digraphs, are the basic combinatorial objects in the theory
of the Dλ−polynomials, and, indeed, in the theory of irreducible
tensor operators.

4. Chapter 9: The theory of irreducible tensor operators is developed
from the viewpoint of the role of the fundamental tensor (shift)
operators, reduced matrix elements, and coupling theory. The role
of the Littlewood-Richardson numbers is examined critically and
from several viewpoints.



Chapter 6

Operator Actions in
Abstract Hilbert Space

6.1 Introductory Remarks

The unifying structure underlying this work is the set of fundamental
shift operators {tiτ | i, τ = 1, 2, . . . n} out of which we shall build almost
all other mathematical objects of interest in this monograph. These
operators and the related sets of orthogonal coefficients(

Rλ
)
(τ,m′)(i,m)

=
〈

λ + eτ
m′

∣∣∣∣tiτ ∣∣∣∣ λ
m

〉
, (6.1)

which effect the reduction of the direct product

Rλ
(
Z ⊗Dλ(Z)

)
(Rλ)T =

n∑
τ=1

⊕ Dλ+eτ (Z). (6.2)

are basic to our methods for constructing the polynomials

D

(
m′
λ
m

)
(Z). (6.3)

Following Gelfand and Tsetlin [62], we assume, as given, a separable
model Hilbert space with the following structure:

H =
∞∑
p=0

∑
λ∈Parn(p)

⊕Hλ, Hλ ⊥ Hλ′ , λ �= λ′, no repetitions, (6.4)

285
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where each subspace Hλ, λ ∈ Parn(p) possesses an orthonormal basis
with vectors enumerated by GT patterns and denoted in the Dirac bra-
ket notation by

Bλ =
{∣∣∣∣ λ

m

〉 ∣∣∣∣m is a GT pattern
}
. (6.5)

In what follows in this chapter, an explicit realization of such a Hilbert
space is not required. The entire structure can be regarded as a formal
set of rules for constructing a set of coefficients whose various properties
can be explicitly verified.

A fundamental shift operator tiτ is a mapping of the subspace Hλ ⊂ H
to the subspace Hλ+eτ ⊂ H :

tiτ : Hλ → Hλ+eτ , each i = 1, 2, . . . , n, (6.6)

where Hλ+eτ = 0, if λ + eτ is not a partition. It is this shift property
on an arbitrary vector subspace Hλ, λ ∈ Parn from which we derive the
term fundamental shift operator.

After giving examples for n = 1, 2, 3, the general mapping tiτ and
its relation to diagraphs is presented in Sect. 6.3 by giving the explicit
operator action on the basis Bλ. That these are the coefficients (6.1)
that reduce the Kronecker product Z ⊗ Dλ(Z) to the direct sum form
(6.2) is proved in Sect. 6.4.

6.2 Action of Fundamental Shift Operators

We uniformly express partitions as λ = (m1,n,m2,n, . . . ,mn,n), and coef-
ficients in the notations of the so-called partial hooks: pij = mi,j + j− i.
(It is also convenient not to clutter the following relations with numbers.)

Examples:

n = 1:

t11|λ1〉 = |λ1 + 1〉, t†11|λ1〉 = |λ1 − 1〉, t†11|0〉 = 0.

n = 2:

t11

∣∣∣∣ λ1 λ2
m11

〉
=
√

p11 − p22 + 1
p12 − p22

∣∣∣∣ λ1 + 1 λ2
m11 + 1

〉
,

t21

∣∣∣∣ λ1 λ2
m11

〉
=
√

p12 − p11
p12 − p22

∣∣∣∣ λ1 + 1 λ2
m11

〉
,
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t12

∣∣∣∣ λ1 λ2
m11

〉
= −
√

p11 − p12 + 1
p22 − p12

∣∣∣∣ λ1 λ2 + 1
m11 + 1

〉
,

t22

∣∣∣∣ λ1 λ2
m11

〉
=
√

p22 − p11
p22 − p12

∣∣∣∣ λ1 λ2 + 1
m11

〉
;

t†11

∣∣∣∣ λ1 λ2
m11

〉
=
√

p11 − p22
p12 − p22 − 1

∣∣∣∣ λ1 − 1 λ2
m11 − 1

〉
,

t†21

∣∣∣∣ λ1 λ2
m11

〉
=
√

p12 − p11 − 1
p12 − p22 − 1

∣∣∣∣ λ1 − 1 λ2
m11

〉
,

t†12

∣∣∣∣ λ1 λ2
m11

〉
= −
√

p11 − p12
p22 − p12 − 1

∣∣∣∣ λ1 λ2 − 1
m11 − 1

〉
,

t†22

∣∣∣∣ λ1 λ2
m11

〉
=
√

p22 − p11 − 1
p22 − p12 − 1

∣∣∣∣ λ1 λ2 − 1
m11

〉
.

n=3:

t11

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

=
√

(p12−p23+1)(p12−p33+1)(p13−p22)
(p12−p22+1)(p13−p23)(p13−p33)

√
p11−p22+1
p12−p22

∣∣∣∣∣∣
λ1 + 1 λ2 λ3
m12 + 1 m22

m11 + 1

〉

−
√

(p22−p23+1)(p22−p33+1)(p13−p12)
(p22−p12+1)(p13−p23)(p13−p33)

√
p11−p12+1
p22−p12

∣∣∣∣∣∣
λ1 + 1 λ2 λ3
m12 m22 + 1
m11 + 1

〉
,

t21

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

=
√

(p12−p23+1)(p12−p33+1)(p13−p22)
(p12−p22+1)(p13−p23)(p13−p33)

√
p12−p11
p12−p22

∣∣∣∣∣ λ1 + 1 λ2 λ3
m12 + 1 m22

m11

〉

+
√

(p22−p23+1)(p22−p33+1)(p13−p12)
(p22−p12+1)(p13−p23)(p13−p33)

√
p22−p11
p22−p12

∣∣∣∣∣∣
λ1 + 1 λ2 λ3
m12 m22 + 1

m11

〉
,

t31

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉
=
√

(p13−p12)(p13−p22)
(p13−p23)(p13−p33)

∣∣∣∣∣∣
λ1 + 1 λ2 λ3

m12 m22

m11

〉
;
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t12

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

= −
√

(p12−p13+1)(p12−p33+1)(p23−p22)
(p12−p22+1)(p23−p13)(p23−p33)

√
p11−p22+1
p12−p22

∣∣∣∣∣∣
λ1 λ2 + 1 λ3
m12 + 1 m22

m11 + 1

〉

−
√

(p22−p13+1)(p22−p33+1)(p23−p12)
(p22−p12+1)(p23−p13)(p23−p33)

√
p11−p12+1
p22−p12

∣∣∣∣∣∣
λ1 λ2 + 1 λ3
m12 m22 + 1
m11 + 1

〉
,

t22

∣∣∣∣∣ λ1 λ2 λ3
m12 m22

m11

〉

= −
√

(p12−p13+1)(p12−p33+1)(p23−p22)
(p12−p22+1)(p23−p13)(p23−p33)

√
p12−p11
p12−p22

∣∣∣∣∣ λ1 λ2 + 1 λ3
m12 + 1 m22

m11

〉

+
√

(p22−p13+1)(p22−p33+1)(p23−p12)
(p22−p12+1)(p23−p13)(p23−p33)

√
p22−p11
p22−p12

∣∣∣∣∣∣
λ1 λ2 + 1 λ3
m12 m22 + 1

m11

〉
,

t32

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉
=
√

(p23−p12)(p23−p22)
(p23−p13)(p23−p33)

∣∣∣∣∣∣
λ1 λ2 + 1 λ3

m12 m22

m11

〉
.

t13

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

= −
√

(p12−p13+1)(p12−p23+1)(p33−p22)
(p12−p22+1)(p33−p13)(p33−p23)

√
p11−p22+1
p12−p22

∣∣∣∣∣∣
λ1 λ2 λ3 + 1
m12 + 1 m22

m11 + 1

〉

+
√

(p22−p13+1)(p22−p23+1)(p33−p12)
(p22−p12+1)(p33−p13)(p33−p23)

√
p11−p12+1
p22−p12

∣∣∣∣∣∣
λ1 λ2 λ3 + 1
m12 m22 + 1
m11 + 1

〉
,
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t23

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

= −
√

(p12−p13+1)(p12−p23+1)(p33−p22)
(p12−p22+1)(p33−p13)(p33−p23)

√
p12−p11
p12−p22

∣∣∣∣∣ λ1 λ2 λ3 + 1
m12 + 1 m22

m11

〉

−
√

(p22−p13+1)(p22−p23+1)(p33−p12)
(p22−p12+1)(p33−p13)(p33−p23)

√
p22−p11
p22−p12

∣∣∣∣∣∣
λ1 λ2 λ3 + 1
m12 m22 + 1

m11

〉
,

t33

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉
=
√

(p33−p12)(p33−p22)
(p33−p13)(p33−p23)

∣∣∣∣∣∣
λ1 λ2 λ3 + 1

m12 m22

m11

〉
;

Conjugate action:

t†11

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

=
√

(p12−p23)(p12−p33)(p13−p22−1)
(p12−p22)(p13−p23−1)(p13−p33−1)

√
p11−p22
p12−p22−1

∣∣∣∣∣∣
λ1 − 1 λ2 λ3
m12 − 1 m22

m11 − 1

〉

−
√

(p22−p23)(p22−p33)(p13−p12−1)
(p22−p12)(p13−p23−1)(p13−p33−1)

√
p11−p12
p22−p12−1

∣∣∣∣∣∣
λ1 − 1 λ2 λ3
m12 m22 − 1
m11 − 1

〉
,

t†21

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

=
√

(p12−p23)(p12−p33)(p13−p22−1)
(p12−p22)(p13−p23−1)(p13−p33−1)

√
p12−p11−1
p12−p22−1

∣∣∣∣∣∣
λ1 − 1 λ2 λ3
m12 − 1 m22

m11

〉

+
√

(p22−p23)(p22−p33)(p13−p12−1)
(p22−p12)(p13−p23−1)(p13−p33−1)

√
p22−p11−1
p22−p12−1

∣∣∣∣∣∣
λ1 − 1 λ2 λ3
m12 m22 − 1

m11

〉
,

t†31

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉
=
√

(p13−p12−1)(p13−p22−1)
(p13−p23−1)(p13−p33−1)

∣∣∣∣∣∣
λ1 − 1 λ2 λ3

m12 m22

m11

〉
;
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t†12

∣∣∣∣∣∣
λ1 λ2 λ3

m12 m22

m11

〉

= −
√

(p12−p13)(p12−p33)(p23−p22−1)
(p12−p22)(p23−p13−1)(p23−p33−1)

√
p11−p22
p12−p22−1

∣∣∣∣∣∣
λ1 λ2 − 1 λ3

m12 − 1 m22

m11 − 1

〉

−
√

(p22−p13)(p22−p33)(p23−p12−1)
(p22−p12)(p23−p13−1)(p23−p33−1)

√
p11−p12
p22−p12−1

∣∣∣∣∣∣
λ1 λ2 − 1 λ3

m12 m22 − 1
m11 − 1

〉
,

t†22

∣∣∣∣∣∣
λ1 λ2 λ3

m12 m22

m11

〉

= −
√

(p12−p13)(p12−p33)(p23−p22−1)
(p12−p22)(p23−p13−1)(p23−p33−1)

√
p12−p11−1
p12−p22−1

∣∣∣∣∣∣
λ1 λ2 − 1 λ3

m12 − 1 m22

m11

〉

+
√

(p22−p13)(p22−p33)(p23−p12−1)
(p22−p12)(p23−p13−1)(p23−p33−1)

√
p22−p11−1
p22−p12−1

∣∣∣∣∣∣
λ1 λ2 − 1 λ3

m12 m22 − 1
m11

〉
,

t†32

∣∣∣∣∣∣
λ1 λ2 λ3

m12 m22

m11

〉
=
√

(p23−p12−1)(p23−p22−1)
(p23−p13−1)(p23−p33−1)

∣∣∣∣∣∣
λ1 λ2 − 1 λ3

m12 m22

m11

〉
;

t†13

∣∣∣∣∣∣
λ1 λ2 λ3

m12 m22

m11

〉

= −
√

(p12−p13)(p12−p23)(p33−p22−1)
(p12−p22)(p33−p13−1)(p33−p23−1)

√
p11−p22
p12−p22−1

∣∣∣∣∣∣
λ1 λ2 λ3 − 1
m12 − 1 m22

m11 − 1

〉

+
√

(p22−p13)(p22−p23)(p33−p12−1)
(p22−p12)(p33−p13−1)(p33−p23−1)

√
p11−p12
p22−p12−1

∣∣∣∣∣∣
λ1 λ2 λ3 − 1
m12 m22 − 1
m11 − 1

〉
,
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t†23

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉

= −
√

(p12−p13)(p12−p23)(p33−p22−1)
(p12−p22)(p33−p13−1)(p33−p23−1)

√
p12−p11−1
p12−p22−1

∣∣∣∣∣∣
λ1 λ2 λ3 − 1
m12 − 1 m22

m11

〉

−
√

(p22−p13)(p22−p23)(p33−p12−1)
(p22−p12)(p33−p13−1)(p33−p23−1)

√
p22−p11−1
p22−p12−1

∣∣∣∣∣∣
λ1 λ2 λ3 − 1
m12 m22 − 1

m11

〉
,

t†33

∣∣∣∣∣∣
λ1 λ2 λ3
m12 m22

m11

〉
=
√

(p33−p12−1)(p33−p22−1)
(p33−p13−1)(p33−p23−1)

∣∣∣∣∣∣
λ1 λ2 λ3 − 1

m12 m22

m11

〉
.

�
Each fundamental shift operator tiτ is defined by giving its explicit

action on the basis Bλ of each subspace Hλ ⊂ H. The form of this action
is

tiτ

∣∣∣∣ λ
m

〉
=

∑
m′∈Gλ+eτ

〈
λ + eτ
m′

∣∣∣∣ tiτ ∣∣∣∣ λ
m

〉 ∣∣∣∣ λ + eτ
m′

〉
. (6.7)

In the bra-ket notation for the coefficient in this expression,
(
λ
m

)
is called

the initial GT pattern and
(λ+eτ
m′
)

the final GT pattern.

For a given shift operator tiτ , the collection of all possible final pat-
terns can be identified more precisely. We first define a triangular pattern
of n rows containing only 0′s and 1′s by

∆(τi, τi+1, . . . , τn−1, τ) =


eτ
eτn−1

...
eτi

(0)i−1

 , (6.8)

where 1 ≤ τk ≤ k for k = i, i+1, . . . , n−1; the symbol eτk denotes a unit
row matrix of length k with 1 in position τk and 0 elsewhere; and (0)i−1
denotes a triangular array of zeros with i− 1 rows. The length of a row
matrix eτk in the pattern (6.8) can always be identified by the row of the
GT pattern in which it occurs. We call a triangular pattern of 0′s and 1′s
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of the form (6.8) a triangular shift pattern. For example, such a triangular
shift pattern is given for n = 5, i = 2, τ2 = 2, τ3 = 1, τ4 = 3, τ = 2 by

∆(2, 1, 3, 2) =


0 1 0 0 0

0 0 1 0
1 0 0

0 1
0

 . (6.9)

We define ∆i(τ) to be the set of all triangular shift patterns in which
rows 1 through i− 1 contain all 0′s, a single 1 occurs at any position in
row i; at any position in row i+ 1, . . . , at any position in row n− 1; at
fixed position τ in row n; and at position 1 for i = 1 :

∆i(τ) =
{

∆(τi, τi+1, . . . , τn−1, τ)
∣∣∣∣ τj = 1, 2, . . . , j; each
j = i, i + 1, . . . , n− 1

}
, (6.10)

for each i = 1, 2, . . . , n− 1, where also ∆n(τ) is defined by

∆n(τ) =
{(

eτ
(0)n−1

)}
. (6.11)

The cardinality of the set ∆i(τ) is given by

|∆i(τ)| = (n− 1)!/(i − 1)!, i = 1, 2, . . . , n. (6.12)

Example. For n = 3, the following sets of triangular shift patterns
correspond to the shifts of the GT patterns for the fundamental shift
operators t11, t21, t31 :

∆1(1) =

{( 1 0 0
1 0
1

)
,

( 1 0 0
0 1
1

)}
;

∆2(1) =

{( 1 0 0
1 0
0

)
,

( 1 0 0
0 1
0

)}
; (6.13)

∆3(1) =

{( 1 0 0
0 0
0

)}
. �

Triangular shift patterns are the basic objects from which certain di-
rected graphs, called arc digraphs, are constructed in Sect. 6.3.
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Relation (6.7) can now be expressed more precisely as

tiτ

∣∣∣∣ λ
m

〉
=
∑

δτ∈∆i(τ)

〈(
λ
m

)
+ δτ

∣∣∣∣ tiτ ∣∣∣∣ λ
m

〉 ∣∣∣∣( λ
m

)
+ δτ

〉
. (6.14)

It is also convenient to define the shift operator Tδτ , each δτ ∈ ∆i(τ) by

Tδτ

∣∣∣∣ λ
m

〉
=
〈(

λ
m

)
+ δτ

∣∣∣∣ tiτ ∣∣∣∣ λ
m

〉 ∣∣∣∣( λ
m

)
+ δτ

〉
. (6.15)

Relation (6.14) is now written as

tiτ

∣∣∣∣ λ
m

〉
=
∑

δτ∈∆i(τ)
Tδτ

∣∣∣∣ λ
m

〉
. (6.16)

A characteristic of the coefficient〈(
λ
m

)
+ δτ

∣∣∣∣ tiτ ∣∣∣∣ λ
m

〉
, δτ ∈ ∆i(τ), (6.17)

in which the final pattern is expressed in terms of the shift δτ ∈ ∆i(τ)
of the initial pattern, is the following: If the final GT pattern does
not satisfy betweenness, that is, is nonlexical, then the coefficient is
zero, by definition. But, in fact, the coefficient itself carries this zero
because a linear factor under the radical becomes zero exactly at the
“boundary” where the betweenness conditions are violated. For example,
the coefficient

〈 λ1 λ2 λ3 + 1
m12 + 1 m22

m11 + 1

∣∣∣∣ t13 ∣∣∣∣ λ1 λ2 λ3
m12 m22

m11

〉
(6.18)

= −

√
(p12 − p13 + 1)(p12 − p23 + 1)(p33 − p22)

(p12 − p22 + 1)(p33 − p13)(p33 − p23)

√
p11 − p22 + 1
p12 − p22

is zero at m12 = m13 (p12 = p13−1) and at m22 = m33 (p22 = p33), which,
for given lexical initial GT pattern, are exactly the boundary values at
which the final GT patterns becomes nonlexical, that is, betweenness is
violated. This feature is general.

We are now in position to define the general coefficient in (6.14),
where it is now convenient to set τ = τn. The coefficient is given by a
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product of factors that reflect its dependence on pairs of contiguous rows
in the GT pattern

(
λ
m

)
:

〈(
λ
m

)
+ ∆(τi, τi+1, . . . , τn)

∣∣∣∣ tiτn ∣∣∣∣ λ
m

〉
=

n∏
l=i

Aτl−1,τl(pl−1;pl); (6.19)

Aτl−1,τl(pl−1;pl) = S(τl−1 − τl)

×

 l∏
j=1
j 
=τl

pτl−1,l−1 − pj,l + 1
pτl,l − pj,l

l−1∏
k=1

k 
=τl−1

pτl,l − pk,l−1
pτl−1,l−1 − pk,l−1 + 1


1/2

,

for i + 1 ≤ l ≤ n; (6.20)

Ai,τi(pi−1;pi) =



i−1∏
k=1

(pτi,i − pk,i−1)

i∏
j=1
j 
=τi

(pτi,i − pj,i)



1/2

,

for l = i, in which case τi−1 = i. (6.21)

In these relations, we have pj = (p1,j , p2,j, . . . , pj,j), j = 1, 2, . . . , n, where
the pi,j are the so-called partial hooks defined in terms of the entries of
GT pattern

(λ
m

)
by pi,j = mi,j + j − i. The symbol S(i− j) denotes the

sign of i − j with S(0) = 1, and, by definition, the factor (6.21) is 1 for
i = 1.

The action of the Hermitian conjugate operators t†iτ is similarly given:

t†iτ

∣∣∣∣ λ
m

〉
=
∑

δτ∈∆i(τ)
T †
δτ

∣∣∣∣ λ
m

〉
(6.22)

=
∑

δτ∈∆i(τ)

〈(
λ
m

)
− δτ

∣∣∣∣ t†iτ ∣∣∣∣ λ
m

〉 ∣∣∣∣( λ
m

)
− δτ

〉
,
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where the coefficients are defined as follows:

〈(
λ
m

)
−∆(τi, τi+1, . . . , τn)

∣∣∣∣ t†iτn ∣∣∣∣ λ
m

〉
=

n∏
l=i

A†
τl−1,τl(pl−1;pl); (6.23)

A†
τl−1,τl(pl−1;pl) = S(τl−1 − τl)

×

 l∏
j=1
j 
=τl

pτl−1,l−1 − pj,l
pτl,l − pj,l − 1

l−1∏
k=1

k 
=τl−1

pτl,l − pk,l−1 − 1
pτl−1,l−1 − pk,l−1


1/2

,

for i + 1 ≤ l ≤ n; (6.24)

A†
i,τi

(pi−1;pi) =



i−1∏
k=1

(pτi,i − pk,i−1 − 1)

i∏
j=1
j 
=τi

(pτi,i − pj,i − 1)



1/2

,

for l = i, in which case τi−1 = i. (6.25)

For i = 1, by definition, the factor (6.25) is 1.

The above relations define completely the action of the fundamental
shift operators tiτ in the Hilbert space H. While presented here in an
ad hoc fashion, we demonstrate below the fundamental origin of these
operators in terms of diagraphs and prove their basic properties.

6.3 Arc Digraph Interpretation of
the Fundamental Shift Operators

Each expression (6.20) and (6.21) for Aρ,σ(pk−1,pk) for each pair ρ, σ =
1, 2, . . . , k has a simple interpretation in terms of a labeled arc digraph
JGk(ρ, σ), k ≥ 2. We begin with a graph Gk(ρ, σ) having labeled points
and lines as follows:
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1. The 2k − 1 labeled points P of the graph are given by

P = {x1, x2, . . . , xk−1, y1, y2, . . . , yk}. (6.26)

2. The 2(2k−3) edges Eρ,σ of the graph for selected ρ, σ ∈ {1, 2, . . . , k}
and ρ < k are the ordered pairs of points given by

Eρ,σ =
{

(xρ, xi), (yσ , xi),
(xρ, yj), (yσ , yj)

∣∣∣ i = 1, 2, . . . , k − 1; i �= ρ;
j = 1, 2, . . . , k; j �= σ

}
; (6.27)

The 2(k − 1) edges of the graph Ek,σ of the graph for selected
σ ∈ {1, 2, . . . , k} are the ordered pairs of points given by

Ek,σ =
{

(yσ, xi),
(yσ, yj)

∣∣∣ i = 1, 2, . . . , k − 1;
j = 1, 2, . . . , k; j �= σ

}
. (6.28)

The arc digraph JGk(ρ, σ) is now obtained by assigning an arrow to each
edge of the graph, where the direction of the arrow for each defined edge
is given by

xρ → xi, xρ → yj; yσ → yj, yσ → xi. (6.29)

Examples: The following diagrams illustrate these rules for three of
the nine cases for k = 3. The points xρ and yσ are represented by a •
and points xi, i �= ρ, and yj, j �= σ, by a ◦ :

• ◦ ◦

• ◦

����������✏✏
✏✏

✏✏
✏✏✏✶

�
�
�✒

☛ ✟✲
✤ ✜✲

✡ ✠✲

y1 y2 y3

x1 x2

JG3(1, 1) =

◦ • ◦

• ◦

❅
❅
❅❘✏✏

✏✏
✏✏

✏✏✏✶

❅
❅
❅ 

☛ ✟✛ ☛ ✟✲

✡ ✠✲

y1 y2 y3

x1 x2

JG3(1, 2) =
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◦ • ◦

◦ ◦

❅
❅
❅❘

�
�
�✠✏✏

✏✏
✏✏

✏✏✏✶
☛ ✟✛ ☛ ✟✲

y1 y2 y3

x1 x2

JG3(3, 2) =

�

The relationship of the set
{
JGk(ρ, σ) | ρ, σ = 1, 2, . . . , k

}
of k2 arc

diagraphs to the properties of the set of triangular shift patterns ∆i(τ)
originates from the contiguous rows k − 1 and k in ∆i(τ), which has as
shifts the pair of row matrices eσ = e

(k)
σ of length k and eρ = e

(k−1)
ρ of

length k − 1 as depicted by

e(k)σ = 0 0 · · · 0 · · · 1 · · · 0 0

e(k−1)ρ = 0 0 · · · 1 · · · 0 · · · 0
(6.30)

The 1 in the top row is in position σ, and the 1 in the bottom row is in po-
sition ρ, where for ρ = k only 0 appears. In the digraph Gk(ρ, τ), k ≥ 2,
each 0 is represented by a point ◦, each 1 by a point •, and a directed arc
goes from each • point to each ◦ point. The points of the arc digraph are
then labeled as described above. Thus, the general labeled arc digraph
JGk(ρ, σ) has the following picture:

◦y1 ◦y2 ◦y3 · · · • yσ· · · ◦ yk−1 ◦ yk

✬ ✩✬ ✩✗ ✔✗ ✔✞ �
◦x1 ◦x2 · · · • xρ · · · ◦ xk−2 ◦ xk−1✖ ✕✫ ✪✖ ✕✫ ✪

✏✏
✏✏

✏✏
✏✏

✏✏✏✶

✘✘✘
✘✘✘

✘✘✘
✘✘✘

✘✘✘✿







$

��
��

��
��

��
�✐

❍❍
❍❍

❍❍
❍ ❍❍❍❍❍❍❍❥

������������

✏✏✏✏✏✏✏✏✏✏✏✮

✘✘✘✘✘✘✘✘✘✘✘✘✘✘✘✘✾

✛
✛
✛

✲
✲

✛
✛

✲
✲ (6.31)

All lines are directed from • to ◦. For ρ = k, the • point labeled by xρ
in the bottom is absent; all lines flow out of the single • point in the top
row.

We now associate a function Aρ,σ(x; y), x = (x1, x2, . . . , xk−1),
y = (y1, y2, . . . , yk) with the labeled arc digraph JGk(ρ, σ), k ≥ 2 by the
following rules:

1. The edge (xρ, yj) is assigned the linear factor xρ − yj + 1,

2. The edge (xρ, xi) is assigned the linear factor xρ − xi + 1,
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3. The edge (yσ, xi) is assigned the linear factor yσ − xi,

4. The edge (yσ, yj) is assigned the linear factor yσ − yj. (6.32)

These factors apply for each i = 1, 2, . . . , k − 1 with i �= ρ, and each j =
1, 2, . . . , k with j �= σ. The last rule assembles these factors, as follows:
The factors associated with the edges going between rows are called
numerator factors and are multiplied together to form the numerator
Nρ,σ(x; y). The factors associated with the edges going within each row
are called denominator factors and are multiplied together to form the
denominator Dρ,σ(x; y). The function Aρ,σ(x; y) is then defined by

Aρ,σ(x; y) = S(ρ− σ)

√
Nρ,σ(x; y)
Dρ,σ(x; y)

= (6.33)

= S(ρ− σ)

√√√√√ k∏
j=1
j 
=σ

xρ − yj + 1
yσ − yj

k−1∏
i=1
i
=ρ

yσ − xi
xρ − xi + 1

,

for ρ ≤ k − 1,

Ak,σ(x; y) = S(k − σ)

√
Nk,σ(x; y)
Dk,σ(x; y)

(6.34)

= S(k − σ)

√√√√√k−1∏
i=1

(yσ − xi)
/ k∏

j=1
j 
=σ

(yσ − yj),

for ρ ≤ k,

where S(ρ− σ) = sign of (ρ− σ) (= 1 for ρ = σ).

The shifts x→ x− eρ, y → y − eσ in (6.33)-(6.34) give the conjugate
functions:

A†
ρ,σ(x; y) = S(ρ− σ)

√√√√√ k∏
j=1
j 
=σ

xρ − yj
yσ − yj − 1

k−1∏
i=1
i
=ρ

yσ − xi − 1
xρ − xi

, (6.35)

for ρ ≤ k − 1;

A†
k,σ(x; y) = S(k − σ)

√√√√√k−1∏
i=1

(yσ − xi − 1)
/ k∏

j=1
j 
=σ

(yσ − yj − 1),

for ρ ≤ k. (6.36)
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The signs of the linear factors appearing under the radical in relations
(6.33)-(6.36) are important. In the applications of these relations to
be made, row k is always identified with the partial hooks associated
with the partition occurring in row k of a GT pattern, and row k − 1
with the partial hooks associated with the partition occurring in row
k − 1, so that yj = pj,k = mj,k + k − j, j = 1, 2, . . . , k; xi = pi,k−1 =
mi,k−1 + k − 1 − i, i = 1, 2, . . . , k − 1. The betweenness conditions on
these two contiguous rows of a GT pattern regulate the signs of the
linear factors in (6.33)-(6.36). As written, some factors are negative,
some are positive, and some can be zero for certain GT patterns, but the
product of factors is, however, always positive: The number of negative
factors in the numerator always equals the number of negative factors in
the denominator. Careful accounting of negative factors is necessary to
avoid errors. The complex number

√
−1 is not to be introduced.

Examples: We list below the application of the rules (6.31)-(6.32) to
the functions defined above for all arc digraphs for n = 2, 3 :

• ◦
•�
�✒
✲

y1 y2

x1

A1,1(x; y) =
√

x1−y2+1
y1−y2

JG2(1, 1) =

• ◦
◦

❅
❅❘

✲
y1 y2

x1

A2,1(x; y) =
√

y1−x1

y1−y2
JG2(2, 1) =

◦ •
•

✛

❅
❅ y1 y2

x1

A1,2(x; y) = −
√

x1−y1+1
y2−y1

JG2(1, 2) =

◦ •
◦

✛
�
�✠

y1 y2

x1

A2,2(x; y) =
√

y2−x1

y2−y1
JG2(2, 2) =

• ◦ ◦

• ◦
�������✟✟

✟✟
✟✯

�
��✒

✞ �✲
� ✏✲

✝ ✆✲

y1
y2 y3

x1 x2

A1,1(x; y) =
√

(x1−y2+1)(x1−y3+1)(y1−x2)
(x1−x2+1)(y1−y2)(y1−y3)

JG3(1, 1) =
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◦ • ◦

• ◦
❅
❅❘✟✟
✟✟
✟✯

❅
❅ 

✞ �✛ ✞ �✲

✝ ✆✲
y1

y2
y3

x1 x2

A1,2(x; y) = −
√

(x1−y1+1)(x1−y3+1)(y2−x2)
(x1−x2+1)(y2−y1)(y2−y3)

JG3(1, 2) =

◦ ◦ •
• ◦

� ✏✛ ✞ �✛

�
�✒

❅
❅ ✂ ✁✲

�
�✠

y1 y2 y3

x1 x2

A1,3(x; y) = −
√

(x1−y1+1)(x1−y2+1)(y3−x2)
(x1−x2+1)(y3−y1)(y3−y2)

JG3(1, 3) =

• ◦ ◦
◦ •

❅
❅❘ ❅

❅ 
�
�✒

✞ �✲
� ✏✲

✝ ✆✛

y1 y2 y3

x1 x2

A2,1(x; y) =
√

(x2−y2+1)(x2−y3+1)(y1−x1)
(x2−x1+1)(y1−y2)(y1−y3)

JG3(2, 1) =

◦ • ◦

◦ •

☛ ✟✛ ☛ ✟✲

✡
✡
✡✢ ✡

✡✡✣
❍❍

❍❍
❍❍

✝ ✆✛

y1 y2 y3

x1 x2

A2,2(x; y) =
√

(x2−y1+1)(x2−y3+1)(y2−x1)
(x2−x1+1)(y2−y1)(y2−y3)

JG3(2, 2) =

◦ ◦ •

◦ •

� ✏✛ ☛ ✟✛
✟✟✟✟✟✟✙ ❏

❏❏
❍❍

❍❍
❍❍

✝ ✆✛

y1 y2 y3

x1 x2

A2,3(x; y) = −
√

(x2−y1+1)(x2−y2+1)(y3−x1)
(x2−x1+1)(y3−y1)(y3−y2)

JG3(2, 3) =

• ◦ ◦
◦ ◦

�������
❅
❅❘

✞ �✲
� ✏✲

y1 y2 y3

x1 x2

A3,1(x; y) =
√

(y1−x1)(y1−x2)
(y1−y2)(y1−y3)

JG3(3, 1) =

◦ • ◦
◦ ◦

☛ ✟✛ ☛ ✟✲

�
�✠
❅
❅❘

y1 y2 y3

x1 x2

A3,2(x; y) =
√

(y2−x1)(y2−x2)
(y2−y1)(y2−y3)

JG3(3, 2) =

◦ ◦ •

◦ ◦

� ✏✛ ✞ �✛
✟✟✟✟✟✟✙

✡
✡✡✢

y1 y2 y3

x1 x2

A3,3(x; y) =
√

(y3−x1)y3−x2)
(y3−y1)(y3−y2)

JG3(3, 3) =

�
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6.4 Algebra of the Fundamental Shift Operators

In this section, we develop some preliminary properties of the algebra
of the set of fundamental shift operators T = {tiτ | i, τ = 1, 2, . . . , n},
but a more complete discussion must await developments in the theory
of tensor operators in Chapter 9. For now, these operators are linear
operators over the field of complex numbers on the model Hilbert space
H, and their products are to be regarded as mappings H → H with
action determined by repeated use of the defining relations (6.7) and
(6.19)-(6.21)

One sees rather easily from the explicit results for n = 1, 2, 3 that the
product tiτ tjρ is not a fundamental shift operator in the set T, but rather
is a mapping Hλ → Hλ+eρ+eτ . However, tiτ t

†
jτ and t†jτ tiτ are mappings

of Hλ → Hλ, each λ ∈ Parn. Three significant properties of product
actions of fundamental shift operators are the following (verified directly
for n = 2, 3) :

1. Commutivity of shift operators with the same τ :

[tiτ , tjτ ] = 0, [t†iτ , t
†
jτ ] = 0. (6.37)

This property is a consequence of the identity

TδτTδ′τ

∣∣∣∣ λ
m

〉
= Tδ′τTδτ

∣∣∣∣ λ
m

〉
(6.38)

= (factor)
∣∣∣∣ ( λ

m

)
+ δτ + δ′τ

〉
, each δτ ∈ ∆i(τ), δ′τ ∈ ∆j(τ).

The proof of this property is by direct verification. Summing this
relation over all δτ ∈ ∆i(τ) and δ′τ ∈ ∆j(τ) gives the desired result,
using relation (6.16)

2. Column orthogonality: The basic relation is the operator inner
product property expressed by

n∑
τ=1

t†iτ tjτ = δi,j1, (6.39)

where 1 is the identity operator on H. Taking matrix elements of
this relation, we obtain the column orthogonality relations:

n∑
τ=1

∑
m′′∈Gλ+eτ

〈
λ + eτ
m′′

∣∣∣∣ tiτ ∣∣∣∣ λ

m′

〉

×
〈

λ + eτ
m′′

∣∣∣∣ tjτ ∣∣∣∣ λ
m

〉
= δi,jδm′,m. (6.40)
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3. Row orthogonality: The basic relation is the operator completeness
property expressed by

n∑
i=1

tiτ t
†
iρ = δτρNρ, (6.41)

where Nρ is defined by its action on each subspace Hλ ⊂ H :

NρHλ = 0, if and only if t†iρHλ = 0, i = 1, 2, ..., n. (6.42)

This relation, in turn, implies the row orthogonality relations:

n∑
i=1

∑
m∈Gλ

〈
λ + eτ
m′

∣∣∣∣ tiτ ∣∣∣∣ λ
m

〉

×
〈

λ + eρ
m′′

∣∣∣∣ tiρ ∣∣∣∣ λ
m

〉
= δτ,ρδm′,m′′ . (6.43)

Proof. The proof of the basic relation (6.40) is by induction on n, using
the matrix elements given by relations (6.19)-(6.25). For the purpose of
this proof, we now write tiτ as t

(n)
iτ , etc. to make the role of n explicit.

Relation (6.19) gives〈 λ + eτ
µ + eρ
m′

∣∣∣∣ t(n)iτ ∣∣∣∣ λ
µ
m

〉

= Aρτ (x; y)
〈

µ + eρ
m′

∣∣∣∣ t(n−1)iρ

∣∣∣∣ µ
m

〉
, (6.44)

in which now the indeterminates x and y are given by the partial hooks:

x = (µ1 + n− 2, µ2 + n− 3, . . . , µn−1),
(6.45)

y = (λ1 + n− 1, λ2 + n− 2, . . . , λn).

The factor Aρτ (x; y) is exactly the function (6.33)-(6.34) defined on the
labeled arc digraph JGn(ρ, τ). The factorization property (6.44) of the
matrix elements of a fundamental shift operator at level n into the prod-
uct Aρτ (x; y) times a fundamental shift operator at level n− 1 is one of
the basic properties of fundamental shift operators. The induction proof
proceeds as follows. We assume that relation (6.40) is true at level n−1;
that is, for n replaced by n− 1. The relation is true for n − 1 = 1, 2, as
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verified from the explicit relations given above. Then, the orthogonality
relations (6.40) are true at level n, if and only if

n∑
τ=1

Aρτ (x′; y)Aστ (x; y) = δρ,σ, (6.46)

where x′ = x + e
(n−1)
σ − e

(n−1)
ρ , e

(n−1)
n = (0, . . . , 0).

The validity of (6.46) is a consequence of Sylvester’s identity, which is
discussed in Sect. 11.7, Compendium B; it is implemented in the present
case as follows: We substitute from (6.33)-(6.34) the explicit expressions
for Aρτ (x′; y) and Aστ (x; y) into the left-hand side of relation (6.43). For
σ �= ρ, hence, x′σ = xσ + 1, x′ρ = xρ − 1, x′i = xi, i �= σ, ρ, relation (6.46)
is the following:√

factor

n∑
τ=1

n∏
i=1
i
=σ,ρ

(yτ − xi)
/ n∏

j=1
j 
=τ

(yτ − yj) = 0, (6.47)

the summation to 0 being a direct consequence of Sylvester’s identity.
For σ = ρ, hence, x′i = xi, and ρ < n, we find

n∑
τ=1

(Aρτ (x; y))2 (6.48)

=

n∏
j=1

(xρ − yj + 1)

n−1∏
i=1
i
=ρ

(xρ − xi + 1)

n∑
τ=1

n−1∏
i=1
i
=ρ

(yτ − xi)

(xρ − yτ + 1)
n∏
j=1
j 
=τ

(yτ − yj)

= 1.

To show that the sum is 1, we rewrite the summation term τ = 1 to
τ = n by setting xρ + 1 = yn+1, extending the summation from τ = 1
to τ = n + 1 and subtracting out the τ = n + 1 term. This gives for the
summation term in (6.48) the result:

−
n+1∑
τ=1

n−1∏
i=1
i
=ρ

(yτ − xi)

n+1∏
j=1
j 
=τ

(yτ − yj)

+

n−1∏
i=1
i
=ρ

(xρ − xi + 1)

n∏
j=1

(xρ − yj + 1)

. (6.49)
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The first term is 0 by Sylvester’s relation for n+ 1, and the second term
is the reciprocal of the multiplying factor in front of the summation in
(6.48), which proves the relation. For ρ = n, the above proof is modified
to

n∑
τ=1

(Anτ (x; y))2 =
n∑
τ=1

n−1∏
i=1

(yτ − xi)

n∏
j=1
j 
=τ

(yτ − yj)

= 1. (6.50)

The “trick” of extending the summation to n+1 in (6.48) because of the
occurrence of an extra τ−dependent factor arising in the denominator is
used several times in subsequent proofs, sometimes without comment.

The proof of (6.43) is again by induction on n, following the proof of
(6.40), where we need now to show that

n∑
ρ=1

Aρτ (x− e(n−1)ρ ; y)Aρσ(x− e(n−1)ρ ; y)

= δτ,σ, τ, σ = 1, 2, . . . , n. (6.51)

The proof of this relation, using Sylvester’s identity, is similar to the
proof of (6.46). �

The orthogonal coefficients〈
λ + eτ
m′

∣∣∣∣tiτ ∣∣∣∣ λ
m

〉
(6.52)

are combinatorial objects defined fully as functions on labeled arc di-
graphs. It is these explicit coefficients that are the elements (5.30)-(5.31)
of the real orthogonal matrix Rλ that is used to define the Dλ−matrices
in (5.26).

6.5 Abstract Hilbert Space and Dλ−Polynomials

The purpose of this section is to relate the inner product ( , ) of polyno-
mials, such as (5.12), to an inner product in the abstract Hilbert space
H, defined by (6.4), in which the fundamental tensor operators tiτ act.
In physics, it is the custom to use orthonormalized bra-ket basis vectors
in order to have some semblance of a uniform convention in presenting
the action of operators acting in the spaces spanned by such bra-ket basis
vectors. Because one of the important properties of the Dλ−polynomials
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is their relationship to representation theory of groups, they have not
been normalized to unity, but rather to the invariant factor M(λ) de-
fined by (5.10)-(5.11), which gives Dλ(In) = IDimλ. For the purposes of
this section, it is convenient to normalize the Dλ−polynomials to unity
in the inner product (5.12) by multiplying by (M(λ))−1/2 :

D̂λ(Z) = (M(λ))−1/2Dλ(Z). (6.53)

The Dλ−polynomials carry two sets of labels, the lower GT pattern
and the upper GT pattern

(
λ
m

)
and
(
λ
m′
)
, each of which enumerates ab-

stract basis vectors
∣∣∣ λ
m

〉
and
∣∣∣ λ
m′
〉

in the Hilbert space H defined by

(6.4). What is needed to encode the same information in the abstract
vector spaces as is encoded in the polynomial vector spaces spanned by
the orthonormal vectors D̂λ

m,m′(Z) is a tensor product of spaces H such
that each subspace Hλ in (6.4) shares the same partition λ ∈ Parn. For
this analog, we introduce the concept of a diagonal tensor product space:
The diagonal tensor product space of H is denoted Hd = H ⊗d H; it is
defined to be the direct sum of vector spaces given by

Hd = H ⊗d H =
∞∑
p=0

∑
λ∈Parn(p)

⊕ (Hλ ⊗d Hλ) , (6.54)

where Hλ ⊗d Hλ is defined to be the finite-dimensional vector space of
dimension (Dimλ)2 with orthonormal basis

Bλ ⊗d Bλ =


∣∣∣∣∣

m′
λ
m

〉
=
∣∣∣∣ λ

m

〉
⊗d
∣∣∣∣ λ

m′

〉 ∣∣∣∣∣m,m′ ∈ Gλ

 . (6.55)

This is a subspace of the tensor operator space H ⊗ H introduced in
Sect. 10.5, Compendium A, which is obtained by restricting the basis
Bλ ⊗Bλ′ to partitions λ′ = λ, which is the meaning of the symbol ⊗d.
Such diagonal tensor operator spaces are linear vector spaces that have
all the characteristics of the parent general tensor product space.

The correspondence between normalized Dλ−polynomials and ab-
stract bra-ket basis vectors given by

D̂

 m′
λ
m

 (Z) →
∣∣∣∣∣

m′
λ
m

〉
(6.56)
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is to satisfy the inner product rule:D̂
 m′′′

λ

m′′

 (Z) , D̂

 m′
λ
m

 (Z)

 =

〈 m′′′
λ

m′′

∣∣∣∣∣
m′
λ
m

〉
= δm′′,mδm′′′,m′ .

(6.57)
In this section, we extend this relation to general matrix elements of
polynomials in the elements zij of Z in the left-hand side.

We first have the following transcription of relations (5.35) and (5.37)
for the matrix elements of zij and ∂/∂zij on a normalized D̂λ−polynomial:

D̂
 m′′′

µ

m′′

 (Z), zijD̂

 m′
λ
m

 (Z)

 =

〈 m′′′
µ

m′′

∣∣∣∣∣ θij
∣∣∣∣∣

m′
λ
m

〉
, (6.58)

D̂
 m′′′

µ

m′′

 (Z),
∂

∂zij
D̂

 m′
λ
m

 (Z)

 =

〈 m′′′
µ

m′′

∣∣∣∣∣ θ†ij
∣∣∣∣∣

m′
λ
m

〉
, (6.59)

where we have defined new “ coordinates” and “derivatives” in the space
H ⊗d H by

θij = M
1/2
op

(
n∑
τ=1

(tiτ ⊗d tjτ )
)
M

−1/2
op ; (6.60)

θ†ij = M
−1/2
op

(
n∑
τ=1

(t†iτ ⊗d t
†
jτ )

)
M

1/2
op . (6.61)

In these relations, the quantity Mop is an operator in Hλ with eigenvalue
given by the invariant factor M(λ) defined by (5.10) for an arbitrary
vector in Hλ; that is,

Mop

∣∣∣∣∣
m′
λ
m

〉
= M(λ)

∣∣∣∣∣
m′
λ
m

〉
, (6.62)

with the obvious definition of the action of the diagonal operators M1/2
op

and M
−1/2
op .
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By definition, ordinary indeterminates (coordinates) zij and zkl com-
mute. Since the following relation holds for arbitrary matrix elements,D̂

 m′′′
µ

m′′

 (Z), zklzijD̂

 m′
λ
m

 (Z)

 =

〈 m′′′
µ

m′′

∣∣∣∣∣ θklθij
∣∣∣∣∣

m′
λ
m

〉
,

(6.63)
it follows also that the coordinates θij and θkl commute:

[θij, θkl] = 0, all i, j, k, l = 1, 2, . . . , n. (6.64)

Similarly, all the conjugates θ†ij and θ†kl commute.

The matrix elements in both sides of relation (6.58) are 0 unless µ
has the form µ = λ + eτ , τ = 1, 2, . . . , n. We write this relation in the
stated form to show the general equality over all matrix elements in the
respective inner product spaces. Similarly, in relation (6.59), we have
µ = λ− eτ for a nonzero relation.

To summarize: The diagonal tensor operator space (6.54) is the ab-
stract analogy to the polynomial space:

P =
∞∑
p=0

∑
λ∈Parn(p)

⊕Pλ, (6.65)

where each subspace Pλ, λ ∈ Parn(p) is the space of polynomials relative
to the inner product ( , ) with the orthonormal basis given by

Pλ =

{
D̂

(
m′
λ
m

)
(Z)
∣∣∣∣m,m′ are GT patterns

}
. (6.66)

Relations (6.58)-(6.59) transfer matrix elements in the polynomial space
P to matrix elements in the abstract Hilbert space H ⊗dH according to
the mappings

zij �→ θij ,
∂

∂zij
�→ θ†ij . (6.67)

Because the coordinates {zij | i, j = 1, 2, . . . , n} are commuting, so are
the {θij | i, j = 1, 2, . . . , n} , as well as the set of conjugates. The poly-
nomial space P is an explicit model of the abstract Hilbert space Hd.

Relations (5.58)-(6.59) generalize to the following expression relating
matrix elements in polynomial space P to matrix elements in the abstract
Hilbert space Hd = H ⊗d H :
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 m′′′

µ

m′′

 (Z), P (Z,
∂

∂Z
)D̂

 m′
λ
m

 (Z)


=

〈 m′′′
µ

m′′

∣∣∣∣∣ P (Θ,Θ†)

∣∣∣∣∣
m′
λ
m

〉
, (6.68)

where P (Z, ∂
∂Z ) is an arbitrary polynomial in the variables zij and ∂/∂zij ,

and P (Θ,Θ†) is the same polynomial in the Θ = (θij)1≤i,j≤n and Θ† =
(θ†ij)1≤i,j≤n.

Toward our goal of giving as many properties of the complicated
Cλ(A)−coefficients as possible, we give their expression as the following
matrix elements in the abstract Hilbert space H, as follows from (5.22)
and (6.68):

C

 m′
λ
m

 (A) =
√
M(λ)

〈 m′
λ
m

∣∣∣∣∣ΘA

∣∣∣∣∣
(0)
0n

(0)

〉
. (6.69)

Since the action of each fundamental unit tensor operator appearing in
the definition (6.60) of θij is fully defined on the Hilbert space H, relation
(6.69) gives uniquely the matrix elements of Cλ(A). This relation is used
in Chapter 7 to give this evaluation.

6.6 Shift Operator Polynomials

We have not yet made any use of the commutation property [tiτ , tjτ ] =
0, i, j = 1, 2, . . . , n, of the fundamental shift operators. This commuta-
tion property is significant because powers of complex linear combina-
tions such as

(z1t1τ + z2t2τ + · · · + zntnτ )
k , k = 0, 1, . . . , (6.70)

can be expanded in the usual way by the multinomial theorem. This
property allows us to construct polynomials in the fundamental shift
operators that have well-defined transformation properties under linear
transformations. Such operator-valued polynomials are the basis of the
tensor operator theory developed in Chapter 9. It is, however, useful to
carry out some preliminary developments here to illustrate this aspect
of the fundamental shift operators. Operator-valued polynomials in the
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fundamental shift operators tiτ turn out to play a role similar to that of
the commuting zij in the theory of the Dλ−polynomials.

In analogy with the matrix Z with elements zij , we arrange the el-
ements of the set {tiτ | i, τ = 1, 2, . . . , n} into an n × n matrix T as
follows:

T =


t11 t12 · · · t1n
t21 t22 · · · t2n
...

... · · ·
...

tn1 tn2 · · · tnn

 . (6.71)

For each matrix array of nonnegative integers A = (aij)1≤i,j≤n, the power
TA of T is defined by the ordered product:

TA =
n∏
i=1

tainin · · ·
n∏
i=1

tai2i2

n∏
i=1

tai1i1 , (6.72)

in which the powers of the elements in column 1 appear to the right,
followed by the powers of the elements in column 2, . . . , followed by
the powers of elements in column n. Because the components tiτ , i =
1, 2, . . . , n appearing in each column Ti of T mutually commute, the shift
operators in each product

∏n
i=1 t

aiτ
iτ , τ ∈ {1, 2, . . . , n}, can be permuted

to any order without changing TA. Thus, these operator-valued polyno-
mials are the analogues of the Maclaurin polynomials ZA. Under a left
transformation of T by an arbitrary n × n matrix Z of indeterminates,
we have that

T → ZT = (ZT1, ZT2, . . . , ZTn), (6.73)
so that only commuting components tiτ occurring in the same column
of T are mixed; hence, an arbitrary polynomial

P (T ) =
∑
A

C(A)
TA

A!
(6.74)

has an unambiguous meaning under arbitrary left transformations: P (T )
→ P (ZT ).

The above relations can be applied to the Dλ−polynomials given by
(5.6) to obtain operator-valued polynomials. We introduce a capital
letter notation for operator-valued D−polynomials, as follows:

D

 Γ
Λ
M

 (T ) =
∑

A∈M
p
n×n(W,∆)

C

 Γ
Λ
M

 (A)
TA

A!
, (6.75)

where Λ ∈ Parn, p = Λ1 + Λ2 + · · · + Λn, and M and Γ denote lower
and upper GT patterns, and W = W

(Λ
M

)
∈ WΛ and ∆ = W

(Λ
Γ

)
∈ WΛ
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denote the weights of the lower and upper GT patterns. The notations Γ
and ∆ for the upper GT pattern and its weight anticipate a special role
for these patterns in the theory of tensor operators in Chapter 9: The
weight ∆ of the GT pattern

(Λ
Γ

)
is denoted ∆ = (∆1,∆2, . . . ,∆n), where

∆τ is the total shift ∆τ =
∑n

i=1 aiτ associated with the product term
tanτnτ · · · ta2τ

2τ t
a1τ
1τ from column τ in the ordered product TA. Thus, column

τ in the matrix array Apn×n(W,∆) has sum ∆τ , while row i still has sum
given by the weight Wi of the lower GT pattern. From the point of view

of GT patterns, both ∆ and W are weights. The coefficients C

(
Γ
Λ
M

)
(A)

are exactly those in (5.6).

The operator-valued polynomials (6.75) have the following matrix
transformation property under left transformations by an arbitrary ma-
trix Z :

DΛ(ZT ) = DΛ(Z)DΛ(T ). (6.76)
Such left transformations of T → ZT mix commuting elements of T oc-
curring in a given column as shown in (6.73), and therefore satisfy the
standard transformation rule (6.76). But right transformations T → TZ
mix the noncommuting elements of T occurring in a given row: Right
transformations of the operator-valued polynomials (6.75) do not trans-
form by right multiplication of DΛ(T ) by DΛ(Z). These are important
properties in the theory of tensor operators given in Chapter 9.

The operator-valued polynomials (6.75) act in the Gelfand-Tsetlin
model Hilbert space H defined by (6.4) through the action of the tiτ on
the basis Bλ of Hλ ⊂ H, as described in detail in Sects. 6.1-6.5. Thus,
we have the action given by

D

 Γ
Λ
M

 (T )
∣∣∣∣ λ
m

〉
(6.77)

=
∑
m′

〈
λ + ∆
m′

∣∣∣∣D
 Γ

Λ
M

 (T )
∣∣∣∣ λ
m

〉 ∣∣∣∣ λ + ∆
m′

〉
,

in which Γ,M ∈ GΛ, and ∆ = W
(Λ
Γ

)
∈WΛ is the shift-weight of the GT

pattern Γ. The coefficients〈
λ + ∆
m′

∣∣∣∣D
 Γ

Λ
M

 (T )
∣∣∣∣ λ
m

〉
(6.78)

in this relation are completely determined by the shift action of the
fundamental shift operators tiτ described in the sections above. These
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matrix elements are important for the theory of tensor operators con-
sidered in Chapter 9. They also enter into an alternative form of the
coefficients in relation (6.79) below. But these relationships must await
further developments in Chapter 7 and 8.

There is another important relation involving the operator-valued
polynomials (6.75) that originates from relation (6.68). We choose the
polynomial P (Z, ∂/∂Z) in (6.68) to be the DΛ−polynomial and obtain:D̂

 m′′′
λ + ∆
m′′

 (Z),D

 M ′
Λ
M

 (Z)D̂

 m′
λ
m

 (Z)


(6.79)

=

〈 m′′′
λ + ∆
m′′

∣∣∣∣∣ D
 M ′

Λ
M

 (Θ)

∣∣∣∣∣ m′
λ
m

〉
, each ∆ ∈WΛ,

in which the pattern M ′ is any GT pattern of weight ∆ ∈ WΛ. We
summarize the definitions of quantities in this result:∣∣∣∣∣

m′
λ
m

〉
=
∣∣∣∣ λ

m

〉
⊗d
∣∣∣∣ λ

m′

〉
, (6.80)

θij = M
1/2
op

(
n∑
τ=1

(tiτ ⊗d tjτ )
)
M

−1/2
op . (6.81)

The operator-valued DΛ−polynomials in the right-hand side of (6.79)
are defined by

D

 M ′
Λ
M

 (Θ) =
∑

A∈M
p
n×n(W,∆)

C

 M ′
Λ
M

 ΘA

A!
, (6.82)

where Θ is the n× n matrix of commuting operators (see (6.67))

Θ =


θ11 θ12 · · · θ1n
θ21 θ22 · · · θ2n
...

θn1 θn2 · · · θnn

 , (6.83)

and ΘA is the product (see (6.63)) given by

ΘA =
n∏

i,j=1

θ
aij
ij . (6.84)
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Since the action of the fundamental tensor operators is completely de-
fined in the right-hand side of (6.79), the matrix elements on the left
are known. But this inner product is just that encountered in reducing
the Kronecker product DΛ(Z) ⊗Dλ(Z) into a direct sum of irreducible
representations. We consider this next.

6.7 Kronecker Product Reduction and
Operator-valued Polynomials

The Kronecker product of a DΛ−matrix and a Dλ−matrix is orthog-
onally equivalent to the direct sum of Dλ+∆−matrices, and a real or-
thogonal matrix C(Λλ) of dimension DimΛ Dimλ effects the complete
reduction:

C(Λλ)
(
DΛ(Z)⊗Dλ(Z)

)(
C(Λλ)

)T
=
∑
∆

⊕ cλ+∆Λλ Dλ+∆(Z), (6.85)

where this result uses the fact that every Littlewood-Richardson number
can be written in the form cλ+∆Λλ for some weight ∆ ∈ WΛ (see relation
11.161, Compendium B). For this reason, we often refer to ∆ as a shift-
weight. The coefficient cλ+∆Λλ is defined to be zero if Dλ+∆(Z) is not in
the Kronecker product DΛ(Z)⊗Dλ(Z). Relation (6.85) also implies

DΛ(Z)⊗Dλ(Z) = (CΛλ))T
(∑

∆

⊕ cλ+∆Λλ Dλ+∆(Z)

)
C(Λλ). (6.86)

It is required that the orthogonal matrix C(Λλ) in (6.85) should effect
completely the reduction of the Kronecker product; that is, the direct
sum on the right-hand side contains one and the same matrix Dλ+∆(Z),
repeated a number of times equal to the Littlewood-Richardson number,
as expressed by the block diagonal form:

C(Λλ)
(
DΛ(Z)⊗Dλ(Z)

)(
C(Λλ)

)T

=



. . . Dλ+∆(Z)
. . .

Dλ+∆(Z)


. . .


. (6.87)



6.7. KRONECKER PRODUCT REDUCTION 313

The repetition of the same irreducible D−matrix in the Kronecker prod-
uct was already encountered in Sects. 2.1.1-2.1.3, Chapter 2 in the cou-
pling theory of angular momenta, but did not occur until a three-fold
Kronecker product was considered, whereas here the multiplicity of a
given DΛ+∆−polynomial occurs at the basic level of the Kronecker prod-
uct itself. For the general coupling of n angular momenta, the CG
numbers give the multiplicity of occurrence; here, it is the Littlewood-
Richardson numbers that play this role at the very beginning.

Each parenthesis pair ( ) in (6.87) contains cλ+∆Λλ diagonal blocks, each
block consisting of the same matrix Dλ+∆(Z); and there is such a block,
for given partitions Λ and λ for which the Littlewood-Richardson number
is nonzero. For standardization, we also order the blocks in the matrix
(6.87) from the least partition to the greatest partition in accordance
with lexicographic order on the set of partitions in Parn; that is λ > λ′,
if and only if the first nonzero entry in the difference λ− λ′ is positive.
The consistency of matrix dimensions on each side of relation (6.87) is
assured by the identity

DimΛ Dimλ =
∑
∆

cλ+∆Λ,λ Dim(λ + ∆). (6.88)

We refer to the organization of the direct sum in (6.87) from the least
to greatest value of Λ + ∆ as the standard Kronecker direct sum.

It is important to fix precisely the notation in the reduction relation
(6.87). We denote the elements of the real orthogonal matrix C(Λλ) by
the following notation:

(
C(Λλ)

)
(k,(λ+∆

m′ ));(M,m)
= Ck

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]
, (6.89)

where these labels have the following significance:

1. Rows of C(Λλ) : These are the pairs of labels
(
k,
(λ+∆
m′
))

that index
the hierarchal order of the rows of the block diagonal matrix on the
right in (6.87): the partitions in the set

λ + ∆ ∈ {Parn |∆ ∈WΛ and cλ+∆Λλ �= 0} (6.90)

index the block of repeated Dλ+∆−matrices enclosed by paren-
theses ( ) , ordered lexicographically; k indexes the blocks k =
1, 2, . . . , cλ+∆Λ,λ that contain the identical Dλ+∆(Z) matrices; and
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the GT patterns m′ ∈ Gλ+∆ index the elements of each matrix
Dλ+∆(Z) in row m′. These GT patterns themselves are ordered
lexicographically, as given by (5.18)-(5.20).

2. Columns of C(Λλ) : These are the pairs of GT pattern (M,m) that
index the rows (M,m) of the Kronecker product:

(
DΛ(Z)⊗Dλ(Z)

)
(M,m);(M ′,m′)

= D

 M ′
Λ
M

 (Z)D

 m′
Λ
m

 (Z).

(6.91)

We give explictly the orthogonality relations for the elements of the
rows and columns, respectively, of the orthogonal matrix C(Λλ) :

∑
m,M

Ck′

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]
Ck

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]
= δk′,k δm′′,m′ , (6.92)

cλ+∆
Λ,λ∑
k=1

∑
m′′

Ck

[(
λ + ∆
m′′

)(
Λ
M ′

)(
λ

m′

)]
Ck

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]
= δm′,m δM ′,M . (6.93)

The matrix elements of relation (6.87) are given in terms of the above
conventions and notations by the following expression:

∑
M,m;M ′,m′

Ck

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]
D

 M ′
Λ
M

 (Z)D

 m′
λ
m

 (Z)

×Ck′

[(
λ + ∆′

m′′′

)(
Λ
M ′

)(
λ

m′

)]
= δk,k′ δ∆,∆′ D

 m′′′
λ + ∆
m′′

 (Z). (6.94)

Similarly, if the orthogonal matrices in (6.87) are moved to the right-
hand side, the following matrix element expression results:
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D

 M ′
Λ
M

 (Z)D

 m′
λ
m

 (Z)

=
cλ+∆
Λλ∑
k=1

∑
m′′,m′′′

Ck

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]

×D

 m′′′
λ + ∆
m′′

 (Z)Ck

[(
λ + ∆′

m′′′

)(
Λ
M ′

)(
λ

m′

)]
. (6.95)

This relation, in turn, gives the following result for the inner product
(6.79) with initial and final normalized D−polynomials:(

D̂

(
m′′′

λ + ∆
m′′

)
(Z), D

(
M ′
Λ
M

)
(Z)D̂

(
m′
λ
m

)
(Z)

)

=

〈 m′′′
λ + ∆
m′

∣∣∣∣∣ D
 M ′

Λ
M

 (Θ)

∣∣∣∣∣
m′′
λ
m

〉

=

√
M(λ + ∆)
M(λ)

cλ+∆
Λλ∑
k=1

Ck

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]

×Ck
[(

λ + ∆
m′′′

)(
Λ
M ′

)(
λ

m′′

)]
, each ∆ ∈WΛ, (6.96)

where we have repeated the identity with (6.79). This is a key relation
for determining the various sets of real orthogonal matrices that can
effect the reduction of the Kronecker product to the standard Kronecker
direct sum. It is called the factorization lemma.

The right-hand side of relation (6.87) is given by the Kronecker direct
sum defined by

K
(Λλ)
⊕ =

∑
∆

⊕
(
Icλ+∆

Λλ
⊗Dλ+∆(Z)

)
. (6.97)

It follows that every real orthogonal matrix S(Λλ) of the form

S(Λλ) =
∑
∆

⊕
(
Sλ+∆(Λλ) ⊗ IDim(λ+∆)

)
(6.98)
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commutes with the Kronecker direct sum; that is,

S(Λλ)K
(Λλ)
⊕ = K

(Λλ)
⊕ S(Λ λ). (6.99)

The matrix Sλ+∆(Λλ) is of order equal to the Littlewood-Richardson number

cλ+∆Λλ , and is itself a real orthogonal matrix. (It could be unitary, but we
can choose all matrices to be real, as the defining relations for the D−
polynomials show.) Property (6.99) of Kronecker product reduction is
completely analogous to that for the coupling of n angular momenta, as
expressed by (2.44):

If C(Λλ) is a real orthogonal matrix that effects the reduction of the Kro-
necker product DΛ(Z)⊗Dλ(Z) to the Kronecker direct sum K

(Λλ)
⊕ , then

the real orthogonal matrix R(Λλ) defined by

R(Λλ) = S(Λλ)C(Λλ) (6.100)

effects exactly the same reduction.

We use the term coupling scheme to describe a given real orthogo-
nal similarity transformation that effects the reduction of the Kronecker
product DΛ(Z) ⊗Dλ(Z) to the standard Kronecker direct sum. Thus,
given two coupling schemes C(Λλ) and R(Λλ), the matrix S(Λλ) defined
by

S(Λλ) = R(Λλ)
(
C(Λλ)

)T
(6.101)

is the recoupling matrix for these two coupling schemes.

The Clebsch-Gordan coefficients of the unitary group U(n) (GL(n,C))
are defined in this monograph to be the elements of a real orthogonal
matrix that completely reduces the Kronecker product to Kronecker di-
rect sum form, as shown in (6.85)-(6.87). Thus, each set of Clebsch-
Gordan (CG) coefficients satisfies relation (6.96), where the left-hand
side is known. But there are nondenumerably infinite many solutions to
this relation, since, given any solution C(Λλ), then R(Λλ) = S(Λλ)C(Λλ)

is also a solution, where Sλ+∆(Λλ) in (6.98) is an arbitrary real orthogonal

matrix of order cλ+∆Λλ . A set of CG coefficients is determined only up
to arbitrary real orthogonal transformations in multiplicity space, which
is a real vector space of dimension equal to the Littlewood-Richardson
number.

But this freedom in the definition of CG coefficients overlooks the
possibility that there might exist a set of such coefficients whose prop-
erties are so “natural” that this “canonical” set is to be preferred over
all others. For example, in the case of the binary addition of n angular
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momenta, the degeneracy of the multiplicity space is “broken” by the
existence of the intermediate angular momenta. Perhaps there are prop-
erties of the Lie algebra of the unitary group such that when two copies
are considered, as in the addition of angular momenta, there are “inter-
mediate” sets of operators in the Lie algebra that give a complete set
of commuting Hermitian operators that determine a preferred coupling
scheme. Such coupling schemes have been considered by Racah [145] for
SU(3), but have not proved very successful. But there may exist still
other natural schemes.

A natural structure for selecting a preferred set of CG coefficients that
suggests itself is the properties of the Littlewood-Richardson numbers,
since the dimensions of the multiplicity spaces are determined by these
numbers; perhaps, it is within this family of multiplicity spaces that mul-
tiplicity breaking principles reside. This is the idea developed extensively
in numerous collaborations with Biedenharn. The viewpoint we adopt
of the Littlewood-Richardson numbers is that they are to be considered
as functions IΛ,∆ defined over the set of all partitions λ ∈ Parn; hence,
we write

cλ+∆Λ,λ = IΛ,∆(λ). (6.102)

It is known that the range of these functions is given by

IΛ,∆(λ) ∈ {0, 1, 2, . . . ,K(Λ,∆)}, (6.103)

where K(Λ,∆) is the Kostka number. We can ask for the set of all
partitions such that the Littlewood-Richardson function IΛ,∆ takes on
the constant value L :

PΛ,∆(L) = {λ ∈ Parn | IΛ,∆(λ) = L},
(6.104)

L ∈ {0, 1, 2, . . . ,K(Λ,∆)}.

The sets of partitions PΛ,∆(L) are called “level sets.” For some such
values of L, the level set PΛ,∆(L) might be empty, but if the level sets
satisfy the strong inclusion relations

PΛ,∆(0) ⊂ PΛ,∆(1) ⊂ · · · ⊂ PΛ,∆(K(Λ,∆)), (6.105)

there exists a natural orthogonal matrix that brings the Kronecker prod-
uct DΛ(Z)⊗Dλ(Z) to the standard Kronecker direct sum. Even if some
set equalities occur in (6.105), there are still reasonable choices that can
be made.

The geometry of the level sets IΛ,∆(L) is a key element in the problem
of the reducing the Kronecker product DΛ(Z)⊗Dλ(Z) to the standard
Kronecker product direct sum. Since the Littlewood-Richardson num-
bers are well-studied objects (Macdonald [126], Stanley [163]), it may
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be possible to give a purely combinatorial formulation of the multiplic-
ity problem. (We develop and cite numerous properties of Littlewood-
Richardson numbers in Sects. 11.3.7-11.3.8, Compendium B and also
in Sect. 9.6, Chapter 9.) A natural setting for considering Littlewood-
Richardson is in the theory of tensor operators (initiated by Racah [144]
for the group SU(2)), where they have a basic connection to the concept
of null space. We develop this in Chapter 9 for U(n). Tensor operators
are important objects in many physical applications, and it is essential
to know their relationship to CG coefficients.

We summarize the main results of this chapter:

A model separable Hilbert space H is introduced that has the mini-
mal structure need to encode the full structure of the Dλ−polynomials.
These polynomials are then unambiguously defined by the action of a
set of fundamental shift operators. The action of each of these oper-
ators is defined combinatorially by arc digraphs, which give the rules
for computing their matrix elements on an orthonormal basis of the
Hilbert space H. This culminates naturally in an expression that gives
the Cλ−coefficients, which express the Dλ−polynomials in terms of
the Maclaurin polynomials, as the matrix elements of operator-valued
Maclaurin polynomials in the fundamental shift operators.

Operator-valued DΛ−polynomials now become the key objects for
the study of the reduction of the Kronecker product DΛ(Z) ⊗ Dλ(Z)
into a fully reduced Kronecker direct sum

∑
∆ ⊕ cλ+∆Λλ Dλ+∆(Z). The

result is the factorization lemma that relates the inner product of these
three D−polynomials to the matrix elements of the operator-valued
DΛ−polynomials, and then, in turn, to the CG coefficients, which are
the elements in an orthogonal matrix the effects the reduction of the
Kronecker product itself.

The remaining chapters of this monograph fill in some of the rich
(and complex) details of the above inter-related notions: Hilbert space—
fundamental operator actions—operator-valued D−polynomials—Kro-
necker products—factorization lemma—Clebsch-Gordan coefficients—
tensor operators.

6.8 More on Explicit Operator Actions

It is convenient for later use to introduce the renormalized basic shift
operators siτ defined by

siτ = M
1/2
op tiτM

−1/2
op . (6.106)
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The action of these operators on the basis Bλ of Hλ defined by (6.5) is
then given by

siτ

∣∣∣∣ λ
m

〉
=

√
M(λ + eτ )

M(λ)
tiτ

∣∣∣ λ
m

〉
(6.107)

=

(pτn + 1)
n∏
k=1
k 
=τ

pkn − pτn
pkn − pτn − 1


1/2

tiτ

∣∣∣ λ
m

〉
.

We then have also the following relations for the Hermitian conjugate:

s†iτ = M
−1/2
op t†iτM

1/2
op , (6.108)

with action given by

s†iτ
∣∣∣ λ
m

〉
=

√
M(λ)

M(λ− eτ )
t†iτ
∣∣∣ λ
m

〉
(6.109)

=

pτn n∏
k=1
k 
=τ

pkn − pτn + 1
pkn − pτn


1/2

t†iτ
∣∣∣ λ
m

〉
.

We list the following results for the action of the shift operators siτ
and their conjugates in the Hilbert space Hλ for n = 2, 3 :

n = 2.

s11

∣∣∣ λ1 λ2
m11

〉 =
√

(p12 + 1)(p11 − p22 + 1)

p12 − p22 + 1

∣∣∣ λ1 + 1 λ2
m11 + 1

〉
,

s21

∣∣∣ λ1 λ2
m11

〉
=

√
(p12 + 1)(p12 − p11)

p12 − p22 + 1

∣∣∣ λ1 + 1 λ2
m11

〉
,

s12

∣∣∣ λ1 λ2
m11

〉
= −
√

(p22 + 1)(p11 − p12 + 1)

p22 − p12 + 1

∣∣∣ λ1 λ2 + 1
m11 + 1

〉
,

s22

∣∣∣ λ1 λ2
m11

〉
=

√
(p22 + 1)(p22 − p11)

p22 − p12 + 1

∣∣∣ λ1 λ2 + 1
m11

〉
;
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s†11
∣∣∣ λ1 λ2

m11

〉
=

√
p12(p11 − p22)

p12 − p22

∣∣∣ λ1 − 1 λ2
m11 − 1

〉
,

s†21
∣∣∣ λ1 λ2

m11

〉
=

√
p12(p12 − p11 − 1)

p12 − p22

∣∣∣ λ1 − 1 λ2
m11

〉
,

s†12
∣∣∣ λ1 λ2

m11

〉
= −
√

p22(p11 − p12)

p22 − p12

∣∣∣ λ1 λ2 − 1
m11 − 1

〉
,

s†22
∣∣∣ λ1 λ2

m11

〉
=

√
p22(p22 − p11 − 1)

p22 − p12

∣∣∣ λ1 λ2 − 1
m11

〉
.

n = 3 :

s11

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉 =
√

(p13 + 1)(p12 − p23 + 1)(p12 − p33 + 1)(p13 − p22)

(p12 − p22 + 1)(p13 − p23 + 1)(p13 − p33 + 1)

×
√

p11 − p22 + 1

p12 − p22

∣∣∣∣∣ λ1 + 1 λ2 λ3
m12 + 1 m22
m11 + 1

〉

−
√

(p13 + 1)(p22 − p23 + 1)(p22 − p33 + 1)(p13 − p12)

(p22 − p12 + 1)(p13 − p23 + 1)(p13 − p33 + 1)

×
√

p11 − p12 + 1

p22 − p12

∣∣∣∣∣ λ1 + 1 λ2 λ3
m12 m22 + 1
m11 + 1

〉
,

s21

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
(p13 + 1)(p12 − p23 + 1)(p12 − p33 + 1)(p13 − p22)

(p12 − p22 + 1)(p13 − p23 + 1)(p13 − p33 + 1)

×
√

p12 − p11

p12 − p22

∣∣∣∣∣ λ1 + 1 λ2 λ3
m12 + 1 m22
m11 + 1

〉

+

√
(p13 + 1)(p22 − p23 + 1)(p22 − p33 + 1)(p13 − p12)

(p22 − p12 + 1)(p13 − p23 + 1)(p13 − p33 + 1)

×
√

p22 − p11

p22 − p12

∣∣∣∣∣ λ1 + 1 λ2 λ3
m12 m22 + 1
m11 + 1

〉
,

s31

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
(p13 + 1)(p13 − p12)(p13 − p22)

(p13 − p23 + 1)(p13 − p33 + 1)

∣∣∣∣ λ1 + 1 λ2 λ3
m12 m22
m11

〉
;
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s12

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= −
√

(p23 + 1)(p12 − p13 + 1)(p12 − p33 + 1)(p23 − p22)

(p12 − p22 + 1)(p23 − p13 + 1)(p23 − p33 + 1)

×
√

p11 − p22 + 1

p12 − p22

∣∣∣∣∣ λ1 λ2 + 1 λ3
m12 + 1 m22
m11 + 1

〉

−
√

(p23 + 1)(p22 − p13 + 1)(p22 − p33 + 1)(p23 − p12)

(p22 − p12 + 1)(p23 − p13 + 1)(p23 − p33 + 1)

×
√

p11 − p12 + 1

p22 − p12

∣∣∣∣∣ λ1 λ2 + 1 λ3
m12 m22 + 1
m11 + 1

〉
,

s22

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= −
√

(p23 + 1)(p12 − p13 + 1)(p12 − p33 + 1)(p23 − p22)

(p12 − p22 + 1)(p23 − p13 + 1)(p23 − p33 + 1)

×
√

p12 − p11

p12 − p22

∣∣∣∣∣ λ1 λ2 + 1 λ3
m12 + 1 m22
m11 + 1

〉

+

√
(p23 + 1)(p22 − p13 + 1)(p22 − p33 + 1)(p23 − p12)

(p22 − p12 + 1)(p23 − p13 + 1)(p23 − p33 + 1)

×
√

p22 − p11

p22 − p12

∣∣∣∣∣ λ1 λ2 + 1 λ3
m12 m22 + 1
m11 + 1

〉
,

s32

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
(p23 + 1)(p23 − p12)(p23 − p22)

(p23 − p13 + 1)(p23 − p33 + 1)

∣∣∣∣ λ1 λ2 + 1 λ3
m12 m22
m11

〉
;

s13

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= −
√

(p33 + 1)(p12 − p13 + 1)(p12 − p23 + 1)(p33 − p22)

(p12 − p22 + 1)(p33 − p13 + 1)(p33 − p23 + 1)

×
√

p11 − p22 + 1

p12 − p22

∣∣∣∣∣ λ1 λ2 λ3 + 1
m12 + 1 m22
m11 + 1

〉

+

√
(p33 + 1)(p22 − p13 + 1)(p22 − p23 + 1)(p33 − p12)

(p22 − p12 + 1)(p33 − p13 + 1)(p33 − p23 + 1)√
p11 − p12 + 1

p22 − p12

∣∣∣∣∣ λ1 λ2 λ3 + 1
m12 m22 + 1
m11 + 1

〉
,



322 CHAPTER 6. OPERATOR ACTIONS IN HILBERT SPACE

s23

∣∣∣∣ λ1 λ2 λ3
m12 m22

m11

〉
= −
√

(p33 + 1)(p12 − p13 + 1)(p12 − p23 + 1)(p33 − p22)

(p12 − p22 + 1)(p33 − p13 + 1)(p33 − p23 + 1)

×
√

p12 − p11

p12 − p22

∣∣∣∣∣ λ1 λ2 λ3 + 1
m12 + 1 m22
m11 + 1

〉

−
√

(p33 + 1)(p22 − p13 + 1)(p22 − p23 + 1)(p33 − p12)

(p22 − p12 + 1)(p33 − p13 + 1)(p33 − p23 + 1)

×
√

p22 − p11

p22 − p12

∣∣∣∣∣ λ1 λ2 λ3 + 1
m12 m22 + 1
m11 + 1

〉
,

s33

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
(p33 + 1)(p33 − p12)(p33 − p22)

(p33 − p13 + 1)(p33 − p23 + 1)

∣∣∣∣ λ1 λ2 λ3 + 1
m12 m22
m11

〉
.

s†11

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
p13(p12 − p23)(p12 − p33)(p13 − p22 − 1)

(p12 − p22)(p13 − p23)(p13 − p33)

×
√

p11 − p22

p12 − p22 − 1

∣∣∣∣∣ λ1 − 1 λ2 λ3
m12 − 1 m22
m11 − 1

〉

−
√

p13(p22 − p23)(p22 − p33)(p13 − p12 − 1)

(p22 − p12)(p13 − p23)(p13 − p33)

×
√

p11 − p12

p22 − p12 − 1

∣∣∣∣∣ λ1 − 1 λ2 λ3
m12 m22 − 1
m11 − 1

〉
,

s†21

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
p13(p12 − p23)(p12 − p33)(p13 − p22 − 1)

(p12 − p22)(p13 − p23)(p13 − p33)

×
√

p12 − p11 − 1

p12 − p22 − 1

∣∣∣∣ λ1 − 1 λ2 λ3
m12 − 1 m22

m11

〉

+

√
p13(p22 − p23)(p22 − p33)(p13 − p12 − 1)

(p22 − p12)(p13 − p23)(p13 − p33)

×
√

p22 − p11 − 1

p22 − p12 − 1

∣∣∣∣ λ1 − 1 λ2 λ3
m12 m22 − 1

m11

〉
,

s†31

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=
√

p13(p13−p12−1)(p13−p22−1)
(p13−p23)(p13−p33)

∣∣∣∣ λ1 − 1 λ2 λ3
m12 m22
m11

〉
;



6.8. MORE ON EXPLICIT OPERATOR ACTIONS 323

s†12

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= −
√

p23(p12 − p13)(p12 − p33)(p23 − p22 − 1)

(p12 − p22)(p23 − p13)(p23 − p33)

×
√

p11 − p22

p12 − p22 − 1

∣∣∣∣∣ λ1 λ2 − 1 λ3
m12 − 1 m22
m11 − 1

〉

−
√

p23(p22 − p13)(p22 − p33)(p23 − p12 − 1)

(p22 − p12)(p23 − p13)(p23 − p33)

×
√

p11 − p12

p22 − p12 − 1

∣∣∣∣∣ λ1 λ2 − 1 λ3
m12 m22 − 1
m11 − 1

〉
,

s†22

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
−
√

p23(p12 − p13)(p12 − p33)(p23 − p22 − 1)

(p12 − p22)(p23 − p13)(p23 − p33)

×
√

p12 − p11 − 1

p12 − p22 − 1

∣∣∣∣ λ1 λ2 − 1 λ3
m12 − 1 m22

m11

〉

+

√
p23(p22 − p13)(p22 − p33)(p23 − p12 − 1)

(p22 − p12)(p23 − p13)(p23 − p33)

×
√

p22 − p11 − 1

p22 − p12 − 1

∣∣∣∣ λ1 λ2 − 1 λ3
m12 m22 − 1

m11

〉
,

s†32

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
p23(p23 − p12 − 1)(p23 − p22 − 1)

(p23 − p13)(p23 − p33)

∣∣∣∣ λ1 λ2 − 1 λ3
m12 m22
m11

〉
;

s†13

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= −
√

p33(p12 − p13)(p12 − p23)(p33 − p22 − 1)

(p12 − p22)(p33 − p13)(p33 − p23)

×
√

p11 − p22

p12 − p22 − 1

∣∣∣∣∣ λ1 λ2 λ3 − 1
m12 − 1 m22
m11 − 1

〉

+

√
p33(p22 − p13)(p22 − p23)(p33 − p12 − 1)

(p22 − p12)(p33 − p13)(p33 − p23)

×
√

p11 − p12

p22 − p12 − 1

∣∣∣∣∣ λ1 λ2 λ3 − 1
m12 m22 − 1
m11 − 1

〉
,
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s†23

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= −
√

p33(p12 − p13)(p12 − p23)(p33 − p22 − 1)

(p12 − p22)(p33 − p13)(p33 − p23)

×
√

p12 − p11 − 1

p12 − p22 − 1

∣∣∣∣ λ1 λ2 λ3 − 1
m12 − 1 m22

m11

〉

−
√

p23(p22 − p13)(p22 − p23)(p33 − p12 − 1)

(p22 − p12)(p33 − p13)(p33 − p23)

×
√

p22 − p11 − 1

p22 − p12 − 1

∣∣∣∣ λ1 λ2 λ3 − 1
m12 m22 − 1

m11

〉
,

s†33

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=

√
p33(p33 − p12 − 1)(p33 − p22 − 1)

(p33 − p13)(p33 − p23)

∣∣∣∣ λ1 λ2 λ3 − 1
m12 m22
m11

〉
.



Chapter 7

The Dλ−Polynomials:
Structure

In this chapter, we derive explicit expressions for the Cλ−coefficients
that occur in the expansion of the Dλ−polynomials in terms of Maclaurin
polynomials, for the CG coefficients that reduce the Kronecker product
of two Dλ−polynomials, and for their interrelations. The relationship
of the Dλ−polynomials with the representations and Lie algebra of the
general linear group is a major aspect of these polynomials, one that we
present in Chapter 8. The operator methods of the last section have a
major role, and most results have a combinatorial basis.

7.1 Combinatorial Formula for the Cλ(A)
Matrices

In the first method of determining the Dλ−polynomials, we use relation
(6.69), Chapter 6:

C

 m′
λ
m

 (A) =
√
M(λ)

〈
m′
λ
m

∣∣∣∣ ΘA

∣∣∣∣ (0)
0n

(0)

〉

= M(λ)

〈 m′
λ
m

∣∣∣∣∣
n∏

i,j=1

(
n∑
τ=1

(tiτ ⊗d tjτ )
)aij ∣∣∣∣∣

(0)
0n

(0)

〉
, (7.1)

in which λ ∈ Parn(p), A ∈M
p
n×n(α, β), α = W

(λ
m

)
, β = W

( λ
m′
)
.

325
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We bring (7.1) to a more manageable form by defining the n2 opera-
tors σij as follows:

σij =
n∑
τ=1

(tiτ ⊗d tjτ ), i, j = 1, 2, . . . , n. (7.2)

These n2 operators mutually commute (see (6.64)), so that the factors in∏n
i,j=1 σ

aij
ij may be arranged in any of p!/A! different ways. The funda-

mental shift operators in the summation in (7.2) corresponding to differ-
ent τ do not commute; different orders of the σij in the power product
can lead to different expressions for the Cλ−coefficients. We consider
them all by writing

n∏
i,j=1

σ
aij
ij = σipjp · · · σi2j2σi1j1 , (7.3)

where (i1, i2, . . . , ip) is a permutation of (1α1 , 2α2 , . . . , nαn), since A ∈
M
p
n×n(α, β) requires that the row index 1 appears α1 times, 2 appears α2

times, . . . , n appears αn times; similarly, (j1, j2, . . . , jp) is a permutation
of (1β1 , 2β2 , . . . , nβn). We use these two permutation groups to classify
the sequences (7.3), as we next describe.

Let Aα and Aβ denote the sets of sequences defined by

Aα = {π(1α1 , 2α2 , . . . , nαn) | π ∈ Sp}, α � p,

(7.4)

Aβ = {π(1β1 , 2β2 , . . . , nβn) | π ∈ Sp}, β � p,

where the action of π ∈ Sp is to permute the parts of the sequences;
hence, there are p!/α! distinct sequences in the set Aα and p!/β! distinct
sequences in the set Aβ. We refer to the sets of sequences Aα and Aβ as
being of type α and of type β.

We also require the direct product of the symmetric groups Sαi , i =
1, 2, . . . , n :

Sα = Sα1 × Sα2 × · · · × Sαn . (7.5)
This subgroup of Sp then has the property

ρ(1α1 , 2α2 , . . . , nαn) = (1α1 , 2α2 , . . . , nαn), (7.6)

for each ρ ∈ Sα. Thus, Sα ⊂ Sp is the isotropy group (also called lit-
tle group) of Sp that fixes the sequence (1α1 , 2α2 , . . . , nαn) ∈ Aα. More
generally, if we choose the sequence (i1, i2, . . . , ip) to be

(i1, i2, . . . , ip) = π(1α1 , 2α2 , . . . , nαn) ∈ Aα, π ∈ Sp, (7.7)
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then this sequence has the property(
π ρπ−1

)
(i1, i2, . . . , ip) = (i1, i2, . . . , ip). (7.8)

Thus, the π−conjugated group , πSαπ−1 ⊂ Sp, is the isotropy group
that fixes the sequence (i1, i2, . . . , ip) = π(1α1 , 2α2 , . . . , nαn).

Next, consider the action of Sα on the set Aβ. For this, we write each
sequence in Aβ in the form

(b1, b2, . . . , bp) (7.9)

= (b11, b12, . . . , b1α1 ; . . . ; bi1, bi2, . . . , biαi ; . . . ; bn1, bn2, . . . , bnαn).

The i−th symmetric group Sαi in the direct product group Sα permutes
the parts of the i−th subsequence (bi1, bi2, . . . , biαi) in the sequence (7.9),
leaving the other parts unchanged, this holding for each i = 1, 2, . . . , n.
Accordingly, the action of the group Sα on the set Aβ gives another
sequence in the set Aβ; this is also the case for each π ∈ Sp. Thus, the
action of the isotropy group πSαπ−1 on the set Aβ is to give a subset
Aα,β(π, ρ) of sequences in Aβ defined by

Aα,β(π, ρ) (7.10)

= {[j1, j2, . . . , jp]π,ρ =
(
π ρπ−1

)
(b1, b2, . . . , bp) ∈ Aβ | ρ ∈ Sα}.

In summary, we have the following result for the Cλ−coefficients:

C

 m′
λ
m

 (A) = M(λ) (7.11)

×
∑

τ∈L(1λ1 ,2λ2 ,...,nλn)

〈
λ
m

∣∣∣∣ tipτp · · · ti2τ2ti1τ1 ∣∣∣∣ 0n

(0)

〉

×
〈

λ

m′

∣∣∣∣ tjpτp · · · tj2τ2tj1τ1 ∣∣∣∣ 0n

(0)

〉
,

where the sequences in this relation satisfy the following conditions:

1. The sequence (i1, i2, . . . , ip) is any sequence in the set Aα.

2. The sequence (j1, j2, . . . , jp) is any sequence in the subset Aα,β(π, ρ)
⊂ Aβ.

3. The summation is over all τ = (τ1, τ2, . . . , τp) that are elements of
the set L(1λ1 , 2λ2 , . . . , nλn) of lattice permutations of type λ.
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Proof. Items 1 and 2 summarize the results proved in (7.2)-(7.10), but we
must still account for the property asserted in Item 3. The summation
over τ in (7.11) was, before simplification to the asserted form, given
by
∑n

τ1=1

∑n
τ2=1
· · ·
∑n

τp=1
. But the matrix elements between the initial

vector
∣∣∣∣ 0n

(0)

〉
and final vectors

∣∣∣∣ λ
m

〉
and

∣∣∣∣ λ

m′

〉
are zero unless

the shift (0n) → eτ1 + eτ2 + · · · + eτk effected by the action of the right
subproduct tikτk · · · ti2τ2ti1τ1 of tipτp · · · ti2τ2ti1τ1 is a partition for each
k = 1, 2, . . . , p. But the sequence eτ1 + eτ2 + · · · + eτk is a partition if
and only if the sequence (τ1, τ2, . . . , τk) contains a number of 1′s at least
as great as the number of 2′s, a number of 2′s at least as great as the
number of 3′s, · · · , a number k − 1′s at least as great as the number
of k′s. (Since the entries in eτ1 + eτ2 + · · · + eτk sum to k, there is no
k+1 in the sequence.) A sequence τ = (τ1, τ2, . . . , τp) such that each left
subsequence (τ1, τ2, . . . , τk), k = 1, 2, . . . , p, has these properties is called
a lattice permutation of type λ (see Sect. 11.3.6, Compendium B). �

Relation (7.11) is quite a nice result, fully combinatorial in its struc-
ture. It is, of course, fully defined, since the action of each fundamental
tensor operators on the initial Hilbert space H0n−1 is well-defined. We
have considered the various forms of the Cλ−coefficients corresponding
to all sequences (i1, i2, . . . , ip) ∈ Aα to so as to include the rich vari-
ety of ways is which they can be expressed, since the various sequences
give rise to different expressions of one and the same coefficient. It is,
however, nontrivial to implement relation (7.11) to obtain fully explicit
coefficients. We use this in the remaining sections to obtain various
special results.

The interchange of the role of the sets of sequences Aα and Aβ in
(7.4)-(7.11) leads to the transpositional symmetry expressed by

C

(
m′
λ
m

)
(A) = C

(
m
λ
m′

)
(AT ). (7.12)

Even if the τ−sequence is a lattice permutation of type λ, a term in
the summation in (7.11) can give 0 because a GT pattern that violates
the betweenness conditions can result from the action of the product of
fundamental shift operators, as illustrated by the following example:

Example: n = 4, p = 7, λ = (4, 2, 1, 0), α = (2, 2, 1, 2), (i1 .i2, . . . , i7) =
(1, 1, 2, 2, 3, 4, 4), τ = (1, 1, 2, 3, 2, 3, 4) : We have that〈 4 2 1 0

4 1 0
4 0
2

∣∣∣∣∣t44t43t32t23t22t11t11
∣∣∣∣∣

0 0 0 0
0 0 0
0 0
0

〉
= 0, (7.13)
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in consequence of the action of the operator t23t22t11t11 effecting the

shift on |(0)n〉 to the vector
∣∣∣∣∣
2 1 1 0
2 1 1
2 2
2

〉
that violates the betweenness

conditions. �
The simplest of the family of Dλ−polynomials occurs for partitions

having only one nonzero part. The Cλ−coefficients for λ = (p 0n−1) can
be obtained by specializing (7.11). Thus, we prove next the following
relation:

Dp
α,β(Z) =

√
α!β!

∑
A∈M

p
n×n(α,β)

ZA

A!
, (7.14)

where α = W
(p 0n−1

m

)
and β = W

(p 0n−1

m′
)
. We see immediately from

(7.11) that the only term in the summation that can “lift” the partition
(0, 0, · · · , 0) to the partition (p, 0, . . . , 0) is the one corresponding to the
single term τ1 = τ2 = · · · = τp = 1, all other terms between the initial
vector and final vector giving zero. This property leads to the following
result, where we use M(p 0n−1) = p! :

C

 m′

p 0n−1
m

 (A) = p!
〈

p 0n−1
m

∣∣∣∣ n∏
i=1

tαii1

∣∣∣∣ 0n

(0)

〉

×
〈

p 0n−1

m′

∣∣∣∣ n∏
j=1

t
βj
j1

∣∣∣∣ 0n

(0)

〉
=
√
α!β!, (7.15)

where we have used〈
p 0n−1

m

∣∣∣∣ n∏
i=1

tαii1

∣∣∣∣ 0n

(0)

〉
=

√
α!
p!
, (7.16)

and similarly for the second factor.

7.2 Reduction of the Kronecker Product
Dp(Z)⊗Dλ(Z)

In this section, we derive the CG coefficients that reduce the Kronecker
product Dp(Z) ⊗ Dλ(Z) to standard Kronecker direct sum form. The
Littlewood-Richardson numbers are either 0 or 1 for this case, and the
CG coefficients are unique up to a sign. We use the factorization lemma
(6.96), which reads as follows for the case at hand, where we can now
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drop the multiplicity index k :

D

 (γ)
p 0n−1

(α)

 (Θ) =
√
α!γ!

∑
A∈M

p
n×n(α,γ)

ΘA

A!
, (7.17)

〈 m′′′
λ + δ

m′′

∣∣∣∣∣ D
 (γ)

p 0n−1

(α)

 (Θ)

∣∣∣∣∣
m′
λ
m

〉

=

√
M(λ + δ)
M(λ)

C

[(
λ + δ

m′′

)(
p 0n−1

(α)

)(
λ

m

)]
(7.18)

×C
[(

λ + δ

m′′′

)(
p 0n−1

(γ)

)(
λ

m′

)]
, each δ ∈W(p 0n−1).

Thus, the rows and columns of the real orthogonal matrix C(p 0
n−1), λ

that reduces the direct product

C(p 0
n−1), λ

(
Dp(Z)⊗Dλ(Z)

)(
C(p 0

n−1), λ
)T

=
∑
δ

⊕Dλ+δ(Z) (7.19)

are given by(
C(p 0

n−1), λ
)

(λ+δ
m′′ );(p 0n−1

(α) )(λm)
= C

[(
λ + δ

m′′

)(
p 0n−1

(α)

)(
λ

m

)]
. (7.20)

The notation
(p 0n−1

(α)

)
in (7.18) designates the unique GT pattern with

weight α, as illustrated by p 0 0 0
a 0 0
b 0
c

 ,

p = α1 + α2 + α3 + α4,
a = α1 + α2 + α3,
b = α1 + α2,
c = α1,

(7.21)

in which α = (α1, α2, α3, α4) can be an arbitrary composition of p. More-
over, the summation in the right-hand side of (7.19) is over all shift-
weights δ ∈ W(p 0n−1) such that λ + δ is a partition. By definition, the
CG coefficients (7.20) are also zero unless λ + δ is a partition.

Relation (7.18) is a fully explicit relation for determining the CG
coefficients. The strategy is the following: Relation (7.18) is first spe-
cialized to the initial and final upper GT patterns m′ and m′′′ being
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maximal, which means each m′
i,i = m′

i,i+1 = · · · = m′
i,n−1 = λi, for each

i = 1, 2, n−1, and similarly for m′′′. Then, this relation is further special-
ized to the initial and final lower GT patterns m and m′′ being maximal.
The second expression determines, up to sign, the CG coefficient hav-
ing maximal patterns, which is then used back in the first relation to
determine the general CG coefficient.

For the implementation of this procedure, we evaluate the following
maximal matrix elements of each fundamental shift operator tiτ by the
methods of the loop algebra described in Sects. 6.1-6.4, Chapter 6. These
matrix elements have the very simple form given by

〈
λ + eτ
max

∣∣∣∣ tjτ ∣∣∣∣ λ
max

〉
= δj,τ

√√√√j−1∏
s=1

(pjn − psn + 1)
(pjn − psn)

, 2 ≤ j ≤ n,

(7.22)〈
λ + eτ
max

∣∣∣∣ t1τ ∣∣∣∣ λ
max

〉
= δ1,τ .

Using relations (7.22), we are now able to implement the strategy
above to obtain the following result:

The CG coefficients that reduce the Kronecker product Dp(Z) ⊗ Dλ(Z)
are an invariant function times the matrix elements of the shift-operator
polynomials Dp

α,δ(T ) :

C

[(
λ + δ

m′

)(
p 0n−1

(α)

)(
λ

m

)]
(7.23)

=

 ∏
1≤i<j≤n

(pin − pjn − δj + 1)δj
(pin − pjn + δi − δj + 1)δj

1/2〈 λ + δ

m′

∣∣∣∣ Dp
α,δ(T )

∣∣∣∣ λ
m

〉
,

Dp
α,δ(T ) =

√
α!δ!

∑
A∈M

p
n×n(α,δ)

TA

A!
, each pair α, δ � p, (7.24)

in which λ+ δ must be a partition for a nonzero result, (z)a is the rising
factorial (z)a = z(z + 1) · · · (z + a− 1), and TA is the ordered product of
fundamental shift operators given by

TA =
n∏
i=1

tainin · · ·
n∏
i=1

tai2i2

n∏
i=1

tai1i1 . (7.25)
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Proof. For maximal GT patterns, the second CG coefficient in the right-
hand side of (7.18) is 0 unless γ = δ; hence, we obtain:〈 max

λ + δ

m′′

∣∣∣∣ D
 (δ)

p 0n−1

(α)

 (Θ)
∣∣∣∣ max

λ
m

〉

=

√
M(λ + δ)
M(λ)

C

[(
λ + δ

m′′

)(
p 0n−1

(α)

)(
λ

m

)]
(7.26)

×C
[(

λ + δ

max

)(
p 0n−1

(δ)

)(
λ

max

)]
, each δ ∈W(p 0n−1).

In the evaluation of the max − max matrix element in the left-hand
side of this relation, only matrix elements of the max -max form (7.22)
arise in the intermediate GT patterns from the repeated application of∑n

τ=1(tiτ⊗dtjτ ) to the initial vector
∣∣∣∣ max

λ
m

〉
; that is, the max-max GT

patterns propagate to all intermediate GT patterns. Using this property
reduces the left-hand side of (7.26) to〈 max

λ + δ

m′′

∣∣∣∣∣ D
 (δ)

p 0n−1

(α)

 (Θ)

∣∣∣∣∣
max
λ
m

〉

=

√
M(λ + δ)
M(λ)

〈
λ + δ
max

∣∣∣∣tδnnn · · · tδ222tδ111∣∣∣∣ λ
max

〉
×
〈

λ + δ

m′′

∣∣∣∣ Dp
α,δ(T )

∣∣∣∣ λ
m

〉
. (7.27)

Using again relation (7.22) to evaluate the first factor in this relation
and combining the result with (7.26) gives the relation: ∏

1≤i<j≤n

(pin − pjn + δi − δj)
(pin − pjn + δi)

1/2〈 λ + δ

m′′

∣∣∣∣ Dp
α,δ(T )

∣∣∣∣ λ
m

〉

= C

[(
λ + δ

m′′

)(
p 0n−1

(α)

)(
λ

m

)]
(7.28)

×C
[(

λ + δ

max

)(
p 0n−1

(δ)

)(
λ

max

)]
, each δ ∈W(p 0n−1).
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Evaluating this relation for m = max and m′′ = max gives 0 unless
α = δ, in which case, we obtain: ∏

1≤i<j≤n

(pin − pjn + δi − δj)
(pin − pjn + δi)

1/2〈 λ + δ
max

∣∣∣∣ Dp
δ,δ(T )

∣∣∣∣ λ
max

〉

=
(
C

[(
λ + δ

max

)(
p 0n−1

(δ)

)(
λ

max

)])2
. (7.29)

But again, using the max − max propagation property as above, we
obtain:

〈
λ + δ
max

∣∣∣∣ Dp
δ,δ(T )

∣∣∣∣ λ
max

〉
=

 ∏
1≤i<j≤n

(pin − pjn + δi − δj)
(pin − pjn + δi)

1/2

×
∏

1≤i<j≤n

(pin − pjn + δi − δj + 1)δj
(pin − pjn − δj + 1)δj

. (7.30)

Substituting (7.30) into (7.29) gives

C

[(
λ + δ

max

)(
p 0n−1

(δ)

)(
λ

max

)]
(7.31)

=

 ∏
1≤i<j≤n

(pin − pjn + δi − δj)(pin − pjn + δi − δj + 1)δj
(pin − pjn + δi)(pin − pjn − δj + 1)δj

1/2 ,
where we have chosen the positive root. Finally, substituting (7.31) into
(7.28) (changing m′′ to m′) gives the stated result (7.23)-(7.24). �

The entire calculation above can be repeated for the case in which
the ordered product TA defined by (7.25) is replaced by

(Tπ)A =
n∏
i=1

t
aiτn
iτn
· · ·

n∏
i=1

t
aiτ2
iτ2

n∏
i=1

t
aiτ1
iτ1

, (7.32)

in which (τ1, τ2, . . . , τn) = π(1, 2, . . . , n) is an arbitrary permutation π ∈
Sn. In this case, we define the operator-valued Dp−polynomials by

Dp
α,δ(Tπ) =

√
α!δ!

∑
A∈M

p
n×n(α,δ)

(Tπ)A

A!
, each α, δ � p. (7.33)
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We then have that

C

[(
λ + δ

m′

)(
p 0n−1

(α)

)(
λ

m

)]
= (7.34) ∏

1≤i<j≤n

(pτin − pτjn − δτj + 1)δτj
(pτin − pτjn + δτi − δτj + 1)δτj

1/2〈 λ + δ

m′

∣∣∣∣ Dp
α,δ(Tπ)

∣∣∣∣ λ
m

〉
.

This result must, of course, agree with (7.23), although its form is
quite different for each π ∈ Sn. In general, we obtain n! different forms of
the same CG coefficients from (7.34) corresponding to the permutations
(τ1, τ2, . . . , τn) = π(1, 2, . . . , n), π ∈ Sn. For n = 2, the two forms for the
WCG coefficients are those obtained by Wigner and Racah (see Ref. [21],
Vol. 9), which, in turn, are equal in consequence of the Bailey transform
of the 3F2 hypergeometric functions of unit argument. There is a deeper
theory, not explored here, underlying the relationships that exist between
the different expressions for the CG coefficients corresponding to different
permutations π. In the specialization, however, to the GT patterns m =
max and m′ = max there must be agreement, since the result is a single
product of factors. We have

C

[(
λ + δ

max

)(
p 0n−1

(δ)

)(
λ

max

)]
(7.35)

=

 ∏
1≤i<j≤n

(pτin − pτjn + δτi − δτj )(pτin − pτjn + δτi − δτj + 1)δτj
(pτin − pτjn + δτi)(pτin − pτjn − δτj + 1)δτj

1/2 ,
which, since the factors can be rearranged, is the same as (7.31).

Relation (7.23) and its general form (7.34), like (7.11) for the Cλ−
coefficients, are quite nice expressions for the special CG coefficients
in terms of the matrix elements of the operator-valued polynomials
Dp
α,δ(Tπ).

As elements of a real orthogonal matrix, the CG coefficients (7.34)
satisfy row and column orthogonality relations. Thus, from the notation
for rows and columns given by (7.20), we have the orthogonality of rows
and columns, respectively, given by∑

α� p,m∈Gλ

C

[(
λ + ∆
m′

)(
p 0n−1

(α)

)(
λ

m

)]

×C
[(

λ + ∆′

m′′

)(
p 0n−1

(α)

)(
λ

m

)]
= δ∆,∆′ δm′,m′′ , (7.36)
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∑
∆� p,m′′∈Gλ+∆

C

[(
λ + ∆
m′′

)(
p 0n−1

(α)

)(
λ

m

)]

×C
[(

λ + ∆
m′′

)(
p 0n−1

(α′)

)(
λ

m′

)]
= δα,α′δm,m′ , (7.37)

where ∆,∆′ � p and λ + ∆, λ + ∆′ ∈ Parn. (We have set ∆ = δ ∈
W(p 0n−1),∆′ = δ′ ∈W(p 0n−1) to avoid the awkward notation δδ,δ′ . )

Because the D(p 0n−1)(Z) polynomials (7.14) are invariant under all
permutations of the rows and columns of Z, the CG coefficients (7.23)
are called totally symmetric. They are the elements of the real orthog-
onal matrix that reduces the Kronecker product Dp(Z) ⊗ Dλ(Z) ∼∑

λ′ ⊕Dλ′
(Z), where p abbreviates the partition (p 0n−1) ∈ Parn and

λ is an arbitrary partition λ ∈ Parn. The explicit form of the reduction
relation is given for (p 0n−1)⊗ λ ∼ λ′ by

∑
(α), m, (α′), m′

C

[(
λ′

m′′

)(
p 0n−1

(α)

)(
λ

m

)]
D

 (α′)
p 0n−1

(α)

 (Z)D

 m′
λ
m

 (Z)

×C
[(

λ′

m′′′

)(
p 0n−1

(α′)

)(
λ

m′

)]
= D

 m′′′

λ′

m′′

 (Z). (7.38)

There are three other versions of this relation, obtained by using the
orthogonality relations to move either or both of the CG coefficients on
the left-side to the right-side.

7.3 Binary Tree Structure of the Cλ−Coefficients

This construction of the Cλ−coefficients is based on Pieri’s rule (see re-
lation (11.65), Compendium B), as encoded in the corresponding binary
tree. In this section, we prove the following main result, where it is con-
venient to take the partitions in the form (λ 0n−l) ∈ Parn, and also with
λ = (λ1, λ2, . . . , λl) ∈ Parl, so that we are considering partitions that
have at most l nonzero parts, but in which Z is of order n :

The Main Result: The D(λ 0n−l)−polynomials for partitions with λ =
(λ1, λ2, . . . , λl) having at most l nonzero parts are given by

D

 m′

λ 0n−l
m

 (Z) =
∑

A∈M
p
n×n(α,α′)

C

 m′

λ 0n−l
m

 (A)
ZA

A!
, (7.39)
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C

 m′

λ 0n−l
m

 (A)

=
A!

M(λ)

∑
B∈M

p
n×l(α,λ)

∑
C∈M

p
n×l(α

′,λ)

{
B
AC

}

×C

 max

λ 0n−l
m

 (B)C

 max

λ 0n−l

m′

 (C). (7.40)

It is the occurrence of the maximal GT patterns in the expression for the
C−coefficient that gives this result special significance, as exhibited by
the CG coefficients at level l in relation (7.43) below.

The detailed notations and coefficients in the two relations (7.39)-
(7.40) are as follows:

1. The matrix Z of indeterminates is n × n, as is the matrix ar-
ray A ∈ M

p
n×n(α,α′); the arrays in the summations are over all

B ∈ M
p
n×l(α, λ) and C ∈ M

p
n×l ∈ (α′, λ) because the maximal pat-

tern in (7.40) forces columns l + 1, . . . , n to be 0′s. The coefficient{
B
AC

}
is the combinatorial structure coefficient of the Maclau-

rin polynomials, as defined and discussed in Sect. 1.6.3-1.6.5, Chap-
ter 1. We note explicitly that the GT pattern

(λ 0n−l

m

)
of shape

(λ 0n−l) is given by



λ1 λ2 · · · λl 0 · · · 0
m1,n−1 m2,n−1 · · ·ml,n−1 0 · · · 0

...
m1,l+1 m2,l+1 · · · ml,l+1 0

m1,l m2,l · · · ml,l
...

m1,2 m2,2
m1,1


, (7.41)

where the upper right corner of the array is a triangle of 0′s in
which there are j − l 0′s in row j for l + 1 ≤ j ≤ n. The number of
GT patterns (7.41) is given by the Weyl dimension formula (5.11),
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specialized to the partitions (λ 0n−l), λ ∈ Parl :

Dim(λ 0n−l) = Dim λ

[
l∏
i=1

(
λi + n− i

n− l

)/ l∏
i=1

(
n− i

n− l

)]
,

(7.42)

M(λ1, λ2, . . . , λl, 0n−l) = M(λ1, λ2, . . . , λl), alln ≥ l.

2. The C−coefficients in (7.40) having maximal upper GT patterns
are given by

C

(
max

λ 0n−l
m

)
(B) =

√
B!M(λ) (7.43)

×
∑

m(1),m(2),...,m(n−1)

n∏
i=2

C

[(
λ(i)

m(i)

)(
αi 0l−1

(βi)

)(
λ(i−1)

m(i−1)

)]
.

The notations for the l−rowed totally symmetric CG coefficients in
this relation have the following definitions:

(i). The λ(i) are the partitions read off the rows of the GT pattern
(7.41), and adjoining 0′s, as needed, such that each partition
λ(i) ∈ Parl :

λ(i) = (m1,i,m2,i, . . . ,mi,i 0l−i), i = 1, 2, . . . , l − 1;

λ(i) = (m1,i,m2,i, . . . ,ml,i), i = l, l + 1, . . . , n. (7.44)

The final pattern i = n in the product (7.43) of n− 1 CG co-
efficients (each has l rows) has λ(n) = (m1,n,m2,n, . . . ,ml,n) =
(λ1, λ2, . . . , λl), where the GT pattern m(n) of l − 1 rows is
maximal. The remaining (l − 1)−rowed patterns m(i), i =
2, 3, . . . , n − 1 are general lexical GT patterns. It is very sig-
nificant that the partitions λ(i) all belong to Parl.

(ii). The αi, i = 1, 2, . . . , n, are the components of the weight of the
GT pattern (7.41):

α = (α1, α2, . . . , αn) = W

(
λ 0n−l

m

)
. (7.45)

(iii). Each final pattern(
λ(i)

m(i)

)
∈ Gλ(i) , λ(i) ∈ Parl; i = 2, 3, . . . , n, (7.46)
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as noted in Item (i), is a full triangular GT pattern of shape
λ(i) containing l(l + 1)/2 entries, except that the final pattern
corresponding to λ(n) = λ ∈ Parl has maximal entries. This
occurrence of the maximal labels in the last CG coefficient in
the product is the result of enforcing the row-sum conditions∑n

j=1 aij = λi on the n× l matrix array B in (7.40).

(iv). The matrix array B ∈M
p
n×l(α, λ) in the summation has n rows

and l columns. The sequence βi = (bi1, bi2, . . . , bil) is the i−th
row of B, and is the weight of the GT pattern G(αi 0n−l). Thus,
the center GT pattern in (7.43) is the unique pattern given by

(
αi 0l−1

(βi)

)
=


αi 0 · · · 0

...
bi1 + bi2 0

bi1

 , (7.47)

where the top row is αi = bi1 + bi2 + · · ·+ bil.

(v). The right-most C−coefficients in (7.40) are defined by the same
formula (7.43) by making the replacements B → C, m → m′
(the upper pattern in (7.39)-(7.40)) and reading off the par-
titions from the GT pattern (7.41) modified by replacing the
mi,j by m′

i,j :

C

(
max

λ 0n−l
m′

)
(C) =

√
C!M(λ) (7.48)

×
∑

m′(1),...,m′(n−1)

n∏
i=2

C

[(
λ

′(i)

m′(i)

)(
α′
i 0
l−1

(β′i)

)(
λ

′(i−1)

m′(i−1)

)]
,

where λ
′(n) = (λ1, λ2, . . . , λl).

The CG coefficients occurring in relation (7.43) and given by

C

[(
λ(i)

m(i)

)(
αi 0l−1

(βi)

)(
λ(i−1)

m(i−1)

)]
(7.49)

are exactly those of the form (7.38) (n = l) that effect the coupling of the
Kronecker product D(αi 0l−1)(Z) ⊗Dλ(i−1)

(Z) to Dλi(Z), with a similar
result for relation (7.48). This result implies:

The C(λ 0
n−l)−coefficients in relation (7.40), hence, also the D(λ 0n−l)−

polynomials in (7.39) are completely determined by the totally symmetric
CG coefficients at level l.



7.3. BINARY TREE STRUCTURE: Cλ−COEFFICIENTS 339

Moreover, the “master” lower GT patterns (7.41) determines the parti-
tions entering into the top row of each CG coefficient (7.49). A similar
statement applies to (7.48) and the upper GT pattern.

Relation (7.40) is a quite complicated expression for the C(λ 0
n−l)−

coefficients, containing as it does all the subsidiary special totally sym-
metric CG coefficients. Nonetheless, it is fully specific, since all these CG
coefficients are known from the preceding section. While structurally in-
elegant, compared to relation to (7.11), it still has many combinatorial
features, especially, the occurrence of the combinatorial structure coef-
ficients originating from the transformation properties of Maclaurin poly-
nomials. It also shows that for l = 2, the general C(λ1,λ2,0n−2)−coefficients
depend entirely on the WCG coefficients of angular momentum theory, as
carried out in detail in Sect. 7.3.1 below. Of course, for l = 1, the above
relations must give the Dp

α,α′(Z) polynomials, as they do, accounting for
the l = 1 CG coefficients given by C [(m′′

11)(m
′
11)(m11)] = δm′′

11,m
′
11+m11 .

We complete this subsection by giving the proof of the results ex-
pressed by(7.39)-(7.49). The method uses Pieri’s rule (see Sect. 11.2.1,
Compendium B), as encoded in a binary tree, as follows:

Proof. The mapping from the lower GT pattern in the coefficient (7.43)
to the associated labeled binary tree is given by



λ1 λ2 · · · λl 0 · · · 0
m1,n−1 m2,n−1 · · ·ml,n−1 0 · · · 0

...
m1,l+1 m2,l+1 · · · ml,l+1 0

m1,l m2,l · · · ml,l
...

m1,2 m2,2
m1,1



→

◦ ◦
• ◦
•

�
�

�
�

❅
❅
❅
❅λ(3)

λ(2)

λ(1) = (α1 0l−1)
(α2 0l−1)

(α3 0l−1)

...

• ◦
•�
�

❅
❅

λ(n−1) (αn 0l−1)

λ(n) =(λ1, λ2, . . . , λl)

(7.50)
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The partitions (αi 0l−1), i = 1, 2, . . . , n, each with l parts, that are as-
signed to the external ◦ points of the graph are the parts of the weight
α = W

(
λ 0n−l

m

)
of the GT pattern on the left in (7.50), as given by

αi = (m1,i + m2,i + · · ·+ mi,i)
−(m1,i−1 + m2,i−1 + · · · + mi−1,i−1), i = 1, 2, . . . , l

(7.51)
αi = (m1,i + m2,i + · · ·+ ml,i)

−(m1,i−1 + m2,i−1 + · · · + ml,i−1), i = l + 1, l + 2, . . . , n,

where α1 = m1,1 and λi = mi,n, i = 1, 2, . . . , l. The partitions λ(i), i =
2, 3, . . . , n, each with l parts, that are assigned to the internal • points
of the binary graph are the rows of the GT pattern (7.43), adjusted with
0 parts, as given by (7.44).

The fork in the binary tree (7.50) with root λ(i) given by

λ(i−1) • ◦ (αi 0l−1)
•λ(i) ��❅❅ → C

[(λ(i)

m(i)

)(αi 0l−1

(βi)

)(λ(i−1)

m(i−1)

)]
,

(7.52)

corresponds to the i−th CG coefficient in (7.43); it is this family of CG
coefficients that consitute the elements of the real orthogonal matrix that
effects the reduction of the Kronecker product

D(αi 0l−1)(Z)⊗Dλ(i−1)
(Z) ∼ Dλ(i)

(Z). (7.53)

But now by Pieri’s rule (relation (11.65), Compendium B), the sequen-
tial coupling depicted in the binary tree (7.50) must effect exactly the
coupling to the D(λ 0n−l)−polynomial given by

D

 max

λ 0n−l
m

 (Z) =
∑

A∈M
p
n×l(α,λ)

C

 max

λ 0n−l
m

 (A)
ZA

A!
, (7.54)

where the corresponding C(λ 0
n−1)−coefficient is given by (7.43) (replace

A in (7.54) by B). We now use (7.54) to obtain:

D

(
max

λ 0n−l
m

)
(ZY ) =

∑
A∈M

p
n×l(α,λ)

C

(
max

λ 0n−l
m

)
(A)

(ZY )A

A!
,

(7.55)



7.3. BINARY TREE STRUCTURE: Cλ−COEFFICIENTS 341

in which Z is n×n and Y is n×l. We now use the multiplication property
(5.50) to obtain

D

 max

λ 0n−l
m

 (ZY ) =
∑

m′∈G(λ 0n−l)

D

 m′

λ 0n−l
m

 (Z)

×D

 max

λ 0n−l

m′

 (Y ). (7.56)

The orthogonality of the D(λ 0n−l)−polynomials now gives

M(λ)D

 m′

λ 0n−l
m

 (Z) =

=

D
 max

λ 0n−l

m′

 (Y ),D

 max

λ 0n−l
m

 (ZY )


=

∑
A∈M

p
n×n(α,α

′)

∑
B∈M

p
n×l(α,λ)

∑
C∈M

p
n×l(α

′,λ)

C

 max

λ 0n−l
m

 (B)

×C

 max

λ 0n−l

m′

 (C)
{

B
AC

}
ZA, (7.57)

where the second relation (1.289) has been used to make the replacement(
Y C

C!
,
(ZY )B

B!

)
=

∑
A∈M

p
n×n(α,α′)

{
B
AC

}
ZA. (7.58)

Relation (7.57) gives the coefficient as stated in (7.40) in the main result.
�

The following result can be established by obvious modifications of
the above:

The D(λ 0n−l)−polynomials for partitions with λ = (λ1, λ2, . . . , λl) having
at most l nonzero parts are given by

D

 m′

λ 0n−l
m

 (Z) =
∑

A∈M
p
n×n(α,α′)

C

 m′

λ 0n−l
m

 (A)
ZA

A!
, (7.59)
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C

 m′

λ 0n−l
m

 (A)

=
A!

M(λ)

∑
B∈M

p
l×n(λ,α)

∑
C∈M

p
l×n(λ,α

′)

{
C
BA

}

×C

 m

λ 0n−l
max

 (B)C

 m′

λ 0n−l
max

 (C). (7.60)

The l = 1 form of relation (7.40) has B and C given by the n × 1
matrices of weights B = col(α1, α2, . . . , αn) and C = col(α′

1, α
′
2, . . . , α

′
n),

in which case we have from (1.275) and (7.15) that

{
B
A C

}
=

1
A!

, C

 max

p 0n−1

(α)

 (A) =
√
p!α! . (7.61)

Using these values in (7.40) and M(p 0n−1) = p!, then gives the special
Dp−polynomial (7.14). Similarly, relation (7.60) is verified for the special
case l = 1.

7.3.1 The Dλ−polynomials for partitions
with two nonzero parts

In this section, we apply the general results of the last section to the de-
termination of the Dλ−polynomials for partitions λ = (λ1, λ2, 0n−2) with
two nonzero parts. As noted in the paragraphs below relation (7.49),
these CG coefficients are just the CG coefficients for l = 2; that is, the
U(2) CG coefficients, which, in fact, are the SU(2) WCG coefficients
discussed extensively in Chaper 1. It is the purpose of this subsection to
make this relationship explicit.

For l = 2, we obtain from (7.39)-(7.40) the results as follows in which
λ = (λ1, λ2). We repeat the relations fully, since they also make the
general notation clear and provide another check of the general relations:

D

 m′

λ 0n−2
m

 (Z) =
∑

A∈M
p
n×n(α,α′)

C

 m′

λ 0n−l
m

 (A)
ZA

A!
,

(7.62)
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C

 m′

λ 0n−2
m

 (A)

=
A!

M(λ)

∑
B∈M

p
n×2(α,λ)

∑
C∈M

p
n×2(α

′,λ)

{
B
AC

}

×C

 max

λ 0n−2
m

 (B)C

 max

λ 0n−2

m′

 (C). (7.63)

The lower GT pattern is given by
λ1 λ2 0 · · · 0
m1,n−1 m2,n−1 0 · · · 0

...
m1,3 m2,3 0
m1,2 m2,2

m1,1

 . (7.64)

The upper pattern is an inverted pattern of this form with entries m′
i,j.

Applied to l = 2, relation (7.43) gives

C

(
max

λ 0n−2
m

)
(B) =

√
B!M(λ)

×
n∏
i=2

C

[(
m1,i m2,i

hi

)(
αi 0
bi1

)(
m1,i−1 m2,i−1

hi−1

)]
, (7.65)

where there is no summation in this relation (see below). The matrix
array B is the n× 2 matrix array given by

B =


b11 b12
b21 b22
...

...
bn1 bn2

 , (7.66)

with row and column sums given by

2∑
j=1

bij = αi, i = 1, 2, . . . n;
n∑
i=1

bij = λj, j = 1, 2. (7.67)
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The entries in the C−coefficient

C

[(
m1,i m2,i

hi

)(
αi 0
bi1

)(
m1,i−1 m2,i−1

hi−1

)]
, 1 = 1, 2, . . . , n, (7.68)

are the following:

(i). Partitions read off the GT pattern (7.64):

λ(1) = (m1,1, 0) λ(i) = (m1,i,m2,i), i = 2, 3, . . . , n− 1,

λ(n) = (m1,n mn−1) = (λ1, λ2). (7.69)

(ii). Weights read off the GT pattern (7.64):

α1 = m1,1 = b11 + b12,

α2 = m1,2 + m2,2 −m1,1 = b21 + b22, (7.70)
αi = m1,i + m2,i −m1,i−1 −m2,i−1 = bi1 + bi2, i = 3, 4, . . . , n.

(iii). Initial and final GT patterns:(
λ(1)

m(1)

)
=
(

m1,1 0
h1

)
,(

λ(i)

m(i)

)
=
(

m1,i m2,i

hi

)
, i = 2, 3, . . . , n− 1,(

λ(n)

m(n)

)
=
(

λ1 λ2
λ1

)
, (7.71)

hi = b11 + b21 + · · ·+ bi1, i = 1, 2, . . . , n,
hn = λ1.

The conversion of the C−coefficient (7.63) into SU(2) angular momen-
tum notation in now an exercise in correspondences between notations,
as already used for n = 2 in relation (1.297), Chapter 1. The corre-
spondence is made such that the GT pattern in (7.64) corresponds to a
standard labeled binary tree:

Jn−1 + j Jn−1 − j 0 · · · 0
Jn−2 + kn−2 Jn−2 − kn−2 0 · · · 0

...
...

J2 + k2 J2 − k2 0
J1 + k1 J1 − k1

2j1


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◦ ◦
• ◦
•

��

��
❅
❅
❅k2

k1

j1 j2
j3

...−→
• ◦
•��❅❅

kn−2 jn

j

(7.72)

where Ji = j1 + j2 + · · · + ji+1, i = 1, 2, . . . , n − 1. The weight of this
pattern is α = (2j1, 2j2, . . . , 2jn). The invertible relations between labels
is

ji = αi/2, ki = (m1,i+1 −m2,i+1)/2, i = 1, 2, . . . , n− 1,
(7.73)

kn−1 = (m1,n −m2,n)/2 = (λ1 − λ2)/2 = j.

The inversion of these relations is

m1,i+1 = Ji + ki, m2,i+1 = Ji − ki, i = 1, 2, . . . , n − 1. (7.74)

The general rule is that the angular momentum quantum numbers
(k, j,m) are associated with a GT pattern for n = 2 by the invertible
rule (

m12 m22

m11

)
=
(

k + j k − j
k + m

)
, (7.75)

k = (m12 + m22)/2, j = (m12 −m22)/2,
m = m11 − (m12 + m22)/2; (7.76)
m12 = k+,m22 = j − j, m1,1 = m + k.

Thus, for k, j,m either all integers or all half-odd integers, the parti-
tion and betweenness conditions are all met, and conversely. The two
notations encode the same information.

In the present application, we have the following equality between
CG coeffients for U(2) and those for SU(2), the latter being expressed
in angular momentum notation:

C

[(
m′
12 m′

22

m′
11

)(
M12 M22

M11

)(
m12 m22

m11

)]
= Cj J j′

mMm′ ,

(7.77)

j = (m12 −m22)/2, m = m11 − (m12 + m22)/2,
J = (M12 −M22)/2, M = M11 − (M12 + M22)/2, (7.78)
j′ = (m′

12 −m′
22)/2, m′ = m′

11 − (m′
12 + m22)/2.
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Countably infinitely many U(2) CG coefficients equal the same SU(2)
CG coefficient: the k quantum label in the pattern (7.75) and similar
patterns is irrelevant. This is because the k quantum number corre-
sponds to the choice of a phase eikφ factor in the representations of the
group U(2) versus those of SU(2), and the CG coefficients can be chosen
to be real

It is also informative to note the following features of the two nota-
tions. The Clebsch-Gordan series rule is that

C

[(
m′
12 m′

22

m′
11

)(
M12 M22

M11

)(
m12 m22

m11

)]
= 0, (7.79)

unless the partition in the final pattern satisfies the relations

(m′
12,m

′
22) ∈

{(m12 + M12,m22 + M22), (m12 + M12 − 1,m22 + M22 + 1),
. . . , (m12 + M12 − r,m22 + M22 + r)} , (7.80)

where r is the nonnegative integer given by

r = min(m12 −m22,M12 −M22). (7.81)

This rule is replaced by the addition of angular momentum (triangle
rule) in the angular momentum WCG coefficients:

Cj J j′

mM m′ = 0,unless j′ ∈ {j + J, j + J − 1, . . . , |j − J |} . (7.82)

The U(1) subgroup rule is that

C

[(
m′
12 m′

22

m′
11

)(
M12 M22

M11

)(
m12 m22

m11

)]
= 0, (7.83)

unless m′
11 = m11 + M11, and is replaced by the projection quantum

number addition rule

Cj J j′

mM m′ = 0, unless m′ = m + M. (7.84)

We next obtain the C(λ1 λ2 0n−2)(A)−coefficients in angular momen-
tum notation. For this, we introduce the abbeviated notation as follows
for the GT patterns (7.72):

 Jn−1 + j Jn−1 − j 0n−2

(j;k)


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=



Jn−1 + j Jn−1 − j 0 · · · 0
Jn−2 + kn−2 Jn−2 − kn−2 0 · · · 0

...
...

...
J2 + k2 J2 − k2 0

J1 + k1 J1 − k1
2j1

 , (7.85)

where j = (j1, j2, . . . , jn−1) and k = (k1, k2, . . . , kn−2).

The fully explicit C−coefficient with two parts nonzero and with max-
imal upper pattern is given by a product of n−1 SU(2) WCG coefficients,
as follows:

C


max

Jn−1 + j Jn−1 − j 0n−2

(j;k)

 (A)

= [M(Jn−1 + j, Jn−1 − j)A!]1/2

×
n−1∏
i=1

C
ki−1 ji+1 ki
m1+···+mi,mi+1,m1+···+mi+1

, (7.86)

where we have the following relations and definitions of symbols:

(i). k0 = j1, kn−1 = j, m1 + m2 + · · ·+ mn = j,

M(Jn−1 + j, Jn−1 − j) =
(Jn−1 + j + 1)!(Jn−1 − j)!

(2j + 1)
. (7.87)

(ii). p = 2Jn−1, α = (2j1, 2j2, . . . , 2jn), λ = (Jn−1 + j, Jn−1 − j),

A =


j1 + m1 j1 −m1

j2 + m2 j2 −m2
...

...
jn + mn jn −mn

 ∈Mn×2(α, λ). (7.88)

The above results are now assembled with appropriate renaming of
symbols and substituted into the main result (7.39)-(7.40) to obtain the
following relation for the D(λ 0n−2)−polynomials for partitions with at
most two parts nonzero, expressed in terms of angular momentum quan-
tum numbers and SU(2) WCG coefficients:
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D


(j′;k′)

Jn−1 + j Jn−1 − j 0n−2

(j;k)

 (Z) (7.89)

=
∑

A∈Mn×n(α,α′)

C


(j′;k′)

Jn−1 + j Jn−1 − j 0n−2

(j;k)

 (A)
ZA

A!
,

where the C−coefficients have the following explicit form:

C


(j′;k′)

Jn−1 + j Jn−1 − j 0n−2

(j;k)

 (A) (7.90)

= A!
∑

B∈M
p
n×2(α,λ)

∑
C∈M

p
n×2(α

′,λ)

√
B!C!

{
B
AC

} ∑
m1 + m2 + · · ·+ mn = j
m′
1 + m′

2 + · · ·+ m′
n = j

×
n−1∏
i=1

C
ki−1 ji+1 ki
m1+···+mi,mi+1,m1+...+mi+1

C
k′
i−1 j

′
i+1 k

′
i

m′
1+···+m′

i,m
′
i+1,m

′
1+...+m

′
i+1

.

We recall, for convenience, the definitions of symbols:

1. Matrix array A :

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

... · · ·
...

an1 an2 · · · ann

 ∈M
p
n×n(α,α′) (7.91)

p = 2Jn−1, α = (2j1, . . . , 2jn), α′ = (2j′1, . . . , 2j
′
n),

with Jn−1 = j1 + j2 + · · · + jn.
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2. Matrix arrays B and C :

B =


b11 b12
b21 b22
...

...
bn1 bn2

 ∈M
p
n×2(α, λ),

C =


c11 c12
c21 c22
...

...
cn1 cn2

 ∈M
p
n×2(α

′, λ), (7.92)

(λ1, λ2) = (j1 + j2 + · · ·+ jn + j, j1 + j2 + · · ·+ jn − j).

3. The structure coefficient:{
B
AC

}
=

∑
H∈Mn×n×2(A,C,B)

1
H!

. (7.93)

The preceding results, (7.89)-(7.93), can also be applied to the case
j = j1+j2+· · ·+jn to obtain the Dp

αβ(Z) polynomials in relation (1.243)
in terms of angular momentum notation. This provides a check on the
above results, as also does the case for n = 2, which can be verified to
reduce to (1.297). Thus, for j = Jn−1, the lower and upper GT patterns
in (7.89) have k1 = k′1 = J1, k2 = k′2 = J2, . . . , kn−1 = k′n−1 = Jn−2,
which gives p = 2Jn−1 and

B = col(α1, α2, . . . , αn) = (2j1, 2j2, . . . , 2jn),
(7.94)

C = col(α′
1, α

′
2, . . . , α

′
n) = (2j′1, 2j

′
2, . . . , 2j

′
n).

Using the value of the structure constant
{

B
AC

}
= 1

A!
, and the fact that

the sum over WCG coefficients gives 1, we reproduce relation (1.243) with
parameters p = 2(j1 + j2 + · · · + jn) and α and β = α′ given by (7.94).

The result, recognizing that the SU(3) representation functions for
partitions with two nonzero parts could be expressed in terms of SU(2)
WCG coefficients, was found by Rowe and Repka [158] and in the more
general context discussed above in Refs. [115, 122, 123].

Another interesting result comes from evaluating the polynomials
(7.89) at the value Z = Pπ, where Pπ is the permutation matrix of
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order n with elements (Pπ)ij = δi,πj :

D


(j′;k′)

Jn−1 + j Jn−1 − j 0n−2

(j;k)

 (Pπ) (7.95)

=
1

(Aπ)!
C


(j′;k′)

Jn−1 + j Jn−1 − j 0n−2

(j;k)

 (Aπ), (7.96)

where Aπ is the matrix with elements given by

(Aπ)k l = δk,πl δjk,j′l (2jk). (7.97)

The nonzero entries in Aπ are in the same positions as the 1′s in Pπ.
The entry in row k and column l is 2jk = 2j′l , where l is determined by
πl = k, for π = (π1, π2, . . . , πn). The structure constant in (7.90) is given
by {

B
Aπ C

}
= δB,C

1
B!

, each π ∈ Sn. (7.98)

Thus, relation (7.89) and (7.90) reduce for Z = Pπ to the triangle coef-
ficient of order 2(n− 1) given by

D


(j′;k′)

Jn−1 + j Jn−1 − j 0n−2

(j;k)

 (Pπ) (7.99)

=


j1 k1 · · · kn−2
j2 j3 · · · jn
k1 k2 · · · kn−1

∣∣∣∣∣
j′1 k′1 · · · k′n−2
j′2 j′3 · · · j′n
k′1 k′2 · · · k′n−1

 ,

in which kn−1 = k′n−1 = j, and the angular momentum quantum num-
bers j′ = (j′1, j

′
2, · · · , j′n) are the permutation π = (π1, π2, . . . , πn) of

j = (j1, j2, · · · , jn) given by

j′l = jk for the value of l such that πl = k . (7.100)

The triangle coefficient of order 2(n− 1) in (7.99) may, of course, reduce
to lower order for certain π ∈ Sn. Relation (7.99) correctly reduces to
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the unit matrix for π = (1, 2, . . . , n), the identity element in Sn, since
then condition (7.100) gives the coefficient value δj,j′ , and the triangle
coefficient gives the factor δk,k′ . Results relating the value of special
D−polynomials at level n to SU(2) 3n− j coefficients are largely unex-
plored. As an example of (7.99), we have the identity for n = 3 given
by

D


2j3

j2 + j3 + k′ j2 + j3 − k′

j1 + j2 + j3 + j j1 + j2 + j3 − j 0
j1 + j2 + k j1 + j2 − k

2j1


(

0 0 1
0 1 0
1 0 0

)

=

{
j1 k
j2 j3
k j

∣∣∣∣∣ j3 k′
j2 j1
k′ j

}
= (−1)j1+j2+j3−j

√
(2k + 1)(2k′ + 1) W (j1j2jj3; kk

′). (7.101)

7.3.2 Recurrence relation for the Dλ−polynomials

A recurrence relation giving the Dλ−polynomials at level n in terms of
the variables (z1n, z2n . . . , znn), (zn1, zn2 . . . , znn) and the Dµ−polynomials
at level n−1 can be derived, as mentioned in Item (ii), p. 277. We begin
with the general expression (5.6), Chapter 5, and write

ZA

A!
=

zannnn

ann!
×
n−1∏
i=1

zainin
ain!
×
n−1∏
j=1

z
anj
nj

anj!
× (Z ′)A′

A′!
, (7.102)

where Z ′ and A′ are the submatrices of Z and A given by Z ′ = (zij)1≤i,j≤n−1
and A′ = (aij)1≤i,j≤n−1 . We now use (5.9) at level n−1 to express (Z′)A

′

A′!
in terms of the Dµ−polynomials, µ ∈ Parn−1. This gives

D

(
m′

λ
m

)
(Z) =

∑
µ

∑
m′′ ,m′′′∈Gµ

( m′

λ
m

) ∣∣∣∣∣∣
(

m′′′
µ

m′′

)
×zann

nn

ann!

n−1∏
i=1

zαi−βi
in

(αi − βi)!

n−1∏
j=1

z
α′
i−β′

i
jn

(α′
i − β′

i)!
×D

(
m′′′

µ
m′′

)
(Z′); (7.103)

α = W

(
λ

m

)
, α′ = W

(
λ

m′

)
,

β = W

(
µ

m′′

)
, β′ = W

(
µ

m′′′

)
, (7.104)

ann = αn + α′
n + |µ| − |λ| ≥ 0.
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The numerical coefficient [· · ·] in this relation has the following defini-
tion:( m′

λ
m

) ∣∣∣∣∣∣
(

m′′′

µ
m′′

) =
∑

A′∈M
|µ|
(n−1)×(n−1)(β,β′)

1

M(µ)A′!
C

(
m′

λ
m

)
(A)C

(
m′′′

µ
m′′

)
(A′),

(7.105)

in which A ∈M
|λ|
n×n(α,α′) is given in terms of A′ by

A =



A′

α1 − β1

...
αn−1 − βn−1

α′
1 − β′

1 · · ·α′
n−1 − β′

n−1 ann


. (7.106)

Since the Cλ−coefficients, λ ∈ Parn, and the Cµ−coefficients µ ∈
Parn−1, are fully determined in terms of totally symmetric CG coeffi-
cients, relation (7.103) must likewise be expressible in terms of such CG
coefficients: The summatation in (7.105) can be re-expressed to give the
following result, which is in terms of totally symmetric CG coefficients:

1

M(λ)

( m′

λ
m

) ∣∣∣∣∣∣
(

m′′′

µ
m′′

) = (ann)!

√√√√p!p′!
n−1∏
i=1

(ain)!
n−1∏
j=1

(anj)!

/
an!a′

n!

×
∑
λ′

C

[(
λ

m

)(
p 0n−1

(a)

)(
λ′
µ
m′′

)]
C

[(
λ′
µ
m′′

)(
p′ 0n−1

(0)

)(
µ 0
µ
m′′

)]

×C

[(
λ

m′

)(
p 0n−1

(0)

)(
λ′

m′

)]
C

[(
λ′

m′

)(
p′ 0n−1

(a′)

)(
µ 0
µ
m′′′

)]
, (7.107)

where |λ| = p+p′+ |µ|. The GT patterns corresponding to the partitions
(p 0n−1) and (p′ 0n−1) are uniquely determined by the weights:

W

(
p 0n−1

(a)

)
= (a1n, a2n . . . , an−1,n, an) = W

(
λ

m

)
−W

(
λ′
µ
m′′

)
,

W

(
p′ 0n−1

(a′)

)
= (an1, an2 . . . , an,n−1, a

′
n) = W

(
λ

m′

)
−W

(
λ′
µ

m′′′

)
,

p =
n−1∑
i=1

ain + an, p
′ =

n−1∑
j=1

anj + a′
n, an + a′

n = ann.

(7.108)
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Proof. We first give the special polynomials:

1√
p!
D

 (0)

p 0n−1

(a)

 (Z) =

n−1∏
i=1

zain
in√
(ain)!

× zan
nn√
an!

,

1√
p′!

D

 (a′)
p′ 0n−1

(0)

 (Z) =
n−1∏
j=1

z
anj
nj√
(anj)!

× z
a′
n

nn√
a′

n!
.

(7.109)

The following relation is obtained by using the orthogonality of the CG
coefficients in (7.38) to move both to the right-hand side:

D

 (b′)
p′ 0n−1

(b)

 (Z)D

 m′′′

µ 0

m′′

 (Z) =

∑
λ′, m, m′

C

[(
λ′

m

)(
p′ 0n−1

(b)

)(
µ 0

m′′

)]
C

[(
λ′

m′

)(
p′ 0n−1

(b′)

)(
µ 0

m′′′

)]
D

(
m′

λ′
m

)
(Z),

(7.110)

where the sum is over all λ′ ∈ (p′ 0n−1)⊗ (µ 0). We are free to specialize
still further the GT patterns in the left-hand side of this relation. To
obtain the form (7.103), we use a double application of (7.111) obtained
by multiplying from the left by a D(p 0n−1)−polynomial, followed by an-
other expansion of the form (7.110). We then adapt the notation to the
special products that appear in (7.103) to obtain:

D

 (0)

p 0n−1

(a)

 (Z)D

 (a′)
p′ 0n−1

(0)

 (Z)D

(
m′′′
µ

m′′

)
(Z′) =

∑
λ,m, m′

D

(
m′

λ
m

)
(Z)

×
∑
λ′

C

[(
λ

m

)(
p 0n−1

(a)

)(
λ′
µ
m′′

)]
C

[(
λ′
µ
m′′

)(
p′ 0n−1

(0)

)(
µ 0
µ
m′′

)]

× C

[(
λ

m′

)(
p 0n−1

(0)

)(
λ′

m′

)]
C

[(
λ′

m′

)(
p′ 0n−1

(a′)

)(
µ 0
µ
m′′′

)]
. (7.111)

It is very important that the GT patterns in the D(µ 0)−polynomials on
the left-hand side of (7.110) have also been specialized by choosing the
entries in row n − 1 of the upper and lower pattern to be the maximal
value µ ∈ Parn−1. Then, the following identity holds, where now m′′ and
m′′′ denote GT patterns of n− 2 rows:

D


m′′′
µ

µ 0
µ
m′′

 (Z) = D

(
m′′′

µ
m′′

)
(Z′). (7.112)
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The Dµ−polynomial in the left-hand side of (7.111) has the standard
expansion in terms of (Z ′)A′

/A′!. This factor combines with those from
(7.109) to give the factor (mboxnumericalfactorZA/A! in the left-hand
side of (7.111), where the numerical factor is the square-root factor in
the right-hand side of (7.107). Thus, the coefficient (7.107) is obtained
from the inversion of (7.111). �

Relation (7.103) can now be iterated upward by starting with n =
2 to obtain the Dλ−polynomials as the expansion (5.6) in terms of
Maclaurin polynomials. The recurrence relation exhibits vividly that the
Cλ(A)−coefficients at level n depend successively on the totally symmet-
ric CG coefficients at levels 2, 3, . . . , n.

Relation (7.103) must give the D(λ1 λ2)−polynomials for n = 2. The
GT patterns m′′ and m′′′ are empty; µ1 = a11 = β1 = β′1; and
D(µ1)(z11) = za11

11 . All other symbols are such that A ∈Mλ
2×2(α,α′); the

summation over µ1 = a11 is therefore a summation over A ∈M
|λ|
2×2(α,α

′).
Also, the relation p + p′ = λ1 + λ2 − a11 must be satisfied. The C−
coefficients in the right-hand side are standard SU(2) WCG coefficients.
Relations (7.103) and (7.107) give the following result in terms of the
angular momentum notation (1.304)-(1.305):

C

 α′
1

λ1 λ2
α1

 (A) = (a11)!

 α′
1

λ1 λ2
α1

∣∣∣∣∣(a11)


= M(λ)A!

√(
2k
a12

)(
2k′

a21

)∑
j′

Cj′ k j
κ′, ν, mC

j′′ k′ j′

j′′,−k′, κ′ C
j′ k j
κ′′,−k, m′ C

j′′ k′ j′

j′′, ν′, κ′′ .

(7.113)
j = (λ1 − λ2)/2,m = α1 − (λ1 + λ2)/2, m′ = α′

1 − (λ1 + λ2)/2,

j′ = (λ′1 − λ′2)/2, κ′ = a11 − (λ′1 + λ′2)/2, κ′′ = α′
1 − (λ′1 + λ′2)/2,

j′′ = a11/2, k = p/2, ν = a12 − k, k′ = p′/2, ν ′ = a21 − k′.

The summation in this relation is over all j′ such that the triangles 〈j′kj〉
and 〈j′′k′j′〉 are satisfied. The quantum number j′′ = a11/2 is specified
from the left-hand side, as is the sum k + k′ = (λ1 + λ2 − a11)/2, but
otherwise k and k′ can be chosen. There is no summation over projection
quantum numbers—they are all fixed by the labels on the left-hand side
and k and k′. Because of the difference in methods of assembly, relations
(7.113) and (7.90) (n = 2) have quite different structures. An identity
between WCG coefficients is implied.



Chapter 8

The General Linear and
Unitary Groups

8.1 Background and Review

Exponential matrices are key objects underlying the relationship between
the classical Lie groups and their algebras. Such matrices are of consider-
able interest on their own and some aspects of the subject are developed
in Sect. 10.4.3, Compendium A. The formal relationship between a ma-
trix X ∈Mn×n(C), the set of complex matrices of order n, that appears
as an exponent, and the exponential matrrix Z(t) it defines is given by

Z(t) = etX = In + tX +
1
2!

(tX)2 + · · · , t ∈ R. (8.1)

By use of the Cayley-Hamilton theorem, the complex matrix etX can
always be written as a sum over In,X, . . . ,Xn−1, with coefficients that
depend on the parameter t and on the characteristic roots of X, but such
functions are Maclaurin series expansions in t, where little can be said,
in general, about the domain of convergence in t. The converse problem,
where Z(t) is given, and it is X that is to be determined, is still more
difficult. The matrix Z(t) is called a matrix curve through the identity
Z(0) = In (Sternberg [166]). It is a known result that the matrix tX
does exist for each matrix curve Z(t) through the origin if t belongs
to a neighborhood of the origin. In what follows these properties are
implicit, together with whatever differentiable properties are needed for
the relations to make sense. It is not our intention to be rigorous, but
only to make the connection between matrix Lie groups and their matrix
algebras plausible. Two other basic relations are

detZ(t) = etrace(tX), (8.2)

355
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dZ(t)
dt

∣∣∣∣
t=0

= X. (8.3)

The set of matrices defined by Z = {Z(t) | t ∈ R} is an Abelian
group under matrix multiplication, since matrix multiplication is as-
sociative, there is an identity element Z(0) = In in Z, the product
Z(t)Z(s) = A(t + s) belongs to Z, and the inverse A−1(s) = A(−s)
belongs to Z, and satisfies Z(−t)Z(t) = Z(t)Z(−t) = Z(0). Thus,
we have that Z ⊂ GL(n,C). It is called a one-parameter subgroup of
GL(n,C). The matrix X is called the generator of the one-parameter
subgroup Z. The matrix X is also called the infinitesimal element at the
identity of the subgroup Z. For traceX = 0, the matrix curve satisfies
detZ(t) = 1. Conversely, if detZ(t) = 1, we choose traceX = 0, and
not traceX = 2πmi,m ∈ Z. While our principal interest is in the ma-
trix group GL(n,C) and its unitary subgroup U(n), it is useful to place
these concepts in a more general setting, before returning below to what
is relevant for this monograph.

The central idea (Weyl [178] (p.260), Sternberg [166] (p.234)) under-
lying the elements of a group G of matrices of order n and its infinitesimal
matrix elements is the mapping of a group element to an infinitesimal
element defined by (

dG(t)
dt

) ∣∣∣∣
t=0

= A ∈Mn×n(C), (8.4)

where G(t) is a differentiable curve of matrices, which means that each
element gij(t) of G(t) is a differentiable function of t, where the matrix
curve G(t) also satisfies G(t) ∈ G, all t ∈ R, G(0) = In. A principal
issue is the determination of the algebraic rules that the infinitesimal
elements must obey in order that they are compatible with the properties
of the group from which they are derived. These rules may be inferred
systematically by examining the group laws (see Sect. 10.1, Compendium
A). They fall into three classes:

1. Vector space properties: From exp t(αA), exp t(βB) ∈ G, exp t(αA)
exp t(βB) ∈ G, for α, β ∈ C, we infer that if A,B are infinitesimal
elements of G, then αA+βB is an infinitesimal element of G for all
complex numbers α and β. Thus, the set of infinitesimal elements
of a matrix group G is a linear vector space VG of matrices of order
n over the complex numbers.

2. Multiplication properties: The multiplication properties of the group
G imply multiplication properties for the infinitesimal elements in
the vector space VG . In anticipation of this, let A ∗ B denote the
product of a pair of elements (A,B) ∈ VG × VG , so that A ∗ B is
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a mapping of the direct product vector space to the vector space
itself: VG × VG → VG . An important group element for determining
the product A ∗ B is the commutator of two differentiable curves
G(t) = exp(tA) and H(s) = exp(sB) of matrices defined by

G(t)H(s)G−1(t)H−1(s)

= (I + tA +
t2

2
A2 + · · ·)(I + sB +

t2

2
B2 + · · ·)

×(I − tA +
t2

2
A2 + · · ·)(I − sB +

s2

2
B2 + · · ·)

= I + ts(AB −BA) (8.5)
+(terms in s, t of total degree greater than 2).

Based on this product rule for the commutator of group elements,
the product A ∗B of two matrices in the vector space VG is defined
by the commutator of these matrices:

A ∗B = [A,B] = AB −BA. (8.6)

A closely related result uses the relation

G(t)H(s)G−1(t) = exp
(
sG(t)BG−1(t)

)
∈ G. (8.7)

The matrix G(t)BG−1(t) is the element of the vector space VG
corresponding to the group element G(t)H(s)G−1(t). But we have

A(t)B(s)G−1(t) = (I + tA + · · ·)B(I − tA + · · ·)
= I + t(AB −BA) + higher order terms in t. (8.8)

The commutator AB − BA is the infinitesimal element (matrix)
corresponding to the group matrix G(t)H(s)G−1(t). We could also
use the Baker-Campell-Hausdorff identity (see relation (10.122),
Compendium A):

etABe−tA =
∑
k≥0

〈
AkB

〉 tk
k!

(8.9)

to obtain this result: Group similarity transformations of a matrix
belonging to the vector space VG are matrices in VG .

3. Special algebraic properties: The product rule A ∗ B = AB − BA
for two matrices of the vector space VG satisfies the rules:
(i). skew-symmetric: B ∗A = −A ∗B.
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(ii). Jacobi identity: A ∗ (B ∗ C) + B ∗ (C ∗A) + C ∗ (A ∗B) = 0.
It may be verified by the above methods, that the skew-symmetry
is a consequence of the group requirement of an inverse, and the
Jacobi identity is a consequence of the group requirement of asso-
ciativity.

A set of mathematical objects that constitute a linear vector space
over a field for which the product is skew-symmetric and satisfies the
Jacobi identity is called a Lie algebra. For matrix groups over the field
of complex numbers, the product is the matrix commutator [A,B] =
AB − BA, which trivially obeys the rules (i) and (ii), and constitutes
a matrix Lie algebra. The vector space VG of skew-symmetric matrices
with product of vectors given by the matrix commutator is the Lie algebra
of the matrix group G.

An abstract Lie algebra can be defined by postulating that it elements
satisfy the above rules without reference to a Lie group Thus, while a
Lie group, by the structure of the differentiable manifold over which it
is defined, possesses a Lie algebra, the inverse problem of determining
the group, if it exists, from a given Lie algebra, is a difficult task that
has been the subject of an enormous wealth of literature of the twentieth
century and the last part of the ninetieth.

The discovery that quantum mechanics can be obtained from classi-
cal mechanics by mapping classical dynamical quantities into operators
acting in Hilbert space, and, in particular, that classical angular mo-
mentum of a single particle in R3 becomes the infinitesimal elements of
the Lie group SO(3,R3), was recognized early on by Weyl [177], Wigner
[181], and Eckart [54] as a fundamental expression of invariance princi-
ples in nonrelativistic quantum theory. Moreover, the natural extension
of this to the covering group SU(2) provided the mathematical descrip-
tion for the existence of intrinsic, internal attributes of particles called
spin. Thus, quantum theory, applied to many-particle composite sys-
tems at all levels of the microscopic world, molecular, atomic, nuclear,
and particle, became a natural and fertile arena for the development and
applications of Lie groups and Lie algebras. Indeed, group symmetries
and invariance principles are foundational blocks of modern physics.

8.2 GL(n, C) and its Unitary Subgroup U(n)

We return now from the brief excursus into Lie groups and Lie algebras to
our principal needs: The Lie algebra of the general linear group GL(n,C)
and of its unitary subgroup U(n). For the general linear group, the matrix
X occuring in the matrix curve G(t) = exp tX is an arbitrary complex
matrix X ∈ Mn×n(C). Thus, the Lie algebra of GL(n,C) is the vector
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space of complex matrices Mn×n(C) over the field of complex numbers
C, equipped with the commutator product X ∗ Y = [X,Y ]. The standard
notation for this Lie algebra is gL(n,C) = VGL(n,C).

Each matrix X ∈Mn×n(C) can be expressed as the sum

X =
n∑

i,j=1

xijeij , (8.10)

where eij = eTi ej is the matrix unit having a 1 in row i and column j and 0
for all other entries. The set of matrix units E = {eij | i, j = 1, 2, . . . , n}
is thus a basis for all matrices in Mn×n(C). While the matrix units in E
satisfy the multiplication rule

eijekl = δj,keil, (8.11)

it is the commutator product

[eij , ekl] = δj,keil − δl,iekj (8.12)

that is the key relation for the Lie algebra gl(n,C) with elements (8.10).

For the unitary subgroup U(n) ⊂ GL(n,C), a differentiable matrix
curve through the origin is given by

U(t) = exp(tH),H skew-Hermitian;
(
dU(t)
dt

) ∣∣∣∣
t=0

= H. (8.13)

Thus, the Lie algebra u(n) of the unitary group U(n) is given by the set
of complex skew-Hermitian matrices over the field of complex numbers
C with product H ∗K = [H,K] given by the commutator. Since

H =
n∑

i,j=1

hijeij , (8.14)

with only the conditions hij = −h∗ji, a basis of the Lie algebra is still the
set E of matrix units.

If we restrict GL(n,C) and U(n) to the subgroups SL(n,C) and
SU(n) having unit determinant, then the conditions traceX = 0 and
traceH = 0 must be enforced on the elements X ∈ gl(n,C) and H ∈
su(n) of the Lie algebras.

A matrix representation Γk of the Lie algebra gl(n,C) in the basis E
is a set of n2 complex matrices, each of dimension k ∈ N :

Γk = {Mij ∈Mk×k(C) | i, j = 1, 2, . . . , n}, (8.15)
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where the matrices in this set satisfy the same commutator relations as
the defining matrix units (8.12):

[Mij ,Mkl] = δj,kMil − δl,iMkj. (8.16)

An operator representation, or realization, Γk of the Lie algebra gl(n,C)
in the basis E is a set of linear operators with an invariant action defined
in an inner product space Vk of dimension k :

Γk = {Tij : Vk → Vk | i, j = 1, 2, . . . , n}, (8.17)

where the n2 operators in this set satisfy the same commutator relations
as the defining matrix units (8.12) and matrix representation (8.16):

[Tij , Tkl] = δj,kTil − δl,iTkj. (8.18)

This operator representation is equivalent to the matrix representation,
since each such operator may be replaced by the k×k matrix representing
the linear action of the operator in Vk.

We next give two differential operator representations of the algebra
gl(n,C) in the vector space VN of homogeneous polynomials of degree
N :

Lij =
n∑
h=1

zih
∂

∂zjh
, i, j = 1, 2, . . . , n; (8.19)

Rij =
n∑
h=1

zhi
∂

∂zhj
, i, j = 1, 2, . . . , n. (8.20)

Since each of these operators is homogeneous of degree 0, the action of
each maps the vector space VN into itself: Lij : VN → VN , Rij : VN →
VN . The gl(n,C) operator commutator relations (8.18) are verified for
each set {Lij} and Rij} by direct computation:

[Lij,Lkl] = δj,kLil − δl,iLkj,
(8.21)

[Rij ,Rkl] = δj,kRil − δl,iRkj.

In addition, we have the property that each operator in the set {Lij}
commutes with each operator in the set {Rij} :

[Lij,Rkl] = 0, i, j, k, l = 1, 2, . . . , n. (8.22)

The left and right actions of matrix transformations of the vector space
VN are the source of the mutual commutation of the associated operator
Lie algebras (8.22), as discussed in detail in Sect. 10.6, Compendium A.
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The action of each of the sets of operators (8.19)-(8.20) on the Dλ−
nomials is fully determined by the following matrix element relations,
which are a special case of (6.67):D̂

 m′′′
λ

m′′

 (Z),LijD̂

 m′
λ
m

 (Z)


= δm′′′,m′

〈
λ

m′′

∣∣∣∣ Lij ∣∣∣∣ λ
m

〉
, (8.23)

D̂
 m′′′

λ

m′′

 (Z),RijD̂

 m′
λ
m

 (Z)


= δm′′,m

〈
λ

m′′′

∣∣∣∣ Lij ∣∣∣∣ λ

m′

〉
, (8.24)

where the operators Lij are defined on each abstract Hilbert space Hλ
by

Lij =
n∑
τ=1

siτs
†
jτ , i, j = 1, 2, . . . , n. (8.25)

An important consequence of (8.23)-(8.24) is following: The abstract
operators {Lij} defined Lij =

∑n
τ=1 siτs

†
jτ satisfy the commutation re-

lations
[Lij , Lkl] = δj,kLil − δl,iLkj (8.26)

on each space Hλ, hence, on the separable Hilbert space H. Moreover,
we have the Hermitian conjugate relation L†

ij = Lji. These properties
are summarized as follows:

The action of the differential operator realizations {Lij} and {Rij} of
the Lie algebra gl(n,C) in polynomial space is effected by the action
of the realization {Lij} of the Lie algebra in the abstract Hilbert space
Hλ, which, in turn, is fully determined by the combinatorially defined
fundamental shift operator action. The matrix representations of {Lij}
and {Rij} so obtained are identical.

We point out that, despite appearances, the realization (8.25) of the
abstract Lie algebra gl(n,C) is not the familiar harmonic oscillator real-
ization, as realized through the boson operators. The boson operator aij
corresponds to xij in relation (6.67). The {sij} and their conjugates do
not satisfy the commutation relations of boson operators.
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Examples:The action of the operators Lij of the Lie algebra in the
abstract Hilbert space Hλ for n = 2, 3 can be obtained directly from the
explicit actions of the fundamental shift operator and their conjugates
given at the end of Chapter 6:
n = 2 :

E11

∣∣∣ λ1 λ2
m11

〉
= p11

∣∣∣ λ1 λ2
m11

〉
,

E22

∣∣∣ λ1 λ2
m11

〉
= (p12 + p22 − p11 − 1)

∣∣∣ λ1 λ2
m11

〉
,

E12

∣∣∣ λ1 λ2
m11

〉
=
√

(p12 − p11 − 1)(p11 − p22 + 1)
∣∣∣ λ1 λ2,

m11 + 1

〉
,

E21

∣∣∣ λ1 λ2
m11

〉
=
√

(p12 − p11)(p11 − p22)
∣∣∣ λ1 λ2,

m11 − 1

〉
.

n = 3 :

E11

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= p11

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
,

E22

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= (p12 + p22 − p11 − 1)

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
,

E12

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=
√

(p12 − p11 − 1)(p11 − p22 + 1)

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11 + 1

〉
,

E21

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
=
√

(p12 − p11)(p11 − p22)

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11 − 1

〉
,

E33

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
= (p13 + p23 + p33 − p12 − p22)

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉
,

E13

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉

=

√
(p12 − p23 + 1)(p13 − p12 − 1)(p12 − p33 + 1)(p11 − p22 + 1)

(p12 − p22)(p12 − p22 + 1)

∣∣∣∣∣ λ1 λ2 λ3
m12 + 1 m22

m11 + 1

〉

−
√

(p23 − p22 − 1)(p22 − p33 + 1)(p13 − p22 − 1)(p12 − p11 − 1)

(p12 − p22 − 1)(p12 − p22)

∣∣∣∣∣ λ1 λ2 λ3
m12 m22 + 1

m11 + 1

〉
,
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E23

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉

=

√
(p13 − p12 − 1)(p12 − p23 + 1)(p12 − p33 + 1)(p12 − p11)

(p12 − p22)(p12 − p22 + 1)

∣∣∣∣ λ1 λ2 λ3
m12 + 1 m22

m11

〉

+

√
(p13 − p22 − 1)(p23 − p22 − 1)(p22 − p33 + 1)(p11 − p22)

(p12 − p22 − 1)(p12 − p22)

∣∣∣∣ λ1 λ2 λ3
m12 m22 + 1

m11

〉
,

E31

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉

=

√
(p12 − p23)(p13 − p12)(p12 − p33)(p11 − p22)

(p12 − p22 − 1)(p12 − p22)

∣∣∣∣∣ λ1 λ2 λ3
m12 − 1 m22

m11 − 1

〉

−
√

(p23 − p22)(p22 − p33)(p13 − p22)(p12 − p11)

(p12 − p22)(p12 − p22 + 1)

∣∣∣∣∣ λ1 λ2 λ3
m12 m22 − 1

m11 − 1

〉
,

E32

∣∣∣∣ λ1 λ2 λ3
m12 m22
m11

〉

=

√
(p13 − p12)(p12 − p23)(p12 − p33)(p12 − p11 − 1)

(p12 − p22 − 1)(p12 − p22)

∣∣∣∣ λ1 λ2 λ3
m12 − 1 m22

m11

〉

+

√
(p13 − p22)(p23 − p22)(p22 − p33)(p11 − p22 + 1)

(p12 − p22)(p12 − p22 + 1)

∣∣∣∣ λ1 λ2 λ3
m12 m22 − 1

m11

〉
.

We next derive the general action of the Lie algebra in the Hilbert
space Hλ, results first given by Gelfand and Tsetlin [62] (see also Gelfand
and Graev [60]), and subsequently derived by a number of other authors
(see, for example, Moshinsky [138] and Baird and Biedenharn [7]). It
will be noticed in the examples above that the actions of the generators
{Eij |i, j = 1, 2, . . . , n−1} defining the Lie subalgebra gl(n−1,C) are the
same in both gl(n−1,C) and gl(n,C). This is, of course, a general feature
that reflects the classification of the representations in accordance with
the subalgebra embeddings

gl(n,C) ⊃ gl(n− 1,C) ⊃ · · · ⊃ gl(1,C). (8.27)

The general relationship is given by〈
λ′
µ′
m′

∣∣∣∣∣E(n)ij

∣∣∣∣∣ λ
µ
m

〉

= δλ′,λδµ′,µ

〈
µ
m′

∣∣∣∣ E(n−1)ij

∣∣∣∣ µ
m

〉
, 1 ≤ i ≤ j ≤ n− 1, (8.28)
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where the partitions λ, λ′ ∈ Parn and µ, µ′ ∈ Parn−1 satisfy the be-
tweenness conditions µ ≺ λ and µ′ ≺ λ′. The generators at level n and
level n− 1 are expressed in terms of fundamental shift operators by

E
(n)
ij =

n∑
τ=1

siτs
†
jτ , E

(n−1)
ij

n−1∑
ρ=1

s
(n−1)
iρ s

(n−1)†
jρ . (8.29)

The proof of relation (8.28) is an application of Sylvester’s identity
(Sect. 11.7, Compendium B): Using the reduction rule (6.19), we find
that relation (8.28) is valid if and only if the following relation is true:

n∑
τ=1

yτ

n∏
k=1
k 
=τ

yk − yτ + 1
yk − yτ

(
A†
ρτ (x, y)

)2
= xρ

n−1∏
l=1
l 
=ρ

xl − xρ + 1
xl − xρ

. (8.30)

The variables x and y variables are given in terms of the partitions λ
and µ by

x = (µ1 + n− 2, µ2 + n− 3, . . . , µn−1),
(8.31)

y = (λ1 + n− 1, λ2 + n− 2, . . . , λn).

This relation is proved by substituting A†
ρτ (x, y) from (6.35)-(6.36) into

this relation. The simplification to the right-hand side is effected by
using Sylvester’s identity to carry out the summation over τ in much the
same manner as done in proving relations (6.46)-(6.48). We omit the
details. �

We are now in position to derive the Gelfand-Tsetlin result for action
of the operator E

(n)
ij on the basis Bλ of the Hilbert space Hλ. From

relation (8.28), we have

E
(n)
ij

∣∣∣∣∣ λ
µ
m

〉
=
∑
m′∈Gµ

〈
µ

m′

∣∣∣∣E(n−1)ij

∣∣∣∣∣ µ
m

〉 ∣∣∣∣∣
λ
µ

m′

〉
, (8.32)

for all 1 ≤ i ≤ j ≤ k ≤ n − 1. Thus, recursively, to obtain the matrix
elements of the family of all generators, it is necessary and sufficient to
determine the action

E
(n)
in

∣∣∣∣ λ
m

〉
=
∑
m′∈Gλ

〈
λ

m′

∣∣∣∣ E(n)in

∣∣∣∣ λ
m

〉 ∣∣∣∣ λ

m′

〉
, (8.33)

for i = 1, 2, . . . , n, since, from these, we can also obtain the action of the
Hermitian conjugate generators E

(n)
ni .
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The matrix element in (8.33) is given by〈
λ

m′

∣∣∣∣ E(n)in

∣∣∣∣ λ
m

〉
=

n∑
τ=1

〈
λ

m′

∣∣∣∣ s(n)iτ s(n)†nτ

∣∣∣∣ λ
m

〉
(8.34)

=
n∑
τ=1

〈
λ

m′

∣∣∣∣ s(n)iτ ∣∣∣∣ λ− eτ
m

〉〈
λ− eτ
m

∣∣∣∣ s(n)†nτ

∣∣∣∣ λ
m

〉
,

since s
(n)†
nτ effects the shift

∣∣∣ λ
m

〉
→
∣∣∣ λ− eτ

m

〉
. From (6.7)-(6.8), the

action of the shift operator s
(n)
iτ in the first matrix element is to effect

the transformation of the initial vector by∣∣∣∣ λ− eτ
m

〉
→
∣∣∣∣ λ

m + ∆(τi, . . . , τn−1)

〉
, (8.35)

in which each τl, i ≤ τl ≤ n − 1, can be any of the values 1 ≤ τl ≤ l.

Thus, the matrix elements of the generators E
(n)
in in (8.34) are given by〈

λ
m + ∆(τi, . . . , τn−1)

∣∣∣∣ E(n)in

∣∣∣∣ λ
m

〉
=

n∑
τ=1

〈
λ

m + ∆(τi, . . . , τn−1)

∣∣∣∣ s(n)iτ ∣∣∣∣ λ− eτ
m

〉

×
〈

λ− eτ
m

∣∣∣∣ s(n)†nτ

∣∣∣∣ λ
m

〉
. (8.36)

We now use relations (6.44), (6.107)-(6.109), and (6.19)-(6.25) to obtain
the factors in (8.36):〈

λ
m + ∆(τi, . . . , τn−1)

∣∣∣∣ s(n)iτ ∣∣∣∣ λ− eτ
m

〉
=

√
M(λ)

M(λ− eτ )

×Aτn−1,τ (x; y′) 〈m + ∆(τi, . . . , τn−1) | t(n−1)i,τn−1
|m〉, (8.37)〈

λ− eτ
m

∣∣∣∣ s(n)†nτ

∣∣∣∣ λ
m

〉
=

√
M(λ)

M(λ− eτ )
A†
τn−1,τ (x; y), (8.38)

where we have defined x, y, and y′ in terms of partial hooks by

x = (p1n−1, p2n−1, . . . , pn−1n−1),
y = (p1n, p2n, . . . , pnn), (8.39)

y′ = (p1n, p2n, . . . , pnn)− eτ .



366 CHAPTER 8. THE GENERAL LINEAR AND UNITARY GROUPS

Using the value of the M(λ)/M(λ−eτ ) from relation (6.109) and substi-
tuting relations (8.37)-(8.38) into (8.36), we obtain the following result
for the matrix elements of the generators Ein = E

(n)
in , i = 1, 2, . . . , n− 1 :

〈
λ

m + ∆(τi, . . . , τn−1)

∣∣∣∣ Ein ∣∣∣∣ λ
m

〉

=

√√√√√√√√√√√

n∏
k=1

(pkn − pτn−1,n−1 − 1)

n−1∏
l=1

l 
=τn−1

(pl,n−1 − pτn−1,n−1 − 1)

×
〈
m + ∆(τi, . . . , τn−1)

∣∣∣ t(n−1)i,τn−1

∣∣∣m〉 . (8.40)

As remarked above, each τl, l = 1, 2, . . . , n − 1, in this relation can be
1 ≤ τl ≤ l. In obtaining relation (8.40) from (8.36), we have again
used Sylvester’s identity to effect the summation over τ that occurs (see
(6.33)-(6.36)):

n∑
τ=1

Aτn−1,τ (x; y′)A†
n,τ (x; y)

yτ n∏
k=1
k 
=τ

(yk − yτ + 1)
(yk − yτ )



=

√√√√√√√√√√√

n∏
k=1

(yk − xτn−1 − 1)

n−1∏
l=1

l 
=τn−1

(xl − xτn−1 − 1)

. (8.41)

The matrix elements of the fundamental shift operators in (8.40) are,
of course, given explicitly by the arc digraph rules given in detail in Sect.
6.3, Chapter 6.

From the Hermitian conjugate relation to (8.40), we also obtain the
matrix elements of Enj, j = 1, 2, . . . , n − 1 :
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λ

m−∆(τj , . . . , τn−1)

∣∣∣∣ Enj ∣∣∣∣ λ
m

〉

=

√√√√√√√√√√√

n∏
k=1

(pkn − pτn−1,n−1)

n−1∏
l=1

l 
=τn−1

(pl,n−1 − pτn−1,n−1)

×
〈
m−∆(τj, . . . , τn−1)

∣∣∣ s(n−1)†jτ

∣∣∣m〉 . (8.42)

Again, each τl, l = 1, 2, . . . , n− 1, in this relation can be 1 ≤ τl ≤ l.

For i = n in (8.36), the above procedure is modified as follows to
obtain the matrix elements of Enn :

〈
λ
m

∣∣∣∣ Enn ∣∣∣∣ λ
m

〉
=

n∑
τ=1

(
A†
n,τ (x; y)

)2yτ n∏
k=1
k 
=τ

(yk − yτ + 1)
(yk − yτ )



=
n∑
ρ=1

yτ

n−1∏
l=1

(yτ − xl − 1)

n∏
k=1
k 
=τ

(yτ − yk)

= e1(y1, . . . , yn)− e1(x1 + 1, . . . , xn−1 + 1)

= (y1 + · · ·+ yn)− (x1 + · · ·+ xn−1)− (n− 1)

= (m1,n + · · ·+ mn,n)− (m1,n−1 + · · ·+ mn−1,n−1). (8.43)

The derivation given above of the matrix elements of the generators
{Eij} of GL(n,C) is purely combinatorial, since the complete results
have been derived from the combinatorially defined fundamental shift
operators and Sylvester’s identity, which also may be given a combina-
torial proof, as shown by Good [66] (see also the review by Bhatnagar
[13]).
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8.3 Complete Set of Commuting Hermitian
Operators

The polynomials

D

(
m′
λ
m

)
(Z) (8.44)

may be uniquely characterized, up to a normalization factor, as the solu-
tions of a set of partial differential equations. The Dλ−polynomials are
the simultaneous eigenfunctions of a complete set of Hermitian opera-
tors (Ref. [107]), using the language of quantum mechanical observables.
This characterization is, in turn, a consequence of the Lie algebraic prop-
erties of the Dλ−polynomials, as we develop briefly in this section.

8.3.1 The Gelfand invariants

The Gelfand invariants of GL(n,C) are a set of polynomial operators in
the generators, each of which commutes with all of the generators. Let
Eij , i, j = 1, 2, . . . , n, denote the Weyl basis of the Lie algebra gl(n,C) :

[Eij , Ekl] = δj,kEil − δi,lEkj. (8.45)

We define the n× n matrix En of generators by

En =


E11 E12 · · · E1n
E21 E22 · · · E2n
...

... · · ·
...

En1 En2 · · · Enn

 . (8.46)

We define the trace of the power q of this matrix of generators to be the
polynomial in which the generators are ordered, as given by

Tr(En)q =
n∑

i1,i2,...,iq=1

Ei1i2Ei2i3 · · ·Eiqi1 . (8.47)

It is nontrivial, but straightforward, to prove from this definition
(Gelfand [58], Ref. [107] ) that

[Tr(En)q, Eij ] = 0, i, j = 1, 2, . . . , n; all q ≥ 1. (8.48)

It then follows that

[Tr(En)q,Tr(En)q
′
] = 0, all q, q′ ≥ 1. (8.49)
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The collection of n ordered homogeneous polynomial forms Tr(En)q of
degree q ≥ 1 in the generators Eij constitute the Gelfand invariants, or
center of the Lie algebra gl(n,C).

The Weyl generators Eij and the Gelfand invariants Tr(En)q act in
the separable Hilbert space H introduced in Sect. 6.1, Chapter 6. The
operator Eji is the Hermitian conjugate of Eij, from which it follows that
the Gelfand invariants are Hermitian operators on H. Thus, the set of
Gelfand invariants can be simultaneously diagonalized on the space H.

We have given in Sect. 8.2 the action of the Lie algebra in the space
H, including the subspaces that are invariant and irreducible. These are
the subspaces Hλ with the GT orthonormal basis vectors Bλ given by
relation (6.5). The explicit action on Bλ of the generators Eij uniquely
determines, of course, the eigenvalues Λqn(λ) in the eigenvector-eigenvalue
relation

Tr(En)q
∣∣∣ λ
m

〉
= Λqn(λ)

∣∣∣ λ
m

〉
. (8.50)

These eigenvalues are the symmetric functions in the partial hooks pin =
xi = λi + n− i given by

Λqn(λ) =
n∑
s=0

(−1)s+1es(x + 1)hq−s+1(x), (8.51)

where the es(x + 1) = es(x1 + 1, x2 + 1, . . . , xn + 1), e0(x + 1) = 1 are
the elementary symmetric functions in x + 1, and the hk(x), k ≥ 0 are
the complete homogeneous symmetric functions defined in Sect. 11.6,
Compendium B. We prove this result for the eigenvalues of Tr(En)q in
Sect. 8.5 below. The polynomial operators Tr(En)q corresponding to
q = 1, 2, . . . , n are algebraically independent, since arbitrary orderings of
the Eij always gives a form of degree q plus lower order terms, as pointed
out by Gelfand [58]; equivalently, the symmetric functions (8.51) are
algebraically independent for q = 1, 2, . . . , n, since the term of highest
total degree in Λqn is the power sum symmetric function (x1)q + (x2)q +
· · ·+ (xn)q.

The Gelfand invariants (8.47) can be introduced at every level n ≥ 1;
that is, we can define the Gelfand operators forms Tr(Ek)q for each
k = 1, 2, . . . , n, to be the ordered polynomial of degree q in the Weyl
generators Eij , i, j = 1, 2, . . . , k, of the Lie algebra gl(k,C) :

Tr(Ek)q =
k∑

i1,i2,...,iq=1

Ei1i2Ei2i3 · · ·Eiqi1 . (8.52)

Then, because of the embedding of the Lie algebras (8.27) and the as-
sociated action of the generators, the collection of n(n+ 1)/2 Hermitian
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operators
Tr(Ek)q, q = 1, 2, . . . , k; k = 1, 2, . . . , n, (8.53)

mutually commute. The simultaneous eigenvectors of these n(n + 1)/2
commuting Hermitian operators determine, up to choices in the normal-
ization, the orthonormal basis Bλ of the space Hλ :

Tr(Ek)q
∣∣∣ λ
m

〉
= Λqk(mk)

∣∣∣ λ
m

〉
, (8.54)

where mk = (m1,k,m2,k, . . . ,mk,k) denotes row k of the GT pattern. It
is this complete set of n(n + 1)/2 algebraically independent mutually
commuting Hermitian operators that fixes the number of entries mi,j in
the GT pattern

(λ
m

)
to be n(n + 1)/2.

8.4 Differential Operator Actions

The abstract results for the Lie algebra of gl(n,C) acting in the sep-
arable abstract Hilbert space H are transcribed into properties of dif-
ferential equations by relations (8.19)-(8.20) in Sect. 8.2. It follows from
these relations that the Dλ−polynomials satisfy the following differential
equation eigenfunction-eigenvalue relations:

Tr(Lk)qD̂

 m′
λ
m

 (Z) = Λqk(mk)D̂

 m′
λ
m

 (Z), (8.55)

Tr(Rk)qD̂

 m′
λ
m

 (Z) = Λqk(m
′
k)D̂

 m′
λ
m

 (Z), (8.56)

for q = 1, 2, . . . , k; k = 1, 2, . . . , n, where

Tr(Lk)q =
k∑

i1,i2,...,iq=1

Li1i2Li2i3 · · · Liqi1 , (8.57)

Tr(Rk)q =
k∑

i1,i2,...,iq=1

Ri1i2Ri2i3 · · · Riqi1 . (8.58)

There are n(n + 1) mutually commuting Hermitian operators in each of
the two sets (8.57) and (8.58) corresponding to 1 ≤ q ≤ k; 1 ≤ k ≤ n.
But the L and R invariants of the same degree at level n are equal:

Tr(Ln)q = Tr(Rn)q, q = 1, 2, . . . , n. (8.59)
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Thus, there are n2 algebraically independent mutually commuting Her-
mitian operators in the two sets (8.57)-(8.58), and these operators con-
stitute a complete set: The Dλ−polynomials are fully determined, up to
normalization, by the set of differential equations (8.55)-(8.56).

8.5 Eigenvalues of the Gelfand Invariants

As pointed out above, the known action of the Lie algebra generators Eij
on the orthonormal basis vectors Bλ uniquely determines the eigenvalues
in the eigenvector-eigenvalue relation

Tr(En)q
∣∣∣∣ λ

m

〉
= Λqn(λ)

∣∣∣∣ λ
m

〉
. (8.60)

Since the eigenvalues depend only on the partition λ, we can set m =
max, so that

Tr(En)q
∣∣∣∣ λ

max

〉
= Λqn(λ)

∣∣∣∣ λ
max

〉
, (8.61)

which may also be written in matrix element form as〈
λ

max

∣∣∣∣ Tr(En)q
∣∣∣∣ λ

max

〉
= Λqn(λ). (8.62)

The evaluation of the eigenvalue is a purely combinatorial problem: We
pick a given generator Eij , i �= j, in a selected single term in the trace
expression (8.47) for the polynomial invariant Tr(En)q and move it to
the extreme right for i < j, and to the extreme left for i > j, by using
repeatedly the commutation relations

EijEkl = EklEij + δj,kEil − δi,lEkj, i < j,

(8.63)
EklEij = EijEkl + δi,lEkj − δj,kEil, i > j.

The properties 〈
λ

max

∣∣∣∣ · · ·Eij ∣∣∣∣ λ
max

〉
= 0, i < j,

(8.64)〈
λ

max

∣∣∣∣ Eij · · · ∣∣∣∣ λ
max

〉
= 0, i > j,
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are then used to reduce the polynomial Tr(En)q in the matrix element
(8.62) to a polynomial of lower degree in the generators. One then selects
another such generator Eij, i �= j, in the same term and repeats the entire
process. This process is continued until the selected term is reduced to a
polynomial in the diagonal generators Eii, i = 1, 2, . . . , n. Carrying this
process out for each term in Tr(En)q reduces the matrix element (8.62)
uniquely to the form〈

λ
max

∣∣∣∣ Λqn(E11, E22, · · · , Enn)
∣∣∣∣ λ

max

〉
= Λqn(λ), (8.65)

since

Eii

∣∣∣∣ λ
max

〉
= λi

∣∣∣∣ λ
max

〉
, i = 1, 2, . . . , n. (8.66)

Examples: Applied to Tr(En)1 and Tr(En)2, this method gives:

Tr(En)1 =
n∑
i=1

Eii → Λ1n(λ) = λ1 + λ2 + · · ·+ λn, (8.67)

Tr(En)2 =
n∑

i,j=1

EijEji → Λ2n(E11, E22, . . . , Enn)

=
n∑
i=1

E2ii +
∑

1≤i<j≤n
(Eii − Ejj)

→ Λ2n(λ) =
n∑
i=1

λ2i +
∑

1≤i<j≤n
(λi − λj). (8.68)

These two eigenvalues may be rewritten in terms of the partial hook
variables xi = λi + n− i as the first two symmetric functions given by

Λ1n(λ) = p1(x)−
(
n

2

)
,

Λ2n(λ) = p2(x)− (n− 1)p1(x) +
(
n

3

)
, (8.69)

Λ3n(λ) = p3(x)− (n− 3
2

)p2(x) +
(
n− 1

2

)
p1

−1
2
p21(x)−

(
n

4

)
,

where the pi(x) are the power sum symmetric functions in the n variables
x = (x1, x2, . . . , xn). We have also listed the result of this procedure
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for Λ3n(λ). This commutation method can be continued to calculate the
eigenvalues Λqn(λ).

The eigenvalues Λqn(λ) of the Gelfand invariants Tr(En)q determine a
new class of symmetric functions, which we next describe, motivated by
the above considerations, but now defined over arbitrary variables x =
(x1, x2, . . . , xn), 0 ≤ q ≤ n. After describing briefly these new symmetric
functions, denoted bk(x), we will prove that

Λqn(λ) = bq(x), for xi = λi + n− i. (8.70)

8.5.1 A new class of symmetric functions

In this section, we first define a new class bq(x), q = 0, 1, 2, . . . , of
symmetric functions of n variables x = (x1, x2, . . . , xn), and then prove
relation (8.70). The symmetric functions bq(x) in n variables x =
(x1, x2, . . . , xn) are defined by

Vn(x)bq(x) =
n∑
j=1

xqj Vn(x− ej), (8.71)

where Vn(x) is the Vandermonde determinant. We then obtain the fol-
lowing expression for the symmetric functions bq(x) :

bq(x) = −
n∑
j=1

xqj

 n∏
i=1

(xj − xi − 1)/
n∏
i=1
i
=j

(xj − xi)

 . (8.72)

We have included the term i = j in the product
∏n
i=1(xj − xi − 1) so

that its reduction to the expression given by (8.73) below is clearly a
symmetric polynomial. Relation (8.72) can be brought to the following
explicit form in terms of the elementary symmetric functions and the
complete homogeneous symmetric functions by using Sylvester’s formula
(see Sect. 11.7, Compendium B):

bq(x) =
n∑
s=0

(−1)s+1es(x + 1)
n∑
j=1

xn−s+qj /

n∏
i=1
i
=j

(xj − xi)


=

q+1∑
s=0

(−1)s+1es(x + 1)hq−s+1(x). (8.73)
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In this relation, the elementary symmetric functions have the prop-
erties e0(x) = 1, es(x) = 0, s > n, and the shifted function is given by

es(x + 1) = es(x1 + 1, x2 + 1, . . . , xn + 1). (8.74)

The second summation expression in (8.73) terminates at s = q + 1 in
consequence of relation (11.317), Compendium B; for q > n, it terminates
at q = n in consequence of the elementary symmetric function being 0
for s > n. Also, we have that h0(x) = e0(x) = 1 and h1(x) = e1(x), so
that relation (8.73) gives b0(x) = n.

The symmetric functions bq(x) defined by (8.71) satisfy the following
three identities:

1. The first identity is obtained from (8.71) by replacing x by x+ y =
(x1 + a, x2 + a, . . . , xn + a) for y = (a, a, . . . , a) and expanding
(xj + a)q. Effecting these steps gives

bq(x + y) =
q∑

k=0

(
q

k

)
bk(x)aq−k. (8.75)

2. The second identity is obtained from (8.75) by first setting xn = 0,
then replacing xi by xi − xn, i = 1, 2, . . . , n− 1, followed by setting
a = xn, which gives

bq(x) =
q∑

k=0

(
q

k

)
bk(x1− xn, x2− xn, . . . , xn−1− xn, 0)xq−kn . (8.76)

3. The third identity is obtained from (8.71) by setting xn = 0, which
gives

bq(x1, x2, . . . , xn−1, 0) = bq(x1, x2, . . . , xn−1)

−bq−1(x1, x2, . . . , xn−1), (8.77)

where we have used (xj−1)/xj = 1−(1/xj) in obtaining this result.
This relation is valid for all q ≥ 1, where b0(x1, . . . , xn−1) = n− 1.

Relations (8.75)-(8.77) are important because they can be iterated
to construct the general symmetric function bq(x1, · · · , xn). Thus, one
starts with the initial condition bk(x1) = xk1 for n = 1 and all k ≥ 0 in
(8.76) and obtains bk(x1, 0) = xk−11 (x1 − 1), hence,

bk(x1 − x2, 0) = (x1 − x2)k−1(x1 − x2 − 1), k ≥ 1. (8.78)
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This result is then substituted into (8.76) to obtain

bq(x1, x2) = 2xq +
q∑
k=1

(
q

k

)
[(x1 − x2)k−1(x1 − x2 − 1)]xq−k2

= xq1 + xq2 −
q∑

k=1

(
q

k

)
(x1 − x2)k−1x

q−k
2 , (8.79)

since b0(x1−x2, 0) = 2. The polynomial bq(x1, x2) does not appear to be
symmetric, but by expanding (x1 − x2)k−1, using the binomial theorem,
and performing the internal summation,

q∑
k=s+1

(−1)k−s−1
(
q

k

)(
k − 1
s

)
= 1, (8.80)

it can be brought to the symmetric form:

bq(x1, x2) = xq1 + xq2 −
q−1∑
s=0

xs1x
q−1−s
2 . (8.81)

This process can be continued for n = 3 to obtain bq(x1, x2, x3) from
(8.75)-(8.76), etc. Polynomials satisfying (8.75)-(8.76) and the condition
b0(x1, x2, . . . , xn) = n and bk(x1) = xk1, k ≥ 0 uniquely determine the
polynomials bq(x1, x2, . . . , xn), hence, those satisfying (8.71), as given by
(8.73).

The form of relation (8.75) suggests that the symmetric functions
bq(x) be called symmetric functions of binomial type, since they provide
a generalization to symmetric functions in any number of variables n to
Rota’s functions of binomial type in two single variables x and y (see
Ref. [98, p.125]), which satisfy

pq(x + y) =
q∑

k=0

(
q

k

)
pk(x)pq−k(y). (8.82)

This is just the form of (8.75) for n = 1.

8.5.2 The general eigenvalues of the Gelfand invariants

In this section, we sketch the proof that

Λqn(λ) = bq(x), for xi = λi + n− i, (8.83)
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by showing that these eigenvalues satisfy the three relations (8.75)-(8.77).

The relation
n∑

i1,i2,...,iq=1

(Ei1i2 + aδi1,i2)(Ei2i3 + aδi2,i3) · · · (Eiqi1 + aδiq,i1)

=
q∑
k=0

(
q

k

)
Tr(En)kaq−k, (8.84)

in which TrE0n = n, is proved by direct expansion of the left-hand side.
We now apply exactly the same steps to the left-hand side of this relation
as were used in reducing (8.62) to (8.65) to obtain

Λqn(λ + y) =
q∑
k=0

(
q

k

)
Λkn(λ)aq−k, (8.85)

where y = (a, a, . . . , a). In this relation, we first set λn = 0, then replace
λi by λi − λn, i = 1, 2, . . . , n − 1, and then choose a = λn, which gives
the relation

Λqn(λ) =
q∑
k=0

(
q

k

)
Λkn(λ1 − λn, . . . , λn−1 − λn, 0)λq−kn . (8.86)

Thus, the first two relations (8.75)-(8.76) are satisfied by the eigenvalues
Λqn(λ).

It is somewhat more difficult to prove that relation (8.77) is also
satisfied. We first prove:〈

λ 0
max

∣∣∣∣ Tr(En)q
∣∣∣∣ λ 0

max

〉
=

q∑
k=1

(
q − 1
k − 1

)〈
λ

max

∣∣∣∣ Tr(En−1)k ∣∣∣∣ λ
max

〉
, (8.87)

in which λ = (λ1, λ2, . . . , λn−1); that is, λn = 0 in the right-hand side of
this relation. The method of proof follows that of Sect. 8.5: The action of
each Ein, i = 1, 2, . . . , n on a maximal vector with λn = 0 gives the zero
vector. Thus, the commutation relations for the generators Eij are used
to move every Ein in Tr(En)q to the right-most position. We illustrate
this for q = 2, 3 :
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n∑
i,j=1

EijEji →
n−1∑
i=1

n∑
j=1

EijEji

=
n−1∑
i,j=1

EijEji +
n−1∑
i=1

EinEni →
n−1∑
i,j=1

EijEji +
n−1∑
i=1

Eii. (8.88)

Similarly, for n = 3, we have the sequence of steps given by

n∑
i,j,k=1

EijEjkEki →
n−1∑
i=1

n∑
j,k=1

EijEjkEki =
n−1∑
i,j,k=1

EijEjkEki

+
n−1∑
i,k=1

EinEnkEki +
n−1∑
i,j=1

EijEjnEni +
n−1∑
i=1

EinEnnEni

→
n−1∑
i,j,k=1

EijEjkEki +
n−1∑
i,k=1

EnkEinEki +
n−1∑
i,k=1

EikEki

+
n−1∑
i,j=1

EijEji +
n−1∑
i=1

EinEin

→
n−1∑
i,j,k=1

EijEjkEki + 2
n−1∑
i,j=1

EijEji +
n−1∑
i=1

Eii. (8.89)

These two results validate relation (8.87) for q = 2, 3. The general proof
is considerable more intricate, but can be carried out to validate the
general relation (see Ref. [117]).

In terms of eigenvalues, relation (8.87) is expressed as

Λqn(λ, 0) =
q∑
k=1

(
q − 1
k − 1

)
Λkn−1(λ), λ = (λ1, λ2, . . . , λn−1). (8.90)

Using the binomial coefficient identity(
q − 1
k − 1

)
=
(
q

k

)
−
(
q − 1
k

)
(8.91)

in (8.90), and, in turn, relation (8.84) now gives

Λqn(λ, 0) = Λqn−1(λ + 1)− Λq−1n−1(λ + 1). (8.92)
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We have now shown that the eigenvalues Λqn(λ) satisfy relations (8.85),
(8.86) and (8.92). But setting Λqn(λ) = bq(x), xi = λi + n − 1, we find
that these relations are just those given by (8.75)-(8.77), which uniquely
determine the bq(x). Since relation (8.73) is correct for q = 1, 2, 3, as
given by (8.69), it is true in general:

The eigenvalues of the Gelfand invariants for the general linear group
are symmetric functions of binomial type.

Remarks: It is natural from the point of view of Lie algebras to consider
next two identical copies of the generators of U(n), each acting in its own
Hilbert space, with the sum of the two sets of generators now acting in
the tensor product space. This is the approach used in the addition of
two angular momenta, which led directly to the WCG coefficients as the
transformation coefficients relating two orthonormal bases corresponding
to the eigenvectors of two different sets of four Hermitian commuting
operators, a set for the coupled and uncoupled orthonormal bases. This
counting does not balance for the Lie algebra of the direct product group
U(n)× U(n) (n ≥ 3), where the counting goes as follows:

(i). Two uncoupled systems: Tr(E(1)m )q and Tr(E(2)m )q, 1 ≤ m ≤ q ≤ n.
This gives n(n+1) mutually commuting Hermitian operators, which
determine the uncoupled orthonormal basis.

(ii). Coupled system: 2n U(n) invariants Tr(E(1)n )q, q = 1, 2, . . . , n, and
Tr(E(2)n )q, q = 1, 2, . . . , n from the uncoupled system 1 and system
2, together with the Tr(Em)q; 1 ≤ m ≤ q ≤ n, mutually commuting
Hermitian operators associated with the coupled system. This gives
2n + n(n + 1)/2 mutually commuting Hermitian operators. But
the degree one U(1) invariant for the coupled system is the sum
of the two degree one U(1) invariants for the uncoupled system;
hence, the number of mutually commuting Hermitian operators is
(n2 + 5n− 2)/2.

(iii). The deficit of operators between the uncoupled system in Item 1
and the coupled system in Item 2 is (n− 1)(n− 2)/2.

For U(2), the counting still balances for the uncoupled and coupled bases.
For n ≥ 3, attempts to determine and utilize the extra 1, 3, 6, . . . oper-
ators have not been very successful (see Racah [145] for an interesting
paper along these lines). We approach this problem through the theory
of U(n) irreducible tensor operators, whose matrix elements provide co-
efficients that reduce the Kronecker product, and also give the sought
after CG coefficients.



Chapter 9

Tensor Operator Theory of
the Unitary Group

9.1 Introduction

Tensor operators arise naturally in physical theory because of their role in
formulating interactions in physical systems modeled by unitary symme-
try. They arise in the study of the properties of the unitary group because
their matrix elements provide the elements (see (6.85)) of a real orthog-
onal matrix C(Λλ) that brings the Kronecker product DΛ(U)⊗Dλ(U) to
the Kronecker direct sum form (6.87) in which all repeated irreducible
representations have been completely separated into identical blocks.
Thus, tensor operators have several roles. It is our purpose in this chapter
to define such irreducible tensor operators and to show how their matrix
elements are used to effect this reduction of the Kronecker product.

The space in which tensor operators act is the model Hilbert space
discussed in Sect. 6.1, Chapter 6 . Each subspace Hλ ⊂ H in the direct
sum space

H =
∞∑
p=0

∑
λ∈Parn(p)

⊕Hλ, Hλ ⊥ Hλ′ , λ �= λ′, no repetitions, (9.1)

possesses the orthonormal basis

Bλ =
{∣∣∣∣ λ

m

〉 ∣∣∣∣m is a GT pattern
}
. (9.2)

379
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The model Hilbert space H then has the additional properties as
follows:

1. A group action TU is defined on all of H such that each orthonormal
vector

∣∣∣ λ
m′
〉
∈ Bλ undergoes the linear transformation

TU

∣∣∣∣ λ
m′
〉

=
∑
m

D

(
m′
λ
m

)
(U)
∣∣∣∣ λ
m

〉
, each U ∈ U(n). (9.3)

2. The infinitesimal operators of the transformations {TU |U ∈ U(n)}
define the Lie algebra of the group with basis {Eij |i, j = 1, 2, . . . , n},
where the elements of this basis satisfy the commutation relations

[Eij, Ekl] = δj,kEil − δl,iEkj . (9.4)

We now define a general tensor operator in U(n), and what is known
as an irreducible tensor operator in U(n), where the action of these
operators is defined in the model Hilbert space H :

(i). A tensor operator T in U(n) of rank k ∈ P is a set of operators

T = {Th | h = 1, 2, . . . , k}, (9.5)

where the operators Th : H → H in the set are called the components
of T, and which themselves, under the group action TU : H → H
corresponding to the bases transformations Bλ of Hλ, λ ∈ Parn,
given by (9.3), undergo the following linear similarity transforma-
tion for each U ∈ U(n) :

TUTh′TU−1 =
k∑
h=1

Dh h′(U)Th, each h′ = 1, 2, . . . , k, (9.6)

where the matrix D(U) = (Dh h′(U))1≤h,h′≤k is a matrix represen-
tation of order k of U(n); that is, D(U)D(U ′) = D(UU ′), for all
U,U ′ ∈ U(n).

(ii). An irreducible tensor operator TΛ,Λ ∈ Parn, in U(n) of rank Dim Λ
is a set of operators

T
(

Λ
•

)
=
{
T

(
Λ
M

) ∣∣∣∣M ∈ GΛ

}
, (9.7)

where the operators T
(

Λ
M

)
: H → H in the set are called the com-

ponents of T
(

Λ
•
)

, and which themselves, under the group action
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TU : H → H of the space H corresponding to the basis transfor-
mations Bλ of Hλ, λ ∈ Parn, given by (9.3), undergo the following
linear similarity transformation for each U ∈ U(n) :

TUT

(
Λ
M ′

)
TU−1 =

∑
M∈GΛ

D

 M ′
Λ
M

 (U)T
(

Λ
M

)
, eachM ′ ∈ GΛ,

(9.8)
where the matrix DΛ(U) is exactly the unitary irreducible matrix
representation of U(n), with all the properties discussed in Chapters
5-8.

We have introduced the notation with the • in place of the lower GT
pattern in (9.7) to denote the tensor operator itself, this notation being
suggestive that the components of the tensor operator are obtained by
replacing • by the GT pattern M.

The infinitesimal operator version of the similarity transformation
(9.8) gives the Lie algebraic definition of an irreducible tensor operator
in U(n) in terms of the transformation properties of the components
under commutation with the generators Eij , i, j = 1, 2, . . . , n :[

Eij, T

(
Λ
M ′

)]
=
∑
M∈GΛ

〈
Λ
M

∣∣∣∣Eij ∣∣∣∣ Λ
M ′
〉

T

(
Λ
M

)
. (9.9)

We have already met the simplest tensor operators. These are the
fundamental shift operators

tτ = (t1τ , t2τ , · · · , tnτ ) (9.10)

that undergo the transformation

TU tjτTU−1 =
n∑
i=1

uij tiτ , j = 1, 2, . . . , n, (9.11)

corresponding to the transformation TU : H → H of the space H. Thus,
the fundamental shift operator is a tensor operator that transforms in
accordance with the fundamental representation D(10n−1)(U) = U of
U(n). There are n such fundamental unit tensor operators, one for each
τ = 1, 2 . . . , n. The action of each such tensor operator on the space
H has already been given in some detail in Chapters 6-8. Indeed, we
have adopted the viewpoint that these operators are the basic objects
from which the general Dλ−polynomials over arbitrary indeterminate
variables Z are built, a viewpoint that we now expand.
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9.1.1 A basis of irreducible tensor operators

We have given the main results in Sect. 6.6, Chapter 6 under the guise of
shift-operator polynomials, the properties of which we summarize here:

The power TA of the matrix of fundamental tensor operators

T =


t11 t12 · · · t1n
t21 t22 · · · t2n
...

...
...

tn1 tn2 · · · tnn

 (9.12)

is defined to be the ordered product:

TA =
n∏
i=1

tainin · · ·
n∏
i=1

tai2i2

n∏
i=1

tai1i1 . (9.13)

Since the components of each fundamental tensor operator tτ mutually
commute, the transformation (9.11) is among commuting components in
column τ of (9.12). Thus, the transformation of TA under the similarity
transformation by TU is well-defined and given by

TU TA TU−1 = (UT )A =
∑
γ � p

∑
B∈M

p
n×n(γ,β)

(
ZB , (UZ)A

) TB
B!

, (9.14)

for each A ∈M
p
n×n(α, β). The inner product coefficients

(
ZB , (UZ)A

)
in

this relation are exactly the same as those that occur in the expansion
(UZ)A of the Maclaurin monomials ZA :

TU ZA = (UZ)A =
∑
γ � p

∑
B∈M

p
n(γ,β)

(
ZB, (UZ)A

) ZB
B!

, (9.15)

for each A ∈ M
p
n×n(α, β). The coefficients defined by the inner product

are given by (1.258), Chapter 1:(
ZB , (UZ)A

)
= A!B!

∑
C∈M

p
n×n(α,γ)

{
A
C B

}
UC . (9.16)

The shift-operator polynomials are defined by (see (6.75))

D

 Γ
Λ
M

 (T ) =
∑

A∈M
p
n×n(W,∆)

C

 Γ
Λ
M

 (A)
TA

A!
, (9.17)
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where W = (W1,W2, . . . ,Wn) and ∆ = (∆1,∆2, . . . ,∆n) are the weights
of the lower and upper GT patterns:

W = W

(
Λ
M

)
, ∆ = W

(
Λ
Γ

)
. (9.18)

The C-coefficients in (9.17) are those occurring in the irreducible unitary
representation D-polynomials given by (5.6). It follows at once from
the transformation property (9.15) that the shift-operator polynomials
defined by (9.17) undergo the similarity transformation TU corresponding
to the bases transformation (9.3) of Bλ, each λ ∈ Parn, given by

TUD

 Γ
Λ
M ′

 (T )TU−1 =
∑
M∈GΛ

D

 M ′
Λ
M

 (U)D

 Γ
Λ
M

 (T ). (9.19)

Thus, for each shift-weight pattern Γ ∈ GΛ, the shift-operator-valued

polynomials (9.17) define an irreducible tensor operator D

(
Γ
Λ
•

)
(T ) with

components enumerated by the GT patterns M ∈ GΛ :

D

 Γ
Λ
•

 (T ) =

D
 Γ

Λ
M

 (T )

∣∣∣∣∣M ∈ GΛ

 , each Γ ∈ GΛ. (9.20)

The transformation (9.19) is expressed in the form (9.7) by

TUD

 Γ
Λ
•

 (T )TU−1) = D

 Γ
Λ
•

 (UT ) = DΛ(U)D
(

Γ
Λ

)
(T ), (9.21)

which holds for each Γ ∈ GΛ. It is very important to recognize that
there is no such simple rule for transformations T → TU because right
transformations mix noncommuting (ti1, ti2, . . . , tin) in row i of (9.12).

The operator-valued polynomials supply us with a set of Dim Λ irreducible
tensor operators, one for each upper GT pattern Γ.

These irreducible tensor operators have a pivotal role in determining the
CG coefficients of the unitary group U(n), as shown below. We refer to
these operator-valued polynomials as DΛ−tensor operators.

Relation (9.17) is invertible to the same form as (5.9) in consequence
of the orthogonality (5.13) of the Cλ−coefficients:

TA

A!
=
∑
Λ� p

∑
M,Γ∈GΛ(W,∆)

1
M(Λ)A!

C

 Γ
Λ
M

 (A)D

 Γ
Λ
M

 (T ), (9.22)
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for each A ∈M
p
n×n(W,∆). That the number of operators in the two sets{
TA

A!

∣∣∣∣A ∈M
p
n×n(W,∆)

}
, (9.23)D

 Γ
Λ
M

 (T )

∣∣∣∣∣Λ � p; M,Γ ∈ GΛ(W,∆)

 (9.24)

is equal is assured by the Robertson-Schensted-Knuth identity (5.16):

|Mp
n×n(W,∆)| =

∑
Λ� p

K(Λ,W )K(Λ,∆). (9.25)

This is an important result because it assures that the set of tensor
operators (9.24) is a basis for all tensor operator mappings from the
Hilbert space Hλ to the Hilbert space Hλ+∆. It follows that:

The set of tensor operatorsD
 Γ

Λ
•

 (T )

∣∣∣∣∣Γ ∈ GΛ,∆

 , (9.26)

where GΛ,∆ denotes the subset of GT patterns Γ ∈ GΛ defined by

GΛ,∆ =
{(

Λ
Γ

) ∣∣∣∣W(Λ
Γ

)
= ∆
}
, (9.27)

is a set of irreducible tensor operator mappings that spans the space of
all irreducible U(n) tensor operators of type Λ from the Hilbert space Hλ
to the Hilbert space Hλ+∆.

More generally, we have the full set of irreducible tensor operators,
DimΛ in number, as given byD

 Γ
Λ
•

 (T )

∣∣∣∣∣Γ ∈ GΛ

 , (9.28)

where the shift-weight ∆ is the weight of the upper GT pattern:

∆ = (∆1,∆2, . . . ,∆n) = W

(
Λ
Γ

)
. (9.29)

Thus, there are DimΛ irreducible DΛ−tensor operators, this set be-
ing partitioned into K(Λ,∆) disjoint subsets of the form (9.26): This



9.1. INTRODUCTION 385

partitioning is exactly right for accommodating every degenerate sub-
set DΛ+∆(Z) that occurs in the reduction of the Kronecker product
DΛ(Z)⊗Dλ(Z).

In a certain sense, this is a natural solution of the construction of
the irreducible tensor operator of the unitary group, since it is, per-
haps, the simplest possible extension of the irreducible representation
Dλ−polynomials themselves to operator-valued Dλ−polynomials that
have the same left transformation properties. It is a very natural result.

As elements of the vector space of operators acting in H, linear com-
binations of the DΛ−tensor operators can be formed with scalars IΓ that
are U(n) invariants:

XΛ
• (T ) =

∑
Γ∈GΛ

D

 Γ
Λ
•

 (T )IΓ. (9.30)

Then, XΛ• (T ) is a U(n) irreducible tensor operator of type Λ. We have
written the U(n) scalars to the right in (9.30), so that the matrix ele-
ments in H of the components X

(
Λ
M

)
(T ) of such a tensor operator

are given by 〈
λ′
m′

∣∣∣∣X ( Λ
M

)
(T )
∣∣∣∣ λ
m

〉

=
∑
Γ∈GΛ

〈
λ′

m′

∣∣∣∣∣D
 Γ

Λ
M

 (T )

∣∣∣∣∣ λ
m

〉
IΓ(λ), (9.31)

IΓ

∣∣∣∣ λ
m

〉
= IΓ(λ)

∣∣∣∣ λ
m

〉
. (9.32)

The preceding results appear to present a quite satisfactory answer
to the problem of spanning the multiplicity space of identical irreducible
representations Dλ+∆(Z), but there are still unresolved issues: The ten-
sor operators in the set (9.26) are not orthogonal; hence, the matrix
elements in (9.31) do not provide the elements of a real orthogonal ma-
trix C(Λλ) in relations (6.85)-(6.87) that bring the Kronecker product to
standard Kronecker direct sum form. The construction of such a set of
tensor operators requires further considerations to which we next turn.
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9.2 Unit Tensor Operators

We remarked at the beginning of this section that the matrix elements of
irreducible tensor operators provide CG coefficients in the relation for the
reduction of the Kronecker product to Kronecker direct sum form. This
relation is described in detail in Sect. 6.6, Chapter 6. We now analyze
the relation

C(Λλ)
(
DΛ(Z)⊗Dλ(Z)

)(
C(Λλ)

)T
=

∑
∆ ∈WΛ
λ+∆∈Λ⊗λ

⊕
(
IIΛ,∆(λ) ⊗Dλ+∆(Z)

)
(9.33)

from the viewpoint of matrix elements of irreducible tensor operators
acting in the model Hilbert space H. We define a unit tensor operator,
denoted

T̂

 Γ
Λ
•

 , Γ ∈ GΛ, (9.34)

to be an irreducible tensor operator in U(n) with the additional property
that the matrix elements of its action in H give orthogonal coefficients:

1. The shift action on the basis Bλ of Hλ, each Γ ∈ GΛ,∆, is given by

T̂

 Γ
Λ
M

∣∣∣∣ λ
m

〉
(9.35)

=
∑

m′∈Gλ+∆

〈
λ + ∆
m′

∣∣∣∣T̂
 Γ

Λ
M

∣∣∣∣ λ
m

〉 ∣∣∣∣ λ + ∆
m′

〉
,

where the matrix elements in this expression are required to satisfy
the orthogonality relations

∑
M,m

〈
λ + ∆
m′

∣∣∣∣T̂
 Γ

Λ
M

∣∣∣∣ λ
m

〉

×
〈

λ + ∆
m′′

∣∣∣∣T̂
 Γ′

Λ
M

∣∣∣∣ λ
m

〉
= δm′,m′′ δΓ,Γ′ ,

each pair Γ,Γ′ ∈ GΛ,∆. (9.36)
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The matrix elements of a unit tensor operator must have the fol-
lowing properties: The set GΛ,∆ of shift-weights must split into
two disjoint subsets, G

(1)
Λ,∆ and G

(0)
Λ,∆, such that there are exactly

IΛ,∆(λ) shift-weight patterns Γ ∈ G
(1)
Λ,∆ such that the matrix ele-

ments in (9.35)-(9.36) are not all zero for Γ, Γ′ ∈ G
(1)
Λ,∆, and there

must be exactly K(Λ,∆)−IΛ,∆(λ) shift-weight patterns Γ′′ ∈ G
(0)
Λ,∆

such that the matrix elements are zero:〈
λ + ∆
m′

∣∣∣∣T̂
 Γ′′

Λ
M

∣∣∣∣ λ
m

〉
= 0,

for λ,Λ, λ + ∆ ∈ Parn, λ + ∆ ∈ Λ⊗ λ; (9.37)

all patterns m ∈ Gλ,M ∈ GΛ,Γ′′ ∈ G
(0)
Λ,∆,m

′ ∈ Gλ+∆.

This zero matrix element property is an essential characteristic in
this definition of a unit tensor operator. It is important to observe
that requiring certain matrix elements of an operator to be zero
does not imply that the operator itself is the zero operator.

2. A unit tensor operator (9.34) is an irreducible tensor operator; that
is, satisfies the transformation rule

TU T̂

 Γ
Λ
M ′

TU−1 =
∑
M∈GΛ

D

 M ′
Λ
M

 (U)T̂

 Γ
Λ
M

 ,

each Γ ∈ GΛ. (9.38)

We now use the two properties (9.37)-(9.38) of a unit tensor operator
to deduce the relationship between the matrix elements of a unit tensor
operator and the elements of the real orthogonal matrix C(Λλ) in (9.33)
that effects the full reduction to Kronecker direct sum form. We perform
six lengthy, but straightforward steps: (i) Relation (9.38) is multiplied
from the right by TU ; (ii) matrix elements of the modified transformation
relation resulting from the first step between initial and final basis vectors
indicated by 〈

λ + ∆
m′

∣∣∣∣ · · · ∣∣∣∣ λ
m

〉
(9.39)

are taken, and intermediate states supplied and summed over; (iii) the
matrix elements of TU in its action on a basis vector as given by the
transformation rule (9.3) are inserted; (iv) the matrix elements of the
Kronecker product are identified from relation (6.89); (v) the orthogo-
nality relations (9.36) are used to move the unit tensor operator matrix
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elements to the left-hand side of the relation resulting from the first
four steps; and (vi) various labels are renamed. This gives the following
relation, which is of exactly the form that effects the desired reduction
of the Kronecker product:

∑
(M,m),(M ′,m′)

〈
λ + ∆
m′′

∣∣∣∣T̂
 Γ

Λ
M

∣∣∣∣ λ
m

〉

×
〈

λ + ∆
m′′′

∣∣∣∣T̂
 Γ

Λ
M ′

∣∣∣∣ λ

m′

〉(
DΛ(U)⊗Dλ(U)

)
(M,m),(M ′,m′)

= D

 m′′′
λ + ∆
m′′

 (U), each Γ ∈ G
(1)
Λ,∆. (9.40)

Relation (9.40) is the result needed to identify the elements of a ma-
trix C(Λλ) that effects the full reduction given by (9.33). The rows(

Γ,
(λ+∆
m′′
))

and columns (M,m) of a real orthogonal matrix C(Λλ) that
brings the Kronecker product in (9.33) to full Kronecker direct sum form
are given by

(
C(Λλ)

)
(Γ,(λ+∆

m′′ ));(M,m)
=
〈

λ + ∆
m′′

∣∣∣∣T̂
 Γ

Λ
M

∣∣∣∣ λ
m

〉
,

λ,Λ, λ + ∆ ∈ Parn, λ + ∆ ∈ Λ⊗ λ, (9.41)

m ∈ Gλ,M ∈ GΛ,Γ ∈ G
(1)
Λ,∆,m

′′ ∈ Gλ+∆.

The elements of the full matrix C(Λλ) of order DimΛ Dimλ are obtained
by letting the shift-weight ∆ take on all weights ∆ ∈WΛ. These matrix
elements of C(Λλ) can then be arranged in an order that effects exactly
the reduction (9.33).

The main result for tensor operator theory can be summarized as
follows:

The shift action and transformation properties under unitary similarity
transformations of a unit tensor operator imply that its matrix elements
are the elements of an orthogonal matrix that reduces the Kronecker prod-
uct of two irreducible representations of U(n) to full Kronecker direct
sum form.
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This is a very nice result. It places the burden of resolving the multi-
plicity problem for the Kronecker product of two irreducible representa-
tions of U(n) on that of defining unit tensor operators of general type
Λ. But we already have a basis for all tensor operators of type Λ—the
DΛ−operator-valued polynomials. Thus, there is a pathway for defining
sets of unit tensor operators. Indeed, there are several such pathways, as
we discuss, after summarizing in a slightly different notation the prop-
erties of general unit tensor operators given above.

9.2.1 Summary of properties of unit tensor operators

The properties of an orthogonal set of unit tensor operators can be sum-
marized by statements about the action of the operators and their conju-
gates on the basis Bλ of Hλ ⊂ H. We enumerate a set of orthogonal unit
tensor operators having prescribed shift-weight ∆ by a set of operator
patterns, as we now call the upper GT patterns Γ ∈ GΛ :

Γt∆ : t = 1, 2, . . . , IΛ,∆(λ), each Γt∆ ∈ GΛ,∆. (9.42)

The set of operator patterns Γt∆ ∈ GΛ,∆ that have the same shift ∆ con-
tains K(Λ,∆) patterns. We do not yet specify which of patterns (9.42)
are the IΛ,∆(λ) ≤ K(Λ,∆) enumerated by Γt∆, t = 1, 2, . . . , IΛ,∆(λ).

The concept of null space is an essential feature of the definition of
unit tensor operators. Relation (9.37) expresses the property that the
entire vector space Hλ is annihilated by certain of the unit tensor op-
erators even though λ + ∆ ∈ Λ ⊗ λ. We refer to this annihilation of
an entire vector space as a characteristic null space. The existence of
characteristic null spaces of unit tensor operators is unavoidable—the
unit tensor operators must, for all values of the Littlewood-Richardson
numbers, provide orthogonal matrix elements that bring the Kronecker
product DΛ(U)⊗Dλ(U) to Kronecker direct sum form. Since the great-
est value of the Littlewood-Richardson number is given by the Kostka
numbers; that is, Imax

Λ,∆ (λ) = K(Λ,∆), and there is a denumerable in-
finity of partitions λ ∈ Parn for which this is true, all K(λ,∆) unit
tensor operators for t = 1, 2, . . . ,K(λ,∆) are required, but, for those
Littlewood-Richardson numbers less than the maximum K(Λ,∆), null
operators and associated characteristic null spaces must occur; such null
space properties are controlled by those of the Littlewood-Richardon and
Kostka numbers. For the development of this viewpoint, it is essential
to consider the Littlewood-Richardson numbers as functions IΛ,∆ of the
partitions λ ∈ Parn with values cλ+∆Λλ = IΛ,∆(λ).

It is convenient to adopt the following Rt notation in place of the
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matrix element notation in (9.35):

T̂

 Γt∆
Λ
M

∣∣∣∣ λ
m

〉
=

∑
m′∈Gλ+∆

Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)] ∣∣∣∣ λ + ∆
m′

〉
,

t = 1, 2, . . . , IΛ,∆(λ); (9.43)

T̂

 Γr∆
Λ
M

∣∣∣∣ λ
m

〉
= 0, r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆). (9.44)

It follows from these results that the action of the conjugate unit tensor
operator on the basis Bλ+∆ of Hλ+∆ ⊂ H is given by

T̂ †

 Γt∆
Λ
M

∣∣∣∣ λ + ∆
m′

〉
=

∑
m∈Gλ

Rt

[(
λ

m

)(
Λ
M

)(
λ + ∆
m′

)] ∣∣∣∣ λ
m

〉
,

t = 1, 2, . . . , IΛ,∆(λ); (9.45)

T̂ †

 Γr∆
Λ
M

∣∣∣∣ λ + ∆
m′

〉
= 0, r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆). (9.46)

The matrix elements of a unit tensor operator and its conjugate are
related by〈

λ
m

∣∣∣∣ T̂ †

 Γt∆
Λ
M

∣∣∣∣ λ + ∆
m′

〉
=

〈
λ + ∆
m′

∣∣∣∣ T̂
 Γt∆

Λ
M

 ∣∣∣∣ λ
m

〉
.

(9.47)

The action of a unit tensor operators is to effect an upward shift from
a basis vector in Hλ to a basis vector in Hλ+∆, while that of the conjugate
is a downward shift from Hλ+∆ to Hλ, this shift property holding when
the respective vector spaces Hλ and Hλ+∆ are not in the characteristic
null space. The null unit tensor operators and characteristic null space
in (9.44) are essential features of the definition of unit tensor operators,
and similarly for (9.46).

To emphasize that the relations in this subsection apply to unit tensor
operators, we now denote the real orthogonal matrix C(Λλ) in relation
(9.33) by R(Λλ). The rows and columns of the elements of this matrix
are enumerated as follows:(

R(Λλ)
)

(t,(λ+∆
m′ ));(M,m)

= Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]
. (9.48)
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We take careful note of the ranges of the various parameters that appear
in this result, which are

λ,Λ, λ + ∆ ∈ Parn, λ + ∆ ∈ Λ⊗ λ,

(9.49)
m ∈ Gλ, M ∈ GΛ, m

′ ∈ Gλ+∆, t = 1, 2, . . . , IΛ,∆(λ).

The shift-weight ∆ then assumes all values ∆ ∈ WΛ such that λ + ∆ ∈
Λ⊗λ to obtain the matrix R(Λλ), a result confirmed by the dimensional
identity: ∑

∆∈WΛ, λ+∆∈Λ⊗λ
IΛ,∆(λ)Dim(λ + ∆) = DimΛ Dimλ. (9.50)

The unit tensor operators of type Λ having operator patterns in the
set (9.43), which have nonzero matrix elements, satisfy relations that can
be written as operator identities on the space H, and also as orthogonal-
ity relations. We write the basis vector to the right of relations (9.51)
and (9.53) below to avoid any ambiguity as to the vector space on which
these operator relations hold:

Operator identity:

IΛ,∆(λ)∑
t=1

T̂ †

 Γt∆
Λ
M ′

 T̂

 Γt∆
Λ
M

∣∣∣∣ λ
m

〉
= δM ′,M

∣∣∣∣ λ
m

〉
. (9.51)

Orthogonality of the rows:

IΛ,∆(λ)∑
t=1

∑
m′′

Rt

[(
λ + ∆
m′′

)(
Λ
M ′

)(
λ

m′

)]
Rt

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]
= δM ′,M δm′,m . (9.52)

Conjugate operator identity:

∑
M∈GΛ

T̂

 Γt
′
∆

Λ
M

 T̂ †

 Γt∆
Λ
M

∣∣∣∣ λ + ∆
m′

〉
= δt′,t

∣∣∣∣ λ + ∆
m′

〉
. (9.53)

Orthogonality of the columns:

∑
m∈Gλ,M∈GΛ

Rt′

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]
Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]
= δt′,t δm′′,m′ . (9.54)
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We remark again that we have not identified the operator patterns
in (9.43) and (9.44) associated with the split of the set of K(Λ,∆) unit
tensor operators into two disjoint subsets, non-null and null tensor op-
erators. We make such an identification subsequently. Nor have we yet
indicated how the matrix elements of a set of unit tensor operator are to
be calculated. We turn next to these issues.

9.2.2 Explicit unit tensor operators

We have already determined a basis set of all irreducible tensor opera-
tors of type Λ having operator patterns Γ ∈ GΛ,∆ with shift-weight ∆.

These are the operator-valued DΛ−polynomials, enumerated by operator
patterns, as follows:

D

 Γ1∆
Λ
•

 (T ), D

 Γ2∆
Λ
•

 (T ), . . . , D

 ΓK(Λ,∆)∆

Λ
•

 (T ), (9.55)

where we still do not identify explicitly the operator patterns Γs∆ ∈
GΛ,∆, s = 1, 2, . . . ,K(Λ,∆). But, by (9.26)-(9.27), the set of irreducible
tensor operators spans the space of irreducible tensor operator mappings
from Hλ to Hλ+∆. It must, therefore, be the case that each unit tensor
operator in the set

T̂

 Γ1∆
Λ
•

 , T̂

 Γ2∆
Λ
•

 , . . . , T̂

 ΓK(Λ,∆)∆

Λ
•

 (9.56)

is a linear combination of those in the set (9.55), and conversely:

T̂

 Γs∆
Λ
•

 =
K(Λ,∆)∑
s′=1

D

 Γs
′
∆

Λ
•

 (T )As,s′ , (9.57)

D

 Γs∆
Λ
•

 (T ) =
K(Λ,∆)∑
s′=1

T̂

 Γs
′
∆

Λ
•

Bs,s′, (9.58)

where s = 1, 2, . . . ,K(Λ,∆) in each of these relations, and As,s′ and Bs,s′
are U(n) invariants (scalars in the vector space of operators).
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Consider now the set of vectors in Hλ+∆ enumerated by

D

 Γ1∆
Λ
M

 (T )
∣∣∣∣ λ
m

〉
, D

 Γ2∆
Λ
M

 (T )
∣∣∣∣ λ
m

〉
, . . . , (9.59)

D

 ΓIΛ,∆(λ)∆

Λ
M

 (T )
∣∣∣∣ λ
m

〉
, . . . , D

 ΓK(Λ,∆)∆

Λ
M

 (T )
∣∣∣∣ λ
m

〉
.

There are K(Λ,∆) vectors in this set, but exactly IΛ,∆(λ) of them are lin-
early independent, since this is the number of irreducible tensor operator
mappings from Hλ to Hλ+∆. Indeed, each subset of these K(Λ,∆) vec-
tors that contains IΛ,∆(λ) distinct vectors is linearly independent, and we
take these to be the ones with operator patterns Γ1∆,Γ

2
∆, . . . ,Γ

IΛ,∆(λ)
∆ , as

yet not identified explicitly. This freedom of choice of operator patterns
in the operator-valued DΛ−polynomials is proved below (see (9.79)).

We now apply the Gram-Schmidt procedure to the full set of K(Λ,∆)
vectors (9.59) in the order left-to-right. The application of the Gram-
Schmidt procedure to the first IΛ,∆(λ) linearly independent vectors pro-
duces an orthornormal set of vectors; equally, if not more significantly,
the continued application of the procedure to the remaining K(Λ,∆)−
IΛ,∆(λ) vectors produces the 0 vector. (It is not generally pointed out
that the Gram-Schmidt procedure can be applied to any set of vectors,
linearly dependent or not, and always produces a set of orthogonal vec-
tors equal to the number of linearly independent vectors in the set and
a number of 0 vectors equal to the number of linearly dependent vectors
in the set (for details, see Sect. 10.3.4, Compendium A). Thus, the ap-
plication of the Gram-Schmidt procedure to the full set of vectors (9.59)
generates a set of unit tensor operators with the following properties:

D̂

 Γt∆
Λ
M

 (T )
∣∣∣∣ λ
m

〉
=
∑

m′∈Gλ+∆

Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)] ∣∣∣∣ λ
m

〉
,

t = 1, 2, . . . , IΛ,∆(λ); (9.60)

D̂

 Γr∆
Λ
M

 (T )
∣∣∣∣ λ
m

〉
= 0, r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆).

The Gram-Schmidt procedure leading from relations (9.59) to relations
(9.60) is to be carried out for each shift-weight ∆ ∈ WΛ. Thus, each of
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the irreducible tensor operators

T̂

 Γs∆
Λ
•

 = D̂

 Γs∆
Λ
•

 , each ∆ ∈WΛ, (9.61)

each s = 1, 2, . . . ,K(Λ,∆),

is a unit tensor operator for which the Rt coefficients in (9.60) satisfy the
orthogonality relations (9.51)-(9.54); that is, the real orthogonal matrix
RΛλ) effects the transformation (9.33) (replace C(Λλ) by R(Λλ)) to the
Kronecker direct sum. This property is true for every choice of opera-
tor patterns in the sequence (9.55), such that the first IΛ,∆(λ) of them
are linearly independent: The Gram-Schmidt procedure automatically
effects the split into non-null and null unit tensor operators, as exhibited
in (9.60). We conclude:

There are many unit tensor operators whose matrix elements provide a
set of elements of a real orthogonal matrix that effects the reduction of
the Kronecker product of two unitary irreducible representations of U(n)
to the Kronecker direct sum of unitary irreducible representations.

If there is a natural choice for ordering the set of operator patterns
{Γ} that enumerate irreducible tensor operators, it must originate from
additional properties of these patterns that in some manner assign dis-
tinguishing features, as yet unidentified.

9.3 Canonical Tensor Operators

The concept of characteristic null space of an irreducible tensor operator
is unavoidable if the matrix elements of such irreducible tensor operators
are to provide the elements of a real orthogonal matrix that reduces the
Kronecker product of two unitary irreducible representations of U(n)
to the Kronecker direct sum of unitary irreducible representations. It
was Biedenharn [7, 20, 117] who recognized the role of operator patterns
Γ in effecting the shift-weight properties of irreducible tensor operators
required to implement their properties into a comprehensible theory of
Kronecker product reduction. While such Γ−patterns are GT patterns
in their enumerative aspects, they possess no group-subgroup properties,
which are intrinsic to ordinary GT patterns. In this respect, they may
possess properties still to be discovered. This idea that characteristic
null space had an important, if not definitive, role to play was made
explicit in Ref. [107]. Optimistically, the irreducible tensor operators
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were called canonical tensor operators and assigned the symbols〈 Γ
Λ
•

〉
=


〈 Γ

Λ
M

〉 ∣∣∣∣∣M ∈ GΛ

 , each Γ ∈ GΛ. (9.62)

The characteristic null space classification works very nicely for all uni-
tary irreducible tensor operators in the so-called class of adjoint tensor
operators, those with partition Λ = (2, 1n−2, 0) (Ref. [117]).

The properties of the Littlewood-Richardson numbers are a key in-
gredient in the characteristic null space approach to the theory of tensor
operators. As noted earlier in relations (6.102)-(6.105), Chapter 6, we
are led naturally to the viewpoint that the partitions λ ∈ Parn in the
Kronecker product DΛ(U)⊗Dλ(U) are parameters that are to be varied
over all λ ∈ Parn, while Λ and the weight ∆ of the GT pattern

(Λ
Γs

)
are

taken as fixed. This viewpoint then leads us to regard the Littlewood-
Richardson numbers cλ+∆Λλ = IΛ,∆(λ) as the values of a function IΛ,∆
defined over the set of all partitions λ ∈ Parn.

The level sets of partitions defined by (6.104)-(6.105) and given by

PΛ,∆(L) = {λ ∈ Parn | IΛ∆(λ) = L},
(9.63)

L ∈ {0, 1, . . . ,K(Λ,∆)}

are basic to the notion of canonical tensor operators. We do not preclude
the possibility that, for certain L, the set PΛ,∆(L) can be empty. We
also require the unions of these level sets defined by

P
(s)
Λ,∆ =

K(Λ,∆)−s⋃
L=0

PΛ,∆(L), s = 0, 1, . . . ,K(Λ,∆). (9.64)

We now define a canonical tensor operator by the following three
rules:

1. Each canonical tensor operator is a unit tensor operator; that is, it
satisfies all the criteria given in Sect. 9.2 for a unit tensor operator.

2. The full set of canonical tensor operators of type Λ is totally ordered
by the rule 〈 Γ

Λ
•

〉
>

〈 Γ′
Λ
•

〉
, (9.65)
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if and only if the operator patterns Γ and Γ′ satisfy(
Λ
Γ

)
>

(
Λ
Γ′

)
, (9.66)

where these GT patterns are ordered in exactly the way described
for ordinary GT patterns by relations (5.18)-(5.20), Chapter 5,
which we repeat: The operator pattern

(Λ
Γ

)
is greater then the

operator pattern
(Λ
Γ′
)

in (9.66), if and only if

(Γn−1,Γn−2, . . . ,Γ1) > (Γ′
n−1,Γ

′
n−2, . . . ,Γ

′
1). (9.67)

Each of these two sequences is of length n(n − 1)/2, where the
respective sequences Γi and Γ′

i, each of length i, is read off the row
i of the GT pattern:

Γi = (Γ1,i,Γ2,i, . . . ,Γi,i), i = 1, 2, . . . , n− 1,
(9.68)

Γ′
i = (Γ′

1,i,Γ
′
2,i, . . . ,Γ

′
i,i), i = 1, 2, . . . , n− 1.

The greater than symbol > holds in (9.67), if and only if the first
nonzero difference of the two corresponding sequences is positive.

3. Canonical tensor operators are here defined to be identical to the
orthonormalized unit tensor operators constructed by the Gram-
Schmidt procedure in Sect. 9.2.2 on the set of operator-valued DΛ−
polynomials, where the operator-valued polynomials are systemat-
ically organized by the ordering of their operator patterns (read
left-to-right in (9.55):(

Λ
Γ1∆

)
>

(
Λ

Γ2∆

)
> · · · >

(
Λ

ΓK(Λ,∆)∆

)
. (9.69)

Thus, we have that〈 Γt∆
Λ
M

〉 ∣∣∣∣ λ
m

〉
= D̂

 Γt∆
Λ
M

 (T )
∣∣∣∣ λ
m

〉
, t = 1, 2, . . . , IΛ,∆(λ);

(9.70)〈 Γr∆
Λ
M

〉 ∣∣∣∣ λ
m

〉
= 0, r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆).
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Examples: It useful to given examples of the GT pattern ordering
(9.66):

1. Λ = (2, 1, 0),∆ = (1, 1, 1) :(
2 1 0
2 0
1

)
>

(
2 1 0
1 1
1

)
,

in consequence of (2, 0, 1) > (1, 1, 1).

(9.71)

2. Λ = (4, 2, 0),∆ = (2, 2, 2) :(
4 2 0
4 0
2

)
>

(
4 2 0
3 1
2

)
>

(
4 2 0
2 2
2

)
,

(9.72)

in consequence of (4, 0, 2) > (3, 1, 2) > (2, 2, 2). �.

We restate the factorization lemma (6.96), Chapter 6, in the notation
of canonical tensor operators for the purpose of continuity with earlier
published work:D̂

 m′′′
λ + ∆
m′

 (Z),D

 M ′
Λ
M

 (Z)D̂

 m′′
λ
m

 (Z)


=

〈 m′′′
λ + ∆
m′

∣∣∣∣∣ D
 M ′

Λ
M

 (Θ)

∣∣∣∣∣
m′′
λ
m

〉

=

√
M(λ + ∆)
M(λ)

IΛ,∆(λ)∑
t=1

〈
λ + ∆
m′

∣∣∣∣∣
〈 Γt∆

Λ
M

〉 ∣∣∣∣∣ λ
m

〉

×
〈

λ + ∆
m′′′

∣∣∣∣∣
〈 Γt∆

Λ
M ′

〉 ∣∣∣∣∣ λ
m′′

〉
; (9.73)

〈
λ + ∆
m′

∣∣∣∣∣
〈 Γt∆

Λ
M

〉 ∣∣∣∣∣ λ
m

〉
= Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]
,

t = 1, 2, . . . , IΛ,∆(λ); (9.74)〈
λ + ∆
m′

∣∣∣∣∣
〈 Γr∆

Λ
M

〉 ∣∣∣∣∣ λ
m

〉
= 0, r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆).
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These last two matrix element relations are expressions of relations (9.60)
and (9.70). The canonical tensor operators appearing in relations (9.73)-
(9.74) are the ones with the ordered operator patterns (9.69).

The choice of the identification of patterns given by (9.69), as illus-
trated in (9.71)-(9.72), is arbitrary from the point of view of unit tensor
operators, except that it must be verified that the set of operator-valued
tensor operators (9.59) corresponding to this choice are linearly indepen-
dent (We do this below). The persuasion for this being a natural choice
based on properties of the operator patterns must be made separately.
We will show in subsequent sections that this choice coincides with that
made in many papers by Biedenharn and collaborators, including the
author. Our view is, however, that it is a reasonable choice based on
natural schema, and not a consequence of there being “no free choices,”
except trivial phase conventions, as often advanced by Biedenharn [14].
Nonetheless, for reference purposes to the published literature, we will
refer to this choice as canonical.

The structure of the factorization lemma (9.73)-(9.74) can be investi-
gated along the same lines as used in Sect. 7.2, Chapter 7. In particular,
if we choose m = m′′ = max and m′ = m′′′ = max, the relation reduces
to one in which only the following maximal matrix elements appear:

〈
λ + ∆
max

∣∣∣∣∣
〈 Γt∆

Λ
Γt

′
∆

〉 ∣∣∣∣∣ λ
max

〉
, t, t′ = 1, 2, . . . , IΛ,∆(λ), (9.75)

since the selection of initial and final maximal patterns forces the lower
pattern M to belong to the same shift-weight set GΛ,∆ as the upper pat-
tern. Thus, the coefficients (9.75) can be arranged into a square matrix
Lλ+∆Λ,λ of order equal to the Littlewood-Richardson number IΛ,∆(λ) :

(
Lλ+∆Λ,λ

)
t′,t

=

〈
λ + ∆
max

∣∣∣∣∣
〈 Γt∆

Λ
Γt

′
∆

〉 ∣∣∣∣∣ λ
max

〉
, (9.76)

t′, t = 1, 2, . . . , IΛ,∆(λ).

The matrix Lλ+∆Λ,λ is of order 1 with entry 1 for partitions Λ having
one part nonzero (see Sect. 7.2, Chapter 7). It is also nonsingular for
partitions Λ with two parts nonzero, as can be demonstrated by applying
the factorization lemma to the D−polynomials constructed in Sect. 7.3.1,
Chapter 7. We next outline the application of the factorizations lemma
to the general case.
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9.3.1 Application of the factorization lemma to canonical
tensor operators

Canonical tensor operators have been defined by (9.70) in terms of or-
thonormalized operator-valued DΛ−polynomials. Nonetheless, it is use-
ful to show the consistency with the factorization lemma.

The strategy for solving relations (9.73) for the canonical CG coeffi-
cients 〈

λ + ∆
m′

∣∣∣∣
〈 Γt

Λ
M

〉∣∣∣∣ λ
m

〉
(9.77)

is to evaluate relation (9.73) first on the maximal GT patterns m′′ = max
and m′′′ = max, followed also by m′ = max and m = max, just as we
did in Sect. 7.2 for the case of Λ = (p 0n−1). Thus, effecting the first step
gives the following relation for each t = 1, 2, . . . , IΛ,∆(λ) :

〈 max
λ + ∆
m′

∣∣∣∣ D
 Γt′

Λ
M

 (Θ)
∣∣∣∣ max

λ
m

〉
(9.78)

=

√
M(λ + ∆)
M(λ)

IΛ,∆(λ)∑
t=1

〈
λ + ∆
m′

∣∣∣∣∣
〈 Γt

Λ
M

〉 ∣∣∣∣∣ λ
m

〉 (
Lλ+∆Λ,λ

)
t′,t

,

where the L−coefficients in the right-most position are the elements
of the Littlewood-Richardson matrix defined by (9.76). By considering
carefully the action of the fundamental shift operators tjτ that effect the
transformation between maximal upper states in the left-hand side of
(9.78) (see Ref. [118]), the left-hand side of this relation can be shown to
reduce to 〈 max

λ + ∆
m′

∣∣∣∣∣ D
 Γt′

Λ
M

 (Θ)

∣∣∣∣∣
max
λ
m

〉

= I∆(λ)

√
M(λ + ∆)
M(λ)

〈
λ + ∆
m′

∣∣∣∣ D
 Γt′

Λ
M

 (T )
∣∣∣∣ λ

m

〉
, (9.79)

I∆(λ) =

 ∏
1≤i<j≤n

(pi,n − pj,n + ∆i −∆j)
(pi,n − pj,n + ∆i)

1/2 . (9.80)
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Taking this relation into account, we obtain the following specialized
version of the factorization lemma:

I∆(λ)
〈

λ + ∆
m′

∣∣∣∣D
 Γt′

Λ
M

 (T )
∣∣∣∣ λ
m

〉

=
IΛ,∆(λ)∑
t=1

〈
λ + ∆
m′

∣∣∣∣
〈 Γt

Λ
M

〉∣∣∣∣ λ
m

〉(
Lλ+∆Λ,λ

)
t′,t

. (9.81)

The choice of max in both the initial and final vectors in the left-
hand side of (9.81) forces the GT pattern M of the operator-valued
polynomial to be a pattern Γs, s = 1, 2, . . . ,K(Λ,∆) in the multiplicity
set corresponding to the chosen ∆ ∈ WΛ. But in effecting the Gram-
Schmitt procedure on the operator-valued polynomials, we have further
restricted these GT patterns to be Γt′′ , t′′ = 1, 2, . . . , IΛ,∆(λ). Thus, when
restricted in this manner, (9.81) gives the following relation:

I∆(λ)
〈

λ + ∆
max

∣∣∣∣D
 Γt′

Λ
Γt′′

 (T )
∣∣∣∣ λ
max

〉

=
(
Dλ+∆
Λ,λ

)
t′′,t′

=
IΛ,∆(λ)∑
t=1

(
Lλ+∆Λ,λ

)
t′′,t

(
Lλ+∆Λ,λ

)
t′,t

. (9.82)

In matrix form, this relation becomes

Dλ+∆
Λ,λ = Lλ+∆Λ,λ

(
Lλ+∆Λ,λ

)T
. (9.83)

The matrix Dλ+∆
Λ,λ is known from the action of the fundamental shift

operators in the left-hand side of (9.82).

If Lλ+∆Λ,λ is any solution of (9.83), so is Lλ+∆Λ,λ S, where S is an arbitrary
real orthogonal matrix of order IΛ,∆(λ). This is an intrinsic feature of
any comprehensive theory that deals with the multiplicity space associated
with reducing the Kronecker product to standard Kronecker direct sum
form, which is linear space of order equal to the Littlewood-Richardson
cλ+∆Λλ number.The factorization lemma possesses this basic property.

We now make a special choice such that canonical tensor operators
become the orthonormalized operator-valued polynomials. We choose
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the matrix Lλ+∆Λ,λ to be lower diagonal, as given by the following form:

Lλ+∆Λ,λ =


L1,1 0 0 0 · · · 0
L2,1 L2,2 0 0 · · · 0
L3,1 L3,2 L3,3 0 · · · 0

...
...

...
... · · ·

...
LI,1 LI,2 LI,3 LI,4 · · · LI,I

 , (9.84)

in which we have abbreviated I = IΛ,∆(λ) and also Lt′,t =
(
Lλ+∆Λ,λ

)
t′,t

.

Thus, relation (9.81) becomes

I∆(λ)
〈

λ + ∆
m′

∣∣∣∣D
 Γt′

Λ
M

 (T )
∣∣∣∣ λ
m

〉

=
t′∑
t=1

〈
λ + ∆
m′

∣∣∣∣
〈 Γt

Λ
M

〉 ∣∣∣∣ λ
m

〉
Lt′,t(λ). (9.85)

This triangular relation is invertible to the form:〈
λ + ∆
m′

∣∣∣∣
〈 Γt

Λ
M

〉∣∣∣∣ λ
m

〉

= I∆(λ)
t∑

t′=1

〈
λ + ∆
m′

∣∣∣∣D
 Γt′

Λ
M

 (T )
∣∣∣∣ λ
m

〉
L−1
t,t′ .

=
〈

λ + ∆
m′

∣∣∣∣ D̂
 Γt

Λ
M

 (T )
∣∣∣∣ λ
m

〉
, (9.86)

where t = 1, 2, . . . , IΛ,∆(λ). For t = 1, the factor I∆(λ)L1,1 is the normal-
ization factor of the operator-valued polynomial with operator pattern
Γ1, etc. :

The Gram-Schmidt procedure applied to the operator-valued DΛ−polyno-
mials to obtain the unit tensor operators (9.60) is a triangular procedure,
as is the triangular method effected above that solves the factorization
lemma. These two methods yield the same set of unit tensor operators,
where, for consistency of enumeration, we label the successive unit tensor
operators in the two constructions by the same set of ordered operator
patterns.
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We summarize the above results:

An explicit set of ordered canonical tensor operators given by〈 Γ1
Λ
•

〉
>

〈 Γ2
Λ
•

〉
> . . . >

〈 ΓIΛ,∆(λ)
Λ
•

〉
> . . . >

〈 ΓK(Λ,∆)
Λ
•

〉
,

(9.87)
where the operator patterns are ordered by the rules (9.65)-(9.68), can be
constructed from the factorization lemma such that they agree with the
Gram-Schmidt orthonormalized operator-values polynomials,〈 Γt

Λ
M

〉
= D̂

 Γt
Λ
M

 (T ), t = 1, 2, . . . , IΛ,∆(λ), (9.88)

and such that the following properties hold for each operator pattern Γt∆ ∈
GΛ,∆, each ∆ ∈WΛ :〈 Γt

Λ
M

〉 ∣∣∣∣ λ
m

〉
=

∑
m′∈Gλ+∆

Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)] ∣∣∣∣ λ + ∆
m′

〉
,

t = 1, 2, . . . , IΛ,∆(λ); (9.89)〈 Γr
Λ
•

〉
: Hλ → 0, Hλ ∈ N( Λ

Γr
) ,

r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆). (9.90)

The matrix elements of the canonical tensor operators in relation (9.89)
then provide a set of CG coefficients that bring the Kronecker product
DΛ⊗Dλ to completely reduced form; that is, to the standard Kronecker
direct sum.

We need to identify more precisely the full characteristic null space
N
(
Λ
Γs∆

)
of a given null canonical tensor operator implied by property

(9.90); that is, the set of all λ ∈ Parn such that〈 Γs∆
Λ
•

〉∣∣∣∣ λ
m

〉
= 0, allλ ∈ N

(
Λ

Γs∆

)
, (9.91)

where Γs∆ is any operator pattern Γs∆ ∈ GΛ,∆, s = 1, 2, . . . ,K(Λ,∆). It
follows from (9.90), relations (9.65)-(9.68), and definition (9.64) that the
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full characteristic null space is given by

N
(

Λ
Γs∆

)
=
∑

λ∈PsΛ,∆

⊕Hλ. (9.92)

The characteristic null spaces of the respective canonical tensor operators
(9.87) as read from right-to-left then satisfy the set inclusion relations

N
(

Λ
ΓK(Λ,∆)∆

)
⊆ · · · ⊆ N

(
Λ

Γ2∆

)
⊆ N
(

Λ
Γ1∆

)
. (9.93)

Two of the characteristic null spaces in (9.93) can be equal, as shown
by Baclawski [6]. This can happen if and only if for certain values of L ∈
{0, 1, . . . ,K(Λ,∆)} the corresponding set of partitions PΛ,∆(L) defined
by (9.64) is empty. In this case, a contiguous pair of characteristic null
spaces will be equal. If the level sets PΛ,∆(L) are all distinct, then
the subset relations (9.93) are all proper, and the characteristic null
space of a canonical tensor operator is a unique signature of the tensor
operator. What actually occurs is, of course, completely determined by
the properties of the Littlewood-Richardson numbers IΛ,∆(λ), viewed as
functions IΛ,∆ of λ ∈ Parn that take on values in {0, 1, . . . ,K(Λ,∆)}.
We defer this issue for now, taking it up again in detail in Sect. 9.5 for
U(3).

The results obtained in this section for canonical tensor operators
hold independently of whether or not the characteristic null spaces are
nested in the sense of strict inclusion in relations (9.93). (For n = 3,
strict inclusion prevails.) It is the case, however, that the entire con-
struction of canonical tensor operators and orthonormalized operator-
valued D̂Λ−polynomials can be carried out for any assignment of op-
erator patterns, not just those in the ordered set (9.87)—every subset
of the operator-valued polynomials containing IΛ,∆(λ) such operators is
linearly independent on the space Hλ. There is no implication in this
construction that the ordering of the patterns (9.87) is special, nor that
canonical tensor operators are “canonical” in the strong sense of there
being essentialy “no free choices.”

9.3.2 Subgroup conditions and reduced matrix elements

The relation of irreducible tensor operators in U(n) to those in U(n− 1)
is important. Up until now, we have not paid sufficient attention to what
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values the final GT patterns m′ in the matrix element〈
λ + ∆
m′

∣∣∣∣∣∣
〈 Γt∆

Λ
M

〉 ∣∣∣∣∣∣ λ
m

〉
(9.94)

can assume for given m ∈ Gλ and M ∈ GΛ, other than requiring
m′ ∈ Gλ+∆. (We have not paid careful attention to this in other ma-
trix elements as well.) The values that m′ can assume are, of course,
dictated by the meaning of the rows of a GT pattern: Rows Mk =
(M1,k,M2,k. . . . ,Mk,k) ∈ Park and mk = (m1,k,m2,k. . . . ,mk,k) ∈ Park,
for k = 1, 2, . . . , n−1 are partitions of unitary irreducible representations
of the unitary group U(k), in addition to satisfying the betweenness re-
lations of the GT patterns of shape Λ and λ. The meaning of row m′

k in
the final pattern is then that it also must satisfy all betweenness relations
for the GT patterns of shape λ + ∆, and be a member of the Kronecker
product Mk ⊗mk; that is,

m′
k ∈Mk ⊗mk, k = 1, 2, . . . , n − 1. (9.95)

We next incorporate these requirements into the matrix elements of a
canonical tensor operator in this and the following sections.

The matrix elements of the set of canonical tensor operator〈
λ + ∆
m′

∣∣∣∣
〈 Γt∆

Λ
M

〉 ∣∣∣∣ λ
m

〉
= Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]
,

t = 1, 2, . . . , IΛ,∆(λ), (9.96)

are defined for all values of the shift-weight ∆ ∈ WΛ that provide ex-
actly those CG coefficients that enter into the rows

(t,λ+∆
m′
)

and columns
(M,m) of the real orthogonal matrix R(Λλ) that reduces the Kronecker
product DΛ(U)⊗Dλ(U) to the Kronecker direct sum. The orthogonality
relations for these CG coefficients are those given earlier by (9.52)-(9.54):

IΛ,∆(λ)∑
t=1

∑
m′′∈Gλ+∆

Rt

[(
λ + ∆
m′′

)(
Λ
M ′

)(
λ

m′

)]
Rt

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]
= δM ′,M δm′,m, (9.97)

∑
m∈GλM∈GΛ

Rt′

[(
λ + ∆
m′′

)(
Λ
M

)(
λ

m

)]
Rt

[(
λ + ∆
m′

)(
Λ
M

)(
λ

m

)]
= δt′,t δm′′,m′ , t′, t = 1, 2, . . . , IΛ,∆(λ). (9.98)
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The U(n − 1) canonical tensor operators〈
λ′ + ∆′

m′′

∣∣∣∣
〈 Γt

′
∆′

Λ′

M ′

〉∣∣∣∣ λ′

m′

〉
= Rt′

[(
λ′ + ∆′

m′′

)(
Λ′

M ′

)(
λ′

m′

)]
,

λ′, Λ′, λ′ + ∆′ ∈ Parn−1, (9.99)

m′ ∈ Gλ′ , M ′ ∈ GΛ′ , λ′ + ∆′ ∈ Gλ′+∆′ ,

Γt
′
∆′ ∈ GΛ′,∆′ , t′ = 1, 2, . . . , IΛ′,∆′(λ′), each ∆′ ∈WΛ′ ,

satisfy orthogonality relations of the same form as (9.97)-(9.98), now
notated at level n− 1.

For convenience of exposition, we assume that operator patterns are
ordered at level n and at level n − 1 in accordance with (9.87). Then,
we also have the split of the set of U(n − 1) canonical tensor operators
(9.99) into non-null and null tensor operators in accordance with the
Littlewood-Richardson and Kostka numbers at level n−1. In particular,
we have the set of null canonical tensor operators〈 Γr

′
∆′

Λ′

M ′

〉∣∣∣∣ λ′
m′
〉

= 0, r′ = IΛ′,∆′(λ′) + 1, . . . ,K(Λ′,∆′). (9.100)

We next give the relationship between the matrix elements of U(n)
and U(n − 1) canonical tensor operators and explain the notation for
the transformation coefficients between the two sets of CG coefficients
before giving the proof:〈 λ + ∆

λ′ + ∆′

m′′

∣∣∣∣∣∣
〈 Γt∆

Λ
Λ′

M ′

〉 ∣∣∣∣∣∣
λ

λ′

m′

〉
=

IΛ′,∆′(λ′)∑
t′=1

〈
λ + ∆
λ′ + ∆′

∣∣∣∣


Γt∆
Λ
Λ′

Γt
′
∆′

 ∣∣∣∣ λ

λ′

〉〈
λ′ + ∆′

m′′

∣∣∣∣
〈 Γt

′
∆′

Λ′

M ′

〉 ∣∣∣∣ λ′

m′

〉
,

each t = 1, . . . , IΛ,∆(λ). (9.101)

We summarize the meaning of the notations in this relation:

1. Rows n−1 of the U(n) CG coefficient on the left in (9.101) have been
displayed explicitly as λ′, Λ′, λ′ + ∆′ ∈ Parn−1, where these parti-
tions also satisfy the betweenness relations λ′ ≺ λ, Λ′ ≺ Λ, λ′+∆′ ≺
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λ + ∆, and the GT patterns satisfy m′ ∈ Gλ′ ,M ′ ∈ GΛ′ ,m′′ ∈
Gλ′+∆′ and have (n− 2)−rows. These partitions and GT patterns
are those of the U(n − 1) CG coefficient on the right. For U(n)
canonical tensor operators, the shift-weight ∆ belongs to WΛ and
has multiplicity K(Λ,∆); and the index t = 1, 2, . . . , IΛ,∆(λ) enu-
merates the U(n) CG coefficients corresponding to the canonical
tensor operators for which Hλ is not a characteristic null space. For
U(n− 1) canonical tensor operators, the shift-weight ∆′ belongs to
WΛ′ has multiplicity K(Λ′,∆′); and the index t′ = 1, 2, . . . , IΛ′,∆′(λ′)
enumerates the U(n−1) CG coefficients corresponding to the canon-
ical tensor operators for which Hλ′ is not a characteristic null space.

2. The real coefficient

〈
λ + ∆
λ′ + ∆′

∣∣∣∣


Γt∆
Λ
Λ′

Γt
′
∆′


∣∣∣∣ λ

λ′

〉
(9.102)

appearing in (9.101) inherits the two-rowed GT patterns
(λ
λ′
)
,(

Λ
Λ′
)
, and

(
λ+∆
λ′+∆′

)
from the parent U(n) CG coefficient on the left;

the lower shift-weight pattern
( Λ′

Γt
′

∆′

)
is inherited from the shift-

weight pattern of the daughter U(n−1) CG coefficient on the right.
The matrix elements of the canonical tensor operator in U(n − 1)
on the right inherits its patterns from the U(n−1) subgroup labels
of the parent U(n) canonical tensor on the left, except for its upper
shift-patterns, which are summed over. The coefficient (9.102) is
called a U(n) : U(n− 1) reduced matrix element. Relation (9.101)
is known as the U(n) : U(n− 1) Wigner-Eckart theorem.

Relation (9.101) can be inverted by using the orthogonality of the CG
coefficients in U(n − 1) to obtain the U(n) : U(n − 1) reduced matrix
elements in terms of the canonical U(n) and U(n− 1) CG coefficients:

〈
λ + ∆
λ′ + ∆′

∣∣∣∣


Γt∆
Λ
Λ′

Γt
′
∆′

 ∣∣∣∣ λ

λ′

〉
(9.103)

=
∑
m′,M ′

〈 λ + ∆
λ′ + ∆′

m′′

∣∣∣∣∣∣
〈 Γt∆

Λ
Λ′

M ′

〉 ∣∣∣∣∣∣
λ

λ′

m′

〉〈
λ′ + ∆′

m′′

∣∣∣∣
〈 Γt

′
∆′

Λ′

M ′

〉 ∣∣∣∣ λ′

m′

〉
,

t = 1, . . . , IΛ,∆(λ); t′ = 1, . . . , IΛ′,∆′(λ′).
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Accompanying this relation are the zero matrix elements that are a con-
sequence of the characteristic null space of the canonical tensor operators
at level n and n− 1 :

〈
λ + ∆
λ′ + ∆′

∣∣∣∣


Γs∆
Λ
Λ′

Γs
′
∆′

 ∣∣∣∣ λ

λ′

〉
= 0, (9.104)

where these relations hold for the pair of indices (s, s′) given by the
following two ranges—those not covered in (9.103):

s = 1, . . . ,K(Λ,∆); s′ = IΛ′,∆′(λ′) + 1, . . . ,K(Λ′,∆′),
(9.105)

s = IΛ,∆(λ) + 1, . . . ,K(Λ,∆); s′ = 1, . . . ,K(Λ′,∆′).

The initial and final states in the reduced matrix element (9.103) are two-
rowed GT patterns satisfying the betweenness relations. In evaluating
these coefficients from (9.103), the GT pattern m′′ ∈ Gλ′+∆′ can be
arbitrarily chosen, since the values of the U(n) : U(n−1) reduced matrix
elements are independent of m′′ : they are U(n) : U(n− 1) invariants.

It cannot be emphasized too strongly that the following conditions
must hold for the reduced matrix elements (9.102) to be defined (see
Examples (9.110)-(9.113) below):

λ, λ + ∆ ∈ Parn, Γs∆ ∈ GΛ,∆, s = 1, . . . ,K(Λ,∆),

λ′, λ′ + ∆′ ∈ Parn−1, Γs
′
∆′ ∈ GΛ′,∆′ , s′ = 1, . . . ,K(Λ′,∆′),

λ′ ≺ λ, Λ′ ≺ Λ, λ′ + ∆′ ≺ λ + ∆. (9.106)

The matrix elements of the canonical tensor operators are completely
determined by the Gram-Schmidt orthogonalization of the operator-
valued DΛ− and DΛ′−polynomials; that is, by the relations:

〈 Γs∆
Λ
Λ′
M

〉
= D̂


Γs∆
Λ
Λ′
M

 (T ),

〈 Γs
′
∆′

Λ′
M

〉
= D̂

 Γs
′
∆′

Λ′
M

 (T ′),

s = 1, 2, . . . ,K(Λ,∆); s′ = 1, 2, . . . ,K(Λ′,∆′). (9.107)

It is therefore also the case that all canonical U(n) : U(n − 1) reduced
matrix elements (9.103) are fully determined: there are no further free
choices to be made.
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It is possible, however, to take a different viewpoint; namely, rela-
tion (9.101) may be regarded as giving a recursive construction of the
canonical U(n) tensor operators from the U(n−1) tensor operators once
the family of reduced matrix elements is known. In this viewpoint, the
reduced matrix elements become the basic structural elements of the the-
ory and, accordingly, the properties of reduced matrix elements should
be developed on their own.

We note that the reduced U(2) : U(1) matrix elements (9.103) for
n = 2 are just the matrix elements of the U(2) canonical tensor operator
themselves in consequence of the U(1) tensor operator being 0 unless
λ′1+∆′

1 = λ′1+Λ′
1, in which case it is equal to 1, and all the GT patterns

m′,M ′,m′′ are empty:〈
λ1 + ∆1 λ2 + ∆2

λ′1 + ∆′
1

∣∣∣∣
[

∆1
Λ1 Λ2

∆′
1

] ∣∣∣∣ λ1 λ2λ′1

〉
(9.108)

=
〈

λ1 + ∆1 λ2 + ∆2

λ′1 + ∆′
1

∣∣∣∣
〈

∆1
Λ1 Λ2

∆′
1

〉∣∣∣∣ λ1 λ2
λ′1

〉
.

We turn next to the development of some of the properties of re-
duced matrix elements. It is important to make the distinction between
operator Γ−patterns and ordinary M−patterns. The entries in the var-
ious rows of a GT M−pattern always have the subgroup significance as
emphasized in relation (9.95). There are no such subgroup conditions
on the various rows of an operator pattern: These patterns encode the
shift-action of the tensor operator in making the transformations between
vector spaces Hλ → Hλ+∆ and H ′

λ′ → H ′
λ′+∆′ . It is, however, the case

that the following two group properties must hold:

λ + ∆ ∈ Λ⊗ λ, λ′ + ∆′ ∈ Λ′ ⊗ λ′. (9.109)

The second property is inherited from the Wigner-Eckart theorem (9.101):
it is responsible for a weak linkage between operator patterns and sub-
groups. It is this linkage that allows an interpretation of operator pat-
terns given in Sect. 9.7.2 based on taking limits of a reduced matrix
element as certain partition labels go to −∞.

9.4 Properties of U(n) : U(n−1) Reduced Matrix
Elements

The view may be taken that the calculation of the U(n) : U(n − 1)
reduced matrix elements in relation (9.101) is the primary problem. This
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would then allow the calculation of all canonical tensor operators to be
completed at level n from those at level n−1, and then upward to level n+
1, etc. The recursive construction of all U(n) canonical tensor operators,
starting at the U(2) WCG level would then be complete. A procedure
for determining the canonical reduced matrix elements at every level
n : n− 1 thus becomes a key objective.

We have remarked earlier that the reduced matrix elements of a set
of canonical tensor operators are defined if and only if all patterns that
appear in it are lexical. It is useful to illustrate this result.

Examples: Consider the following symbol for a special reduced matrix
element (9.102):

〈
λ1 + 3 λ2 + 3 λ3 + 3

λ′
1 +∆′

1 λ′
2 +∆′

3

∣∣∣
 Γs

(3,3,3)

6 3 0

Γs′
(∆′

1,∆′
2)

 ∣∣∣ λ1 λ2 λ3

λ′
1 λ′

2

〉
, (9.110)

where the operator pattern Γs(3,3,3) is any of the four having shift-weight
∆ = (3, 3, 3) :

Γ1(3,3,3) =
(

3
6 0

)
> Γ2(3,3,3) =

(
3

5 1

)
> Γ3(3,3,3) =

(
3

4 2

)
> Γ4(3,3,3) =

(
3

3 3

)
. (9.111)

The lower operator pattern Γs
′
(∆′

1,∆
′
2)

can be any of the Dim(6 3 0) = 64
lexical patterns of the form(

Λ′
1 Λ′

2

∆′
1

)
, 6 ≥ Λ′

1 ≥ 3, 3 ≥ Λ′
2 ≥ 0, Λ′

1 ≥ ∆′
1 ≥ Λ′

2. (9.112)

The symbol (9.110) is defined if and only if, in addition to the upper and
lower operator patterns being lexical, it is also the case that the initial
and final two-rowed ket-symbols are lexical (satisfy betweenness).

An example of an undefined symbol (9.110) occurs for the lower op-
erator pattern

(
3 0
0

)
and the choice λ1 = λ2 + 3. In this case, the initial

pattern is lexical for λ′1 = λ2, λ2 + 1, λ2 + 2 and for any λ′2 satisfying
λ3 ≤ λ′2 ≤ λ2. But, for these initial values, the betweenness condition
λ2 + 6 ≥ λ′1 ≥ λ2 + 3 fails to be satisfied in the shifted final two-rowed
pattern. (It is satisfied for the remaining choice of λ′1 = λ2 + 3; the
coefficient is defined.)
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Further examples of defined symbols (9.110) are

〈
λ3 + 5 λ3 + 4 λ3 + 3

λ3 + 5 λ3 + 4

∣∣∣
 Γs

(3,3,3)

6 3 0

Γs′
(4,4)

 ∣∣∣ λ3 + 2 λ3 + 1 λ3

λ3 + 1 λ3

〉
,

Γ1(4,4)) =
(

6 2
4

)
> Γ2(4,4) =

(
5 3

4

)
. (9.113)

All patterns in this symbol are lexical and the symbol is defined, although
it might be 0. The reduced matrix elements (9.110) take on specific
meanings in terms of the characteristic null space of the canonical U(3)
tensor operators, as discussed in Sect. 9.6 �

It is straightforward to derive from the betweenness rules the following
conditions that the initial two-rowed pattern must satisfy for the final
two-rowed pattern to be lexical:

Let the initial pattern
(λ
λ′
)

in the reduced matrix element (9.102) satisfy
λ ∈ Parn, λ′ ∈ Parn−1, λ′ ≺ λ; that is, be lexical. Then, the shifted
pattern

(
λ+∆
λ′+∆′

)
is lexical; that is, λ + ∆ ∈ Parn, λ′ + ∆′ ∈ Parn−1, λ′ +

∆′ ≺ λ+ ∆, if and only if the initial two-rowed pattern also satisfies the
conditions:

λi − λ′i ≥ max(0,∆′
i −∆i), λ′i − λi+1 ≥ max(0,∆i+1 −∆′

i),
i = 1, 2, . . . , n− 1. (9.114)

9.4.1 Unit projective operators

The notation (9.102) for U(n) : U(n − 1) reduced matrix elements has
been written in a form that suggests that the objects Γ

Λ
Γ′

 , Γ,Γ′ ∈ GΛ, (9.115)

can be interpreted as operators acting in a Hilbert space. We call such
operators unit projective operators. It is useful to develop this idea be-
cause it allows unit projective operators to be written as products of
simpler unit projective operators, much in the same way that tensor
operators can be written in terms of fundamental tensor operators.

A U(n) tensor operator acts in the model Hilbert space

H =
∑
p≥0

∑
λ∈Parn(p)

⊕Hλ, (9.116)
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with orthonormal basis Bλ of the subspace Hλ ⊂ H. A U(n − 1) tensor
operator acts in the model Hilbert space

H ′ =
∑
p′≥0

∑
λ′∈Parn−1(p′)

⊕Hλ′ , (9.117)

with orthonormal basis B′
λ′ of the subspace H ′

λ′ ⊂ H ′.

In the same spirit of the model Hilbert spaces (9.116)-(9.117), we
introduce the model separable Hilbert space

H =
∑
p≥0

∑
λ∈Parn(p)

⊕Hλ, (9.118)

with an orthonormal basis of Hλ given by

Bλ =
{∣∣∣∣ λλ′

〉 ∣∣∣ λ′ ∈ Parn−1;
λ′ ≺ λ

}
. (9.119)

We now introduce the tensor product space as follows:

H⊗H ′ =
∑
p≥0

∑
λ∈Parn(p)

∑
λ′≺λ
⊕
(
Hλ ⊗H ′

λ′
)
. (9.120)

This is just another way of expressing the Hilbert space H itself, so that

H = H⊗H ′. (9.121)

Each orthonormal vector in the basis Hλ ⊂ H is now expressed as∣∣∣∣∣∣
λ

λ′

m′

〉
=
∣∣∣∣ λ

λ′

〉
⊗
∣∣∣∣ λ′

m′

〉
, allλ′ ≺ λ, allm′ ∈ G

′
λ′ . (9.122)

This form of the vector space exhibits clearly how U(n) and U(n − 1)
tensor operators and the associated U(n) : U(n−1) projective operators
are linked: 〈 Γ

Λ
Λ′

M ′

〉
=
∑
Γ′


Γ
Λ
Λ′

Γ′

⊗
〈 Γ′

Λ′

M ′

〉
, (9.123)

with the Hermitian conjugate operator having a similar form:

〈 Γ
Λ
Λ′

M ′

〉†
=
∑
Γ′


Γ
Λ
Λ′

Γ′


†

⊗
〈 Γ′

Λ′

M ′

〉†
. (9.124)
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Multiplication of relation (9.123) from the right by the operator

I ⊗
〈 Γ′′

Λ′

M ′

〉†
, (9.125)

where I is the identity operator on H, and summing over M ′, gives the
expression for the unit projective operator in terms of U(n) and U(n−1)
canonical tensor operators:

Γ
Λ
Λ′

Γ′

⊗ I
′

=
∑
M ′

〈 Γ
Λ
Λ′

M ′

〉I ⊗〈 Γ′

Λ′

M ′

〉† . (9.126)

Here I
′

is the identity operator on H ′. From (9.122), the matrix elements
of the operator identity (9.123) between bra-ket vectors〈 λ + ∆

λ′ + ∆′

m′′

∣∣∣∣∣∣ · · ·
∣∣∣∣∣∣

λ

λ′

m′

〉
(9.127)

reproduces relation (9.101), when characteristic null spaces are taken
into account. Similarly, the matrix elements of the operator identity
(9.126) between bra-ket vectors〈

λ + ∆
λ′ + ∆′

∣∣∣∣ · · · ∣∣∣∣ λ

λ′

〉
I ⊗ I

′
(9.128)

reproduces relation (9.103), when characteristic null spaces are taken
into account.

The introduction in (9.118) of the separable Hilbert space H with
properties (9.119)-(9.122) allows us to consider the action of unit projec-
tive operators in this space. The actions on the basis Bλ of each subspace
Hλ ⊂ H of the various unit projective operators are as follows:

Γt∆
Λ
Λ′

Γt
′
∆′

 ∣∣∣∣ λλ′
〉

=
〈

λ + ∆
λ′ + ∆′

∣∣∣∣


Γt∆
Λ
Λ′

Γt
′
∆′

 ∣∣∣∣ λλ′
〉 ∣∣∣∣ λ + ∆

λ′ + ∆′
〉
, (9.129)

t = 1, 2, . . . , IΛ,∆(λ); t′ = 1, 2, . . . , IΛ′,∆′(λ′);
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Γr∆
Λ
Λ′

Γs
′
∆′

 ∣∣∣∣ λλ′
〉

= 0, (9.130)

r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆), s′ = 1, 2, . . . ,K(Λ′,∆′);


Γs∆
Λ
Λ′

Γr
′
∆′

 ∣∣∣∣ λ

λ′

〉
= 0, (9.131)

s = 1, 2, . . . ,K(Λ,∆), r′ = IΛ′,∆′(λ′) + 1, . . . ,K(Λ′,∆′).

A unit projective operator inherits it characteristic null space from
its parent U(n) canonical tensor operator and the daughter U(n − 1)
canonical tensor operator. Thus, the characteristic null space of a unit
projective operator is the vector space defined by

N


Γs∆
Λ
Λ′

Γs
′
∆′

 =
∑

λ∈PsΛ,∆ ∪Ps
′

Λ′,∆′

⊕Hλ, (9.132)

where the sets of partitions PsΛ,∆ are defined by (9.64) at level n, with a
similar definition of Ps

′
Λ′,∆′ at level n− 1.

Relations (9.53) and (9.51), respectively, for unit tensor operators,
can be written in the following form for canonical tensor operators:

∑
M∈GΛ

〈 Γt
′
∆

Λ
M

〉〈 Γt∆
Λ
M

〉†

= δt′,t, on Hλ+∆. (9.133)

IΛ,∆(λ)∑
t=1

〈 Γt∆
Λ
M ′

〉†〈 Γt∆
Λ
M

〉
= δM ′,M , on Hλ. (9.134)

These operator orthogonality relations have been written in forms that
account for the characteristic null space: They are valid on the indicated
vector spaces and the values t, t′ = 1, 2, . . . , IΛ,∆(λ). There is a similar
set of orthogonality relations for the U(n−1) canonical tensor operators.
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Operator relations similar to relations (9.133) and (9.134) for the unit
projective operators can also be derived. Thus, we multiply together the
two relations (9.123) and (9.124) with Γ replaced by Γt∆ and Γt

′′
∆ , respec-

tively, sum over all patterns
(
Λ′

M ′
)
, and use the orthogonality (9.133) for

the respective U(n) and U(n− 1) canonical tensor operators and obtain
the following operator orthogonality relations:

∑
Λ′≺Λ

IΛ′,∆′(λ′)∑
t′=1


Γt∆
Λ
Λ′

Γt
′
∆′




Γt
′′
∆

Λ
Λ′

Γt
′
∆′


†

= δt,t′′ , on Hλ+∆

t, t′′ = 1, 2, . . . , IΛ,∆(λ). (9.135)

We next replace Γ by Γt
′′
∆ in (9.124), multiply the resulting relation from

the right by


Γt′′

∆

Λ
Λ′

Γt′′′
∆′

⊗ Iλ′ , sum over t′′, compare each side of the resulting

relation, and obtain the following operator orthogonality relations:

IΛ,∆(λ)∑
t=1


Γt∆
Λ
Λ′′

Γt
′′
∆′


† 

Γt∆
Λ
Λ′

Γt
′
∆′

 = δt′′,t′ δΛ′′,Λ′ , on Hλ,

t′′, t′ = 1, 2, . . . , IΛ′,∆′(λ′). (9.136)

Relations (9.135)-(9.136) now give the following orthogonality rela-
tions for the matrix elements of unit projective operators:

∑
Λ′≺Λ

IΛ′,∆′ (λ′)∑
t′=1

〈
λ+∆

λ′ +∆′

∣∣∣∣


Γt
∆

Λ

Λ′

Γt′
∆′

 ∣∣∣∣ λ

λ′

〉〈
λ+∆

λ′ +∆′

∣∣∣∣


Γt′′
∆

Λ
Λ′

Γt′
∆′


∣∣∣∣ λ

λ′

〉
= δt,t′′ ,

t, t′′ = 1, 2, . . . , IΛ,∆(λ); (9.137)

IΛ,∆(λ)∑
t=1

〈
λ+∆

λ′ +∆′

∣∣∣∣


Γt
∆

Λ

Λ′′

Γt′′
∆′

 ∣∣∣∣ λ

λ′

〉〈
λ+∆

λ′ +∆′

∣∣∣∣


Γt
∆

Λ

Λ′

Γt′
∆′

 ∣∣∣∣ λ

λ′

〉
= δt′′,t′ δΛ′′,Λ′ ,

t′′, t′ = 1, 2, . . . , IΛ′,∆′(λ′).
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The two orthogonality relations (9.137) are valid independently of the
operator interpretation of reduced matrix elements in terms of projective
operators. However, such an operator interpretation places unit projec-
tive operators on a par with unit (canonical) tensor operators, but now
with matrix elements taken between the more elemental orthonormal
initial and final basis vectors having two-rowed GT patterns as their la-

bels:
∣∣∣∣ λλ′

〉
∈ Bλ and

∣∣∣∣ λ + ∆
λ′ + ∆′

〉
∈ Bλ+∆. An approach based on unit

projective operators approach determines the matrix elements of these
operators first, and then defines canonical tensor operators by relation
(9.123) with matrix elements (9.101).

We emphasize again that the U(n) : U(n−1) reduced matrix elements
are uniquely determined because of the equality of canonical tensor op-
erators with the orthonormalized operator-valued D̂Λ−polynomials. We
restate the relations explicitly to emphasize this result:

〈 λ+∆

λ′ +∆′

m′′

∣∣∣∣∣∣ D̂


Γt
∆

Λ
Λ′

M ′

 (T )

∣∣∣∣∣∣
λ

λ′

m′

〉
=

IΛ′,∆′ (λ′)∑
t′=1

〈
λ+∆

λ′ +∆′

∣∣∣∣


Γt
∆

Λ

Λ′

Γt′
∆′

 ∣∣∣∣ λ

λ′

〉〈
λ′ +∆′

m′′

∣∣∣∣ D̂
 Γt′

∆′

Λ′

M ′

 (T ′)

∣∣∣∣ λ′

m′

〉
,

each t = 1, . . . , IΛ,∆(λ);

(9.138)〈
λ+∆
λ′ +∆′

∣∣∣∣


Γt
∆

Λ

Λ′

Γt′
∆′

 ∣∣∣∣ λ
λ′

〉
=

∑
m′, M′

〈 λ+∆

λ′ +∆′

m′′

∣∣∣∣∣∣ D̂


Γt
∆

Λ
Λ′

M ′

 (T )

∣∣∣∣∣∣
λ

λ′

m′

〉〈
λ′ +∆′

m′′

∣∣∣∣ D̂
 Γt′

∆′

Λ′

M ′

 (T ′)

∣∣∣∣ λ′

m′

〉
,

each t = 1, . . . , IΛ,∆(λ), t
′ = 1, . . . , IΛ′,∆′(λ′).

9.4.2 The pattern calculus

The arc digraph technique discussed in Sect. 6.3 has a natural general-
ization to unit projective operators. These simple rules for writing out
matrix elements, or factors thereof, are invaluable for calculations. They
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provide explicity defined U(n) : U(n − 1) invariant multiplicative fac-
tors common to every reduced matrix element having fixed shift-weights
∆ ∈Wλ,∆′ ∈Wλ′ .

We review these rules in this section. The rules consist of five steps:
1. The two-rowed shift-weight pattern. The first step replaces the unit
vector shift-weights in (6.30) by general shift-weights as follows, where
the ∆′

j are written between the ∆i :

∆ = ∆1 ∆2 · · · ∆i · · · ∆n−1 ∆n

∆′ = ∆′
1 ∆′

2 · · · ∆′
j · · · ∆′

n−1

(9.139)
2. The shift-weight labeled points. The configuration of shift-weights
(9.139) is placed at the points of the two-rowed shift-weight pattern to
obtain the labeled set of points:

◦
∆1

◦
∆2

◦
∆3

· · · ◦
∆i

· · · ◦
∆n−1

◦
∆n

◦
∆′

1

◦
∆′

2

· · · ◦
∆′

j

· · · ◦
∆′

n−2

◦
∆′

n−1

(9.140)

3. The arrow diagram. A directed arc-line goes between each pair of
labeled points in diagram (9.140) for which the shift-weights are unequal.
This rule applies to all ordered pairs of points in the top row n, to all
ordered pairs of points in the bottom row n − 1, to all ordered pairs of
points between the top row and bottom row, and to all ordered pairs of
points between the bottom row and top row. Multiple directed arc-lines
(arrows) go between pairs of points labeled by the shift-weights as given
by the following rules for the respective four cases:

∆i → ∆i′ , for ∆i > ∆i′ ,

∆′
j → ∆′

j′ , for ∆′
j > ∆′

j′ ,

∆i → ∆′
j, for ∆i > ∆′

j , (9.141)

∆′
j → ∆i, for ∆′

j > ∆i.

The number of directed arcs or arrows that goes between the points is
equal to the difference of the respective shift-weights in (9.141). Once
the arrows have been assigned, the labels of the points by shift-weights
are dropped, leaving behind an arrow diagram, which is just the two-
rowed sequence of dots with arrows going between pairs of dots. Each
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unit projective operator of type Λ with upper shift-weight ∆ ∈ GΛ,∆ and
lower shift-weight ∆′ ∈ GΛ′,∆′ has a unique arrow diagram associated
with it.

4. The labeled arc multigraph. The points of the arrow diagram of a
unit projective operator of type Λ with shift-weights ∆ and ∆′ are now
relabeled with the partial hooks associated with the partitions λ ∈ Parn
and λ′ ∈ Parn−1 of the basis vector in Bλ on which the unit projective
operator acts:

yi = λi + n− i, i = 1, 2, . . . , n,
(9.142)

xj = λ′j + n− 1− j, j = 1, 2, . . . , n− 1.

This gives the labeled arc multigraph with labeled points and multiple
directed arrows going between points:

◦
y1

◦
y2

◦
y3

· · · ◦
yi

· · · ◦
yn−1

◦
yn

◦
x1

◦
x2

· · · ◦
xj

· · · ◦
xn−2

◦
xn−1

(9.143)

It is to be imagined that this diagram contains all the directed arc-lines
(arrows) in accordance with the rules of Item 3. Without knowledge of
the relative magnitudes of the differences of the shift-weights, a generic
diagram cannot be drawn. But the entire process is clear from the exam-
ple (9.152) below. We denote this labeled arc multigraph by JG∆′,∆(x; y).

5. The unit projective operator shift-weight function. The arrow dia-
gram of a unit projective operator is now used to assign a function, called
the shift-weight function and denoted by A∆′,∆(x; y), to each unit pro-
jective operator by the following rules, in which the indices i, i′ and j, j′
are pairs of generic points in rows n and n− 1 between which there are
directed arrows satisfying the rules of Item 3 and an associated product
of linear factors:

(i). There are ∆i−∆i′ arrows going from point i to point i′ within row
n. Linear factors:

(yi − yi′)∆i−∆i′ (9.144)

= (yi − yi′)(yi − yi′ + 1) · · · (yi − yi′ + ∆i −∆i′ − 1).
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(ii). There are ∆′
j − ∆′

j′ arrows going from point j to point j′ within
row n− 1. Linear factors:

(xj − xj′ + 1)∆′
j−∆′

j′
(9.145)

= (xj − xj′ + 1)(xj − xj′ + 2) · · · (xj − xj′ + ∆′
j −∆′

j′).

(iii). There are ∆i − ∆′
j arrows going from point i in row n to point j

within row n− 1. Linear factors:

(yi − xj)∆i−∆′
j

(9.146)

= (yi − xj)(yi − xj + 1) · · · (yi − xj + ∆i −∆′
j − 1).

(iv). There are ∆′
j −∆i arrows going from point j in row n− 1 to point

i within row n. Linear factors:

(xj − yi + 1)∆′
j−∆i (9.147)

= (xj − yi + 1)(xj − xj′ + 2) · · · (xj − xj′ + ∆′
j −∆i).

We denote the product of all the factors in Items (i) and (ii) for ar-
rows going within rows by D∆′,∆(x; y), which is called the denominator
function; the product of all the factors in Items (iii) and (iv) for ar-
rows going between rows by N∆′,∆(x; y), which is called the numerator
function.

The shift-weight function of the unit projective operator in (9.115) is
now defined by

A∆′,∆(x; y) = (sign)

√
N∆′,∆(x; y)
D∆′,∆(x; y)

. (9.148)

This shift-weight function has several important features that we next
discuss:

(i). The betweenness conditions λ′ ≺ λ imply that λ′j ≥ λi, all i ≥ j+1,
and also λ′j ≤ λi, all i ≤ j. In terms of the partial hooks (9.142),
the betweenness conditions λ′ ≺ λ imply that

yi − xj ≤ j + 1− i, for all i ≥ j + 1;
(9.149)

xj − yi + 1 ≤ i− j, for all i ≤ j.
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Similarly, the betweenness conditions λ′ + ∆′ ≺ λ + ∆ imply that

yi − xj ≤ −(∆i −∆′
j) + j + 1− i, for all i ≥ j + 1;

(9.150)
xj − yi + 1 ≤ (∆i −∆′

j) + i− j, for all i ≤ j.

These conditions of betweenness imply that the numerator function
has no zeros for all partitions λ′ ≺ λ and all partitions λ′ + ∆′ ≺
λ + ∆.

(ii). We next define an inverted factor in the numerator function based
on the signs of the factors in (9.149)-(9.150). A single linear factor
in the numerator function N∆′,∆(x; y) of the form yi − xj + sij is
inverted if i ≥ j+1, and a factor of the form xj−yi+sji is inverted
if i ≤ j. This definition of an inverted factor is used to define the
sign in the definition (9.148) of the shift-weight function:

(sign) = number of inverted factors in the numerator function.
(9.151)

(iii). A similar analysis can be applied to the denominator function
D∆′,∆(x; y) to conclude: (a) The denominator function contains the
same number of factors as the numerator function; (b) the condi-
tions of betweenness imply that the denominator function has no ze-
ros for all partitions λ′ ≺ λ and all partitions λ′+∆′ ≺ λ+∆; (c) the
denominator function has inverted factors of the form yi− yi′ + sii′
for i ≥ i′ + 1, and of the form xj − xj′ + sjj′ for j ≥ j′ + 1; (d) the
number of inverted factors in the denominator function equals the
number of inverted factors in the numerator function.

(iv). Only inverted factors can assume negative values, but the ratio of
numerator and denominator functions is always positive. When
considering products of shift-weight functions the square of a neg-
ative number under the radical can be encountered, and careful
accounting of such factors is necessary to avoid the error of bring-
ing a negative number outside the radical, since we always have
α =

√
(−α)2 for α ≥ 0. The complex number

√
−1 is never to be

introduced.

(v). The shift-weight function is common to all unit projective opera-
tors with operator patterns Γs∆ ∈ GΛ,∆ and Γs

′
∆′ ∈ GΛ′,∆′ . It is

not, in general, the full expression of the matrix elements of a unit
projective operator; this occurs only for the special ones known as
extremal. Extremal projective operators are those for which the
shift-weights are permutations of the parts of the partition Λ, for
which the multiplicity of each shift-weight is 1. This is the case, for
example, for Λ = (1k 0n−k), 1 ≤ k ≤ n.
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Example: The following arc multigraph for Λ = (4, 2, 0),∆′ = (1, 3),∆ =
(3, 2, 1) illustrates the above rules for n = 3 :

JG(1,3)(3,2,1)(x1, x2; y1, y2, y3)

◦ ◦ ◦

◦ ◦

�
�
�✠

☛ ✟☛ ✟
�
��✒

��✒❅
❅❅ 

✲ ✲

❅
❅
❅❘

❅❅❘

✤ ✜✲

✡ ✠✛✛

✲

y1 y2 y3

x1 x2
= (9.152)

N(1,3)(3,2,1)(x1, x2; y1, y2, y3) = (y1 − x1)(y1 − x1 + 1)

×(y2 − x1)(x2 − y2 + 1)(x2 − y3 + 1)(x2 − y3 + 2),

D(1,3)(3,2,1)(x1, x2; y1, y2, y3) = (y1 − y2)(y2 − y3)

×(y1 − y3)(y1 − y3 + 1)(x2 − x1 + 1)(x2 − x1 + 2),

A(1,3)(3,2,1)(x1, x2; y1, y2, y3) (9.153)

=

√
N(1,3)(3,2,1)(x1, x2; y1, y2, y3)
D(1,3)(3,2,1)(x1, x2; y1, y2, y3)

.

The sign is plus because the number of inverted factors in the numerator
function (denominator function) is 2.

The fundamental shift operators tiτ , τ = 1, 2, . . . , n, introduced in
Sects. 6.1 and 6.2, Chapter 6, are the simplest example of canonical ten-
sor operators and the associated unit projective operators:

tiτ =

〈 τ

1 0n−1
i

〉
=

n−1∑
ρ=1

 τ

1 0n−1
ρ

⊗〈 ρ

1 0n−2
i

〉
,

i = 1, 2, . . . , n− 1, (9.154)

tnτ =

〈 τ

1 0n−1

(0)

〉
=

 τ

1 0n−1

(0)

⊗ I ′
.

The GT pattern notations τ, ρ, i denote the unique GT patterns having
weight given, respectively, by the unit row vectors eτ , eρ, ei. The gen-
eral pattern calculus rules applied to these fundamental canonical tensor
operators gives the relations in Sects. 6.1-6.3, Chapter 6. We have, of
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course, completely defined the fundamental shift operators on their own
in Chapter 6, where their role is primary.

We refer to the articles Ref. [19] and Ref. [117] for the proofs of
properties of unit projective operators based on the pattern calculus.

9.4.3 Shift invariance of Kostka and
Littlewood-Richardson numbers

Properties of the Kostka and Littlewood-Richardson numbers are very
important for the splitting of canonical tensor operators on the space
Hλ ⊂ H into the disjoint subsets of non-null operators that provide
the CG coefficients and the null operators with a characteristic null
space, as described above. We anticipate several such general proper-
ties here so that they may be illustrated concretely in the special case of
U(3) canonical tensor operators presented in the next section. The step-
function expressions for the Kostka numbers are proved and discussed in
Refs. [18–20], and derived again in relation (11.144), Compendium B.

The Kostka numbers K((Λ1,Λ2), (∆1,∆2)) for n = 2 are given by the
step function:

K(Λ,∆) =
{

1, for Λ1 ≤ ∆i ≤ Λ2.
0, otherwise. (9.155)

The Kostka numbers K((Λ1,Λ2,Λ3), (∆1,∆2,∆3)) for n = 3 are given
by the step function:

K(Λ,∆) = Λ2 − Λ3 + 1− (σ1 + σ2 + σ3), (9.156)

where σi is the step function defined by

σi = max(0,Λ2 −∆i), i = 1, 2, 3. (9.157)

The result for the Kostka numbers for n = 2 is trivial, but the closed step-
function formula for the Kostka numbers at level n = 3 is nontrivial; it is
proved in Sect. 11.3.7, Compendium B. The following shift-invariance re-
lations for the Kostka numbers and the Littlewood-Richardson numbers
are also proved in Sects. 11.3.7-11.3.8, Compendium B:

K(Λ + h,∆ + h) = K(Λ,∆),
IΛ,∆(λ + h) = IΛ,∆(λ), (9.158)

IΛ+h,∆+h(λ) = IΛ,∆(λ),

where h = (h, h, . . . , h)(n parts) with h an arbitrary nonnegative inte-
ger. These relations are quite important for understanding level sets of
partitions and for relating results in U(n) and SU(n).
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A basic relation for canonical tensor operators is the following: Define
the irreducible tensor operator T (h) in U(n) by

T (h) =

〈
(h)

h · · · h
(h)

〉
, (9.159)

in which all entries are equal to h. The action of this tensor operator on
the basis Bλ of Hλ is to effect the shift h of all entries in the GT pattern:

T (h)
∣∣∣∣ λ
m

〉
=
∣∣∣∣ λ + h
m(h)

〉
, (9.160)

where m(h) ∈ Gλ+h denotes the GT pattern m ∈ Gλ in which every
entry is shifted upward by h. The tensor operator T (h) commutes with
every canonical tensor operator, indeed, with every irreducible tensor
operator in U(n) : 〈

Γ
Λ
M

〉
T (h) = T (h)

〈
Γ
Λ
M

〉
. (9.161)

It follows from this property, applied to U(n) and U(n− 1), that the
canonical reduced matrix elements have the shift property expressed by

〈
λ + ∆ + h

λ′ + ∆′ + h′

∣∣∣∣


Γ∆(h)
Λ + h

Λ′ + h′

Γ∆′(h)

 ∣∣∣∣ λ
λ′
〉

=
〈

λ + ∆
λ′ + ∆′

∣∣∣∣


Γ∆
Λ
Λ′

Γ∆′

 ∣∣∣∣ λ

λ′

〉
,

(9.162)
where h′ = (h, . . . , h) (n − 1 parts). Thus, shifts of all entries in a unit
projective operator by h, with a corresponding shift by h of all entries in
the final vector, leaves the matrix elements of a unit projective operator
invariant. By choosing h = −Λn, we see that the matrix elements of the
general U(n) : U(n− 1) unit projective operator on the right can always
be obtained from the SU(n − 1) : U(n − 1) unit projective operator on
the left having Λn + h = 0.

9.5 The Unitary Group U(3)

9.5.1 The U(3) canonical tensor operators

The action of a U(3) canonical tensor operator in the Hilbert space H
is defined by its action on each basis vector of Hλ ⊂ H. We write this
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action, and some of the subsequent ones, out fully in terms of the tensor
operator notations. While the GT pattern notation is space consuming,
such relations must be exhibited in unequivocal form:

〈 Γs
∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

M ′
11

〉 ∣∣∣∣∣∣
λ1 λ2 λ3

λ′
1 λ′

2

m′
11

〉

=
∑

∆′
1,∆′

2

〈 λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

m′
11 +M ′

11

∣∣∣∣∣∣
〈 Γs

∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

M ′
11

〉 ∣∣∣∣∣∣
λ1 λ2 λ3

λ′
1 λ′

2

m′
11

〉

×
∣∣∣∣∣∣
λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

m′
11 +M ′

11

〉
, (9.163)

where the summation is over all shift-weights (∆′
1,∆

′
2) ∈ W(Λ′

1,Λ
′
2)

such
that the shifted pattern is lexical, and (λ′1 + ∆′

1, λ
′
2 + ∆′

2) ∈ (Λ′
1,Λ

′
2) ⊗

(λ′1, λ
′
2). The matrix elements on the right-hand side of (9.163) are 0

for all s = r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆), and, in general, not 0 for
s = t = 1, 2, . . . , IΛ,∆(λ). These conditions express the characteristic
null space properties of the U(3) canonical tensor operators.

The matrix elements of the U(3) canonical tensor operator in relation
(9.163) are given in terms of U(3) : U(2) reduced matrix elements and
the U(2) WCG coefficients by the following relation:

〈 λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

m′
11 +M ′

11

∣∣∣∣∣∣
〈 Γt

∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

M ′
11

〉 ∣∣∣∣∣∣
λ1 λ2 λ3

λ′
1 λ′

2

m′
11

〉
,

=

〈
λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

∣∣∣∣


Γt
∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

∆′
1

 ∣∣∣∣ λ1 λ2 λ3

λ′
1 λ′

2

〉

×
〈

λ′
1 +∆′

1 λ′
2 +∆′

2

m′
11 +M ′

11

∣∣∣∣
〈 ∆′

1

Λ′
1 Λ′

2

M ′
11

〉 ∣∣∣∣ λ′
1 λ′

2

m′
11

〉
,

t = 1, 2, . . . , IΛ,∆(λ).

(9.164)

Also, the null operator and accompanying characteristic null space rela-
tions hold:

〈 Γr
∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

M ′
11

〉 ∣∣∣∣∣∣
λ1 λ2 λ3

λ′
1 λ′

2

m′
11

〉
= 0, r = IΛ,∆(λ) + 1, . . . , K(Λ,∆). (9.165)
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The reduced matrix element in (9.164) is independent of the choice of
the U(1) labels m′

11,M
′
11, so that we can choose m′

11 = λ1 and M ′
11 = ∆′

1
to obtain the relation:

〈
λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

max

∣∣∣∣
〈 Γt

∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

∆′
1

〉 ∣∣∣∣ λ1 λ2 λ3

λ′
1 λ′

2

max

〉

=

〈
λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

∣∣∣∣


Γt
∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

∆′
1

 ∣∣∣∣ λ1 λ2 λ3

λ′
1 λ′

2

〉

×
〈

λ′
1 +∆′

1 λ′
2 +∆′

2

max

∣∣∣∣
〈 ∆′

1

Λ′
1 Λ′

2

∆′
1

〉 ∣∣∣∣ λ′
1 λ′

2

max

〉
.

(9.166)

The U(2) WCG coefficients are expressed in terms of angular momentum
notation by

〈
λ′

1 +∆′
1 λ′

2 +∆′
2

m′
11 +M ′

11

∣∣∣∣
〈 ∆′

1

Λ′
1 Λ′

2

M ′
11

〉 ∣∣∣∣ λ′
1 λ′

2

m′
11

〉
= Cj′ J′ j′′

m′, M′, m′+M′ ,

(9.167)

j′ = (λ′1 − λ′2)/2, J ′ = (Λ′
1 − Λ′

2)/2, j′′ = j′ + (∆′
1 −∆′

2)/2,

m′ = m′
11 − (λ′1 + λ′2)/2, M ′ = M ′

11 − (Λ′
1 + Λ′

2)/2, (9.168)

∆′
2 = Λ′

1 + Λ′
2 −∆′

1.

Since m′ = j′, M ′ = j′′ − j′, m′ + M ′ = j′′ in the U(2) WCG coefficient
in (9.166), the explicit value of this coefficient is

〈
λ′

1 +∆′
1 λ′

2 +∆′
2

λ′
1 +∆′

1

∣∣∣∣
〈 ∆′

1

Λ′
1 Λ′

2

∆′
1

〉 ∣∣∣∣ λ′
1 λ′

2

λ′
1

〉
= Cj′ J′ j′′

j′,j′′−j′,j′′

=

√
(2j′′ + 1)(2j′)!

(j′ + j′′ − J ′)!(j′ + j′′ + J ′ + 1)!

=

√
(λ′

1 +∆′
1 − λ′

2 −∆′
2 + 1)(λ′

1 − λ′
2)!

(λ′
1 − λ′

2 +∆′
1 − Λ′

1)!(λ
′
1 − λ′

2 +∆′
1 − Λ′

2 + 1)!
. (9.169)

Thus, relation (9.166) becomes
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〈 λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

λ′
1 +∆′

1

∣∣∣∣∣∣
〈 Γt

∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

∆′
1

〉 ∣∣∣∣∣∣
λ1 λ2 λ3

λ′
1 λ′

2

λ′
1

〉

=

〈
λ1 +∆1 λ2 +∆2 λ3 +∆3

λ′
1 +∆′

1 λ′
2 +∆′

2

∣∣∣∣


Γt
∆

Λ1 Λ2 Λ3

Λ′
1 Λ′

2

∆′
1

 ∣∣∣∣ λ1 λ2 λ3

λ′
1 λ′

2

〉

×
√

(λ′
1 +∆′

1 − λ′
2 −∆′

2 + 1)(λ′
1 − λ′

2)!

(λ′
1 − λ′

2 +∆′
1 − Λ′

1)!(λ
′
1 − λ′

2 +∆′
1 − Λ′

2 + 1)!
.

t = 1, 2, . . . , IΛ,∆(λ).

(9.170)

Knowledge of the U(1)−maximal U(3) CG coefficients gives the general
U(3) : U(2) reduced matrix elements, and conversely. These coefficients
can then be used back in (9.164) to obtain the matrix elements of the
general U(3) canonical tensor operator, which then solves the problem
of finding a set of CG coefficients that brings the Kronecker product to
Kronecker direct sum form.

We turn next to the description of the characteristic null space; that
is, the sets of partitions λ ∈ Par3 for which relations (9.165) hold.

9.6 Characteristic Null Spaces of U(3)
Canonical Tensor Operators

It is possible for n = 3 to enumerate the individual operator patterns
having a prescribed shift-weight. The enumeration of all U(3) opera-
tor patterns corresponding to the partition (Λ1,Λ2,Λ3) and shift-weight
(∆1,∆2,∆3) can be obtained by direct enumeration of all eight cases
from the Kostka number formula (9.156):(

Λ
Γs∆

)
(9.171)

=

 Λ1 Λ2 Λ3
∆1 + ∆2 − Λ3 − σ3 − s + 1 Λ3 + σ3 + s− 1

∆1

 ,

in which the shift weight (∆1,∆2,∆3) ∈WΛ1,Λ2,Λ3 , and the set of lexical
patterns having this shift-weight, is enumerated by s = 1, 2, . . . ,K(Λ,∆).
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The characteristic null space for n = 3 is described in terms of the ge-
ometry of level sets in the Möbius plane, where the variables are adapted
to the description of the shift-invariance properties (9.158) of the Kostka
and the Littlewood-Richardson numbers. The Möbius plane is the Carte-
sian plane R2 in which the points are described in terms of the real num-
bers belonging to three axes with positive directions oriented at 120◦.
Each point in the plane is assigned three real coordinates (x1, x2, x3)
that are obtained by perpendicular projection onto the three axes, and,
accordingly, the three numbers add to zero: x1 + x2 + x3 = 0. The
positive axes are also in the directions of the vertices of an equilateral
triangle positioned at the origin (0, 0, 0), the three axis being labeled
counterclockwise. This arrangement of axes and perpendicular projec-
tions is shown in Fig. 9.1 below. The coordinates (x1, x2, x3) are, of
course, arbitrary real numbers adding to 0. For the description of the
level sets of partitions, we use the lattice points of this space; that is,
the set of points with integral coordinates. We require only the posi-
tive sector of lattice points L+ ⊂ L, which is the set of lattice points
(x1, x2, x3) ∈ L that satisfy x1 ≥ 1, x2 ≤ −2, x3 ≥ 1. The set of lattice
points L+ is now associated with partitions by using the differences
of the partial hooks p13 = λ1 + 2, p23 = λ2 + 1, p33 = λ3, as defined by
(x1, x2, x3) = (p23 − p33, p33 − p13, p13 − p23); these differences take into
account the shift-invariance properties (9.158). The use of partial hooks
in place of the partitions themselves reflects the natural occurrence of
partial hooks in all of unitary group theory. The partition associated
with a point (x1, x2, x3) is

λ = (λ1, λ2, λ3) = (λ3 + x1 + x3 − 2, λ3 + x1 − 1, λ3). (9.172)

In particular, the point (x1, x2, x3) = (1,−2, 1) corresponds to the parti-
tion (λ3, λ3, λ3). Each point in L+ gives the infinite number of partitions
satisfying λ1 ≥ λ2 ≥ λ3, all λ3 ≥ 0. Thus, the Möbius plane and its set of
lattice points L+ is well-suited for the description of level sets, since all
the points in L+ preserve the conditions on the partitions in the Hilbert
space Hλ, and, moreover, cover all such partitions.

The level set PΛ,∆(L) for given L ∈ {1, . . . ,K(Λ,∆)} is depicted
in Fig. 9.1 below. The marked points on the x1−axis and x3−axis are
defined by

x
(1)
1 (Λ,∆) = ∆3 − Λ3 − σ1 + 1 + L−K,

x
(2)
1 (Λ,∆) = ∆3 − Λ3 − σ1 + 1;

(9.173)

x
(1)
3 (Λ,∆) = ∆2 − Λ3 − σ3 + 1 + L−K,

x
(2)
3 (Λ,∆) = ∆2 − Λ3 − σ3 + 1,
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where we have abbreviated the Kostka number to K = K(Λ,∆). The
level sets of partitions PΛ,∆(L) = {λ ∈ Parn | IΛ,∆(λ) = L} are subsets
of lattice points in L+ in Fig. 9.1. It is always the case that

x
(1)
1 (Λ,∆) ≥ 0 and x

(1)
3 (Λ,∆) ≥ 0, (9.174)

as can be shown directly from the Kostka numbers:

✲ x1
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛

x3

❆
❆
❆
❆
❆
❆❑

x2

x
(1)
1 (Λ,∆) x

(2)
1 (Λ,∆)

················

❍❍x
(1)
3 (Λ,∆)

❍❍x
(2)
3 (Λ,∆)

•

•

··········

· · · · · · · · · · · · · · · ·· · · · · · · · · · ✟✟
✟✟

✟✟
✟✟❍❍❍❍❍

L

L

L

Figure 9.1. The level set PΛ,∆(L) of partitions.

The level set PΛ,∆(L) for given L = {1, . . . ,K} shown in Fig. 9.1 is
described in detail as follows (The case L = 0 is described separately in
Fig. 9.2):

1. For L = 1, 2, . . . ,K − 1, the level set consists of the single bent
line of lattice points marked by L.

2. For L = K, the two • points merge to a single point with coordi-
nates x(1)1 (Λ,∆) = x

(2)
1 (Λ,∆) = ∆3 −Λ3 − σ1 + 1 and x

(1)
3 (Λ,∆) =

x
(2)
3 (Λ,∆) = ∆2−Λ3−σ3+ 1. The level set PΛ,∆(K) consists of all

lattice points in the two-dimensional set of lattice points for
which

x1 ≥ ∆3 − Λ3 − σ1 + 1 and x3 ≥ ∆2 − Λ3 − σ3 + 1. (9.175)
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The level set of partitions PΛ,∆(0) for which IΛ,∆(λ) = 0 is the union
of the regions I, II, III depicted in Fig. 9.2, as follows:

✲ x1
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛

x3

❆
❆
❆
❆
❆
❆❑

x2

1

❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍

1

∆3 − Λ3 − σ1 −K + 1 ∆3 − Λ3 − σ1

················

❍❍∆2 − Λ3 − σ3 −K + 1

∆2 − Λ3 − σ3 ❍❍

❍❍ •

•

•

··········

· · · · · · · · · · · · · · · ·· · · · · · · · · ·✟✟
✟✟

✟✟
✟✟❍❍❍❍

II

I

III

Figure 9.2. Level set of partitions for which IΛ,∆(λ) = 0.

Regions I, II, and III are the subsets of lattice points with the following
descriptions:

I: Strip S
(I)
K (Λ,∆) :

1 ≤ x1 ≤ ∆3 − Λ3 − σ1 −K + 1. (9.176)

II: Strip S
(III)
K (Λ,∆) :

1 ≤ x3 ≤ ∆2 − Λ3 − σ3 −K + 1. (9.177)

III: Equilateral triangle TK(Λ,∆) :

∆3 − Λ3 − σ1 −K + 2 ≤ x1 ≤ ∆3 − Λ3 − σ1,

∆2 − Λ3 − σ3 −K + 2 ≤ x3 ≤ ∆2 − Λ3 − σ3,

∆2 − σ3 + ∆3 − σ1 − 2Λ3 − 2K + 4 ≤ −x2
≤ ∆2 − σ3 + ∆3 − σ1 − 2Λ3 −K + 2. (9.178)

The lattice points in Region I constitute a strip perpendicular to the
x1−axis of width ∆2 − Λ3 − σ3 −K + 1; those defined by Region III a
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strip perpendicular to the x3−axis of width ∆2 − Λ3 − σ3 −K + 1; and
those defined by Region II an equilateral triangle TK(Λ,∆) containing
K−1 lattice points on each edge. The triangle of lattice points is disjoint
from the strips; it contains |TK(Λ,∆) | = K(K− 1)/2 lattice points and
is empty for K = 1. The following conventions are to hold in Fig. 9.2:

1. Strip S
(I)
K (Λ,∆) (Region I) is empty for K = ∆3−Λ3−σ1+1. In this

case, the lower left • point of Region II falls on the line x1 = 1 (see
Fig. 9.4 below for an example); otherwise, Strip S

(I)
K (Λ,∆) contains

at least one infinite line of lattice points.

2. Strip S
(III)
K (Λ,∆) (Region III) is empty for K = ∆2−Λ3−σ3+1. In

this case, the upper right • point of Region II falls on the line x3 = 1
(see Fig. 9.4 below for an example); otherwise, Strip S

(III)
K (Λ,∆)

contains at least one infinite line of lattice points.

3. Equilateral triangle region TK(Λ,∆) (Region II) is empty for K =
1; otherwise, it contains K(K − 1)/2 lattice points.

The partitions (λ1, λ2, λ3) ∈ PΛ,∆(0) are those for which there are no
representations Dλ+∆(U) in the Kronecker product DΛ(U) ⊗ Dλ(U);
these can be finite or infinite in number. The lattice points for which
the Littlewood-Richardson number IΛ,∆(λ) = 0 are a unique signature
of the corresponding canonical tensor operator.

The diagrams above on level sets are obtained by direct calculation
from formula (9.156) for the Kostka numbers, together with relation
(11.178), Compendium B, which expresses the Littlewood-Richardson
numbers in terms of Kostka numbers. The computations are tedious,
but doable (see Ref. [18, 20]).

We recall from relations (9.96) and (9.101) that the index t with range
t = 1, 2, . . . , IΛ,∆(λ) enumerates the operator patterns Γt∆ ∈ GΛ,∆ that
give canonical tensor operators whose matrix elements are CG coeffi-
cients, and that the index r with range r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆)
enumerates the operator patterns Γr∆ ∈ GΛ,∆ that give canonical ten-
sor operators having the characteristic null space Hλ. From Fig. 9.1, we
find that the characteristic null space of the canonical tensor operator〈

Γr
∆

Λ
•

〉
consists of the partitions λ in the set

P
(r)
Λ,∆ =

K(Λ,∆)−r⋃
L=0

PΛ,∆(L), r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆). (9.179)
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The characteristic null space is correspondingly given by

N

(
Λ

Γr
∆

)
=

{
Hλ

∣∣∣∣ λ ∈ P
(r)
Λ,∆

}
. (9.180)

The sets of null space partitions P
(r)
Λ,∆ exhibit the strict inclusion property

P
(K)
Λ,∆ ⊂ P

(K−1)
Λ,∆ ⊂ · · · ⊂ P

(1)
Λ,∆, (9.181)

as shown diagrammatically in Fig. 9.3:

✲ x1
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛

x3

❆
❆
❆
❆
❆
❆❑

x2

1

❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍

1

∆3 − Λ3 − σ1 + 1− r ∆3 − Λ3 − σ1 + 1

················

❍❍∆2 − Λ3 − σ3 + 1− r

∆2 − Λ3 − σ3 + 1 ❍❍

❍❍ •

•

•

··········

· · · · · · · · · · · · · · · ·· · · · · · · · · ·✟✟
✟✟

✟✟
✟✟❍❍❍❍

P
(r)
Λ,∆

P
(t)
Λ,∆

Figure 9.3. Characteristic null space partitions P
(r)
Λ,∆.

The set of partitions P
(r)
Λ,∆, each r = IΛ,∆(λ) + 1, . . . ,K(Λ,∆) consists

of all lattice points interior to and on the boundary of the region en-
closed by the two solid lines containing the common • point at (1,−2, 1)
and by the bent solid line containing the other two • points—these lat-
tice points give the vector spaces in the characteristic null space of the

canonical tensor operator
〈

Γr
∆
Λ•

〉
. The set of partitions P

(t)
Λ,∆, each

t = 1, 2 . . . , IΛ,∆(λ), consists of all lattice points disjoint from the set
P
(r)
Λ,∆ —these lattice points give the vector spaces of the initial states of

the canonical tensor operator
〈

Γt
∆
Λ•

〉
, whose matrix elements give the
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CG coefficients that occur in the orthogonal matrix that brings Λ⊗λ to
standard Kronecker direct sum form. In all cases, the partitions them-
selves in these sets must be identified from the lattice coordinates by using
the transformation (9.172). The strict inclusion relations (9.181) for lat-
tice points also imply strict inclusion relations for the characteristic null
spaces of U(3) canonical tensor operators:

N

(
Λ

Γ1
∆

)
⊃ N

(
Λ

Γ2
∆

)
⊃ · · · ⊃ N

(
Λ

ΓK
∆

)
. (9.182)

These strict inclusion for characteristic null spaces hold for each Γ∆ ∈
GΛ,∆. We conclude: Each U(3) canonical tensor operator

〈
Γ
Λ
•

〉
, Γ ∈ GΛ

has a unique characteristic null space N
(
Λ
Γ

)
.

Example: Λ = (6, 3, 0),∆ = (3, 3, 3), with K = 4 :

✲ x1
✁
✁
✁
✁
✁
✁☛
x3

❆
❆
❆❑
x2

1 2 3 4

❍❍1
❍❍2
❍❍3
❍❍4

◦ ◦ ◦ •◦ ◦ •◦ ••
•
•
•
•

•
•
•
•

•
•
•
•

•
•
•
•

•
•
•
•

•
•
•

•
• •

❍❍❍❍❍❍❍
❍❍❍❍❍❍❍
❍❍❍❍❍❍❍
❍❍❍❍❍❍❍

L = 0, Γ4 =
(

3
3 3

)

L = 1, Γ3 =
(

3
4 2

)
L = 2, Γ2 =

(
3

5 1

)
L = 3, Γ1 =

(
3

6 0

)
L = 4

✟✟
✟

✟✟
✟✟

✟✟
✟

Figure 9.4. Level sets of partitions for Λ = (6, 3, 0),∆ = (3, 3, 3).

The values of λ for which I(6,3,0),(3,3,3)(λ) = 1, 2, 3 are the lattice points
belonging to the bent solid lines shown in Fig. 9.4; the values for L = 0
are the six lattice points ◦; and the values for L = 4 are all lattice
points belonging to the two-dimensional pie-shaped region with the solid
boundary lines containing the point (4,−8, 4), including the boundary.

�
The null space diagrams given in Ref. [18] are valid only for Λ3 = 0, a

condition not always made explicit. This is actually not a restriction in
consequence of the shift identities (9.158). Here we do not adjust Λ3 = 0.

The methods presented thus far focus on the determination of the
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U(3) CG coefficients. But it is natural also to develop the rules for the
determination of the U(3) : U(2) reduced matrix elements first, and then
use (9.170) to obtain the U(3) CG coefficients. For this purpose, we next
develop additional properties of the reduced matrix elements.

9.7 The U(3) : U(2) Unit Projective Operators

The operator patterns (9.171) can also be used to enumerate the explicit
lower operator patterns for the unit projective operators〈

λ1 + ∆1 λ2 + ∆2 λ3 + ∆3

λ′1 + ∆′
1 λ

′
2 + ∆′

2

∣∣∣∣
 Γs∆

Λ1 Λ2 Λ3
Γs

′
∆′

 ∣∣∣∣ λ1 λ2 λ3λ′1 λ′2

〉
,

s = 1, 2, . . . ,KΛ,∆; s′ = 1, 2, . . . ,KΛ,∆′ , (9.183)

where we now use the notation ∆′ to denote the three-part shift weight
∆′ = (∆′

1,∆
′
2,∆

′
3) ∈ G(Λ1,Λ2,Λ3),(∆′

1,∆
′
2,∆

′
3)
. The notational adjustment of

the patterns (9.171) is(
Λ

Γs′
∆′

)
=

 Λ1 Λ2 Λ3

∆′
1 +∆′

2 − Λ3 − σ′
3 − s′ + 1 Λ3 + σ′

3 + s′ − 1
∆′

1

 ,

(9.184)

where s′ = 1, 2, . . . ,K(Λ,∆′), and the Kostka number is given by

K(Λ,∆′) = Λ2 − Λ3 + 1− (σ′1 + σ′2 + σ′3),

σ′i = max(0,Λ2 −∆′
i), i = 1, 2, 3. (9.185)

The action of a canonical unit projection operator on the basis Bλ of
the Hilbert space Hλ ⊂ H is given by Γs∆

Λ1 Λ2 Λ3
Γs

′
∆′

 ∣∣∣∣ λ1 λ2 λ3λ′1 λ′2

〉

=
〈

λ1 + ∆1 λ2 + ∆2 λ3 + ∆3

λ′1 + ∆′
1 λ

′
2 + ∆′

2

∣∣∣∣
 Γs∆

Λ1 Λ2 Λ3
Γs

′
∆′

 ∣∣∣∣ λ1 λ2 λ3λ′1 λ′2

〉

×
∣∣∣∣ λ1 + ∆1 λ2 + ∆2 λ3 + ∆3

λ′1 + ∆′
1 λ

′
2 + ∆′

2

〉
. (9.186)
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Certain of the matrix elements of the unit projective operator in this
expression are zero in consequence of null projective operators and their
characteristic null space H(λ1 λ2 λ3), described as follows: Γs∆

Λ1 Λ2 Λ3
Γs

′
∆′

 ∣∣∣∣ λ1 λ2 λ3λ′1 λ
′
2

〉
= 0, (9.187)

for each value of s given by

s = IΛ,∆(λ) + 1, . . . ,K(Λ,∆). (9.188)

There is no characteristic null space associated with the values of s′,
since the multiplicity is 1; that is,

I(Λ′
1,Λ

′
2),(∆

′
1,∆

′
2)

(λ′1, λ
′
2)) = K((Λ′

1,Λ
′
2), (∆

′
1,∆

′
2)) = 1, (9.189)

since the partition (Λ′
1,Λ

′
2) ∈ Par2 and the shift-weight (∆′

1,∆
′
2) ∈

G(Λ′
1,Λ

′
2),(∆

′
1,∆

′
2)

uniquely determine s′ in

(Λ′
1,Λ

′
2) = (∆′

1 + ∆′
2 − Λ3 − σ′3 − s′ + 1, Λ3 + σ′3 + s′ − 1). (9.190)

Thus, the reduced matrix elements in (9.186) have value 0 for the values
of s given by (9.188), and have values �= 0 for s = t = 1, 2, . . . , IΛ,∆(λ).

Remarks. The result given by Theorem 1.2 in Ref. [18] is incor-
rect. A unit projective operators should not be taken to be the zero
operator on the entire Hilbert space Hλ, all λ ∈ Par3, since this im-
plies the corresponding canonical tensor operator (9.163) is the zero
operator; this is inconsistent with the characteristic null space con-
cept, which determines null, not zero, projective operators. Each non-
null projective operator with a specified lower pattern in (9.186) ef-
fects the shift (λ′1, λ

′
2) → (λ′1 + ∆′

1, λ
′
2 + ∆′

2) of the initial partition
(λ′1, λ′2) ≺ (λ1, λ2, λ3) to the final partition (λ′1 + ∆′

1, λ
′
2 + ∆′

2), and it is
required that (λ′1+∆′

1, λ
′
2+∆′

2) ≺ (λ1+∆1, λ2+∆2, λ3+∆3); otherwise,
the action is undefined (the coefficient in (9.186) is undefined). Unde-
fined coefficients are to be avoided in all relations. Even if Theorem 1.2
is correctly formulated in the form above, the proof that the shifted final
patterns are nonlexical for all λ′ ≺ λ is incorrect as shown by the exam-
ple (9.110). The computational aspects of U(3) : U(2) reduced matrix
elements given in Ref. [18] are unaffected by the errors in Theorem 1.2.
These computations lead to new classes of functions with exceptional
properties (see Ref. [112]).

9.7.1 Coupling rules and Racah coefficients

There are many more important relations between canonical tensor op-
erators and unit projective operators, the form of which depends on



434 CHAPTER 9. TENSOR OPERATOR THEORY

the so-called coupling rules whereby new irreducible tensors are con-
structed from the product of pairs of “simpler” irreducible tensor op-
erators. Moreover, it is from this structure that the concept of Racah
coefficients of the unitary group emerges. We deal briefly in this section
with this algebra.

We consider that the following U(n) CG coefficient is fully known and
nonzero for a given pair of partitions Λ,Λ′ ∈ Parn :〈

Λ + ∆
M ′′

∣∣∣∣
〈 Γ

Λ′

M ′

〉∣∣∣∣ Λ
M

〉
, (9.191)

where also Γ ∈ GΛ′,∆ is a given operator pattern having the shift-weight
∆ for some ∆ ∈ WΛ′ . This CG coefficient supplies the numerical “cou-
pling” coefficients needed to construct from two canonical tensor opera-
tors of type Λ and Λ′ a new tensor operator of type Λ + ∆, as follows:

∑
M ′,M

〈
Λ + ∆
M ′′

∣∣∣∣
〈 Γ

Λ′

M ′

〉∣∣∣∣ Λ
M

〉〈 Γ′

Λ′

M ′

〉〈 Γ
Λ
M

〉

=
∑

Γ′′∈GΛ+∆


(

Λ + ∆
Γ′′

) Γ
Λ′

Γ′

(Λ
Γ

)
〈 Γ′′

Λ + ∆
M ′′

〉
. (9.192)

The expression on the left is called the “coupling of a pair of irreducible
tensor operators.” This coupling of a pair of irreducible tensor operators
of type Λ and Λ′ yields a new tensor operator of type Λ + ∆, since the
left-hand side of expression (9.192) transforms under unitary similarity
transformation TU (· · ·)TU−1 in exactly the manner required of a tensor
operator of type Λ + ∆. This result follows directly from the transfor-
mation properties of each of the irreducible tensor operators on the left
and the properties of the coupling CG coefficients, and those that arise
from the transformation of the product. This property is the analogue
for the vector space of operators of the lower pattern coupling by a CG
coefficient of the Kronecker product of two D−polynomials, DΛ′

and
DΛ. Relation (9.192) is an operator identity on the model Hilbert space
H with basis Bλ of Hλ ⊂ H; that is, the operator relation (9.192) is to
be applied to a basis vector of Bλ.

Relation (9.192) expresses the fact that the canonical tensor operators〈
Γ′′

Λ +∆
•

〉
, Γ′′ ∈ GΛ+∆, are a basis for all tensors of type Λ + ∆. The

“coefficients” in this linear combination of irreducible tensor operators
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on the right-hand side are U(n) invariants. The notation
(

Λ + ∆
Γ′′

) Γ
Λ′

Γ′

(Λ
Γ

) (9.193)

denotes these U(n) left-invariant operators, which we have placed to the
left of the irreducible tensor operators in (9.192) (they could be placed to
the right). These invariant operators are called Racah invariants, since,
it turns out, their eigenvalues in the model Hilbert space H on which the
operator relation (9.192) acts are a natural generalization of the Racah
coefficients of angular momentum theory:

(
Λ + ∆

Γ′′

) Γ
Λ′

Γ′

(Λ
Γ

)
∣∣∣∣ λ + ∆′′

m′′

〉

=


(

Λ + ∆
Γ′′

) Γ
Λ′

Γ′

(Λ
Γ

) (λ + ∆′′)
∣∣∣∣ λ + ∆′′

m′′

〉
. (9.194)

By convention, when relation (9.192) acts on a basis vector
∣∣∣ λ
m

〉
∈ Bλ,

the left-invariant Racah operator has eigenvalue evaluated on the shifted
vector space Hλ+∆′′ ,∆′′ = W

(Λ+∆
Γ′′
)
.

Great care must be exercised in coupling relations such as (9.192) in
accounting for characteristic null space. Thus, to get a nonzero result
from the left-hand side, we let the operator relation act on the basis
vectors of a subspace Hλ ⊂ H that is not in the null space of the product
of the canonical tensor operators on the left. Putting these details aside
for the moment, we use the orthogonality relation (9.53) for canonical
tensor operators to obtain the following expression of the Racah left-
invariant operator in terms of the canonical tensor operators (see also
relation (9.199) below):

(
Λ+∆

Γ′′

) Γ
Λ′

Γ′

(Λ
Γ

) =
∑

M′′,M′,M

〈
Λ+∆

M ′′

∣∣∣∣
〈

Γ
Λ′

M ′

〉 ∣∣∣∣ Λ
M

〉

×
〈 Γ′

Λ′

M ′

〉 〈
Γ
Λ
M

〉 〈 Γ′′

Λ +∆
M ′′

〉†

. (9.195)

Next, we take matrix elements of relations (9.192) and (9.195), account
for characteristic null space, and obtain the following relations:
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∑
m′,M′,M

〈
Λ +∆

M ′′

∣∣∣∣
〈

Γ

Λ′

M ′

〉 ∣∣∣∣ Λ
M

〉

×
〈

λ+∆+∆′

m′′

∣∣∣∣
〈 Γt′

∆′

Λ′

M ′

〉 ∣∣∣∣ λ+∆

m′

〉〈
λ+∆

m′

∣∣∣∣
〈 Γt

∆

Λ
M

〉 ∣∣∣∣ λ
m

〉

= δ∆+∆′,∆′′

IΛ+∆,∆′′ (λ)∑
t′′=1


(

Λ +∆

Γt′′
∆′′

) Γ

Λ′

Γt′
∆′

( Λ

Γt
∆

) (λ+∆′′)

×
〈

λ+∆′′

m′′

∣∣∣∣
〈 Γt′′

∆′′

Λ +∆

M ′′

〉 ∣∣∣∣ λ
m

〉
; (9.196)


(

Λ+∆

Γt′′
∆′′

) Γ

Λ′

Γt′
∆′

( Λ

Γt
∆

) (λ+∆′′)

= δ∆+∆′,∆′′
∑

M′′,M′,M,m′,m

〈
Λ +∆

M ′′

∣∣∣∣
〈

Γ

Λ′

M ′

〉 ∣∣∣∣ Λ
M

〉

×
〈

λ+∆+∆′

m′′

∣∣∣∣
〈 Γt′

∆′

Λ′

M ′

〉 ∣∣∣∣ λ+∆

m′

〉〈
λ+∆

m′

∣∣∣∣
〈 Γt

∆

Λ
M

〉 ∣∣∣ λ
m

〉

×
〈

λ+∆′′

m′′

∣∣∣∣
〈 Γt′′

∆′′

Λ +∆

M ′′

〉 ∣∣∣ λ
m

〉
. (9.197)

The GT pattern m′′ ∈ GΛ+∆′′ can be chosen arbitrarily in each of these
relations. The ranges of the indices t, t′, t′′ for nonzero CG coefficients
are the following:

t = 1, 2, . . . , IΛ,∆(λ); t′ = 1, 2, . . . , IΛ′,∆′(λ + ∆);

t′′ = 1, 2, . . . , IΛ+∆,∆′′(λ). (9.198)

The operator pattern Γ is any pattern with shift-weight ∆ ∈WΛ′ .

We recall that canonical tensor operators are identical to the or-
thonormalized operator-valued D̂Λ−polynomials:〈

Γ
Λ
M

〉
= D̂

(
Γ
Λ
M

)
(T ). (9.199)
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This relation cannot be emphasized too strongly because it implies that
the Racah invariant operators are uniquely defined—no freedom remains
in specifying their properties, except possibly the choice of phase fac-
tors in the orthonormalization of the operator-valued D−polynomials
themselves. The implementation of relation (9.197) to obtain an explicit
formula in terms of the partial hooks pin is, of course, a difficult problem.

Relation (9.197) is the U(n) analogue of relation (2.160), which ex-
presses an SU(2) Racah coefficient as a sum over four SU(2) WCG
coefficients, but thus far in the theory of U(n) Racah coefficients no
simplification of the multiple summation in (9.197) is known.

For given partitions Λ,Λ′,Λ + ∆ ∈ Parn, the number of Racah co-
efficients given by relation (9.197) for each selected shift-weight pattern
Γ ∈ GΛ′,∆ is the product of Littlewood-Richardson numbers given by

IΛ,∆(λ)× IΛ′,∆′(λ + ∆)× IΛ+∆,∆+∆′(λ). (9.200)

This counting relation holds, since there are no conditions on the cou-
pling of Kronecker products of the subgroup row partitions as in the
product of canonical tensor operators. For a nonzero Racah coefficient,
it is only required that:

The final operator pattern Γt
′′
∆′′ in the Racah coefficient (9.197) is only

required to have the shift-weight ∆′′ = ∆ + ∆′, which is the sum of
the shift-weights associated with the patterns Γt∆ and Γt

′
∆′—there are no

subgroup conditions.

U(n) Racah coefficients are objects of great complexity.

Racah invariant operators satisfy orthogonality relations similar in
form to those for the canonical CG coefficients:

IΛ,∆(λ)∑
t=1

IΛ′,∆′ (λ+∆)∑
t′=1


(

Λ+∆

Γt′′
∆+∆′

) Γ

Λ′

Γt′
∆′

( Λ

Γt
∆

)
×

(

Λ+∆
′

Γt′′′
∆+∆′

) Γ
′

Λ′

Γt′
∆′

( Λ

Γt
∆

) = δt′′,t′′′ δΓ,Γ
′ ;

∑
Γ∈GΛ′

IΛ+∆,∆+∆′(λ)∑
t′′=1


(

Λ+∆

Γt′′
∆+∆′

) Γ

Λ′

Γt′
∆′

( Λ

Γt
∆

)
×

(

Λ +∆

Γt′′
∆+∆′

) Γ
Λ′

Γs′
∆′

( Λ
Γs

∆

) = δt′,s′ δt,s,

(9.201)
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where these two left-invariant Racah operator relations are to be applied
to the vector space Hλ+∆+∆′ to obtain the Racah coefficients (9.197).
Relations (9.201) follow from the orthogonality of the U(n) canonical
tensor operators.

Only partitions and operator patterns appear in the definition of
a U(n) Racah coefficient. While exceedingly complex, the coherence
brought to the structure of U(n) Racah coefficients by Biedenharn’s op-
erator patterns is quite striking and elegant.

Examples:

1. U(2) Racah invariants. For n = 2, we use the identification of U(2)
WCG coefficients and SU(2) WCG coefficients given by (9.167)-
(9.168) to write the right-hand side of relation (9.197) in the form

RHS of (9.197)

=
∑
β,γ

C b c k′
β,γ,β+γC

k c j
α+β,γ,α+β+γC

a b k
α,β,α+βC

a k′ j
α,β+γ,α+β+γ , (9.202)

where the WCG coefficients in this result are listed in the same left
to right order as in (9.197), and the angular momentum quantum
numbers a, b, c, j, k, k′ and associated projection quantum numbers
α, β, γ,m, q, q′ are identified from the four U(2) WCG coefficients
as follows:

a = (λ1 − λ2)/2, α = m′
11 −M ′

11 −M11 − (λ1 + λ2)/2,
b = (Λ1 − Λ2)/2, β = M11 − (Λ1 + Λ2)/2,

c = (Λ′
1 − Λ′

2)/2, γ = M ′
11 − (Λ′

1 + Λ′
2)/2;

(9.203)

j = (λ1 − λ2 + ∆1 −∆2 + ∆′
1 −∆′

2)/2, m = α + β + γ,

k = (λ1 − λ2 + ∆1 −∆2)/2, q = α + β,

k′ = (Λ1 − Λ2 + ∆1 −∆2)/2, q′ = β + γ.

From relation (2.160), the sum over WCG coefficients in (9.202) is√
(2k + 1)(2k′ + 1) W (abjc; kk′). Thus, we have the result:

(
Λ1 +∆1 Λ2 +∆2

∆1 +∆′
1

) ∆1

Λ′
1 Λ′

2

∆′
1

( Λ1 Λ2

∆1

) (λ′′
1 , λ

′′
2 )

=
√

(2k + 1)(2k′ + 1) W (abjc; kk′), (9.204)

where (λ′′1 , λ′′2) = (λ1 + ∆1 + ∆′
1, λ2 + ∆2 + ∆′

2).
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2. The following Racah invariants are for the coupling of a pair of
fundamental tensor operators (see (9.154) for notation):

(
2 0n−1

γ

) 1
1 0n−1

τ

( 1 0n−1
ρ

)
=
∑
m

n∑
i,j=1

〈
2 0n−1
m

∣∣∣∣
〈 1

1 0n−1
i

〉∣∣∣∣ 1 0n−1
j

〉

×
〈 τ

1 0n−1
i

〉〈 ρ

1 0n−1
j

〉〈 γ

2 0n−1
m

〉†

;

(9.205)
(

1 1 0n−2
γ

) 2
1 0n−1

τ

( 1 0n−1
ρ

)
=
∑
m

n∑
i,j=1

〈
1 1 0n−2

m

∣∣∣∣
〈 2

1 0n−1
i

〉∣∣∣∣ 1 0n−1
j

〉

×
〈 τ

1 0n−1
i

〉〈 ρ

1 0n−1
j

〉〈 γ

1 1 0n−2
m

〉†

.

These Racah coefficient can be calculated from the known matrix
elements of all fundamental tensor operators from the pattern calcu-
lus, and the known matrix elements of all (2 0n−1) tensor operators
and (1 1 0n−2) tensor operators, the latter being given completely
by the pattern calculus, since all shift-weights are extremal. The
results are nontrivial to display and are omitted. �

The relations for the coupling of irreducible tensor operators are
formidable. But they simply supply the details for structurally elegant
results: Ignoring the shift-weight patterns of the unit tensor operators in
relation (9.196), it expresses the algebraic property that two irreducible
tensors of type Λ and type Λ′ can be coupled to one of type Λ′′ by using
a suitable CG coefficient. The additional feature coming from the cou-
pling of unit tensor operator is that the basis property allows the coupled
tensor operators to be again expressed as a sum of unit tensor operators.
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The invariant scalars in the linear combination are then identified as
Racah operators. Moreover, the relationships are more than just formal
in content, since the canonical tensor operators are given explicitly in
terms of the known operator-valued tensor operators in (9.199), and in
some cases directly from the pattern calculus, as illustrated above.

9.7.2 Limit relations

It is a known rsult (see Ref. [21]) that U(2) WCG coefficients have the
following limit property:

lim
λ2→−∞

〈
λ1 + ∆1 λ2 + ∆2

m11 + M11

∣∣∣∣
〈 Γ11

Λ1 Λ2
M11

〉∣∣∣∣ λ1 λ2m

〉
= δM11,Γ11 ,

(9.206)
where (∆1,∆2) = (Γ11,Λ1 + Λ2 − Γ11. Relation (9.206) is an interesting
result because it gives the information that not only does the limit exist,
but also that in this limit the shift-weight operator pattern Γ11 becomes
the U(1) group theoretical GT pattern M11. This is the weak link be-
tween upper operator patterns and lower operator patterns mentioned in
(9.109), since for n = 2 WCG coefficients and reduced matrix elements
coincide. (The phase choice for U(2) WCG coefficients is such that there
is no sign factor in the right-hand side of (9.206).)

Let us assume for purposes of discussion that the following pair of
limit relations holds:

lim
λn→−∞

〈
[λ + ∆]n
[λ′ + ∆′]n−1

∣∣∣∣


(Γ)n−2
[Γ]n−1
[Λ]n

[Λ′]n−1
(Γ′)n−2


∣∣∣∣ [λ]n

[λ′]n−1

〉
(9.207)

= δ[Γ]n−1, [Λ′]n−1

〈
[λ + ∆]n−1
[λ′ + ∆′]n−1

∣∣∣∣
 (Γ)n−2

[Λ′]n−1
(Γ′)n−2


ext

∣∣∣∣ [λ]n−1
[λ′]n−1

〉
;

lim
λ′
n−1→−∞

〈
[λ + ∆]n−1
[λ′ + ∆′]n−1

∣∣∣∣
 (Γ)n−2

[Λ′]n−1
(Λ′)n−2


ext

∣∣∣∣ [λ]n−1
[λ′]n−1

〉

=
〈

[λ + ∆]n−1
[λ′ + ∆′]n−2

∣∣∣∣
 (Γ)n−2

[Λ′]n−1
(Λ′)n−2

 ∣∣∣∣ [λ]n−1
[λ′]n−2

〉
. (9.208)
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To make clear the role of various triangular patterns and partitions in
these relations it has been necessary to make the notations more specific.
An arbitrary partition λ ∈ Park is now denoted by [λ]k; any triangular
GT pattern m containing k rows is denoted by (m)k; and any operator
pattern Γ containing k rows by (Γ)k; and any shift-weight ∆ containing
k components by [∆]k. Thus, a unit projective operator of type [Λ]k is
now denoted by  (Γ)k−1

[Λ]k
(Γ′)k−1

 , k = 1, 2, . . . , (9.209)

where for k = 1 the pattern consists of the single entry [Λ]1 = Λ1.

The pair of limit relations (9.207)-(9.208) is hierarchical; that is, ap-
plies for each n = 2, 3, . . . . The symbol on right-hand side of relation
(9.207), which continues to the left-hand side of (9.208), is a new object,
as indicated by the subscript ext = extension. The “matrix elements”
of this object are between partitions of length n in both the initial and
final position. It is called an extended reduced matrix element; it is a
natural symbol for the indicated limit. The limit of an extended reduced
matrix element is then taken again in relation (9.208) to complete the
loop back to a reduced matrix element at level n−1. The process is then
continued all the way down to the U(2) : U(1) level, for which

〈λ1 + ∆1| [Λ1] |λ1〉 = δ∆1,Λ1 . (9.210)

To have relations of nontrivial content in (9.207)-(9.208), they are to
be applied only to nonzero reduced matrix elements; that is, [λ]n and
[λ′]n−1 should not belong to the characteristic null space.

The concept of an extended reduced matrix element can be motivated
beyond its occurrence as a limit. The pattern calculus and the associated
shift-weight function (9.148) for an extended unit projective operator are
defined simply by adjoining a point n to the right-most position in row
n − 1 in the set of rules (9.139)-(9.150), where now [∆′]n is assigned to
the extended row n − 1 and the coordinate xn = pn,n−1 − 1 is the new
variable associated to point n in row n− 1. Two-rowed partitions of this
sort of the same length are considered in Sect. 11.3.3, Compendium B.
The extended shift-weight function Aext

[∆′]n,[∆]n
([x]n; [y]n) function, where

now x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn), is well-defined.

The shift-weight function (9.148) and its extended version have finite
limits of the form (9.207)-(9.208), subject to certain conditions: Define
the integers N ′

∆n
,D∆n for the weight function (9.148) and the integers

N∆′
n
,D′

∆′
n

for its extended version, as follows:
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N ′
∆n = number of loops incident on point n in row n from

points within row n− 1 =
n−1∑
i=1

|∆′
i −∆n|. (9.211)

D∆n = number of loops incident on point n in row n from

points within row n =
n−1∑
i=1

|∆i −∆n|. (9.212)

N∆′
n

= number of loops incident on point n in row n− 1 from

points within row n =
n∑
i=1

|∆i −∆′
n|. (9.213)

D′
∆′
n

= number of loops incident on point n in row n− 1 from

points within row n− 1 =
n−1∑
i=1

|∆′
i −∆′

n|. (9.214)

Then, the following limit relations of the shift-weight functions hold:

lim
yn→−∞A[∆′]n−1,[∆]n([x]n−1; [y]n) = 0,

if and only if N ′
∆n

< D∆n ,

(9.215)

lim
yn→−∞A[∆′]n−1,[∆]n([x]n−1; [y]n) = Aext

[∆′]n−1,[∆]n−1
([x]n−1; [y]n−1),

if and only if N ′
∆n

= D∆n ;

lim
xn→−∞Aext

[∆′]n,[∆]n([x]n; [y]n) = 0,

if and only if N∆′
n
< D′

∆′
n
,

(9.216)

lim
xn→−∞Aext

[∆′]n,[∆]n([x]n; [y]n) = A[∆′]n−1,[∆]n([x]n−1; [y]n),

if and only if N∆′
n

= D′
∆′
n
.
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The conditions in the limit relations (9.215)-(9.216) are just the trivial
requirements that the number of linear numerator factors is less than
or equal to the number of linear denominator factors associated with
the point labeled yn or xn. The reason for giving these results is: The
limit relations (9.215)-(9.216) are valid for all cases of extremal unit
projective operators. These are the unit projective operators for which
the only shift-weight patterns that can occur are permutations of the
partition [Λ]n; for extremal unit projective operators and their extended
counterparts, the pattern calculus gives the complete reduced matrix
element. This validates the limit relations (9.207)-(9.208) for all such
extremal cases.

The violation of the conditions in (9.215)-(9.216) for the shift-weight
functions, in which case these functions would be infinite in the indi-
cated limit, does not invalidate relations (9.207)-(9.208) for the general
case, since then there are other factors dependent on yn and xn in the
denominator and numerator of the full expression for the reduced matrix
element. Indeed, the validity of the limit relations can be demonstrated
from the explicit calculation (Ref. [117]) of the reduced matrix elements
for the system of all adjoint reduced matrix elements, which are those
for partitions of the form Λ = (2, 1n−2, 0), n ≥ 3. We conjecture:

Conjecture: The limit relations (9.207)-(9.208) are valid for all n =
2, 3, . . . .

Using this conjecture, we can now understand the origin of the Bieden-
harn operator patterns. Recall the crucial fact that row n−1 in the lower
operator pattern, namely, the partition [Λ′]n−1, of the reduced matrix
element expression (9.102) is a group theoretical label, since row n−1 ex-
presses the group theoretical property that [λ′ +∆′]n−1 ∈ [Λ′]n−1⊗ [λ′]n.
But now from the double limit (9.207)-(9.208), we have

lim
λ′
n−1→−∞

lim
λn→−∞

〈
[λ + ∆]n
[λ′ + ∆′]n−1

∣∣∣∣


(Γ)n−2
[Γ]n−1
[Λ]n
[Γ′]n−1
(Γ′)n−2


∣∣∣∣ [λ]n

[λ′]n−1

〉

= δ[Γ]n−1,[Γ′]n−1

〈
[λ + ∆]n−1
[λ′ + ∆′]n−2

∣∣∣∣
 (Γ)n−2

[Λ′]n−1
(Γ′)n−2

 ∣∣∣∣ [λ]n−1
[λ′]n−2

〉
. (9.217)

This double limit expresses the property that the reduced matrix element
is zero, unless row [Γ]n−1 of the upper operator is equal to row [Γ′]n−1
of the lower pattern in which case [λ′ + ∆′]n−2 ∈ [Γ′]n−2 ⊗ [λ′]n−2. We
call property (9.217) limit reduction of a reduced matrix element.

The limit reduction process (9.217) can be continued downward to
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n = 2, where relation (9.206) holds. We conclude:

Under full limit reduction of the reduced matrix element (9.102) from
n down to 2, a reduced matrix element is 0, unless the upper operator
pattern agrees with the lower operator pattern, in which case the group
theoretical Kronecker product relation [λ′]k + [∆]k ∈ [Γ]k ⊗ [λ′]k, k =
n− 1, . . . , 1, holds, where the partition [λ′]k is the first k parts of [λ′]n.

Relation (9.217) can be put in the context of the general U(n) canoni-
cal tensor operator by using the general form of the reduction rule (9.101)
from U(n) to U(n−1), which we now write in the detailed notation above:〈 [λ+∆]n

[λ′ +∆′]n−1

(m′)n−2

∣∣∣∣∣∣
〈 (Γ)n−1

[Λ]n
[Λ′]n−1

(M)n−2

〉 ∣∣∣∣∣∣
[λ]n
[λ′]n−1

(m)n−2

〉

=
∑

(Γ′)n−2

〈
[λ+∆]n
[λ′ +∆′]n−1

∣∣∣∣


(Γ)n−1

[Γ]n−1

[Λ]n
[Λ′]n−1

(Γ′)n−2


∣∣∣∣ [λ]n
[λ′]n−1

〉

×
〈

[λ′ +∆′]n−1

(m′)n−2

∣∣∣∣
〈 (Γ′)n−2

[Λ′]n−1

(M)n−2

〉 ∣∣∣∣ [λ′]n−1

(m)n−2

〉
,

[∆]n = W

(
[Λ]n
(Γ)n−1

)
, [∆′]n−1 = W

(
[Λ′]n−1

(Γ′)n−2

)
.

(9.218)

It is not necessary to take into account characteristic null space, since
zero CG coefficients trivially satisfy limit reduction.

We now use this relation and the limit relation (9.217) to derive, by
induction, the general result as follows, where we now revert back to the
less-encumbered notation:

The limit relation (9.217), applied to every level 2, 3, . . . , n, implies that

LIM
〈

λ + ∆
m′

∣∣∣∣
〈 Γ

Λ
M

〉 ∣∣∣∣ λ
m

〉
= δM,Γ. (9.219)

In this relation, LIM denotes the sequence of limits described as follows.
Consider the GT subpattern in which the first down-diagonal is omitted:

λ2 λ3 · · · λn
m2,n−1 m3,n−1 · · · mn−1,n−1

...
m2,3 m3,3

m2,2

 . (9.220)
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The operation LIM is described in terms of this modified GT pattern by
the following sequence of limits:

LIM =
(limλ2→−∞) (limm2,n−1→−∞ limλ3→−∞) · · ·

· · · (limm2,2→−∞ limm3,3→−∞ · · · limλn→−∞) ,
(9.221)

where this sequence of limits is to be applied to the U(n) canonical
tensor operator in (9.219) from right-to-left. Thus, limλn→−∞ is applied
first, followed by limmn−1,n−1→−∞, . . . , followed by limm2,2→−∞, as read
down the right-most up-diagonal. The limit process continues by next
applying, first limλn−1→−∞, . . . , followed by limm2,3→−∞, as read down
the up-diagonal having λn−1 in row n. This limit process continues all the
way back to limλ3→−∞, followed by limm2,n−1→−∞, and at the last step
limλ2→−∞ . The parenthesis pairs in (9.221) are intended to show the
sequence of limits in the various up-diagonals having λn, λn−1, . . . , λ2 in
the top row n. Relation (9.219) applies to every nonzero matrix element
of the general U(n) canonical tensor operator. It has long known to be
true for n = 2, and it is here conjectured to be a general result, based
on the validity of the limit relation (9.217), which remains to be proved
for the general case.(One method of proof might be from properties of
the Gram-Schmidt orthonormalized operator-valued DΛ−polynomials.)

We remark that different choices of phase factors in arriving at the
canonical tensor operators and their reduced matrix elements can intro-
duce a phase factor in (9.219). Phases are to be chosen such that (9.217)
and (9.219) hold for every n.

We conclude this chapter on tensor operators with several remarks:

Remarks:

1. The origin of operator patterns is settled by (conjectured) limit re-
duction: They are uniquely assigned by the limit reduction process.
For example, for Λ = (4, 2, 0) and ∆ = (2, 2, 2), the upper opera-
tor patterns obtained from the lower operator patterns by limit
reduction are(

2
2 2

4 2 0

)
,

(
2

3 1
4 2 0

)
,

(
2

4 0
4 2 0

)
. (9.222)

But the ordering of these patterns, respectively, by Γ33,3,3 < Γ23,3,3 <
Γ13,3,3 (see (9.65)-(9.68)and (9.71)) is still optional: There would
appear to be no truly “canonical” tensor operators in the sense of
no freedom of choice. But the ordering of objects is such a natural
choice that the term canonical is, perhaps, not inappropriate.



446 CHAPTER 9. TENSOR OPERATOR THEORY

2. Many more results for unit projective operators and Racah coef-
ficients have been obtained in Refs. [16, 18, 19, 20, 21, 107, 108,
109, 111, 112, 115, 117, 118, 119, 120, 121, 122, 123] than can be
presented here.

3. We have dealt with the reduction of a single Kronecker product.
The consideration of multiple Kronecker products and the implied
theory of multiple copies of U(n) and the associated invariants going
beyond Racah invariants, as was possible for U(2) and the addition
of several angular momenta, is, at the moment, beyond our reach.
The potential relations going beyond the geometry of cubic graphs
is beyond calculation, but perhaps within imagination.

4. Biedenharn’s operator patterns are basic to the enumeration of in-
variants associated with the reduction of multiple Kronecker prod-
ucts of irreducible unitary representations of U(n) to standard Kro-
necker direct sum form. An understanding of their structure, such
as a proof of the conjectured limit reduction property outlined
above, are essential to future progress in this subject.

5. It is difficult to obtain fully explicit formulas for the CG coefficients
(and Racah coefficients) that effect the reduction of even a single
Kronecker product. We have attempted to formulate most results
in an algorithmic form that allows the generation of such formu-
las, leaving explicit formulas for the future of advanced symbolic
computation.

6. Many of results presented here on operator patterns and tensor
operators can be extended to q−tensor operator algebras as carried
out by Biedenharn and Lohe [17].



Chapter 10

Compendium A. Basic
Algebraic Objects and
Structures

The material presented in this Chapter 11 and Chapter 12 as Com-
pendiums A and B is intended to introduce vocabulary, notations, and
concepts used in the monograph. We do not require the depth and detail
of entire textbooks on the various topics, and the material is presented
here to avoid digressions in the main text. Familiar topics are presented
in a synoptic format, while less familiar subjects are developed in the
detail required. Proofs, when indicated, are brief, since there are many
excellent expositions on most topics, and it would distract from the main
objective. With these qualifications in mind, we proceed with our col-
lection of topics, often giving an orientation to it that suits our needs.
We also reference textbooks and articles by topics at the end of each
compendium, where in-depth discussions can be found.

10.1 Groups

A group G is a nonempty set of elements in which there is defined a
binary operation L, called product, such that the set is closed under
the operation L, is associative, contains an identity element, and each
element has an inverse. In detail, the following rules hold:

1. Closure: For each pair of elements g, g′ ∈ G, the product g Lg′ ∈ G.

2. Associativity: For each triplet of elements g, g′, g′′ ∈ G, the product
rule (g L g′) L g′′ = g L (g′ L g′′) holds.

447
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3. Identity: For each g ∈ G, the set G contains a distinguished element
e such that e L g = g L e.

4. Inverse: For each element g ∈ G, there corresponds an element of
G, denoted g−1 and called the inverse of g, such that g L g−1 =
g−1 L g = e.

It may be proved from these axioms for an abstract group that the
identity element e is unique, and then, in turn, that the inverse of a
given element is unique. The number of elements in a group may be
finite, countably infinite (denumerable), or nondenumerable. The symbol
L denoting the binary operation in G has no intrinsic significance, nor
does the term “product.” Any intelligible mark will do, and often group
multiplication is denoted by simple juxtaposition of group elements when
no ambiguity can arise. It is important to observe, however, that in
the definition of a group both the binary operation L must be specified
together with the set G, the pair sometimes being written as (L,G) to
emphasize that the two objects are needed.

A group is called abelian or commutative if each pair of elements in
G commute, that is, g L g′ = g′ L g, for all g, g′ ∈ G.

The set of all integers Z = · · · ,−2,−1, 0, 1, 2, · · · under the binary
operation of addition, denoted +, with identity 0 is an example of an
abelian group, as is also the set of complex numbers {eiφ | 0 ≤ φ < 2π}
of modulus 1 under the binary operation of ordinary multiplication with
identity 1. An example of a nonabelian group is the set GL(n,C) of
all n × n nonsingular matrices with complex numbers as entries, where
group multiplication is ordinary matrix multiplication, and the identity
is the unit matrix In = diag(1, 1, · · · , 1) with 1 along the diagonal. An
important subgroup of GL(n,C) is the set of unitary matrices, denoted
U(n), where each U ∈ U(n) also satisfies U−1 = U † =

(
UT
)∗
, where

the operation T denotes matrix transposition and ∗ denotes complex
conjugation.

The symmetric group Sn not only provided the historical context from
which evolved the concept of an abstract group, it is, perhaps, the most
important group in mathematics, physics, chemistry, and biology (see
Lascoux and Schültzenberger [101], Lulek [125], and Wybourne [190]).
It consists of elements, called permutations, which we write in the two-
line form (

1 2 · · · n
i1 i2 · · · in

)
, (10.1)

where the sequence (i1, i2, . . . , in) is a rearrangement of the integers
(1, 2, . . . , n). The symmetric group Sn contains n! such elements cor-
responding to all possible n! assignments of the sequence (i1, i2, . . . , in).
Moreover, by definition, all permutation symbols corresponding to the
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n! rearrangements of columns are equal; for example,(
1 2 3
2 3 1

)
=
(

2 3 1
3 1 2

)
. (10.2)

Multiplication of two permutations is defined by(
1 2 · · · n
j1 j2 · · · jn

)(
1 2 · · · n
i1 i2 · · · in

)
(10.3)

=
(

i1 i2 · · · in
k1 k2 · · · kn

)(
1 2 · · · n
i1 i2 · · · in

)
=
(

1 2 · · · n
k1 k2 · · · kn

)
.

Thus, the columns of the permutation on the left are rearranged such
that the top row agrees with the bottom row of the permutation on
the right, and then the product permutation is read off by canceling
the two common rows, as shown. This multiplication rule is closed over
the collection of all n! permutations; this rule may be verified to be
associative. The identity element is

e =
(

1 2 · · · n
1 2 · · · n

)
, (10.4)

and the inverse of a given permutation is obtained by interchanging top
and bottom rows in the permutation symbol:(

1 2 · · · n
i1 i2 · · · in

)−1
=
(

i1 i2 · · · in
1 2 · · · n

)
. (10.5)

For example,(
1 2 3
2 3 1

)−1
=
(

2 3 1
1 2 3

)
=
(

1 2 3
3 1 2

)
. (10.6)

We often use the one-line notation

π =
(

1 2 · · · n
π1 π2 · · · πn

)
= (π1, π2, . . . , πn) (10.7)

for a permutation π ∈ Sn when no ambiguity can arise.

10.1.1 Group actions

Let G be a group and X a nonempty set. The group G is said to act on
the set X if there is defined a mapping

Ag : x �→ x′ = Ag(x) ∈ X, each g ∈ G, each x ∈ X, (10.8)
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such that

Ag′(Ag(x)) = Ag′g(x), each pair g′, g ∈ G; each x ∈ X, (10.9)

Ae(Ag(x)) = Ag(x), each g ∈ G; each x ∈ X,Ae = 1. (10.10)

If we define (Ag′Ag)(x) = Ag′(Ag(x)), then we may write the sequential
action (10.9) as the product of actions Ag′Ag = Ag′g on X, each pair
g′, g ∈ G. Closure and associativity of group action then follow from
the composition rule (10.9). The mapping Ag is sometimes called a
G−operator and the set on which G acts, a G−space.

It is sometimes natural to define a left multiplication g · x of G on X.
In this case, we write Lg(x) = g · x, and refer to the left action of G on
X, which is required to satisfy (10.9)-(10.10) ). Similarly, it is sometimes
natural to define a right multiplication x ∗ h of a group H on X, and
write Rh(x) = x ∗ h, which is required to satisfy (10.9)-(10.10).

Matrix groups, where group multiplication is ordinary matrix multi-
plication, illustrate these concepts nicely. Let G be the group of nonsin-
gular complex matrices of order n, H the group of nonsingular complex
matrices of order m, and X the set of n ×m complex matrices. Define
left multiplication by g · x = gx (matrix multiplication of x ∈ X from
the left by g), and right multiplication by h ∗ x = xh−1 (matrix multi-
plication of x ∈ X from the right by the inverse of h.) Then, Lg(x) = gx
and Rh(x) = xh−1 may be verified to satisfy the rules of group action.
But, in this case, we also have

Lg(Rh(x)) = Lg(xh−1) = g(xh−1) = gxh−1,
(10.11)

Rh(Lg(x)) = Rh(gx) = (gx)h−1 = gxh−1,

so that LgRh = RhLg on X for all g ∈ G, all h ∈ H. The two group
actions mutually commute. This is an important property for many
applications.

Certain subsets of G and of X arise naturally from the concept of a
group action Ag. Among these are the following:

1. The orbit [x] of G in X containing x ∈ X is the subset of X defined
by

[x] = {Ag(x) | g ∈ G}. (10.12)

A point x ∈ X is said to be equivalent to point x′ ∈ X under
the action of G on X, if there exists a g ∈ G such that Ag(x) =
x′. This equivalence is written x ∼ x′. It then follows from the
group property that x ∼ x(reflexive), x′ ∼ x (symmetric), and
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x ∼ x′, x′ ∼ x′′ imply x ∼ x′′ (transitive). Since each pair of points
belonging to the same orbit are equivalent under this equivalency
relation, and points belonging to distinct orbits are inequivalent,
the set X may be partitioned into a union of disjoint orbits with
respect to the action of G on X.

2. The stabilizer, little group, or isotropy group S(x) of a point x ∈ X
is the subset of G defined by

S(x) = {g ∈ G | Ag(x) = x}. (10.13)

The isotropy group S(x) is the subset of all elements of G that is
fixed under the action of G on X, where the group property of this
subset is easily proved. Isotropy groups S(x) and S(x′) of distinct
points x and x′ belonging to the same orbit [x] of the action of G
on X are conjugate to one another, specifically, if x′ = Ag(x), then
S(x′) = gS(x)g−1.

3. An invariant subset IX of X is the set of points in X defined by

I(X) = {x ∈ X | Ag(x) ∈ I(X), each g ∈ G}. (10.14)

An invariant subset includes itself in its definition; the full set X is
an invariant subset of X. Invariant subsets are unions of orbits of
G on X.

10.2 Rings

A ring R with an identity is a nonempty set of elements on which there
is defined two binary operations, denoted + and ×, and called addition
and multiplication, that satisfy the following rules:

1. The set R is an abelian group with identity 0 under the binary
operation + of addition.

2. Multiplication of elements in the set {R − {0}} is associative:
(a× b)× c = a× (b× c).

3. Group multiplication × is distributive over addition, that is, for
all triplets of elements a, b, c in R, the following two rules are satisfied:
(a + b)× c = a× c + b× c, c× (a + b) = c× a + c× b.

A ring is commutative if the multiplicative group {R−{0}} is abelian.
We only consider rings with an identity, an refer to them simply as
rings. Examples of commutative rings are the set Z of integers, the
set Q of rational numbers, the set R of real numbers, and the set C of
complex numbers. The set GL(n,Q) of complex nonsingular matrices is
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a noncommutative ring under the binary operations of matrix addition
and matrix multiplication.

For a commutative ring, the usual summation, product, and binomial
expansion, etc. rules hold:

n∑
i=1

ai = a1 + a2 + · · ·+ an,

n∏
i=1

ai = a1 × a2 × · · · × an = a1a2 · · · an, (10.15)

(a + b)n =
n∑
i=0

(
n

i

)
aibn−i.

where
(n
i

)
denotes the binomial coefficient

(n
i

)
= n!

i!(n−i)! , and where the
multiplicative symbol × is replaced by juxtaposition of ring elements.

The axioms for a field are obtained from those for a ring by replacing
ring axiom (2) by

2a. The set {R−{0}} is an abelian group with identity 1 with respect
to the binary operation of multiplication.

The set R of real numbers is a field, as is the set of complex numbers C.

10.2.1 Rings of polynomials

For the definition of a polynomial, we require a sequence a of elements
from a ring, as defined by

a = (a0, a1, a2, . . . , ak, . . .), (10.16)

where only a finite number of the ring elements in the sequence are
nonzero. In addition, we require a letter x from an alphabet. The
letter x is called an indeterminate. It has no particular meaning, but
may be individualized in a given context; it must, however, satisfy the
multiplicative rule xj xk = xj+k, for all integers j, k. From the sequence
a of ring elements and the indeterminate x, we form the expression

p(x) = a0 + a1x + a2x
2 + · · · =

∑
i≥0

aix
i, (10.17)
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where, by definition, a0x
0 = a0, and

∑
i≥0 denotes that only terms

corresponding to nonzero ring elements are included in the summation.
The ring element a0 is called the constant term of the polynomial p(x). If
an is the last nonzero ring element in the sequence a, the expression p(x)
is called a polynomial of degree n in the indeterminate x with coefficients
in the ring R. In practice, we often write p(x) =

∑n
i=0 aix

i, and omit all
terms of the form 0xi corresponding to a ring element ai = 0 = additive
ring identity.

The set of all polynomials in the indeterminate x with coefficients in
the ring R is denoted R[x]. The set R[x] is endowed with a ring struc-
ture by postulating the following two rules for adding and multiplying
polynomials:

(i). Addition: p(x) + p′(x) =
∑

i≥0(ai + a′i)x
i. (10.18)

(ii). Multiplication: p(x)p′(x) =
∑

i≥0
∑

i′≥0 aia
′
i′x

i+i′

=
∑
i′′≥0

(
∑

i+i′=i′′
aia

′
i′)x

i′′ =
∑
i′′≥0

a′′i′′x
i′′ , (10.19)

where the indeterminate x commutes with all ring elements. That R[x]
is a ring may be verified directly from these properties. The transition
from R to R[x] is known as the adjunction of an indeterminate x (van
der Waerden [173]). This use of a general indeterminate x is important
in our view of polynomials, since we need the freedom of choosing it to
have various meanings.

The generalization of the polynomial ring R[x] over a single indeter-
minate x to an alphabet of n commuting indeterminates x1, x2, . . . , xn
is effected in the obvious way by successive adjunction of the indetermi-
nates, thus obtaining the expression

p(x1, x2, . . . , xn) =
∑

i1≥0,i2≥0,...,in≥0
ai1,i2,...,inx

i1
1 i
i2
2 · · · xinn ,

each ai1,i2,...,in ∈ R, (10.20)

where all but a finite number of the ring elements ai1,i2,...,in are 0. The
expression p(x1, x2, . . . , xn) is called a polynomial in the indeterminates
x1, x2, . . . , xn with coefficients in the ring R. The ring element a0,0,...,0 is
called the constant term of the polynomial. Since the xi can be arranged
in any order whatsoever, the set of all polynomials in the indeterminates
x1, x2, . . . , xn with coefficients in the ring R may be denoted unambigu-
ously by Rn[x] = R[x1, x2, . . . , xn].



454 CHAPTER 10. COMPENDIUM A. BASIC ALGEBRAIC OBJECTS

The rules of addition and multiplication that endow the set Rn[x] of
polynomials with a ring structure may be put in the same form as those
given by (10.18)-(10.19) for a single indeterminate x. This is accom-
plished by the following replacements: x is replaced by the sequence x =
(x1, x2, . . . , xn) of indeterminates, i by the sequence i = (i1, i2, . . . , in) of
nonnegative integers, i′ by the sequence i′ = (i′1, i′2, . . . , i′n) of nonnega-
tive integers, and i′′ by the sequence i′′ = (i′′1 , i′′2 , . . . , i′′n) of nonnegative
integers, where i + i′ == (i1 + i′1, i2 + i′2, . . . , in + i′n). Finally, for such
sequences x and i, we define

xi = xi11 x
i2
2 · · · xinn . (10.21)

With these replacements, addition and multipliction of polynomials in
the set Rn[x] take the same form (10.18)-10.19) as that for a single
indeterminate. We call this algebraic structure the ring of polynomials
Rn[x] in n indeterminates over R.

In many applications of polynomial rings, it is necessary to choose
the sequence of indeterminates (x1, x2, . . . , xn) to be elements of ring R.
In this case, we still obtain a ring of polynomials if the xi are replaced
by any elements of the ring that mutually commute among themselves
and with every element of R.

Homogeneous polynomials have a central role in that an arbitrary
polynomial in the ring Rn[x] may be expressed as a linear combination
of homogeneous polynomials. A homogeneous polynomial hk(x) ∈ Rn[x]
is defined by the expression

hk(x) =
∑

i1≥0,i2≥0,...,in≥0

i1+i2+···+in=k

ai1,i2,...,ikx
i1
1 x

i2
2 · · · xinn , (10.22)

and has the property

hk(λx1, λx2, . . . , λxn) = λkhk(x1, x2, . . . , xn) (10.23)

under the substitution xi �→ λxi, i = 1, 2, . . . , n, for each indeterminate,
where λ is an indeterminate commuting with all elements of the ring and
all other indeterminates. The polynomial hk(x) is said to be homoge-
neous of total degree k. It is evident that each polynomial p(x) ∈ Rn [x ]
can be expressed as a linear combination of the hk(x), k ≥ 0 with coef-
ficients Ak ∈ R :

p(x) =
∑
k≥0

Akhk(x). (10.24)
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10.2.2 Vector spaces of polynomials

A vector space is a mathematical object obtained from two sets: a field K,
which is a commutative ring with an identity and inverse with elements
called scalars, and a second set V with elements called vectors, which
is an abelian group with respect to a binary operation called addition
and denoted +. By definition the product of any scalar α ∈ K and any
vector v ∈ V is a vector. It is denoted αv, and, in particular, we require
1v = v, where 1 is the unit scalar in K. The definition is completed by
giving the distributive rules: For all scalars α, β ∈ K and all vectors
v, v′ ∈ V, we have

α(v + v′) = αv + αv′; (α + β)v = αv + βv. (10.25)

Observe that we use the same symbol + for addition of scalars (field
elements) and for addition of vectors, since no ambiguity will arise.

Examples of vector spaces abound. We illustrate first the example
of polynomials, in n indeterminates x = (x1, x2, . . . , xn) over the field R
of real numbers or the field C of complex numbers. Since polynomials
in set Rn[x] or Cn[x] constitute an abelian group with respect to addi-
tion, it is only necessary to observe that multiplication of a polynomial
p(x) = p(x1, x2, . . . , xn) in n indeterminates by a real number or com-
plex number α is defined to be the polynomial obtained from p(x) by
multiplying all the coefficients of p(x) by the scalar α :

αp(x) =
∑

i1≥0,i2≥0,...,in≥0
(αai1,i2,...,in)xi11 x

i2
2 · · · xinn . (10.26)

It now follows from the properties of the underlying field of real or com-
plex numbers that the required distributive rules between field elements
and polynomials (vectors) are satisfied. Thus, the polynomials in the
set Rn[x] or Cn[x] constitute a linear vector space. The vector space
property of polynomials makes no use of the fact that polynomials can
also be multiplied. This additional property is, of course, essential for
the development of the properties of polynomials. The multiplication
rule for two polynomials,

q(y) =
∑

j1≥0,j2≥0,...,jm≥0
bj y

j and p(x) =
∑

i1≥0,i2≥0,...,in≥0
aix

i, (10.27)

over the field of real or complex numbers is the obvious extension of
(10.19):

q(y)p(x) =
∑
j≥0

∑
i≥0

bjaiy
jxi. (10.28)
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The generalization of the concept of a vector space of polynomials
over the matrix ring of real or complex matrices is an obvious extension
of the above results. A matrix ring of polynomials in n indeterminates,
denoted Mn[x], is obtained by selecting the general ring Rn to be the
ringMn of complex matrices of order n with unit matrix In, the identity
of the ring. Ring addition and multiplication are matrix addition and
multiplication. A general polynomial P (x) ∈ Mn[x] is given by the
expression

P (x) =
∑
i≥0

Aix
i, each Ai = Ai1,i2,...,in ∈Mn. (10.29)

The matrix P (x) of order n is a linear combination of ring elements
(matrices) with coefficients that are monomials in the indeterminates
x = (x1, x2, . . . , xn).

10.3 Abstract Hilbert Spaces

10.3.1 Inner product spaces

An inner product space V is a complex vector space V together with a
mapping rule

( , ) : V × V → C, (10.30)
such that, for each pair of vectors u, v ∈ V, the mapping ( , ) is (u, v) �→
C. The mapping ( , ) is called a scalar or inner product on V. This
mapping is required, for all vectors u, v, w ∈ V and all scalars α ∈ C, to
possess the following properties:

1. Conjugation symmetric:(u, v)∗ = (v, u).

2. Additive: (u + v,w) = (u,w) + (v,w).

3. Linear in second factor: (u, αv) = α(u, v).

4. Antilinear in first factor: (αu, v) = α∗(u, v).

5. Positivity: (u, u) > 0, u > 0, (u, u) = 0, if and only if u = 0,
where 0 is the zero vector.

Thus, the inner product space V is the pair, the vector space V and the
relation R:

V = (V, R), R = ( , ). (10.31)

One and the same vector space V may have several inner products
defined on it: The inner product spaces V = (V, R), R = ( , ), and



10.3. ABSTRACT HILBERT SPACES 457

V′ = (V , R′), R′ = ( , )′, are distinct mathematical objects. It is the
custom, however, to speak of the inner product space V and to leave the
inner product rule implicit, a practice we shall follow. Sometimes for
clarity we speak of “an inner product on V.′′

One of the simplest of inner products is often assigned to sequences
of complex numbers

u = (u1, u2, . . .), v = (v1, v2, . . .), (10.32)

in which only a finite number of the parts are nonzero:

(u, v) =
∑
i≥1

u∗i vi. (10.33)

This definition of an inner product also applies to real sequences for
which u∗ = u, v∗ = v, . . . .

A subset of vectors {v1, v2, . . . , vj}, each vi ∈ V, is said to be linearly
independent if the linear relation

α1v1 + α2v2 + · · · + αjvj = 0 (10.34)

implies that all the scalars αi, i = 1, 2, . . . , j are equal to 0. In other
words, a set of vectors is linearly dependent if at least one vector in the
set is a linear combination of the remaining ones.

A subset of vectorsW ⊆ V is a subspace of V ifW is a complex vector
space on its own such that each w ∈ W is also a vector w ∈ V. The vector
space W is usually considered to inherit its inner product from V; it is
therefore also an inner product space. If there exists a nonzero vector
v ∈ V such that v /∈ W, then W is a proper subspace of V, which is
denoted W ⊂ V. Any set of linearly independent vectors in V constitute
a basis for some subspace W ⊂ V.

Definitions and concepts associated with the definition of an inner
product ( , ) on V include the following:

1. The norm ‖u‖ of a vector u ∈ V is defined by ‖u‖ =
√

(u, u).

2. A vector u ∈ V is said to be normalized if (u, u) = 1.

3. Two vectors u, v ∈ V are said to be orthogonal or perpendicular if
(u, v) = 0, this property being denoted by u ⊥ v.

4. An inner product space V is said to be finite-dimensional if there
exists a set of vectors

B = {v1, v2, . . . , vn | vi ⊥ vj, each pair i, j = 1, 2, . . . , n},
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such that each vector v ∈ V is a linear combination of the vectors
in B :

v = α1v1 + α2v2 + · · ·+ αnvn, each αi ∈ C. (10.35)

The dimension of the vector space V is said to be n and is denoted
by DimV = n. The set of vectors B is called a basis of V. It is
called an orthogonal basis if all pairs of vectors in the basis are
perpendicular, and an orthonormal basis if all the perpendicular
vectors are also normalized.

5. If the inner product vector space W is a subset of another inner
product space V, these two spaces having the same inner product,
then a vector v ∈ V is said to be perpendicular to the space W if v
is perpendicular to every vector in W.

6. A separable Hilbert space H is an inner product space that possesses
a set B of denumerably (countable) infinite orthonormal basis vec-
tors

B = {(v1, v2, . . . , vi, . . .) | (vi, vj) = δij , each pair i, j = 1, 2, . . .}
(10.36)

such that: The only vector v ∈ B perpendicular to B is the zero
vector v = 0.

We shall refer to a finite-dimensional inner product space V simply
as a finite-dimensional Hilbert space, and use the term separable Hilbert
space in the context of Item 6 above. The unqualified term Hilbert space
will mean one or the other of these objects, finite-dimensional Hilbert
space or separable Hilbert space, as implied by the context of usage. The
term abstract Hilbert space is used in situations where the space H and
its inner product are not explicitly specified.

10.3.2 Linear operators

Once a set of mathematical objects has been defined, the next step is to
consider the kinds of rules or operations that can be effected on the set
that leave the set invariant; that is, mappings of the set into itself. Our
interest here is in linear mappings that leave a separable Hilbert space
H invariant.

A mapping T : H → H of a separable Hilbert space H into itself is
said to be linear if the following properties hold:

1. Additive: T (u + v) = Tu + Tv, all u, v ∈ H.
2. Homogeneous: T (αv) = αTu, all u ∈ H, all α ∈ C.
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The linear mapping T is also called a linear operator on H.
One of the most often used properties of a linear operator that follows

by induction on n from the definition is

T (
∑
i≥1

αiui) =
∑
i≥1

αi (Tui), all ui ∈ H, all αi ∈ C. (10.37)

This property subsumes such simpler ones as T 0 = 0, T (−u) = −Tu, T (u−
v) = Tu − Tv. We will encounter only linear operators, and therefore
often drop “linear.” We also describe the relation v = Tu by the phrase
“the action of the operator T on the vector u is the vector v.”

Definitions and concepts associated with linear operators include the
following:

1. Equal operators: If Su = Tu, all u ∈ H, then, S = T.

2. Identity operator: If Iu = u, all u ∈ H, then I is the identity
operator on H.

3. Null operator: If N0 u = 0, all u ∈ H then N0 is the null operator
on H.

4. Invariant Hilbert space: A Hilbert space H is said to be invariant
under the action of a linear operator T defined on H if and only if
the set of vectors {Tu|u ∈ H} is a subset of H.

5. Isomorphic Hilbert spaces: Let H and H′ be separable Hilbert
spaces with inner products ( , ) and ( , )′. Then, H is said to be
isomorphic with H′ if and only if there exists a one-to-one linear
mapping L of H onto H′ such that

(u, v) = (Lu,Lv)′, for all u, v ∈ H. (10.38)

The mapping L is called a Hilbert space isomorphism of H onto
H′. Hilbert space isomorphisms are very important for this mono-
graph because for the calculation of many quantities such as rep-
resentation functions of the unitary group U(n), Clebsch-Gordan
coefficients, etc., we choose an abstract Hilbert space that is suffi-
ciently general such as to yield the most general possible structures
for these mathematical entities. Applications to special situations
must fall under the purview of the abstract theory.

The product of two operators S and T is denoted by ST, and is defined
to be the operator such that (ST )u = S(Tu), all u ∈ H. Thus, if v =
Tu ∈ H is the vector obtained from u by the action of the operator T,
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then w = Sv ∈ H is the vector obtained from v by the action of the
operator S. Two operators S and T commute on H if (ST )u = (TS)u,
all u ∈ H.

We have the following definitions associated with the product of two
linear operators acting on H :

1. Inverse operator: If (ST )u = (TS)u = u, all u ∈ H, then, the
inverse of T is S = T−1.

2. Commutator of two operators: If (ST − TS)u = Cu, all u ∈ H,
then C = [S, T ] = ST − TS is the commutator of S and T.

10.3.3 Inner products and linear operators

Definition of operators associated with the inner product of vectors in-
clude the following: Let T be a linear operator T : H → H on a separable
Hilbert space H with the inner product ( , ). Then, we have the following
list of definitions and properties, which must hold for all u, v ∈ H :

1. If (u, T †v) = (Tu, v), then T † is the adjoint operator to T.

2. If (u, Tv) = (Tu, v), then T is a a self-adjoint operator, and T = T †.

3. If (Tu, Tv) = (u, v), then T is a unitary operator,and T †T = TT † =
I.

4. If (Tu, Tv) = (T †u, T †v), then T is a normal operator, and TT † =
T †T.

5. If (u, Tv) = (Tu, v) = (T †u, Tv), then T is a projection operator,
and T = T † = TT.

6. Invertible operator: If (u, Tu) = (T−1v, v), then T is said to be an
invertible operator, and T−1 is called the inverse of T.

Self-adjoint operators on a separable Hilbert space are also called Hermi-
tian operators. Hermitian, unitary, projection, and invertible operators
are all normal operators.

The concept of operators acting in a Hilbert space is further enriched
by the notions of eigenvalues and eigenvectors. Let T be a linear operator
T : H → H on a separable Hilbert space H. If there exists a vector u ∈ H
and a scalar t ∈ C such that Tu = tu, the u is called an eigenvector and t
an eigenvalue of T. Definitions and concepts associated with eigenvectors
and eigenvalues are the following:
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1. Diagonal operator on a basis B : An operator D whose action on
the basis B = {u1, u2, . . .} of H is given by Dui = diui, i = 1, 2, . . .}.

2. Diagonable operator on H : An operator T such that there exists a
basis B of H and an invertible operator S such that T = S−1DS,
where D is a diagonal operator on B. An operator whose eigenvalues
are distinct on a finite-dimensional subspace of H is diagonable on
that subspace.

3. Set of simultaneously diagonal operators: Any set of mutually com-
muting normal operators can be diagonalized by a single unitary
operator.

4. Complete set of commuting normal operators: A set of mutually
commuting normal operators Nk, k = 1, 2, . . . such that their set of
simultaneous eigenvectors {u1, u2, . . .} is an orthonormal basis of
H.

10.3.4 Orthonormalization methods

There are two important procedures for constructing an orthonormal
basis of each finite-dimensional subspace of an inner product space, the
Gram-Schmidt orthonormalization construction and the symmetric or-
thonormalization construction. Both make use of the Gram matrix.

Let Wn denote a set of n linearly independent vectors in an inner
product space V :

Wn = {w1, w2, . . . , wn | each wi ∈ V}. (10.39)

We arbitrarily arrange the vectors into an ordered sequence w1, w2,
. . . , wn. The Gram matrix of order h of this ordered sequence of vectors
is defined by

Gh(w) =


(w1, w1) (w1, w2) · · · (w1, wh)
(w2, w1) (w2, w2) · · · (w2, wh)

...
(wh, w1) (wh, w2) · · · (wh, wh)

 , (10.40)

each h = 1, 2, . . . , n.

Each Gram matrix Gh(w) is a Hermitian positive definite matrix. The
Hermitian property G†

h(w) = Gh(w) is evident, since (wi, wj) = (wj, wi)∗.
Positive definite means its eigenvalues are all real and positive. This
result if proved by showing that if U is the unitary matrix that diago-
nalizes Gh(w); that is, U †Gh(w)U = Dh = diag(d(h)1 , d

(h)
2 , . . . , d

(h)
h ), then
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d
(h)
j = (vj , vj), where vj =

∑h
i=1 u

∗
ijwi. But then by the property of the

inner product and the linear independence of the vectors w1, w2, . . . , wh,
we have that each eigenvalue of Gh(w) is real and positive.

The Gram-Schmidt construction gives the orthonormal set of vec-
tors corresponding to the linearly independent sequence of vectors w1,
w2, . . . , wn to be the following:

uj =
1

‖w1‖ ‖w2‖ · · · ‖wj‖

× det


(w1, w1) (w1, w2) · · · (w1, wj)
(w2, w1) (w2, w2) · · · (w2, wj)

...
(wj−1, w1) (wj−1, w2) · · · (wj−1, wj)

w1 w2 · · · wj

 , (10.41)

j = 1, 2, . . . , n,

where u1 = w1/‖w1‖. The determinant is defined by its expansion by
row j in terms of cofactors, so that we have the relation:

uj =

∑j
i=1(−1)j−i detG(i)j (w))wi
‖w1‖ ‖w2‖ · · · ‖wj‖

, (10.42)

where G
(i)
j (w) is the submatrix of order j − 1 of Gj(w) obtained by

striking row j and column i. Since (wi, uj) is given by a determinant of
order j in which two rows are equal for i = 1, 2, · · · , j − 1, the vector
uj ⊥ wi, each i = 2, 3, . . . , j − 1, hence, u1, u2, . . . , uj are mutually per-
pendicular, this being true for each j = 2, 3, . . . , n. The normalization
may also be verified to be unity. Thus, the set of vectors u1, u2, . . . , un
is an orthonormal set.

We point out that the Gram-Schmidt procedure works for any set
of vectors w1, w2, . . . , wn, linearly independent or not, if we proceed
by calculating, in turn, the unnormalized vectors w′

1, w
′
2, . . . , w

′
i, cor-

responding to the numerators of relation (10.42), reject the first vector
w′
i+1 that gives a zero numerator, and then continue the process with

w′
1, w

′
2, . . . , w

′
i, w

′
i+2, etc., always rejecting a vector with zero numera-

tor. This process is continued until we have moved across the ordered
set w1, w2, . . . , wn of vectors. We normalize at each step for which a
rejection does not occur. Thus, when the Gram-Schmidt process is im-
plemented with this rejection rule, we arrive at a set of n−r orthonormal
vectors, where r is the number of rejections, which is also the number
of linearly dependent vectors in the original set, each one, in fact, being
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identified explicitly. Thus, this version of the Gram-Schmidt procedure
can also be used to split an arbitrary set of given vectors into a set of
orthonormal vectors and a set that is linearly dependent on those in the
orthonormal set.

Symmetric orthonormalization uses the fact that there is a unique
square-root matrix G

1/2
n (w) of a Hermitian positive definite matrix Gn(w),

which is defined to be the Hermitian matrix G
1/2
n (w) = U †D1/2

n U, where
U is the same unitary matrix that diagonalizes Gn(w); that is,

Gn(w) = U †DnU, D
1/2
n = diag

(√
d
(n)
1 ,

√
d
(n)
2 , . . . ,

√
d
(n)
n

)
. (10.43)

There are, of course, arbitrary phase factors exp(iφj) that may multiply
each column uj of U = (u1 u2 · · · un) in diagonalizing Gn(w), but
whatever these choices are, we use the same U in defining G

1/2
n (w). The

relations

G1/2n (w)G1/2n (w) = Gn(w), G−1/2
n (w) = (G1/2n (w))−1,

(10.44)

G−1/2
n (w)Gn(w) = G1/2n (w)

are easily verified. The orthonormal set of vectors corresponding to the
linearly independent sequence of vectors w1, w2, . . . , wn is now defined
to be the following:

uj =
n∑
i=1

(G−1/2
n (w))i j wi, j = 1, 2, . . . , n. (10.45)

It is readily verified that

(uj , uk) =
n∑

i,l=1

(G−1/2
n (w))∗i j(G

−1/2
n (w))l k (wi, wl)

=
n∑
l=1

(G−1/2
n (w))l k

n∑
i=1

(G−1/2
n (w))j i(Gn(w))i l

=
n∑
l=1

(G1/2n (w))jl(G−1/2
n (w))l k = δj,k . (10.46)

If the n vectors wi are taken as the columns of an n× n nonsingular
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matrix W = (w1 w2 · · · wn), then the Gram-Schmidt and symmetric
orthonormalization procedures are mappings of W to a unitary matrix:

1. Gram-Schmidt: W �→ UW = W∆W , where ∆W is upper triangular.
This relation is invertible, hence, also W = UW∆−1

W .

2. Symmetric: W �→ UW = WG
−1/2
W . This relation is invertible, hence,

also W = UWG
1/2
W . The matrices GW , G

1/2
W , G

−1/2
W are Hermitian,

positive definite.

The unitary matrices are, of course, different in these two mappings.
These results assert that every complex nonsingular diagonable matrix
W may be written as the product of a unitary matrix and an upper
diagonal matrix, as well as the product of a unitary and a Hermitian
matrix. This second decomposition is known as the polar decomposition
of W, since every unitary matrix can also be written in the form U =
exp(iΦ), where Φ is a Hermitian matrix.

10.3.5 Matrix representations of linear operators

Let Hn be a finite-dimensional Hilbert space with inner product ( , )
and orthonormal basis Bn = {v1, v2, . . . , vn}. Let T be a linear operator
with action on the basis Bn given by

Tvj =
n∑
i=1

tijvi, tij = (vi, T vj), j = 1, 2, . . . , n. (10.47)

The matrix

MT = (tij)1≤i,j≤n =


t11 t12 . . . t1n
t21 t22 . . . t2n

...
tn1 tn2 . . . tnn

 (10.48)

is said to be a matrix representation of the operator T on the basis Bn
of Hn. Observe that the indexing of rows and columns is such that the
product rule in Item 2 below is obeyed.

Important properties of matrix representations of operators on Hn
are the following:

1. On any given orthonormal basis of Hn, the linear properties of
operators are inherited by their matrix representations.
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2. If S and T are represented by the matrix representations MS and
MT on the same orthonormal basis Bn of Hn, then the product
operator ST has the matrix representation MST = MSMT on the
basis Bn of Hn. In particular, if S and T are unitarily similar op-
erators, S = U †TU, then the matrix representations MS and MT
on the basis Bn of Hn are related by the unitarily similar matrices
MS = M †

UMTMU , where MU is the matrix representation of the
linear operator U on the basis Bn of Hn.

3. If MU = (uij)1≤i,j≤n is the matrix representation of a unitary oper-
ator U on the basis Bn of Hn, and MT is the matrix representation
of T on the basis Bn of Hn, then the matrix representation of T on
the new orthonormal basis

B′
n = {v′1, v′2, . . . , v′n}, v′j =

n∑
i=1

uijvi, (10.49)

j = 1, 2, . . . , n,

of Hn is given by the unitarily similar matrix M ′
T = M †

UMTMU .

10.4 Properties of Matrices

Some of the more important properties of finite complex matrices are
summarized in this section. One of the unifying concepts in the theory of
matrices is the general result given below on determining the eigenvectors
of a class of matrices known as normal.

The matrix A is diagonable if it is similar to a diagonal matrix D,
otherwise, it is nondiagonable.The class of diagonable matrices includes
the class of all normal matrices, where a normal matrix N is any matrix
that commutes with its Hermitian conjugate: NN † = N †N. The class of
normal matrices includes the following types (Perlis [142, p.195]): Her-
mitian, skew-Hermitian, real symmetric, real skew-symmetric, unitary,
orthogonal, diagonal, and all matrices unitarily similar to normal matri-
ces. Indeed, a complex matrix is unitarily similar to a diagonal matrix
if and only if it is normal. By definition, a diagonable matrix A can be
brought to diagonal form A = S−1DS, but it need not be normal. It is
normal if and only if its eigenvectors are linearly independent, which is
always the case if its eigenvectors are distinct.

Let Z denote an n×n complex matrix. The determinant det(λI−Z)
is a polynomial of degree n in the complex parameter λ in which the
coefficient of λn−k, 0 ≤ k ≤ n, is a homogeneous polynomial of degree k



466 CHAPTER 10. COMPENDIUM A. BASIC ALGEBRAIC OBJECTS

in the n2 elements zij of Z :

det(λI − Z) =
n∑
k=0

(−1)kλn−kTk(Z), (10.50)

where the Tk(Z) are the homogeneous polynomials of degree k in the zij
defined as follows (Waring’s formulas):

Tk(Z) =
∑

a1+2a2+···+kak=k
Ak(a)(trZ)a1(trZ2)a2 · · · tr(Zk)ak , (10.51)

Ak(a) =
(−1)

∑
aeven

1a1a1!2a2a2! · · · kakak!
, k = 0, 1, . . . , (10.52)

T0(Z) = 1, T1(Z) = trZ,

T2(Z) =
(
(trZ)2 − tr(Z)2

)
/2, . . . , Tn(Z) = detZ. (10.53)

The algebraic equation of degree n given by

det(λI − Z) =
n∑
k=0

(−1)kλn−kTk(Z) = 0 (10.54)

is called the characteristic equation of Z. The roots of the characteristic
equation λ1, λ2, . . . , λn; that is, the complex numbers satisfying

n∏
k=1

(λ− λk) = 0, (10.55)

are the eigenvalues of Z, some of which may be equal.

The Cayley-Hamilton theorem asserts that the matrix Z satisfies its
own characteristic equation; that is,

n∏
k=1

(λkIn − Z) =
n∑
k=0

(−1)kZn−kek(λ) = 0 (0 matrix), (10.56)

where the ek(λ) = ek(λ1, λ2, . . . , λn) are the elementary symmetric func-
tions in the roots (see Sect. 11.6, Compendium B).

The Cayley-Hamilton theorem for normal matrices Z depends only
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the distinct roots, say, λ1, λ2, . . . , λm, of Z. Relation (10.56) is replaced
by

m∏
k=1

(λkIn−Z) =
m∑
k=0

(−1)kZm−kek(λ1, . . . , λm) = 0, 1 ≤ m ≤ n. (10.57)

Every complex matrix with distinct eigenvalues is diagonable, but
need not be normal. For example, the upper triangular matrix(

a b
0 b

)
, a �= b, (10.58)

is diagonable and nonnormal. The upper triangular Jordan matrix(
a b
0 a

)
, b �= 0 (10.59)

is nondiagonable and nonnormal. For general n, every nondiagonable
matrix is similar to a Jordan matrix (see Perlis [142]).

10.4.1 Properties of normal matrices

Let A be a normal matrix of order n with distinct eigenvalues λ1,
λ2, . . . , λk with eigenvalue λi repeated mi times, i = 1, 2, . . . , k, with
m1 +m2 + · · ·+mk = n. The principal idempotents Ei of A are defined
by

Ei =
k∏
j 
=i

A− λjIn
λi − λj

, i = 1, 2, . . . , k. (10.60)

These principal idempotents of A have the following properties:

1. Hermitian: Ei = E†
i , i = 1, 2, . . . , k.

2. Orthogonal projections: EiEj = δi,jEi.

3. Trace: trEi = mi = rank of Ei = the number of linearly indepen-
dent columns (rows) of Ei, i = 1, 2, . . . , k.

4. Resolution of the identity: In = E1 + E2 + · · ·+ Ek.

5. Complete: A = λ1E1 + λ2E2 + · · ·+ λkEk.

The following relations are consequences of these basic properties:
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(i). Eigenvectors of A :

AEi = EiA = λiEi, i = 1, 2, . . . , k,

Auj(Ei) = λjuj(Ei), each column uj(Ei) of Ei, (10.61)

j = 1, 2, . . . , k, where the columns are orthogonal:

uj(Ei) ⊥ uj′(Ei′), j �= j′, i �= i′.

(ii). A unitary matrix that diagonalizes a normal matrix is constructed
as follows: First apply the Gram-Schmidt process, using the re-
jection algorithm, to the columns of E1, thereby constructing m1
orthonormal columns u1, . . . , um1 ; repeat the procedure for E2,
thereby constructing m2 orthonormal columns um1+1, . . . , um1+m2 ,
each of which is necessarily ⊥ to the first m1 columns; . . . ; re-
peat the procedure for Ek, thereby constructing mk orthonormal
columns um1+···+mk−1+1, . . . , um1+···+mk

, each of which is necessar-
ily ⊥ to all previously constructed columns. The unitary matrix U
defined by U = (u1 u2 · · · un) then diagonalizes A.

(iii). Functions of A : If F (x) is any well-defined function of a single
variable x, then

F (A) =
k∑
i=1

F (λi)Ei. (10.62)

Special applications of this result are: A matrix U is unitary if and
only if there exists a Hermitian matrix H such that U = exp(iH);
a matrix R is real orthogonal if and only if there exists a real skew-
symmetric matrix A such that R = expA.

The idempotent matrices of a normal matrix are very powerful for
dealing with many matrix problems that arise in physical systems. The
book by Perlis [142] offers a concise and very readable account of their
properties.

10.4.2 Inner product on the space of complex matrices

The ring of all complex m×n matrices can be made into an inner product
space by presenting each complex matrix A as a sequence of length mn
made up of its rows:

A→ (a11, a12, . . . , a1n; a21, a22, . . . , a2n; . . . , am1, am2, . . . , amn),
(10.63)
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and then using definition (10.33) for the inner product of two matrices
A and B, which gives

(A,B) =
m∑
i=1

n∑
j=1

a∗ij bij = trace
(
A†B
)
. (10.64)

Many proofs of results in standard matrix theory can be simplified by
introducing such an inner product, but it is not the custom to do so.

10.4.3 Exponentiated matrices

The matrix Z(t) of order n presented as the formal power series

Z(t) = etX = In + tX +
t2

2!
X2 + · · · , (10.65)

X ∈Mn×n(C), t ∈ R,

is called an exponentiated matrix or simply an exponential matrix. It is
also called a matrix curve through the identity Z(0) = In with infinites-
imal element X defined by

dZ(t)
dt

∣∣∣∣
t=0

= X. (10.66)

The matrix Z(−t) is presented as Z(−t) = e−tX ; it is called the formal
inverse of Z(t). The term formal means questions of convergence are put
aside. The Cayley-Hamilton relation for the matrix X is

Xn =
n∑
k=1

(−1)k−1ek(x)Xn−k, (10.67)

in which ek(x) denotes the elementary symmetric functions in the char-
acteristic roots x = (x1, x2, . . . , xn) of X; it can be used to determine
first Xn+1, then Xn+2, . . . , as linear combinations of In,X, . . . ,Xn−1.
Thus, the infinite sum (10.65) can be formally rearranged as a finite sum
of the form:

Z(t) = etX =
n∑
k=1

Fk(x, t)Xn−k, (10.68)

for some formal functions Fk(x, t) of the roots x = (x1, x2, . . . , xn) and
the parameter t. If the matrix X is diagonable, it is always assured that
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the functions Fk(x, t) are analytic, since then there exists a nonsingular
matrix S such that

S−1XS = W = diag(w1, w2, . . . , wn). (10.69)

The exponentiated matrix Z(t) is always defined, as given by

Z(t) = S−1diag(ew1 , ew2 , . . . , ewn)S. (10.70)

An arbitrary matrix X ∈Mn×n(C) with elements (xij)1≤i,j≤n can be
written as

X =
n∑
k=1

xijeij , (10.71)

where eij denotes the matrix unit which has for entries a 1 in row i and
column j, and 0 elsewhere. The set E = {eij | i, j = 1, 2, . . . , n} of matrix
units is thus a basis for the set Mn×n(C) of all complex matrices, and,
in particular, of the set GL(n,C) of all nonsingular complex matrices.
The matrix units satisfy the multiplication rule

eijekl = δj,keil, i, j, k, l = 1, 2, . . . , n. (10.72)

This relation implies the following two useful examples of exponentiated
matrix curves:

Zij(α) = eα eij = In + αeij , i �= j;
(10.73)

Zii(α) = eαeii = In + (eα − 1)eii, α ∈ C.

A principal result for general matrices is the following:

For X an arbitrary complex matrix, the matrix function etX is defined
for all t ∈ R by its power series

etX =
∑
k≥0

tkXk/k!. (10.74)

Given an arbitrary Z = GL(n,C), there exists a unique X ∈ Mn×n(C)
such that

Z(t) = etX and
dZ(t
dt

∣∣∣∣
t=0

= X (10.75)

for each t in a neighborhood of the origin at t = 0.

Thus, in general, the expression Z(t) = etX , t ∈ R has a well-defined
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meaning as a formal series for each complex matrix X, whose convergence
properties can be determined. But, given a nonsingular complex matrix
Z of order n, the determination of a complex matrix X such that Z = eX ,
is not so simple, even as a formal series. We discuss this further below
in a formal context, but will not concern ourselves with problems of
uniqueness and convergence, since this is not central to the goals of this
monograph.

The procedure for determining the relationship between Z(t) = etX

and X for diagonable matrices Z = Z(t) and X is straightforward. In
the diagonable case, we have X = SWS−1, where S is the nonsingular
matrix that diagonalizes Z, that is, S−1ZS = diag(z1, z2, . . . , zn), and
W is any diagonal matrix defined by W = diag(w1, w2, . . . , wn), where
expwi = zi. (The branch of zi to which wi belongs must be chosen.)

Given a complex, invertible matrix Z of order n, a quite comprehen-
sible method of constructing an X such that Z = eX is provided by the
symmetric orthonormalization procedure described in Sect. 10.3.4, which
gives

Z = UW, U is unitary, W = G
1/2
Z is Hermitian, positive definite.

(10.76)
Both U and W are known explicitly from the symmetric orthogonaliza-
tion construction. Since U and W are normal matrices, they can be
diagonalized by unitary transformations. For U, there exists a unitary
matrix U1 such that

U †
1 U U1 = diag(eiα1 , eiα2 , . . . , eiαn), (10.77)

where the eiα1 , eiα2 , . . . , eiαn are the complex numbers of unit modulus
that are the eigenvalues of U, and the αi can always be chosen as real
numbers in the interval 0 ≤ αi < 2π. For W, there exists a unitary matrix
U2 such that

U †
2 W U2 = diag(w1, w2, . . . , wn), (10.78)

where the w1, w2, . . . , wn are the real positive eigenvalues of the Hermi-
tian, positive definite matrix W, so that wi = eβi , i = 1, 2, . . . , n, where
βi is real, since each wi positive. Thus, we can always find a Hermitian
matrix H and a real matrix K such that

U = eiH , H = U1 diag(α1, α2, . . . , αn)U †
1 ,

(10.79)

W = eK , K = U2 diag(β1, β2, . . . , βn)U †
2 .

Combining these results, we find that an arbitrary complex nonsingu-
lar matrix Z can always be brought to the form of the product of two
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exponential matrices:

Z = eiHeK , (10.80)

where the Hermitian matrix H and the Hermitian, positive definite, ma-
trix K can always be determined from Z, although not uniquely, in
general. If the eigenvalues of U and those of W are distinct, then con-
ventions can set the values of the αi and the βi. But if some eigenvalues
among the αi or among the wi are equal, then the structure of Z alone
admits several solutions of the form (10.80). Nonethless:

Every complex nonsingular matrix of order n can be brought to the form
(10.80). Moreover, we can always compute the exponential matrices by
the principal idempotent relation (10.62), which for exponentials reads

eA =
k∑
i=1

eaiEi, (10.81)

where the distinct roots of A are a1, a2, . . . , ak, and the idempotents
E1, E2, . . . , Ek refer to those of the normal matrix A = iH and A = K
in (10.80). No infinite series expansions (10.65) of the exponentials are
required.

Example: It is useful to illustrate the construction (10.80) by a numer-
ical example, which we choose to be a nondiagonable, nonnormal matrix
of the form (10.59):

Z =
(

i 1
0 i

)
. (10.82)

The Gram matrix is the Hermitian matrix given by

G =
(

1 −i
i 2

)
. (10.83)

The eigenvalues of G are given by λ1 = (3+
√

5)/2 and λ2 = (3−
√

5)/2.
The Hermitian idempotent matrices E1 and E2 are given by

E1 =
G− λ2 I

λ1 − λ2
=

1√
5

(
−1+√5

2 −i
i 1+

√
5

2

)
. (10.84)

E2 =
G− λ1 I

λ2 − λ1
=

1√
5

(
1+

√
5

2 i

−i −1+√5
2

)
, (10.85)

These matrices then satisfy EiEj = δi,jEi, E1 + E2 = I, traceE1 =
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traceE2 = 1, G = λ1E1 + λ2E2. We then calculate

G1/2 =
√
λ1E1 +

√
λ2E2 =

1√
5

(
2 −i
i 3

)
, (10.86)

G−1/2 =
1√
λ1

E1 +
1√
λ2

E2 =
1√
5

(
2 i
−i 1

)
. (10.87)

The calculation of the unitary matrix U from the matrix Z and G−1/2
now gives

U =
1√
5

(
2i 1
1 2i

)
. (10.88)

We thus obtain Z = UG1/2, as verified by(
i 1
0 i

)
=

1√
5

(
2i 1
1 2i

)
× 1√

5

(
2 −i
i 3

)
. (10.89)

We further have that

U = eiH , H =
( π

2 α− π
2

α− π
2

π
2

)
, (10.90)

where α is the angle given by cosα = 1/
√

5, sinα = 2/
√

5. The eigen-
values of U are eiα,−e−iα, and the principal idempotents of H are

E1 =
1
2

(
1 1
1 1

)
, E2 =

1
2

(
1 −1
−1 1

)
. (10.91)

Thus, from the principal idempotent method, the relation U = eiH is
verified from

U = eiαE1 − e−iαE2, (10.92)
without the need of the expansion eiH = I + iH − 1

2!H
2 + · · · . The

calculation of the Hermitian positive definite matrix K in

G1/2 ==
1√
5

(
2 −i
i 3

)
= eK (10.93)

proceeds similarly. The matrix K is given by

K =
1√
5

 k1

(
−1+√5

2

)
+ k2

(
1+

√
5

2

)
−i(k1 − k2)

i(k1 − k2) k1

(
1+

√
5

2

)
+ k2

(
−1+√5

2

)  ,

(10.94)
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where k1 and k2 are the real logarithms defined by

ek1 =
1 +
√

5
2

, ek2 =
−1 +

√
5

2
. (10.95)

The verification of these relations is again most easily carried out by the
principal idempotent method. The eigenvalues of K are the real positive
numbers k1 and k2, from which one calculates, as follows:

E1 =
1√
5

( −1+√5
2 −i
i 1+

√
5

2

)
, E2 =

1√
5

(
1+

√
5

2 i

−i −1+√5
2

)
, (10.96)

eK = ek1E1 + ek2E2 =
1√
5

(
2 −i
i 3

)
. (10.97)

�
If we wish to bring Z in relation (10.80) to the exponential form

Z = eX , we still must deal with the problem of expressing the prod-
uct of two exponential matrices in terms of a single exponential matrix:
eAeB = eX . If A and B commute, we have, of course, X = A + B as
a solution. In general, we must have X = A + B + C, where C takes
into account that A and B are noncommuting, and, in general, all three
matrices A,B,C are noncommuting. The exponential matrix product
problem eAeB = eX of determining X for general complex matrices A
and B is quite difficult, although for normal matrices it is always a
problem in which X never needs to be presented as an infinite sum of
powers of the matrices A and B. Often special pairs of A and B matrices
have properties for which the formal infinite sum terminates, or can be
summed. Perhaps the most striking feature is that the matrix C is al-
ways a sum of multiple commutators of the matrices A and B. We treat
the general problem only in a formal sense, without considering questions
of convergence. This already leads to very interesting problems, finite
and combinatorial in nature, that we present in the next subsection on
Lie bracket polynomials.

The series method of solving the relation for C = C(A,B) in the
expression

eAeB = eC(A,B) = I + Z(A,B) (10.98)

is to expand into a formal infinite series and obtain

Z(A,B) =
∑
s≥1

1
s!

∑
t

(
s

t

)
As−tBt, (10.99)
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C = ln(I + Z) =
∑
m≥1

(−1)m−1

m
Zm, (10.100)

where, for notational economy, we sometimes write C = C(A,B) and
Z = Z(A,B). Thus, we obtain the following formal infinite series ex-
pression for C :

C =
∑
m≥1

(−1)m−1

m

∑
s1≥1,...,sm≥1

1
s1! . . . sm!

×
∑

t1,...,tm

(
s1
t1

)
. . .

(
sm
tm

)
As1−t1Bt1 . . . Asm−tmBtm . (10.101)

The method of solving for C is to write this matrix function as a formal
sum of terms Ck, each of which is a polynomial homogeneous of total
degree k, which we call the order of Ck; that is,

C(A,B) =
∑
k≥1

Ck(A,B). (10.102)

We obtain from (10.100)-(10.102) the following result for k ≥ 1 :

Ck(A,B) =
k∑

m=1

(−1)m−1

m

∑
s1≥1,...,sm≥1

s1+···+sm=k

Hs1(A,B) · · ·Hsm(A,B),

(10.103)
where the polynomial Hq(A,B), which is homogeneous of degree q, is
defined by

Hq(A,B) =
q∑
s=0

Aq−sBs

(q − s)!s!
, q = 0, 1, . . . . (10.104)

Thus, disregarding all questions of convergence, we obtain a fully explicit
formula:

eAeB = e
∑

k≥1 Ck(A,B). (10.105)

Examples: For small k the matrices Ck = Ck(A,B) can be worked out
by hand:

k = 1 :
C1 = A + B. (10.106)
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k = 2 :

C2 =
1
2

(A2+ 2AB +B2)− 1
2

(A2+AB+BA+B2) =
1
2

[A,B]. (10.107)

k = 3 :

C3 =
1

6
(A3 + 3A2B + 3AB2 +B3)

− 1

4
(2A3 + 3A2B + 3AB2 + 2ABA+ 2B3 +B2A+BA2 + 2BAB)

+
1

3
(A3 +A2B +AB2 +ABA+B3 +B2A+BA2 +BAB)

=
1

12
(A2B +AB2 − 2ABA+B2A+BA2 − 2BAB)

=
1

12
[A, [A,B] ] +

1

12
[B, [B,A] ]. (10.108)

k = 4 :

C4 = − 1
24

[A, [B, [A,B] ] ]. (10.109)

�
A rather remarkable feature is revealed by these examples. In each

case, the matrix Ck(A,B), which is always a well-defined matrix of order
n, is a sum of multiple commutator matrices of the form

[X1, [X2, · · · , [Xk−1,︸ ︷︷ ︸
k−1

Xk ] ] · · ·]︸ ︷︷ ︸
k−1

, (10.110)

where each Xi is either an A or a B. This is a general result: Each matrix
Ck(A,B), k ≥ 2, is a sum of such multiple commutators. The proof of
this property is a combinatorial problem in the theory of matrices of order
n and properties of multiple commutators. The appropriate concept for
addressing the general case Ck(A,B) is that of a Lie bracket polynomial,
which leads to important results for the theory of exponential matrices
quite independent of their application to groups and Lie algebras.

10.4.4 Lie bracket polynomials

A Lie bracket polynomial in two noncommuting variables x and y is a
sum of multiple commutators in x and y. More precisely, a Lie bracket
polynomial is defined recursively as follows: Define L2(x, y) = α2[x, y],
where [x, y] = xy − yx = −[y, x] is the commutator of x and y, and
α2 is an arbitrary complex number. Then, the Lie bracket polynomial
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Lk+1(x, y) of degree k + 1 is defined by

Lk+1(x, y) = αk+1[x,Lk(x, y)]+βk+1[y, Lk(x, y)], k = 2, 3, . . . , (10.111)

where αk+1 and βk+1 are arbitrary complex numbers. We include the
polynomial 0 as the Lie bracket polynomial of degree 0, and L1(x, y) =
α1 x + β1 y as the Lie bracket polynomial of degree 1. All other Lie
bracket polynomials are true multiple commutators of x and y, and all Lie
bracket polynomials are generated recursively, by degree, in this manner.
We often have in mind that x and y are matrices, but this need not
be the case, and we never impose the Cayley-Hamilton relation. The
results obtained in this section apply to any such pair of noncommuting
variables or indeterminates, where we consider only the vector space of
polynomials in x and y over the real and complex numbers. Lie bracket
polynomials are a subset of all polynomials in x and y and inherit the
vector space properties of the parent vector space of polynomials. But, in
addition, we have the basic properties of the commutator [x, y] = xy−yx
given by

(i). Distributive properties:

[xy, z] = x[y, z] + [x, z]y,
[x, yz] = y[x, z] + [x, y]z; (10.112)

(ii). Jacobi identity:

[x, [y, z] + [y, [z, x] + [z, [x, y] = 0, (10.113)

where x, y, z are any three noncommuting indeterminates.

Consider an arbitrary polynomial P (x, y) in the noncommuting vari-
ables or indeterminates x and y, with coefficients ai1,i2,...,in that are real
or complex numbers, of the form

P (x, y) =
n∑

i1,i2,...,in=1

ai1,i2,...,in xi1xi2 · · · xin , (10.114)

where each x1, x2, . . . , xn denotes either an x or a y, and where x and y
commute with the coefficients. Then, we define a mapping of each such
polynomial into a Lie bracket polynomial by the following rule:

P (x, y)→ 〈P (x, y)〉 =
n∑

i1,i2,...,in=1

ai1,i2,...,in 〈xi1xi2 · · · xin〉, (10.115)
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where the notation 〈xi1xi2 · · · xin〉 denotes the multiple commutator of x
and y obtained from the monomial xi1xi2 · · · xin by the rule:

xi1xi2 · · · xin → 〈xi1xi2 · · · xin〉
= [xi1 , [xi2 , · · · , [xin−1︸ ︷︷ ︸

n−1

, xin ] ] · · ·]︸ ︷︷ ︸
n−1

. (10.116)

By definition, the constant polynomial α0 ∈ C is mapped to the zero
Lie bracket polynomial; that is, 〈α0〉 = 0, and the degree 1 polynomial
α1 x + β1 y is mapped to itself; that is 〈α1 x + β1 y〉 = α1 x + β1 y.

Examples: We give four examples of the mapping rule (10.115)-(10.116):

1. The monomial x2y3x of order 6 is mapped to the Lie bracket polyno-
mial given by x2 y3 x→ [x, [x, [y, [y, [y, x] ] ] ] ]. Thus, if the brackets
and the commas are ignored in the bracket form, the Lie bracket
polynomial agrees with the original monomial.

2. An interesting feature of the mapping from a polynomial P (x, y)
in x, y to the Lie bracket polynomial 〈P (x, y)〉 is illustrated by the
identity

〈(αx + βy)n〉 = 0, n = 2, 3, . . . . (10.117)
This relation holds because for each term x1 · · · xn−2xn−1xn that
occurs in the expansion of (αx+βy)n there is a corresponding term
x1 · · · xn−2xnxn−1, for each n ≥ 2. This is illustrated for n = 2 by
〈(αx+ βy)2〉 = 〈α2x2 +αβ(xy + yx) + β2y2〉 = α2〈x2〉+αβ(〈xy〉+
〈yx〉) +β2〈y2〉 = 0. But, by definition, we have 〈αx+βy〉 = α〈x〉+
β〈y〉 = αx + βy.

3. The rule for xkP (x, y) for an arbitrary polynomial P (x, y) is the
multiple commutator given by

〈xkP (x, y)〉 = [x, [x, · · · , [x,︸ ︷︷ ︸
k

P (x, y) ] ] · · · ]︸ ︷︷ ︸
k

, (10.118)

which by definition is 〈P (x, y)〉 for k = 0.

4. The identity eb(x,y)ex = exey, where b(x, y) = exye−x, follows from

eb(x,y) =
∑
k≥0

(b(x, y))k/k! =
∑
k≥0

exyke−x/k! = exeye−x. (10.119)

Thus, the Lie bracket polynomial 〈exey〉 satisfies the identity

〈exey〉 = 〈eb(x,y)ex〉. � (10.120)
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We continue with the development of properties of Lie bracket polyno-
mials. Key relations needed from the previous section are the following:

exey = ez(x,y) = 1 + Z(x, y),

1 + Z(x, y) =
∑
q≥0

Hq(x, y), Hq(x, y) =
q∑
s=0

xq−sys

(q − s)!s!
, (10.121)

zk(x, y) =
k∑

m=1

(−1)m−1

m

∑
s1≥1,...,sm≥1

s1+···+sm=k

Hs1(x, y) · · ·Hsm(x, y) .

To these relations, we adjoin the pair of Baker-Campbell-Hausdorff (BCH)
relations, in which P (x, y) is an arbitrary polynomial:

b(x, y) = exye−x =
∑
k≥0

〈
xky
〉

k!
, (10.122)

exP (x, y)e−x = P (exxe−x, exye−x) = P (x, exye−x)

= P (x, b(x, y)) =
∑
k≥0

〈xkP (x, y)〉
k!

. (10.123)

The first basic BCH identity is not difficult to prove, and various proofs
may be found in many places. Its generalization to P (x, y) is then a
direct consequence of the basic one, as shown. These BCH identities can
be used to prove a number of properties of the formal polynomials

z(x, y) =
∑
k≥1

zk(x, y), zk(x, y) homogeneous of degree k (10.124)

that occur in the relation exey = ez(x,y). These include the following:

1. Functional relation: The functional relation

z(b(x, y), x) = z(x, y) (10.125)

is a consequence of exey = eb(x,y)ex.

2. Symmetry relations:

(a) The symmetry relation

z(−y,−x) = −z(x, y) (10.126)
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is a consequence of (exey)(e−ye−x) = 1.
(b) The symmetry relation

z(x, y) + z(−x,−y) =
∑
s≥1

(−1)s−1〈xsz(x, y)〉
s!

. (10.127)

is a consequence of applying (10.123) to z(y, x) and using the
symmetry relation (10.126).

The symmetry relations (10.126) and (10.127) preserve the homo-
geneity of the polynomials zk(x, y) in relation (10.124). Thus, we also
have the following symmetry relations for these polynomials:

zk(−x,−y) = (−1)kzk(x, y), k ≥ 1,

zk(y, x) = (−1)k−1zk(x, y), k ≥ 1, (10.128)

(1 + (−1)k)zk(x, y) =
k−1∑
s≥1

(−1)s−1〈xszk−s(x, y)〉
s!

, k ≥ 2.

The last of these relations is more than a symmetry relation, as we next
discuss.

The last relation (10.128) gives the following results for k = 2, 3, 4, 5 :

z2 =
1
2

[x, y],

0 =
1
2

[x, [x, y] ] ] − [x, z2],

z4 =
−1
24

[x, [x, [x, y] ] ] +
1
2

[x, z3], (10.129)

0 =
−1
24

[x, [x, [x, [x, y] ] ] ] +
1
2

[x, [x, z3] ]− [x, z4],

where we have used z1 = x + y and z2 = 1
2 [x, y] in obtaining the last

two relations. These relations have the following features: The k = 3
relation is the commutator with x of the k = 2 relation, and the k = 5
relation is the commutator with x of the k = 4 relation. This is a general
feature of the last relation (10.128): The odd relation is the commutator
with x of the even relation preceding it. This is not a recurrence relation
in the usual sense: Knowledge of z3(x, y) is needed to determine z4(x, y),
then of z5(x, y) to obtain z6(x, y), · · · . For example, given that z3(x, y) =
(〈x2y〉+ 〈y2x〉)/12, we quickly derive z4(x, y) = −〈xyxy〉/24.



10.4. PROPERTIES OF MATRICES 481

Despite the shortcomings of the direct results coming from (10.128),
we can derive the following result from these relations:

Let k ≥ 4 be even, and let all subscripts refer to the homogeneous degree
of the polynomial they labeled. Assume that z1, z2, . . . , zk−2, k ≥ 4, have
been shown to be Lie bracket polynomials. Then, necessary and sufficient
conditions that zk−1 and zk are Lie bracket polynomials are the following:

(i). The polynomial zk can be written in the form

zk = 〈xuk−1〉, uk−1 is a Lie bracket polynomial. (10.130)

(ii). The polynomial zk−1 is given by

zk−1 = 2uk−1 −
k−2∑
s=1

(−1)s〈xszk−s−1〉
(s + 1)!

. (10.131)

Proof. If zk has the structure given by (i), then it is a Lie bracket
polynomial. But then zk−1 given by relation (10.131) is just the result of
solving the last relation (10.128) for zk−1, where this solution is obtained
by removal of x from each of the terms 〈xuk−1〉, 〈xszk−s〉, s = 1, 2, . . . , k−
1. This removal is a legitimate operation that leaves behind a Lie bracket
polynomial for each term of the form 〈xvk−1〉, where vk−1 is a Lie bracket
polynomial, which is the case, by the assumption, for all terms except
〈xzk−1〉 = [x, zk−1]. But if the homogeneous polynomial zk−1 contains
no term of the form axk−1, then the factor x can also be removed from
the term [x, zk−1], and relation (10.131) obtains. It is a general property
of the polynomial zk(x, y) defined by relation (10.121) for both k even
and k odd that it contains no term of the form axk in consequence of
the multinomial identity (10.146) stated below. �
Example: The case k = 4 gives the following relations for (10.130)-
(10.131), where the input data is z1 = x + y, z2 = 〈xy〉/2 : The form
(10.110) (also derived above) for z4 gives u3 = 〈y2x〉/24, and then
(10.131) gives z3 = 〈y2x〉/12+〈xy〉/4−〈xy〉/6 = (〈x2y〉+〈y2x〉)/12. �

The above results place the burden of proof that the homogeneous
polynomials zk(x, y) for both k even and odd are Lie bracket polynomi-
als can be given by showing that the even-order polynomials have the
form zk(x, y) = 〈xuk−1〉, where uk−1 is a homogeneous Lie bracket poly-
nomial of degree k − 1. Once this is proved, the odd-degree Lie bracket
polynomials zk−1(x, y) are given by relation (10.131) from the explicit
identification of uk−1.

It is, of course, known from classical results in Lie algebra that the
homogeneous polynomials zk(x, y) are Lie bracket polynomials. If we
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accept this fact, then relations (10.130)-(10.131) give a practical method
for computing these polynomials. But the proof that a finite-order poly-
nomial is a Lie bracket polynomial should be purely combinatorial in
methodology. We continue in the next subsection with the presentation
of several criteria for determining when a homogeneous polynomial of
degree k is a Lie bracket polynomial.

Lie bracket polynomials and homogeneous polynomials

Let
α = (α1, α1, . . . , αm), 1 ≤ m ≤ k, (10.132)

be a composition of k − m into m parts, including 0 as a part. Then,
each homogeneous monomial Hα(x, y) of degree k can be written as

hα(x, y) = xα1yxα2y · · · xαmy. (10.133)

Hence, each complex (real) homogeneous polynomial Pk(x, y) can be
written in the form

Pk(x, y) =
k∑

m=1

∑
α� k−m

(aαhα(x, y) + bαhα(y, x)) , (10.134)

in which aα and bα are complex (real) coefficients. The number of terms
in Pk(x, y) is given by 2k, as may be verified by summing the number
of compositions of α into k −m parts over m and multiplying by 2 (see
relation (1.244), Chapter 1).

It is convenient for the description of the Lie bracket polynomials to
use the following abbreviated notations:

hα = hα(x, y), h̃α = hα(y, x). (10.135)

Pk =
k∑

m=1

∑
α�k−m

(
aαhα + bαh̃α

)
. (10.136)

The Lie bracket polynomial of Pk is given by

〈Pk〉 =
k∑

m=1

∑
α� k−m

(
aα〈hα〉+ bα〈h̃α〉

)
, (10.137)
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〈hα〉 = 〈xα1yxα2y · · · xαmy〉 (10.138)

= [x, [x, · · · , [x,︸ ︷︷ ︸
α1

[y, [x, [x, · · · , [x,︸ ︷︷ ︸
α2

[y, · · · , [x, [x, · · · , [x,︸ ︷︷ ︸
αm

y ] ] · · · ]︸ ︷︷ ︸
k−1

.

The expression for 〈h̃α〉 is obtained from this result by interchanging x
and y. Each such bracket polynomial is of order k for each m = 1, 2, . . . , k.

Examples of notation: At the two extremes of m in (10.138), namely,
m = 1 and m = k, we have the relations:

〈h(k−1)〉 = 〈xk−1y〉, 〈h(0k)〉 = 〈yk〉 = 0, k ≥ 2. (10.139)

For k = 1, 2, 3, 4, we have the following Lie bracket polynomials (10.138)

(i). k = 1 : 〈h(0)〉 = 〈y〉 = y.

(ii). k = 2 : 〈h(0,0)〉 = 〈y2〉 = 0, 〈h(1)〉 = 〈xy〉 = [x, y].

(iii). k = 3 :

〈h(0,0,0)〉 = 〈y3〉 = 0, 〈h(1,0)〉 = 〈xy2〉 = 0,

〈h(0,1)〉 = 〈yxy〉 = [y, [x, y] ], 〈h(2)〉 = 〈x2y〉 = [x, [x, y] ].

(10.140)

(iv). k = 4 :

〈h(0,0,0,0)〉 = 〈y4〉 = 0, 〈h(1,0,0)〉 = 〈xy3〉 = 0,

〈h(0,1,0)〉 = 〈yxy2〉 = 0, 〈h(0,0,1)〉 = 〈y2xy〉 = [y, [y, [x, y] ] ],

〈h(2,0)〉 = 〈x2y2〉 = 0, 〈h(0,2)〉 = 〈yx2y〉 = [y, [x, [x, y] ] ],

〈h(1,1)〉 = 〈xyxy〉 = [x, [y, [x, y] ] ],

〈h(3)〉 = 〈x3y〉 = [x, [x, [x, y] ] ].

The corresponding 〈h̃α〉 are obtained by interchanging x and y. �
It is meaningful to effect the bracket mapping rule (10.115)-(10.116)

on a Lie bracket polynomial simply by writing out the bracket polynomial
as a sum of ordinary polynomials. For example, 〈xy〉 = xy − yx, hence,

〈〈xy〉〉 = 〈xy〉 − 〈yx〉 = 2〈xy〉. (10.141)
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A basic property of the Lie bracket polynomials 〈hα〉 defined by (10.138),
which are homogeneous of degree k, can be verified to be

〈 〈hα〉 〉 = k〈hα〉, 〈 〈h̃α〉 〉 = k〈h̃α〉. (10.142)

Since every Lie bracket polynomial Pk(x, y) homogeneous of degree k is
a linear combination of the Lie bracket polynomials 〈hα〉 and 〈h̃α〉, it
follows that

〈Pk(x, y)〉 = kPk(x, y). (10.143)
Conversely, if a polynomial Pk(x, y) homogeneous of degree k satisfies
this relation, then it is also true that 〈 〈Pk(x, y)〉 〉 = k〈Pk(x, y)〉, so that
the polynomial 〈Pk(x, y)〉 is a Lie bracket polynomial.

Relation (10.143) is necessary and sufficient for a homogeneous polyno-
mial Pk(x, y) of degree k to be a Lie bracket polynomial.

This result is proved in Mielnik and Plebański [134]. It is, of course, not
true that every polynomial homogeneous of degree k satisfies relation
(10.143). For example, any such polynomial containing the term xk does
not satisfy (10.143).

It is also useful to have conditions for determining when the commu-
tator [x, Pk(x, y)] of x with a homogeneous polynomial Pk(x, y) of degree
k is a Lie bracket polynomial. We find the following result:

Let Pk(x, y) be a homogeneous polynomial of degree k. The two relations

〈 [x, Pk(x, y)] 〉 =
k + 1
k

[x, 〈Pk(x, y)〉],

(10.144)
[x, 〈Pk(x, y)〉] = k[x, Pk(x, y)]

are necessary and sufficient that the commutator [x, Pk(x, y)] is a Lie
bracket polynomial.

Proof. If both these relations are true, then 〈 [x, Pk(x, y)] 〉 = (k + 1)
[x, Pk(x, y)], hence, the commutator [x, Pk(x, y)] is a Lie bracket polyno-
mial. If the commutator [x, Pk(x, y)] is a Lie bracket polynomial, then
〈 [x, Pk(x, y)] 〉 = (k + 1)[x, Pk(x, y)], and the second relation is true in
consequence of the first. �

Relations (10.143)-(10.144) underlie the proof of the method of con-
struction of the zk(x, y) given by relations (10.130)-(10.131). Thus, from
(10.143), the condition that the homogeneous polynomial uk−1(x, y) in
the commutator relation zk = [x, uk−1] (k even or odd) be a Lie bracket
polynomial is that uk−1 = 〈uk−1〉/(k − 1). If this is true, then from
(10.144), the relation 〈zk〉 = 〈[x, 〈uk−1]〉 = k〈[x, 〈uk−1〉]〉/(k − 1) =
k〈[x, uk−1]〉 = kzk, and zk is a Lie bracket polynomial.
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It is useful to rewrite zk(x, y) given by (10.121) explicitly in terms of
x and y for the application of the above methods:

zk(x, y) =
k∑

m=1

(−1)m−1

m

∑
s1≥1,...,sm≥1

s1+···+sm=k

(10.145)

×
s1∑
t1=0

· · ·
sm∑
tm=0

xs1−t1 yt1xs2−t2 yt2 · · · xsm−tmytm

(s1 − t1)!t1!(s2 − t2)!t2! · · · (sm − tm)!tm!
.

This polynomial has the property that it contains no terms of the form
axk and ayk in consequence of the symmetry in relation (10.128) and
the following multinomial coefficient identity:

k∑
m=1

(−1)m−1

m

∑
s1≥1,s2≥1,...,sm≥1

(
k

s1, s2, . . . , sm

)
= 0, k ≥ 2. (10.146)

The Lie bracket polynomial of zk(x, y) is given by

〈zk(x, y)〉 =
k−1∑
m=1

(−1)m−1

m

∑
s1≥1,...,sm≥1

s1+···+sm=k

(10.147)

×
s1∑
t1=0

· · ·
sm∑
tm=0

〈xs1−t1 yt1xs2−t2 yt2 · · · xsm−tmytm 〉
(s1 − t1)!t1!(s2 − t2)!t2! · · · (sm − tm)!tm!

.

This form can be simplified greatly because each bracket polynomial
under the summation is 0, unless it ends on the right with a single x
or a single y; that is, xsm−tmytm = x or y. But these relations are too
complicated to give the general proof that 〈zk(x, y)〉 = kzk(x, y). For
small values of k, they can be used to illustrate the validity of (10.144)-
(10.147),as shown by the following examples:

Examples. For k = 4, it can be verified from (10.145) and (10.146)
that z4(x, y) = (2yxyx − yyxx − 2xyxy + xxyy)/24 and 〈z4(x, y)〉 =
4z4(x, y) = −〈xyxy〉/6. Similarly, the method in relations (10.144) uses

p4 = [x, p3], p3 = 2yxy − yyx− xyy,

(10.148)
〈p3〉 = 2〈yxy〉 − 〈yyx〉 − 〈xyy〉 = 3〈yxy〉 = 3p3. �
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The proof of the known fact that zk(x, y) is a Lie bracket polynomial,
using the above results for Lie bracket polynomials and homogeneous
polynomials requires further developments.

Remark. An interesting elementary application of exponential func-
tions to solid state quantum theory is given by the identity

exp(
2iπx
a

)exp(aDx) = exp(aDx)exp(
2iπx
a

)

= −exp(
2iπx
a

+ aDx), Dx =
d

dx
, a ∈ R, (10.149)

which asserts that the periodic function exp(2iπxa ) commutes with the dis-
placement operator exp(aDx) (see Zak [194]). This result proves wrong
the often stated result that there exists no function f(x) of the posi-
tion operator x that commutes with a function g(px) of the quantum
mechanical linear momentum operator px = −iDx. This is an exam-
ple of two commuting Hermitian operators that can be simultaneously
diagonalized, a result of some consequence for periodic physical systems.

10.5 Tensor Product Spaces

The idea underlying tensor product spaces is that of building new vec-
tor spaces out of given vector spaces. For physical systems, it is the
mathematics that one uses to describe composite systems in terms of
more elementary ones. What is surprising is that the linear properties
of these mathematical objects allows for composite physical systems to
have properties that the individual constituent systems, making up the
whole, do not possesses. As is often the case in mathematics, given a
collection of mathematical objects, one considers how to build new ob-
jects from ordered pairs of the original objects. Here the mathematical
objects of interest are vector spaces, in particular, inner product spaces.

A vector spaceW is said to be the tensor product of two vector spaces
U and V, written

W = U ⊗ V, (10.150)

if there exists a mapping Φ,

Φ : (u, v) �→ w = u⊗ v ∈ W, each u ∈ U , each v ∈ V, (10.151)

of every ordered pair of vectors (u, v) to a vector w = u ⊗ v ∈ W such
that the following relations hold:

1. The mapping Φ is bilinear; that is, linear in the vectors of U and
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in those of V :

(αu + α′u′)⊗ v = α(u ⊗ v) + α′(u′ ⊗ v),
(10.152)

(u⊗ (βv + β′v′) = β(u⊗ v) + β′(u⊗ v′),

for all scalars α,α′, β, β′ ∈ C, all vectors u, u′ ∈ U , and all vectors
v, v′ ∈ V.

2. Linear independence of the vectors u, u′ ∈ U and of the vectors
v, v′ ∈ V implies the linear independence of u⊗v ∈ W and u′⊗v′ ∈
W.

One of the important properties of the tensor productW = U ⊗V of
two vector spaces U and V is: There are vectors in W that cannot be
obtained as the tensor product of a vector in U with a vector in V. For
example, the vector α(u⊗v)+α′(u′⊗v′) cannot, in general, be expressed
as a tensor product (au + a′u′)⊗ (bv + b′v′).

If S is an operator acting in U and T is an operator acting in V, so
that S : u �→ Su ∈ U , each u ∈ U , and T : v �→ Tv ∈ V, each v ∈ V, the
operator S ⊗ T is defined to be the operator acting in U ⊗ V according
to the rule: (S ⊗ T )(u⊗ v) = Su⊗ Tv.

If H is a separable Hilbert space with inner product ( , )H and K is
a separable Hilbert spaces with inner products ( , )K, then H ⊗ K is a
separable Hilbert space with inner product

( , )H⊗K = ( , )H ( , )K. (10.153)

This definition implies: If B = {u1, u2, . . .} and C = {v1, v2, . . .} are
orthonormal bases of H and K, then B⊗C = {u1⊗ v1, u2⊗ v2, . . .} is an
orthonormal basis of H⊗K; that is,

(ui ⊗ vj , uk ⊗ vl)B⊗C = (ui, uk)H (vj , vl)K = δi,kδj,l. (10.154)

Let MS be the m × m matrix representation of an operator S on
a finite-dimensional subspace Hm ⊂ H with orthonormal basis Bm;MT
the n×n matrix representation of an operator T on a finite-dimensional
subspace Kn ⊂ K with orthonormal basis Cn; and MS⊗MT the mn×mn
matrix representation of the operator (S ⊗ T ) on the finite-dimensional
subspace Hm⊗Kn ⊂ H⊗K with orthonormal basis Bm⊗Cn. The action
of operators in the respective spaces is the following:

Suk =
m∑
i=1

sikui, MS = (sik)1≤i,k≤m, (10.155)
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Tvl =
n∑
j=1

tjlvj, MT = (tjl)1≤j,l≤n, (10.156)

(S ⊗ T )(uk ⊗ vl) =
m∑
i=1

n∑
j=1

siktjl(ui ⊗ vj) (10.157)

=
m∑
i=1

n∑
j=1

(MS ⊗MT )ij,kl(ui ⊗ vj),

where the Kronecker product matrix MS ⊗MT has its rows enumerated
by the pair of row indices i, j of MS and MT and the pair of column
indices k, l of MS and MT :

MS ⊗MT =


s11MT s12MT . . . s1mMT

s21MT s22MT . . . s2mMT

...
sm1MT sm2MT . . . smmMT

 . (10.158)

The element siktjl in the row indexed by the pair i, j and the column
indexed by the pair k, l is actually in row (i − 1)m + j and column
(k−1)n+ l of this matrix of order mn in the usual indexing 1, 2, . . . ,mn.

The Kronecker product A ⊗ B extends to rectangular matrices A
and B in the obvious way. The Kronecker products of such rectangu-
lar matrices A,B,C,D obey the following rules, whenever the matrix
multiplication makes sense:

1. Associativity: (A⊗B)⊗ C = A⊗ (B ⊗ C),

2. Multiplication: (A⊗B)(C ⊗D) = (AB)⊗ (CD),

3. Trace: tr(A⊗B) = (trA)(trB) for square matrices.

(10.159)

10.6 Vector Spaces of Polynomials with
an Inner Product

We adopt for polynomials the general set-theoretic viewpoint of functions
and their sets of values. For a single indeterminate x, this is symbolized
by writing p : x �→

∑n
k=0 akx

k = p(x). Thus, coefficients ak are drawn
sequentially from a ring R, multiplied by the power xk of the indeter-
minate x, and the summation performed, thus creating the expression
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p(x). Again, in the sense of functions, we refer to p(x) as the “value of
the function p” at the “point” x. The same procedure is followed for n
indeterminates x = (x1, x2, . . . , xn), where to keep the notation concise,
we write

i = (i1, i2, . . . , ın), xi = xi11 x
i2
2 · · · xinn . (10.160)

We next define the inner or scalar product used for polynomials
throughout this monograph, unless otherwise specified. The inner prod-
uct (p, p′) of two polynomials p and p′ in n indeterminates over the field
of complex numbers C ( or R ) with values

p(x) =
∑
i≥0

aix
i and p′(x) =

∑
i≥0

a′ix
i (10.161)

is the complex number defined by

(p, p′) =
∑
i≥0

i!a∗i a
′
i. (10.162)

The notations are: i! = i1!i2! · · · in!; i ≥ 0 means i1 ≥ 0, i2 ≥ 0, . . . , in ≥
0; and only a finite number of the coefficients ai and a′i are nonzero. The
notation (p, p′) for the inner product, in which the polynomial functions p
and p′ appear, emphasizes that the mapping is from pairs of polynomials
in function space to the complex numbers.

While the proper language of functions and their values is that given
above, it is often convenient to abuse this notation and write in place
of (p, p′) the symbol (p(x), p′(x)). This notation is incorrect in that the
indeterminates xi should not appear in the left-hand side of (10.162).
Nonetheless, this abuse of notation often makes complicated relations
more comprehensible than the insistence on the distinction between func-
tions and their sets of values. We even go further and speak of the
polynomial p(x).

An alternative definition of the inner product (p(x), p′(x)) of two poly-
nomials over the field of complex or real numbers may be given as follows.
The symbol ∂

∂x denotes the sequence of partial derivatives

∂

∂x
=
(

∂

∂x1
,
∂

∂x2
, . . . ,

∂

∂xn

)
. (10.163)

In analogy to (10.160), we also write(
∂

∂x

)i
=
(

∂

∂x1

)i1 ( ∂

∂x2

)i2
· · ·
(

∂

∂xn

)in
(10.164)
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for each sequence i = (i1, i2, . . . , in) of nonnegative integers. The com-
plex conjugate polynomial p∗ to p is, of course, defined to be the polyno-
mial with values p∗(x) =

∑
i≥0 a

∗
i x
i, and, analogously, p∗( ∂∂x) is defined

by

p∗
(

∂

∂x

)
=
∑
i≥0

a∗i

(
∂

∂x

)i
. (10.165)

The inner product of the two polynomials p and p′ is now defined by

(p, p′) = (p(x), p′(x)) = constant term of p∗
(

∂

∂x

)
p′(x)

= p∗
(

∂

∂x

)
p′(x)

∣∣∣
x1=x2=···=xn=0

. (10.166)

Almost all the applications of inner product vector spaces of poly-
nomials in this monograph take place in the following context. We are
given a set of mn indeterminates {zij | i = 1, 2, . . . ,m; j = 1, 2, . . . , n},
which we configure in an m× n matrix Z :

Z = (zij)1≤i≤m,1≤j≤n =


z11 z12 . . . z1n
z21 z22 . . . z2n

...
zm1 zm2 . . . zmn

 . (10.167)

We most often deal with polynomials over commuting indeterminates
zij , except as otherwise noted, with coefficients that are complex or real
numbers. Such polynomials are denoted by P (Z), where Z signifies that
the polynomial P is defined over the elements of the matrix Z, and not
over the set of all matrices Z. Thus, P (Z) is given by an expression of
the form

P (Z) =
∑
A≥0

C(A)
m∏
i=1

n∏
j=1

z
aij
ij , (10.168)

where A is a matrix array of nonnegative integer exponents given by

A = (aij)1≤i≤m,1≤j≤n =


a11 a12 . . . a1n
a21 a22 . . . a2n

...
am1 am2 . . . amn

 . (10.169)

The coefficients C(A) are functions of the nonnegative integer entries
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aij in the matrix A, and not of the matrix; these coefficients are almost
always complex or real numbers. The summation symbol

∑
A≥0 means

the summation is to extend over all terms for which each exponent aij ≥
0. We finally bring (10.168) to the abbreviated form

P (Z) =
∑
A≥0

C(A)ZA (10.170)

by defining, in analogy to (10.160), the symbol ZA by

ZA =
m∏
i=1

n∏
j=1

z
aij
ij . (10.171)

The inner product (10.166) takes the following form in terms of poly-
nomials of the form (10.170):

(P,P ′) =
(
P (Z), P ′(Z)

)
= P ∗

(
∂

∂Z

)
P ′(Z)

∣∣∣
Z=0

. (10.172)

We leave open the specific nature of the indeterminates zij that occur
as elements of the matrix Z, except that they be commuting. We write
zij ∈ Z to specify that the “values” of zij can range over some set Z.
We then define the set of matrices Zm×n by

Zm×n = {Z | Z is m× n; each element zij ∈ Z}. (10.173)

The entries in the matrix A are always nonnegative integers. We also
define the set of all such matrices by

Mm×n = {A |A is m× n; each element aij ∈ N}. (10.174)

We are also interested in the transformation properties of the poly-
nomials (10.170). Such transformations occur at two levels: transforma-
tions of the set of indeterminates Zm×n into itself , and transformations
of the vector space of polynomials into itself originating from the former.

The transformations of the set Zm×n into itself take the form of left
transformations and right transformations:

1. Left transformations:

LX : Z �→ XZ, each Z ∈ Zm×n, each X ∈ Zm×m. (10.175)
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2. Right transformations:

RY : Z �→ ZY T , each Z ∈ Zm×n, each Y ∈ Zn×n. (10.176)

The product of two left transformations LX′LX on the set Zm×n is de-
fined by

(LX′LX)Z = LX′(LXZ) = LX′(XZ)

= X ′(XZ) = (X ′X)Z = LX′XZ. (10.177)

The product of two right transformations RY ′RY on the set Zm×n is
defined by

(RY ′RY )Z = RY ′(RY Z) = RY ′(ZY T )

= (ZY T )Y
′T = Z(Y ′Y )T = RY ′Y Z. (10.178)

These product rules are to hold for all X ′,X ∈ Zm×m; all Y ′, Y ∈ Zn×n;
and all Z ∈ Zm×n.

Two significant properties of left and right transformations on the set
Zm×n are the following:

1. Commutivity of the product of left and right transformations:

LXRY = RY LX on Zm×n, each X ∈ Zm×m, each Y ∈ Zn×n.
(10.179)

This relation is true in consequence of the definition of the product
action: (LXRY )Z = LX(RY Z) = LX(ZY T ) = XZY T ;
(RY LX)Z = RY (LXZ) = RY (XZ) = XZY T .

2. Equivalence to Kronecker product action: The transformation
LXRY : Z �→ XZY T = Z ′ of the indeterminates {zij} is identi-
cal to the transformation

LXRY : col(Z) �→ (X ⊗ Y )col(Z) = col(Z ′), (10.180)

where col(Z) denotes the column matrix obtained by arranging the
n rows of Z into a single column of length mn :

col(Z) = col(z11, z12, . . . , z1n; z21, z22, . . . , z2n;
. . . ; zm1, zm2, . . . , zmn). (10.181)

Here the Kronecker product X ⊗Y of two matrices of order m and
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n emerges naturally as the matrix of order mn defined by

X ⊗ Y =


x11Y x12Y . . . x1mY
x21Y x22Y . . . x2mY

...
xm1Y xm2Y . . . xmmY

 . (10.182)

The column matrix presentation col(Z ′) = (X ⊗ Y )col(Z) and the
m× n matrix presentation Z ′ = XZY T encode the same relation-
ship between the indeterminates zij and z′ij .

The left and right transformations of the inner product space Pmn
of polynomials of the form (10.170) in the mn indeterminates zij that
correspond to the left and right transformations LX and RY of the inde-
terminates themselves are defined by the following actions in the space
of polynomials and the space of indeterminates:

1. Left transformations. LXP = P ′ ∈ Pmn :

(LXP )(Z) = P ′(Z) = P (LXTZ) = P (XTZ),
each X ∈ Zm×m; each P ∈ Pmn. (10.183)

2. Right transformations. RY P = P ′ ∈ Pmn :

(RY P )(Z) = P ′(Z) = P (RY TZ) = P (ZY ),
each Y ∈ Zn×n; each P ∈ Pmn. (10.184)

Again, one has the multiplication properties for the action of left and
right transformations in the space Pmn of polynomials:

LX′LX = LX′X , RY ′RY = RY ′Y , LXRY = RY LX , (10.185)

for all X,X ′ ∈ Zm×m; all Y, Y ′ ∈ Zn×n. In the definitions of the left
transformation actions LX and the right transformation actions RY in
(10.183)-(10.184), it is the transposed matrices XT and Y that enter into
the actions of the left and right transformations of the space Zm×n of
indeterminates as given by (10.175)-(10.176). This feature is essential
for preserving the defining properties (10.8)-(10.10) of operator actions
in the separate spaces, polynomial (function) space and indeterminate
(variable) space; it is a twist that cannot be avoided.

The vector space of polynomials Pmn is a separable Hilbert space;
one in which we have specified a definite inner product (10.172).
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10.7 Group Representations

The concept of a representation of a group can be presented in differ-
ent contexts at various levels of abstraction. In this monograph, the
representation of a group always occurs in the context of a group G
acting linearly on the set of vectors belonging to a separable Hilbert
space H: For each vector v ∈ H, there is defined a linear mapping
Ag : v �→ Ag(v) ∈ H, each g ∈ G. The Hilbert space H is sometimes
said to be a carrier space of the group G, or a G−space. The Hilbert
spaces H used in this monograph are always a direct sum of a collection
of perpendicular subspaces, each of which is invariant under the action
of G, and we restrict our considerations to this case. Thus, let B be an
indexing set whose elements are used to label the invariant subspaces of
H under the action of G. Then, the Hilbert space H may be expressed
as the direct sum

H =
∑
b∈B
⊕Hb, Hb ⊥ Hb′ , all pairs b, b′ ∈ B. (10.186)

The action of the group on each subspace Hb is to map this space into
itself:

Ag : Hb �→ Hb, each Hb ⊂ H. (10.187)

The action of G on such an invariant subspace Hb ⊂ H is implemented
by introducing an orthonormal basis B of Hb :

B = {| b1〉, | b2〉, . . . , | bdimHb
〉}, (10.188)

where the basis is expressed in terms of the Dirac ket notation, for which
the orthonormality conditions are given by the bra-ket relations

〈bi | bj〉 = δij, i, j = 1, 2 . . . ,dimHb. (10.189)

Thus, the separable Hilbert space has an inner product, denoted 〈 | 〉, and
the dimension of the subspace Hb, which is invariant under the action
of G, is denoted by dimHb. We formulate the definitions and properties
within this setting.

An operator representation of a group G is a set of linear G−operators
AG

AG = {Ag | g ∈ G} (10.190)

that acts invariantly in a separable Hilbert space H. A matrix repre-
sentation MG(B) of a group G corresponding to the action of G on an
invariant subspace Hb ⊂ H with basis B is given by

MG(B) = {B(g) | g ∈ G}, (10.191)
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where the matrix B(g) is obtained from the action of Ag on the basis B :

Ag | bj〉 =
dimHb∑
i=1

Bij(g) | bi〉, j = 1, 2, . . . ,dimHb,

Bij(g) = 〈bi | Ag | bj〉. (10.192)

Thus, the correspondence

Ag �→ B(g), each g ∈ G (10.193)

between G−operators and G−matrices gives the matrix representation of
the action of Ag on the basis B of Hb ⊂ H : the set of matrices MG(B)
is a matrix representation of G. In consequence of the multiplication
properties of the G−operators, the matrices in the set MG(B) satisfy
the same rules as those for the group G itself:

B(g′)B(g) = B(g′g),

B(e) = IdimHb
, B(g−1) = (B(g))−1, (10.194)

B(g′′)
(
B(g′)B(g)

)
=
(
B(g′′)B(g′)

)
B(g),

where these properties hold for all g, g′, g′′ ∈ G, where e is the identity
element of the group, and IdimHb

is the identity matrix of order dimHb.

Examples. We give two examples illustrating these concepts for finite
groups and one example for a continuous group:

1. Let G be any finite group of order n with elements given by

G = {g1 = e, g2, . . . , gn}. (10.195)

Select any set of n orthonormal vectors from Rn, and label the
orthonormal vectors in this basis, denoted Bn, by the elements of
the group itself:

Bn = {| g1〉, | g2〉, . . . , | gn〉}, 〈gi | gj〉 = δij , i, j = 1, 2, . . . , n.
(10.196)

For each gi ∈ G, define the left and right actions, respectively, of G
on Bn by

Lgi | gk〉 =| gigk〉, Rgi | gk〉 =| gig−1k 〉, k = 1, 2, . . . , n. (10.197)

The following properties of the left and right action on the basis
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Bn are now verified directly from the definitions (10.197):

LgiLgj = Lgigj , RgiRgj = Rgigj , LgiRgj = RgjLgi , (10.198)

for all pairs gi, gj ∈ G. The matrices corresponding to these linear
transformations of the basis Bn are given by

Lgi �→ BL(gi), (BL(gi))hk = δgh,gigk , (10.199)

Rgi �→ BR(gi), (BR(gi))hk = δgh,gig−1
k
, (10.200)

where 1 ≤ h, k ≤ n denote the elements in row h and column k of
the matrix BL(gi) and BR(gi).

These matrices satisfy the same multiplication rules (10.198) as the
left and right actions Lgi and Rgi :

BL(gi)BL(gj) = BL(gigj), BR(gi)BR(gj) = BR(gigj),

BL(gi)BR(gj) = BR(gj)BL(gi), (10.201)

for all pairs gi, gj ∈ G. The set of matrices ML(B) = {BL(gi) | gi ∈
G} is called a left regular representation of G, and the set of matrices
MR(B) = {BR(gi) | gi ∈ G} is called a right regular representation
of G. The fact that these two representations commute can be used
to construct all inequivalent irreducible representations of any finite
group (the definitions of the terms inequivalent and irreducible are
given below). The left and right regular matrix representations
are 0 − 1 matrices; that is, matrices containing only 0 or 1. The
distribution of 0 and 1 into elements of the matrices is intrinsic to
the group structure itself, as determined by the Kronecker delta
functions in (10.199)-(10.200).

2. As a second example, let Sn denote the group of permutations of
the integers 1,2,. . . ,n, as described in Sect. 10.1. Let En denote the
set of basis vectors of Rn given by the unit column vectors

En = {e1, e2, . . . , en}, (10.202)

where the 1×n column matrix ei has 1 in row i and 0′s in all other
rows. The action of each permutation

π =
(

1 2 · · · n

π1 π2 · · · πn

)
∈ Sn (10.203)
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on the basis En is defined by

Aπej = eπj =
n∑
i=1

δi,πjei, j = 1, 2, . . . , n. (10.204)

This gives the matrix corresponding to the linear operator trans-
formation Aπ as

Aπ �→ Pπ, (Pπ)ij = δi,πj , (10.205)

so that Pπ is the matrix with unit column matrices given by

Pπ = (eπ1 eπ2 . . . eπn). (10.206)

Thus, we obtain the representation of the symmetric group Sn by
the set of n× n matrices given by

PSn = {Pπ | π ∈ Sn}. (10.207)

The matrices in this set are called permutation matrices.The set of
permutation matrices coincides with the subset of all n × n 0 − 1
matrices, in which it is further specified that all row and column
sums are equal to 1. Alternatively, the set of permutation matrices
can be obtained as the set of matrices obtained by effecting all
possible permutations of the columns of the unit matrix of order n.
The above procedure could just as well have been carried out on
unit row vectors to obtain still another method of obtaining the set
of permutation matrices of order n.

3. Let Zi, each i = 1, 2, . . . , k, be an arbitrary nonsingular complex
matrix of order n; that is, an element of the group GL(n,C) of
all nonsingular complex matrices of order n, where multiplication
of group elements is matrix multiplication. Then, the Kronecker
product

Z = Z1 ⊗ Z2 ⊗ · · · ⊗ Zk, each Zi ∈ GL(n,C) (10.208)

is a matrix representation of the group GL(n,C). �

In examples 1 and 2 above, the positive integer n occurs in two con-
texts. In the first example, the group G is any group with n elements,
and the left and right regular matrix representations are by matrices of
size equal to the order of the group. In the second example, the sym-
metric (permutation) group Sn of order |Sn| = n! is represented by the
permutation matrices of order n. The second example can also be used
to obtain a representation of any finite group G by n× n 0− 1 matrices
by using the fact that every finite group is a subgroup of a permutation
group Sn for some positive integer n.
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Given an action of a group G on an orthonormal basis B of an in-
variant subspace Hb ⊂ H, one can always determine the action of G on
an arbitrary basis A, not necessarily orthonormal, of Hb :

A = {| a1〉, | a2〉, . . . , | an〉}, (10.209)

where n = dimHb. Each basis vector | aj〉 ∈ A can be written as a linear
combination

| aj〉 =
n∑
i=1

sij | bi〉, sij ∈ C, (10.210)

where the transformation matrix S = (sij)1≤i,j≤n is nonsingular. Since
each operator Ag is linear, the action of G on the basis A is given by

Ag | aj〉 =
n∑
i=1

sijAg | bi〉

=
n∑
k=1

(S−1MgS)kj | ak〉, j = 1, 2, . . . , n. (10.211)

Thus, the matrix representation MG(A) of G on the basis A is given by

MG(A) = S−1MG(B)S = {A(g) = S−1B(g)S | g ∈ G}. (10.212)

The matrices A(g) = S−1MgS satisfy, of course, all the rules required of
a matrix representation.

If A and B are complex square matrices for which there exists a
nonsingular matrix S such that A = S−1BS, then A is said to be similar
to B under S. Similarity is an equivalence relation on the set Mn of
all n × n complex matrices; that is, if we write A ∼ B to mean that
there exists an S such that A = S−1BS, then A ∼ A (reflexive), B ∼
A (symmetric), and the two relations A ∼ B,B ∼ C imply A ∼ C
(transitive). Thus, the set Mn of all complex matrices of order n can be
partitioned into disjoint equivalence classes under the similarity rule ∼ .

A matrix A ∈Mn is said to be diagonable if A is similar to a diagonal
matrix. Since each matrix A ∈ Mn is either diagonable or nondiago-
nable, the set Mn is partitioned into two disjoint subsets, the subset of
diagonable matrices and the subset of nondiagonable matrices. Diago-
nability is an equivalence relation. The set of nondiagonable matrices is
nonempty for all n ≥ 2. For example, for n = 2, each Jordan matrix of
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the upper diagonal form

H =
{
h(z) =

(
1 z

0 1

) ∣∣∣∣ z ∈ C

}
(10.213)

satisfies the rules of an additive abelian group, as given by

h(0) = I, h(z′)h(z) = h(z′ + z), h(−z)h(z) = h(0), (10.214)

and this group of matrices is nondiagonable. In general, each matrix
A ∈ Mn is either similar to a diagonal matrix or similar to a Jordan
matrix..

10.7.1 Irreducible representations of groups

Representations of groups can be constructed in many ways, as illus-
trated by the above examples. The direct construction of the class of
representations called irreducible is not so immediate. In the context of
this monograph, this concept is the following: Let G act invariantly on
an orthonormal basis set B of Hb ⊂ H. The set AG = {Ag | g ∈ G}
of G−operators is said to be reducible on the space Hb if there exists
a nonsingular transformation S of the orthonormal basis B of the form
(10.212) to a basis A such that the matrix representation A(g) of G has
the form

A(g) = S−1B(g)S =
(

A′(g) C(g)
0 A′′(g)

)
, for all g ∈ G , (10.215)

where A′(g) and A′′(g) are square matrices, and S is the same for all
g ∈ G. In this case, each of the sets of matrices M ′

G(A) = {A′(g) | g ∈ G}
and M ′′

G(A) = {A′′(g) | g ∈ G} is a matrix representation of G, as may be
shown directly from the fact that MG(A) is a matrix representation. If
relation (10.215) holds, the carrier spaceHb is said to be reducible, as also
is the corresponding matrix representation MG(B). If no transformation
S to a new basis A of Hb such that (10.215) holds for all g ∈ G, the
carrier spaceHb of G is said to be irreducible, as also is the corresponding
matrix representation MG(B).

In this monograph, we will encounter only Hilbert spaces H such that
each invariant subspace that carries a finite-dimensional representation
of G under the action of G is either irreducible, or possesses a basis
such that it may be expressed as a direct sum of two perpendicular
subspaces, each of which is invariant under the action of G. Thus, the
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subspace Hb ⊂ H of G in (10.215) must satisfy the following conditions:

Hb = H′
b ⊕H′′

b, H′
b ⊥ H′′

b,

AG : H′
b �→ H′

b; AG : H′′
b �→ H′′

b. (10.216)

This property is alternatively expressed as follows: A nonsingular trans-
formation of the basis of Hb exists such that the matrix representation
MG(B) has one or the other of the following two properties:

(i). MG(B) is irreducible.

(ii). MG(B) is reducible, and there exists a transformation S to a basis
A of Hb such that

A(g) = S−1B(g)S =
(

A′(g) 0
0 A′′(g)

)
= A′(g) ⊕A′′(g), for all g ∈ G . (10.217)

This property is referred to as complete reducibility, in contrast to
the form in (10.215).

In the case of complete reducibility described in Item (ii), it is also
assumed that the subspaces, H′

b and H′′
b are also completely reducible,

etc., so that by continuing the reduction process, the subspace Hb can
be written as a direct sum of perpendicular subspaces, each of which
is invariant and irreducible under the action of G. We may summarize
these results on reducibility and irreducibility, as implemented in this
monograph, as follows: The separable Hilbert spaces H that occur are
those for which an indexing set J exists such that for each j ∈ J the
space H is a direct sum of perpendicular subspaces, each of which is
finite, invariant, and irreducible under the action of G :

H =
∑
j∈J

⊕Hj, Hj ⊥ Hj′, all pairs j, j′ ∈ J. (10.218)

Some of the invariant and irreducible subspaces in the direct sum may
carry equivalent irreducible matrix representations of G. Matrix repre-
sentations related by similarity transformations are said to be equivalent,
otherwise, inequivalent.

A unitary action Ug = Ag of a group G on a Hilbert space H having
the direct sum structure given by (10.218) is one in which each operator
Ug, g ∈ G satisfies the inner product relation

〈ψ,Ug−1ψ′〉 = 〈ψ′,Ugψ〉∗, all pairs ψ,ψ′ ∈ H, (10.219)
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where 〈 , 〉 is the inner product on H. This property is expressed by

〈ψ | Ug−1 | ψ′〉 = 〈ψ′ | Ug | ψ〉∗ (10.220)

in terms of the Dirac bra-ket notation, which we use frequently.

A unitary action UG = {Ug | g ∈ G} of a group G on H is represented
by a group

UG = {U(g) | g ∈ G,U(g) unitary} (10.221)

of unitary matrices on any orthonormal basis of each of the invariant,
irreducible subspaces Hj ⊂ H, j ∈ J :

U∗
j′j(g) = 〈j′ | Ug | j〉∗ = 〈j | Ug−1 | j′〉 = Ujj′(g−1); (10.222)

that is, the matrix U(g) with rows and columns indexed, respectively,
by the pairs j, j′ ∈ J is unitary:

U †(g) = (UT (g))∗ = U(g−1) = (U(g))−1;

U †(g)U(g) = U(g)U †(g) = I. (10.223)

We will mostly be interested in unitary actions and the associated in-
equivalent, unitary, irreducible matrix representations of groups carried
by a separable Hilbert space of the sort described in this section.

10.7.2 Schur’s lemmas

In physical applications, a principal goal of representation theory is to
find all inequivalent, unitary, irreducible matrix representations of a
given group G, which is a symmetry group of the system. The irre-
ducible representations of such a symmetry group is a principal method
of classifying the quantum states of the system.

A criterion for determining whether a given matrix representation
MG of G is irreducible is given by

Schur’s Lemma (matrix form): If the only nonsingular matrix C that
commutes with all matrices of a finite-dimensional matrix representa-
tion MG of a group G is a multiple of the identity matrix, then MG is
irreducible; otherwise, it is reducible.

To prove this lemma, let us first consider the following problem: Let
MG = {Mg | g ∈ G} be an n × n matrix representation of a group
G, and let C be an n × n nonsingular complex matrix that is not a
multiple of the unit matrix and commutes with the representation MG.
The determination of the properties of the matrices in the set MG is
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intrinsically a problem in matrix theory. It does not depend on the
origin of the matrices, whether they come from a group action on a
Hilbert space, or are just presented outright with no hint as to their
origin.

The matrix C is either diagonable or it is nondiagonable. The class
of diagonable matrices includes the class of all normal matrices, where a
normal matrix N is any matrix that commutes with its Hermitian conju-
gate: NN † = N †N. The class of normal matrices includes the following
types: Hermitian, skew-Hermitian, real symmetric, real skew-symmetric,
unitary, orthogonal, diagonal, and all matrices unitarily similar to nor-
mal matrices. Indeed, a complex matrix is unitarily similar to a diagonal
matrix if and only if it is normal.

Let us next prove the following result from which Schur’s lemma is
an immediate corollary:

Let C �= λIn be an n×n nonsingular matrix that commutes with an n×n
matrix representation MG of a group G. Then MG is one of two types:
(i) If the matrix C is diagonable, then MG is completely reducible; (ii) if
the matrix C is nondiagonable, then MG is reducible, but not completely
reducible.

Proof. (i). If the matrix C �= λI is diagonable, then there exists a non-
singular matrix S such that S−1CS = D, where D is diagonal. It then
follows from MgC = CMg that (S−1MgS)D = D(S−1MgS). A diag-
onal matrix D has the direct sum form D = c1I1 ⊕ c2I2 ⊕ · · · ⊕ ckIk,
where the ci, i = 1, 2, . . . , k ≥ 2, are the distinct eigenvalues of C,
the multiplicity of ci being equal to dim Ii, the Ii being unit matrices
such that I1 ⊕ I2 ⊕ · · · ⊕ Ik = I. But then MgC = CMg implies that
Mg = M

(1)
g ⊕M

(2)
g ⊕ · · · ⊕M

(k)
g , where dimM

(i)
g = dim Ii. This relation

holds for each g ∈ G, since C is independent of g. Thus, the representa-
tion MG is completely reducible. A simpler proof may also be given for
the case where the matrix representation is by unitary matrices U(g). If
U(g)C = CU(g), all g ∈ G, then also U(g)C† = C†U(g), all g ∈ G, so
that U(g)H = HU(g) and U(g)K = KU(g), all g ∈ G, where H = C+C†
and K = i(C − C†) are both Hermitian. One, or both, of H and
K are Hermitian, and nonzero. But Hermitian matrices are diago-
nable, in fact, normal, hence, the unitary representation UG is com-
pletely reducible by a unitary similarity transformation. (ii). If the
matrix C is nondiagonable, it has at least one eigenvalue λ and one
eigenvector v; that is, Cv = λv. But then CMg = MgC, all g ∈ G
implies that CMgv = λMgv, all g ∈ G. Thus, each vector in the set
YG = {yg = Mgv | g ∈ G} is an eigenvector of C with eigenvalue λ.
Moreover, the action of the matrix Mg on the set of vectors YG is invari-
ant:

Mg : YG → YG with Mgyg′ = ygg′ ∈ YG. (10.224)
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Each of the vectors yg ∈ YG is also a column vector of length n; hence,
at most n of them can be linearly independent. But the number must be
less than n, since if equal to n, then C would be diagonable: The number
k of linearly independent vectors in the set YG satisfies 1 ≤ k < n, since
yg1 = yidentity = v ∈ YG. Thus, there must exist a set Vk of linearly
independent vectors given by Vk = {yg1 = v, yg2 , . . . , ygk}, for some
gi ∈ G, i = 1, 2, . . . , k. The action of Mg on the set Vk is given by the
linear transformations

Mgygj = yggj =
k∑
i=1

Cij(g)ygi , j = 1, 2, . . . , k. (10.225)

The set Vk of vectors can be extended, in infinitely many ways, to
a basis of the space of column vectors of length n by adjoining a set
{y1, y2, . . . , yn−k} of n− k linearly independent vectors, each of which is
linearly independent of the vectors in the set Vk. Thus, the set of vectors

{y1, y2, . . . , yn−k, yg1 , yg2 , . . . , ygk} (10.226)

spans the space of column vectors of length n. The action of Mg on this
basis set of vectors is given by linear transformations of the form

Mgyj =
n−k∑
i=1

Sij(g)yi +
k∑
i=1

Rij(g)ygi , j = 1, 2, . . . , n− k,

(10.227)

Mgygj = yggj =
k∑
i=1

Cij(g)ygi , j = 1, 2, . . . , k.

Thus, the nonsingular matrix S

S = (y1 y2 . . . yn−k yg1 yg2 · · · ygk) (10.228)

with columns given by the column vectors in the set (10.226) has the
property

S−1M(g)S =
(

S(g) R(g)
0 C(g)

)
. (10.229)

This relation is true whenever the matrix C commuting with the matrix
representation MG is nondiagonable. Since 1 ≤ k < n, the representation
MG is reducible, but not completely reducible. �
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An example of a reducible group that is not completely reducible is the
group H given by relation (10.213): Each element h(z) ∈ H commutes
with all elements of H; that is, h(z)H = Hh(z), and h(z) has eigenvalue
1 and only one linearly independent eigenvector col(1 0); hence, h(z) is
nondiagonable. This result generalizes to the abelian group of complex
upper triangular matrices T given by

T =
{
t(a, b) =

(
a b
0 a

) ∣∣∣∣a, b ∈ C; a �= 0
}
,

t(1, 0) = I, t(a′, b′)t(a, b) = t(a′a, a′b + b′a), (10.230)

t(a−1,−ba−2)t(a, b) = t(1, 0).

Each matrix in the subgroup H commutes with each matrix in the group
T. The group T is reducible, but not completely reducible.

We have found the following references to be very useful for our syn-
opsis of topics in this compendium:

1. Linear algebra and Hilbert space: Berberian [10], Fraleigh [56],
Gelfand [59], Halmos [74, 75], Hungerford [81], Perlis [142].

2. Analysis: Boothby [29], Helgason [79], Simmons [162].

3. Lie algebra and Lie groups: Gelfand et al. [63], Fulton and Harris
[57], Goodman and Wallach [67], Hamermesh [76], Humphreys [80],
Jacobsen [84], Littlewood [105], Michel [132], Sattinger and Weaver
[159], Sternberg [166], Weyl [177, 178], Wigner [181], Wybourne
[189].

4. General: Roman [152], van der Waerden [172, 173].



Chapter 11

Compendium B. Basic
Combinatorial Objects and
Structures

This Compendium introduces objects from combinatorics that we need
in order to relate the theory of the representations of the unitary group
U(n), and more generally the integer representations of general linear
group GL(n,C), as closely as possible to combinatorics. Much of the fo-
cus of this work is not on the groups themselves, but rather on the class
of multivariable Dλ−polynomials that yield all inequivalent, irreducible
representations of U(n) (and the integer representations of GL(n,C))
when the indeterminates zij are suitably specialized. It is accordingly
not unexpected that the present work encompasses many of the basic
combinatorial tools on which present-day approaches to combinatorial
theory are built. We pay special tribute to the books by Andrews [1],
Kerber [88], Macdonald [126], Rota [154] (and his many lectures, notes,
and review articles), and Stanley [163]) for making combinatorics acces-
sible, and also to colleague and collaborator, Bill Chen, for help in the
interpretation. These topics include the concepts of partitions, Young-
Weyl tableaux, Gelfand-Tsetlin patterns, graph theory, expecially binary
trees, digraphs, and cubic graphs, generating functions, the umbral cal-
culus, and group actions. For example, it turns out that MacMahon’s
master theorem is a unifying combinatorial relation underlying the quan-
tum theory of angular momentum of composite systems. Many books,
in addition to those mentioned, are devoted to detailed and rigorous de-
velopment of many of these topics. Of necessity, our treatment is very
uneven: some topics are presented very briefly; others are given great
discussion, depending on our needs. The properties of the Littlewood-
Richardson numbers, which are so important for physics, falls among the
latter topics. We list additional reading at the end of this Compendium.

505
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11.1 Partitions and Tableaux

Partitions are sequences of positive integers (λ1, λ2, . . . , λn) satisfying
the conditions

λ1 ≥ λ2 ≥ . . . ≥ λn > 0, n ∈ P, (11.1)

where the length l(λ) = n of the sequence is any positive integer. The
positive integer λi is called the i−th part of the partition. If

∑n
i=1 λi = k

and l(λ) = n, then λ is said to be a partition of k into n parts. This set
of partitions is denoted by

Parn(k) = {λ = (λ1, λ2, . . . , λn) | λ � k}, 1 ≤ n ≤ k, (11.2)

where λ � k denotes that the parts of λ sum to k. The cardinality of
the set Parn(k) is denoted by

pn(k) = |Parn(k)|. (11.3)

By convention, we take pn(k) = 0, for all k < n. The number pn(k) has
the special values p1(k) = pk(k) = 1, k ≥ 1, and pk−1(k) = 1, k ≥ 2,
since the corresponding partitions are (k), (1k), and (2, 1k−2), k ≥ 2. By
convention, The notation αh for h a nonnegative integer means that the
symbol α is to be written sequentially h times with h = 0 denoting no
occurrence. For all other values of the pair (k, n), the number pn(k) can
be calculated from the recurrence relation (Stanley [163], p. 28):

pn(k) = pn−1(k − 1) + pn(k − n), 2 ≤ n ≤ k, (11.4)

where, by convention, pn(k − n) = 0, for k < 2n. The set Par(k) of all
partitions of k is then given by

Par(k) =
k⋃
n=1

Parn(k), k ≥ 1. (11.5)

For example, the set Par(4) is given by

Par(4) = {(4), (3, 1), (2, 2), (2, 1, 1), (1, 1, 1, 1)}. (11.6)

The cardinality of the set Par(k) is given by

|Par(4)| =
k∑
n=1

pn(k). (11.7)



11.1. PARTITIONS AND TABLEAUX 507

The set of all nonempty partitions of arbitrary length is given by

Par =
⋃
k≥1

Par(k), (11.8)

By definition, Par(0) is the empty partition, which we denote by λ∅, and
could be included in (11.8). (By convention, the empty set is assigned
cardinality 0.)

In the theory of partitions, the integer 0 is often not admitted as a
part. Our applications of partitions are most conveniently carried out by
allowing zeros.

A partition with zero as part is a partition λ to which a sequence of
zeros (0, 0, . . .) has been adjoined at the right-hand end:

(λ, 0n−l) = (λ1, λ2, . . . , λl, 0, 0, . . . , 0︸ ︷︷ ︸
n−l

), (11.9)

where l = l(λ) denotes the number of nonzero parts. This situation
corresponds to modifying definition (11.1) of a partition to the following:
A partition with zero as a part is a sequence of nonnegative integers
(λ1, λ2, . . . , λn) satisfying the conditions

λ1 ≥ λ2 ≥ . . . ≥ λn ≥ 0, n ∈ P. (11.10)

We use notations analogous to those above for the following sets of par-
titions with zero as a part:

Parn(k) = {λ = (λ1, . . . , λn)|λ1 ≥ . . . ≥ λn ≥ 0, λ � k},
(11.11)

Parn =
⋃
k≥0

Parn(k), (11.12)

Par =
⋃
n≥1

Parn. (11.13)

The sets Parn(k) and Parn of partitions always has n parts, where we
count each repeated zero as a part; Parn(k) contains a finite number of
elements, but Parn is countably infinite, as is Par. The set Parn includes
Parn(0) = (0n). In general, the number of zero parts is unspecified. For
example, the set Par3(5) is given by

Par3(5) = (5, 0, 0), (4, 1, 0), (3, 2, 0), (3, 1, 1), (2, 2, 1). (11.14)
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In order to avoid the awkward phrase “partitions with zero as a part,”
we refer to such sequences simply as “partitions,” occasionally amplifying
the description of the parts for clarity, but generally letting the notation
P carry the burden that such sets of partitions can have 0 as a part.

The relation between the two kinds of partitions, those with no 0
parts and those with 0 parts is

Par(k) = P̂ark(k), (11.15)

where P̂ark(k) is the set of partitions obtained from Park(k) by deleting
all zeros from each partition in the set. Similarly, the set Parn(k) is given
by

Parn(k) = P̌ar(k), (11.16)

where P̌ar(k) is the set of partitions obtained from Par(k) by deleting
all partitions of length greater than n, and adjoining 0′s, as necessary,
to the remaining ones so that all partitions have n parts.

It is useful to remark further on partitions with no zero parts and
those with zero parts. The viewpoint that one adopts depends on the
information that one wishes to encode in a particular study. In the
description of Young tableaux (see Sect. 11.2), a Young frame or shape is
fully determined by a partition λ ∈ Par(k). Thus, (2, 1) gives the shape
with two boxes in the first row and one in the second, left-justified, as
depicted by

. (11.17)

In the case of partitions with zero parts, each partition (2, 1, 0, 0, . . .)
containing arbitrarily many zeros is associated with the same Young
frame (11.17).

Associated with each Young frame of shape λ ∈ Par(k), there is a
set of “filled-in” shapes corresponding to the assignment of nonnegative
integers to the boxes. In particular, such a rule of assignment is that each
row of boxes contains only sequences of nonincreasing integers and each
column only sequences of strictly increasing integers. Thus, in the case
of the shape (2, 1), the filled-in shapes are countably infinite in number
as given by

a b

c a ≥ b, a > c,
(11.18)
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where a, b, c are nonnegative integers. Each such filled-in frame consti-
tutes what is called a semistandard Young tableau (SSY tableau).

The Young frame (10.17) of shape (2, 1) is associated with every par-
tition (2, 1, 0n−2) ∈ Parn(3), n ≥ 2. The rule for filling in the boxes
to obtain a semistandard Young tableau is still that each row of boxes
contains only sequences of nonincreasing integers and each column only
sequences of strictly increasing integers, but now we assign a further
role to n, which counts the number of parts, including 0 parts: The in-
tegers assigned to the rows and columns are to be drawn from the set
{1, 2, . . . , n}. We define the finite set of semistandard Young tableaux
Tλ, where λ ∈ Parn, by

T(λ1,λ2,...,λn) =
{

all semistandard tableaux of shape λ
filled in with integers 1, 2, . . . , n

}
. (11.19)

Examples. Sets of semistandard tableaux T(2,1,0n−2) for n = 2, 3 :

T(2,1) :

2
1 1

2
1 2

(11.20)

T(2,1,0) :

2
1 1

2
1 2

3
1 1

3
1 2

3
2 2

2
1 3

3
1 3

3
2 3

(11.21)

�
We refer to the Young frame itself as having shape λ, it being under-

stood that there are no rows in the shape corresponding to the 0 parts
of the partition. For reasons given below, we refer to a semistandard
tableau Tλ ∈ Tλ as a semistandard Young-Weyl (SSYW) tableau: A
SSYW tableau is a collection of boxes of shape λ such that each row of
boxes contains sequences of nonincreasing integers and each column se-
quences of strictly increasing integers, these integers being drawn from
the set {1, 2, . . . , n}.
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The cardinality of the set Tλ is given by the famous Weyl dimension
formula derived in Sect. 11.8.1. For example, the cardinality of the sets il-
lustrated in (11.20)-(11.21) can be shown directly, or calculated from the
Weyl formula for general n, to be |T(2,1,0n−2)| = 2

(n+1
3

)
. The enumeration

of semistandard Young tableaux based on the set of partitions Parn con-
tain partitions with 0 parts is motivated by our use of what are known as
Gelfand-Tsetlin patterns. These patterns, which are defined in Sect. 11.3
have a principal role not only in the enumeration of the inequivalent
irreducible representations of the unitary group U(n), but also in the
enumeration of a class of polynomials, called Dλ−polynomials, treated
extensively in Chapters 5 and forward. Since Weyl introduced partitions
with 0 parts, we refer to the corresponding semistandard Young tableaux
as semistandard Young-Weyl (SSYW) tableaux (see Sect. 11.3.2).

The utility of the enumeration of polynomials by the use of parti-
tions with zero parts can be illustrated quite directly. In applications of
partitions, one often encounters functions of the partitions themselves,
or their occurrence in an ancillary role of indexing other mathematical
objects. Let us illustrate this. The function of partitions of three parts
given by

Dim(λ1, λ2, λ3) = (λ1 − λ2 + 1)(λ1 − λ3 + 2)(λ2 − λ3 + 1)/2. (11.22)

is the Weyl formula for the number of semistandard Young-Weyl tableaux
of shape (λ1, λ2, λ3). This function may be viewed as being defined over
all real values of (λ1, λ2, λ3), and in particular over all nonnegative inte-
gral sequences (λ1, λ2, λ2) that satisfy λ1 ≥ λ2 ≥ λ3 ≥ 0. Thus, the
dimensions of the inequivalent unitary matrix representations of the
unitary group U(3), and, equivalently, of the number of semistandard
Young-Weyl tableaux of shape (λ1, 0, 0), (λ1, λ2, 0), and (λ1, λ2, λ2) is
synthesized into a single formula. Another example shows how functions
of several variables are also unified into a single formula:

F(λ1)(x1) = xλ1
1 ,

F(λ1,λ2)(x1, y1, x2, y2) = xλ1−λ2
1

∣∣∣∣ x1 x2
y1 y2

∣∣∣∣λ2

, (11.23)

F(λ1,λ2,λ3)(x1, y1, z1, x2, y2, z2, x3, y3, z3)

= xλ1−λ2
1

∣∣∣∣ x1 x2
y1 y2

∣∣∣∣λ2−λ3

∣∣∣∣∣∣
x1 x2 x3
y1 y2 y3
z1 z2 z3

∣∣∣∣∣∣
λ3

.

Not only are the first two formulas special cases of the last one, but
there is a reciprocity between values of the variables and values of the
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partitions: If we set x3 = y3 = z1 = z2 = z3 = 0 in the third function, we
obtain 0, unless λ3 = 0, in which case we obtain the second function; and
if we next set y1 = x2 = y2 = 0, we obtain 0, unless λ2 = 0, in which case
we obtain the first function. Such hierarchical relations and reciprocities
are essential for the explicit construction of irreducible representations
of the unitary groups. Such structures are captured most economically
by using partitions with zero parts.

The development of the properties of partitions is a fairly sophisti-
cated subject with a long history (see Andrews [1]). The cardinality of
various classes of partitions is often available from generating functions.
The simplest case is ∏

j≥1
(1− tj)−1 =

∑
k≥0
|Par(k)|tk. (11.24)

If constraints are imposed on the parts of a partition, the situation
can become quite intricate. A renewed interest in generating functions
based on interpretations and extensions of MacMahon’s Partition Anal-
ysis (MacMahon [129]) has been carried out by Andrews et al. [4] (many
reference to the published literature are found here).

An example of this, going back to Gauss and amenable to the new
methods, is given by the subset of Par(k) defined as follows: Let k be
an arbitrary positive integer, and let m and l be any integers in the set
{1, 2, . . . , k}. For each triplet of such integers, define the set of partitions
Par(k; l,m) ⊂ Par(k) by

Par(k; l,m) = (11.25)
{λ ∈ Par(k) | λ � k has at most l parts with each part ≤ m}.

The generating function for |Par(k; l,m)| is the Gaussian polynomial
G(l,m; t) = G(m, l; t), which is a polynomial of degree lm in the inde-
terminate t :

G(l,m; t) =
[
l + m

m

]
t

=
(1− tl+m)(1− tl+m−1) · · · (1− tm+1)

(1− tl)(1− tl−1) · · · (1− t)

=
lm∑
k=0

|Par(k; l,m)|tk, (11.26)

where G(l,m; 0) = 1. It is nontrivial to effect the division of the numera-
tor factors by the denominator factors in (11.26) and to multiply together



512 CHAPTER 11. COMPENDIUM B: COMBINATORIAL OBJECTS

the resulting polynomial factors to obtain the coefficients |Par(k; l,m)|
on the right-hand side. We refer to Andrews [1], Chapter 3, for proper-
ties of Gaussian polynomials and additional properties of the numbers
|Par(k; l,m)|.

11.1.1 Restricted compositions

It is quite interesting that the counting of the partitions in the set
P (k; l,m) given by the generating function (11.26) can be generalized
to that of the counting of compositions (see (1.244), Chapter 1) with
restricted parts, where the set of restricted compositions is defined by

Ck,n(h) = {α = (α1, α2, . . . , αn) |α � k; 0 ≤ αi ≤ hi, i = 1, . . . , n} ,
(11.27)

where h = (h1, h2, . . . , hn) is an arbitrary sequence of nonnegative in-
tegers. The cardinality of this set, ck,n(h) = |Ck,n(h) |, can be given
in terms of the Clebsch-Gordan (GG) numbers Nj(j1, j2, . . . , jn), j =
jmin, jmin+1, . . . , jmax, defined and discussed in Sect. 2.1.1 and Sect. 2.1.3,
Chapter 2. They are obtained as follows: Define recursively the multisets
〈j1, j2, j3〉, 〈j1, j2, j3, j4〉, . . . by

〈j1, j2, . . . , ji+1〉 = {〈j12···i, ji+1〉 | j12···i ∈ 〈j1, j2, . . . , ji〉}, (11.28)

where i = 2, 3, . . . , and

〈j1, j2〉 = {|j1 − j2|, |j1 − j2|+ 1, . . . , j1 + j2}. (11.29)

is the set with elements given by the well-known CG series. Then, the CG
number Nj(j1, j2, . . . , jn) is the number of times j occurs in the multiset
〈j1, j2, . . . , jn〉; they are fully determined from the multisets generated
by (11.28)-(11.29) for all n ≥ 2. Relations (2.36)-(2.39) give

ck,n(h) =
jmax∑

j=jmax−k
Nj(j1, j2, . . . , jn), (11.30)

where ji = hi/2, i = 1, 2, . . . , n. Remarkably, for all hi = s, we have:

|Par(k;n, s)| = ck,n(s, s, . . . , s) =
jmax∑

j=max−k
Nj(s/2, s/2, . . . , s/2),

(11.31)
where jmax = 1

2ns. All coefficients in the expansion (11.26) of the Gaus-
sian polynomial G(n, s; t) are expressed in terms of CG numbers by using
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the symmetry relation

|Par(k;n, s)| = |Par(ns− k;n, s)|. (11.32)

While the above relations follow a different presentation, we first learned
of the relation between CG numbers for equal angular momenta and
Gaussian polynomials from the preprint by Sunko and Svrtan [168].

11.1.2 Linear ordering of sequences and partitions

For the applications considered in this monograph, we require a linear
ordering on the set of all compositions of length N, which is the set of all
sequences of nonnegative integers of the same length. Thus, we define
the set AN of compositions for each N = 1, 2, . . . by

AN = {α = (α1, α2, . . . , αN ) | each αi ∈ N}. (11.33)

We require a linear ordering of all sequences in this set. Notice that
sequences in this set may have 0 as a part. This ordering is defined
as follows: Let α, β ∈ AN . Form the difference sequence (α1 − β1, α2 −
β2, . . . , αN − βN ). If the first nonzero difference is positive, write α > β;
if negative, write α < β; if all zeros, write α = β. This ordering is called
lexicographic (page) ordering, which we denote by LN . The first page
is 0N , where to obtain a page number the parenthesis pair and comma
separators are removed from the sequence notation.

We use this same lexicographic order Ln on the set Parn of partitions
with 0 as a part. For example, the partitions in the set P7(6) are ordered
as follows:

(6, 0, 0, 0, 0, 0, 0) > (5, 1, 0, 0, 0, 0, 0) > (4, 2, 0, 0, 0, 0, 0)
> (4, 1, 1, 0, 0, 0, 0) > (3, 3, 0, 0, 0, 0, 0) > (3, 2, 1, 0, 0, 0, 0)
> (3, 1, 1, 1, 0, 0, 0) > (2, 2, 2, 0, 0, 0, 0) > (2, 2, 1, 1, 0, 0, 0)
> (2, 1, 1, 1, 1, 0, 0) > (1, 1, 1, 1, 1, 1, 0). (11.34)

If all 0′s are deleted from the partitions in this set Par7(6), the mapping
Par7(6) �→ Par(6) is obtained and the partitions in the set Par(6) can be
considered as inheriting the order rule. In general, an ordering rule for
the partitions in Par(k) is obtained by adjoining zeros to the right end of
a given partition as necessary to obtain the set of partitions Parn(k), for
any n ≥ k, and then applying the lexicographic order rule to the latter
set, which is then carried back to Par(k).

In the theory of partitions (with no zero parts), one encounters the
notation λ ⊇ µ. This notation refers to any pair of partitions λ, µ ∈ Par
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such that
λi ≥ µi, all i = 1, 2, . . . . (11.35)

By design, this notation and condition express the property that the
Young frame corresponding to the partition µ is contained within (or
coincides with) the Young frame corresponding to the partition λ (see
Sect. 11.2 below). The relation λ ⊇ µ is a partial order relation on the
set of all partitions. This relation is only a partial order because, for
example, sequences such as λ = (5, 4, 2) and µ = (4, 2, 1, 1), where the
length of µ exceeds that of λ, are not comparable. The relation λ ⊇ µ
can be applied to all sequences in the set Parn of partitions having the
same number of parts. For this set of partitions, the relation λ ⊇ µ is
a total order relation; that is, either λ ⊃ µ, µ ⊃ λ, or λ = µ; moreover,
it agrees with the lexicographic order given above. We use the partial
order symbol λ ⊇ µ only in the context that the shape µ is contained in
the shape λ in the sense of Young frames.

Another important partial order on the set of partitions is known as
dominance order. It is defined only for partitions in Par(k), or, equiva-
lently, for partitions in Parn(k). For each pair λ, µ ∈ Parn(k), one writes
λ ≥ µ, for all partitions that satisfy the relations

λ1 ≥ µ1, λ1 + λ2 ≥ µ1 + µ2,

. . . , λ1 + · · ·+ λn ≥ µ1 + · · · + µn. (11.36)

This is a linear order for k ≤ 5, but is only a partial order for k > 5.
For example, the partitions (3, 1, 1, 1), (2, 2, 2) ∈ Par(6), or, equivalently,
(3, 1, 1, 1, 0n−4), (2, 2, 2, 0n−3) ∈ Parn(6), n ≥ 4, are not comparable.

Our use of order relations is for the purpose of placing objects labeled
by partitions and compositions into matrices, for which we require a total
order relation: lexicographic order is quite adequate.

11.2 Young Frames and Young-Weyl Tableaux

A partition λ ∈ Parn is sometimes called a shape. This terminology
originates from the figure depicting a set of planar boxes arranged in n
rows that are left-justified with λi boxes being placed in row i, 1 ≤ i ≤ n,
with row 1 at the top:

. . .

. . .

. . .

λn

λ2

λ1

...
... (11.37)
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Altogether there are λ1 + λ2 + · · · + λn = |λ| boxes in the shape λ. If
λ = (λ1, λ2, . . . , λl, 0, . . . , 0) has l nonzero parts, there are, of course,
no boxes in rows l + 1, . . . , n. Nonetheless, we shall still say that the
shape is λ, and ignore the 0 parts in the depiction of its true shape,
but, for general description, still use the generic Young frame as shown
in (11.37). We use the terms partition and shape interchangeably for λ
when referring to Young frames.

The shape obtained from λ = (λ1, λ2, . . . , λn) by interchanging rows
and columns gives the conjugate shape λc or conjugate partition

λc = (nλn , (n − 1)λn−1−λn , . . . , 2λ2−λ3 , 1λ1−λ2), (11.38)

where the notation im denotes that integer i is to be repeated m times
with m = 0 meaning no occurrence. One use of the conjugate partition
is that it allows us to see that the number of boxes occurring in column
j of the shape λ is given by λcj , each j = 1, 2 . . . , λ1. Square shapes are
self-conjugate: λcj = λj , j = 1, 2, . . . , n.

A Young-Weyl tableau is a shape λ ∈ Parn in which the integers
1, 2, . . . , n have been distributed among the |λ| boxes, one integer in
each box. The “filled-in” shape is called a semistandard tableau if the
sequence of integers appearing in each row is a weakly increasing (non-
decreasing) sequence as read from left-to-right, and if the sequence of
integers appearing in each column is strictly increasing as read from
top-to-bottom. Because Weyl admitted zero parts in the definition of
a partition and filled in the boxes with repeated integers selected from
{1, 2, . . . , n}, we refer to such a filled-in Young frame as a semistandard
Young-Weyl (SSYW) tableau.

An important quantity associated with a tableau is it weight: The
weight of a given SSYW tableau of shape λ is the sequence of nonnega-
tive integers α = (α1, α2, . . . , αn), where αi equals the number of times
integer i appears in the tableau. Since the assigned integers fill in all
the boxes, we necessarily have that α1 + α2 + . . . + αn = |λ|, a relation
denoted by α � |λ|. A standard tableau is a special semistandard tableau
in which each integer 1, 2, . . . , n appears exactly once, hence, has weight
(1, 1, . . . , 1) and |λ| = n. For example, the set T(3,0,0) contains one stan-
dard tableau, T(2,1,0) contains two, and T(1,1,1) contains one:

; , ;
2
1 31 2 3

3
1 2

3
2
1 (11.39)

Of course, the sets T(3,0,0) and T(2,1,0) contain semistandard tableaux as
well. For λ = (1, 0n−1)), there is only one box, which may be filled in
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with any of the integers 1, 2, . . . , n, corresponding to weights

α = (1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1). (11.40)

We next give an incomplete list of some of the terminology and prop-
erties arising in describing SSYW tableaux of shape λ ∈ Parn, repeating
in the list the definition of weight or content, as a weight is also called.

1. The weight or content of a given SSYW tableau of shape λ is the
sequence of nonnegative integers α = (α1, α2, . . . , αn), where αi
equals the number of times integer i appears in the tableau. Since
the assigned integers fill in all the boxes, we necessarily have that
α1 + α2 + · · · + αn = |λ|, a relation we also denote by α � |λ|.
This definition of weights may be summarized as follows: The set
of weights Wλ of the set Tλ of SSYW tableau of shape λ ∈ Parn is
given by

Wλ =
{

(α1, α2, . . . , αn)
∣∣∣∣ α is the weight of a

SSYW tableau of shape λ

}
. (11.41)

The implementation of this result to obtain explicit sets of weights
Wλ, λ ∈ Parn, is a intricate process in this initial form; it requires
further development. For such purposes, it is useful to define the
subset of Tλ having a prescribed weight α ∈Wλ by Tλ(α).

2. Let the partition λ ∈ Parn, and let α be a weight of a SSYW tableau
of shape λ. In general, there are several distinct SSYW tableaux
of shape λ having the same weight α. The number of such SSYW
tableaux is denoted K(λ, α) and is called a Kostka number:

K(λ, α) = |Tλ(α)|. (11.42)

An example of this relation is given by the partition (2, 1, 0) of
3 into 3 parts, for which there are two standard tableaux having
weight (1, 1, 1), as given above in (11.39).

3. The action of a permutation

π =
(

1 2 · · · n
π1 π2 · · · πn

)
∈ Sn (11.43)

on a weight α = (α1, α2, . . . , αn) is defined by

π : α �→ (απ1 , απ2 , . . . , απn) = π(α). (11.44)

A principal property of weights is that if α is the weight of a SSYW
tableau of shape λ, then every permutation of α is also a weight
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of a SSYW tableau of shape λ, and π(α) is of the same multiplic-
ity as that of α, that is, the Kostka numbers are invariant under
permutations:

K(λ, π(α)) = K(λ, α), each π ∈ Sn, each weight α. (11.45)

4. The cardinality of the set Tλ is given by the formula

|Tλ| = Dimλ =

∏
1≤i<j≤n

(pi − pj)

1!2! · · · (n− 1)!
, pi = λi + n− i. (11.46)

This is the so-called Weyl dimension formula. This important for-
mula is proved algebraically in Sect. 11.8, where basic properties of
Vandermonde’s determinant are given. The notation Dimλ arises
in the context of group representation theory, where this function
of a partition occurs as the dimensionality of a vector space.

5. The Kostka numbers and the Weyl dimension are related by

Dimλ =
∑
α∈Wλ

K(λ, α). (11.47)

A formula for the Kostka numbers is unknown, except for n = 2, 3
(see relations (11.140) and (11.144) below).

The Weyl formula for the cardinality of the set Tλ of SSYW tableaux
of shape λ ∈ Parn can also be expressed in terms of the hooks associated
with the shape λ. A hook is a special shape of the form h = (l, 1m−l),m ≥
l ≥ 1, having l boxes in the first row and 1 box in each of m− l rows:

· · ·

1

1
l

...
...

(11.48)

The length of a hook equals the number of boxes it contains and is given
by |h| = m. An arbitrary partition of shape λ contains a hook associated
to each of its boxes, defined as follows: Let (i, j) denote the box in row
i and column j of a Young frame of shape λ, hence, i = 1, 2, . . . , λi; j =
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1, 2, . . . , λci . The hook h(i, j) associated with box (i, j) is the partition

h(i, j) = (λi − j + 1, 1λ
c
j−i) of length

|h(i, j)| = λi − j + 1 + λcj − i. (11.49)

The Weyl dimension formula expressed in terms of hook lengths is

Dimλ =

∏
1≤i<j≤n

(λi − λj + j − i)

1!2! · · · (n− 1)!
=
∏
i,j

(n + j − i)
|h(i, j)| , (11.50)

where the product is over all |λ| boxes (i, j) contained in the shape λ.

Two other useful functions defined on the set of partitions Parn that
can be written in terms of the set of hooks of λ ∈ Parn are given by

M(λ) =

n∏
i=1

(λi + n− 1)!

n∏
i≤j=1

(λi − λj + j − i)

=
∏
i,j

|h(i, j)|, (11.51)

K(λ, α)|α=(1n) = dimλ =
n!∏

i,j

|h(i, j)|
, λ � n. (11.52)

The first of these is the normalization factor for Dλ−polynomials intro-
duced in Chapter 5; the second is the Kostka number for the multiplicity
of the weight α = (1n) in the set of standard Young tableaux, hence,
dimλ is the number of standard Young tableaux of shape λ � n. (No
such formula for the general Kostka number is known.) The function
dimλ is also the order of the irreducible matrix representations of the
symmetric group Sn, all such matrix representations being enumerated
by partitions λ ∈ Parn(n). The notation dim is chosen in parallel to that
for the Weyl dimension formula.

An important concept for the polynomials and group representations
considered in this monograph is the Cartesian product Tλ×Tλ of two sets
of SSYW tableaux of the same shape λ, which is called a double SSYW
tableau of shape λ. Let Tλ(α) ∈ Tλ(α). The elements of Tλ(α) × Tλ(α′)
are the ordered pairs (Tλ(α), Tλ(α′)) of SSYW tableaux. The ordered
pair of weights (α,α′) specifies the weight of the first and second SSYW
tableau; it is called a weight of the double SSYW tableau. We now also
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have the following set:

Tλ(α,α′) =
{

subset of all double SSYW tableau
of shape λ having a given weight (α,α′)

}
. (11.53)

The cardinality of this set is given by the product of Kostka numbers
Kλ(α,α′) = K(λ, α)K(λ, α′); that is,

|Tλ(α,α′)| = Kλ(α,α′). (11.54)

There exists a remarkable formula relating these numbers to the cardi-
nality of another set of combinatorial objects.

The second set of combinatorial objects is a matrix array of nonnega-
tive integers, where the row and column sums are specified nonnegative
integers. To be precise, we first introduce a matrix array of nonnegative
integers (aij)1≤i≤n,1≤j≤m having n rows and m columns:

A =


a11 a12 · · · a1m
a21 a22 · · · a2m
...

... · · ·
...

an1 an2 · · · anm

 . (11.55)

Next, we introduce a composition α = (α1, α2, . . . , αn) of a nonneg-
ative integer k into n nonnegative parts; that is, |α| =

∑n
i=1 αi =

k, each αi ∈ N. We introduce, similarly, a second composition α′ =
(α′
1, α

′
2, . . . , α

′
m), |α′| = k of k into m nonnegative parts. We now im-

pose the constraints that row i of A should sum to αi, i = 1, 2, . . . , n,
and column j of A should sum to α′

j, j = 1, 2, . . . ,m. In this context, α
is called the row-sum sequence of A, and α′ the column-sum sequence of
A. We thus arrive at the notion of the set Mk

n×m(α,α′) of n×m matrix
arrays with fixed row-sum sequence α and fixed column-sum sequence
α′, which, in turn, are compositions of k into n and m nonnegative parts:

Mk
n×m(α,α′) =

A = (aij)

∣∣∣∣∣
A is n×m; aij ∈ N,
A has row-sum sequence α,

A has column-sum sequence α′

 .

(11.56)

The Kostka numbers (11.54) and the number of matrix arrays (11.56)
are related by ∑

λ� k
Kλ(α,α′) = |Mk

n×n(α,α′)|. (11.57)

This relation is known as the Robinson-Schensted-Knuth (RSK) identity.
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Knuth’s [91] combinatorial technique for proving this relation has many
other applications, as discussed by Stanley [163]. For us, this relation is
an important combinatorial verification of the equality of two different
bases of a vector space, as discussed in Sect. 5.1, Chapter 5.

11.2.1 Skew tableaux

Let λ, µ ∈ Parn be partitions, hence, both λ and µ have corresponding
diagrams depicting Young frames. Suppose now that λ ⊇ µ, so that
λi ≥ µi, i = 1, 2, . . . , n, and the shape µ “fits inside” the shape λ, as
discussed in Sect. 11.1.2. The skew frame λ − µ refers to the shape of
the “staggered” set of boxes that remains after deleting all the boxes of
shape µ from the shape λ :

µ1 boxes λ1 − µ1 boxes
µ2 boxes λ2 − µ2 boxes

µn boxes λn − µn boxes

... (11.58)

Both λ and µ can have 0 parts, but, of course, 0 parts are ignored in the
mapping to Young frames.

Example. We have for λ = (6, 5, 3, 0) and µ = (2, 2, 0, 0) that λ− µ =
(4, 3, 3, 0) so that the shape is given by

(11.59)

The presence of the 0 parts and the common length 4 carries the in-
formation that this skew tableau is to be filled in with integers selected
from {1, 2, 3, 4}, as we next describe for the general case. �

Let λ, µ ∈ Parn with λ ⊇ µ. A semistandard skew tableau is a skew
shape λ − µ filled in with the integers 1, 2, . . . , n such that each row is
a sequence of weakly increasing integers and each column is a sequence
of strictly increasing integers. Such a filled-in shape is denoted by Tλ/µ.
The set of all such semistandard skew tableaux is denoted by Tλ/µ.

The weight α of a skew tableaux Tλ/µ is defined in the same way as
for SSYW tableau: α = (α1, α2, . . . , αn), where αi is the number of times
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i appears, hence, |α| =
∑n

i=1 αi = |λ| − |µ|. The subset of Tλ/µ having
the same weight α is denoted by Tλ/µ(α), and its cardinality is the skew
Kostka number, denoted K(λ/µ, α). For µ = p∅, the empty shape or
the shape with no boxes, skew shapes become ordinary shapes. Many
concepts for ordinary tableaux transfer directly to skew tableaux.

We note, however, that, while the removal from a semistandard tableau
Tλ of all boxes of integers in shape µ always gives a semistandard skew
tableau Tλ/µ, the converse is not true. For example, for λ = (6, 5, 3, 0)
and µ = (3, 2, 0, 0), the following picture shows a semistandard skew
tableau:

2 3 3
2 2 3

1 2 3

T(6,5,3,0)/(3,2,0,0) = (11.60)

This skew tableau cannot be obtained by striking some semistandard
tableau T(3,2,0,0) from any semistandard tableau in T(6,5,3,0). This exam-
ple brings us to the notion of a horizontal strip.

Horizontal strips

An important special skew shape is known as a horizontal strip. Let
λ, µ ∈ Parn. A skew shape λ − µ each of whose λ1 columns contains no
boxes or one box is called a horizontal strip of order n. This situation
may be illustrated by the following two pictures in terms of the Young
frames λ and µ. First, we have µ ⊆ λ, as show by

µ1 λ1 − µ1

µ2 λ2 − µ2

µ3 λ3 − µ3

µn−1 λn−1 − µn−1

µn λn − µn

... (11.61)

Second, after the removal of the shape µ, we are left with the shape λ−µ
in which there is no overlapping between any of the staggered rows
of boxes, as depicted by the following diagram of the horizontal strip,
which is denoted Shλ/µ :
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Shλ/µ =
λ1 − µ1

λ2 − µ2

λ3 − µ3

λn−1 − µn−1

λn − µn

...
... (11.62)

In these two diagrams (11.61) and (11.62), the partitions λ, µ ∈ Parn
satisfy the relation

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥ λn−1 ≥ µn−1 ≥ λn ≥ µn ≥ 0. (11.63)

This relation is equivalent to the two conditions

λ ⊇ µ and µ ⊇ (λ2, . . . , λn, 0). (11.64)

The additional condition µ ⊇ (λ2, . . . , λn, 0) assures that there are no
columns containing two boxes. However, some columns can be empty
(contain no boxes). The vertical lines at the left edge of λ1−µ1 and the
right edge of λ2−µ2 align only when µ1 = λ2; the vertical lines between
the left edge of λ2 − µ2 and the right edge of λ3 − µ3 align only when
µ2 = λ3; . . . ; the vertical lines between the left edge of λn−1− µn−1 and
the right edge of λn − µn align only when µn−1 = λn.

It is sometimes convenient when working with skew SSYW tableaux
to keep the full picture (11.61) showing the parts of the partition µ ∈
Parn and to leave all these boxes blank, but to fill-in the remaining boxes
with the integers 1, 2, . . . , n by the prescribed rule of nondecreasing rows
and strictly increasing columns. This keeps visible at each step exactly
the effect of removing boxes, a practice we follow below.

The main result for horizontal strips is known an Pieri’s rule (see
Stanley [163, Vol. 2, p. 339]). It may be stated as follows: Let Tλ/µ
be a skew SSYW tableau with λ, µ ∈ Parn that is filled in with in-
tegers selected from 1, 2, . . . , n. Define mn−1 ∈ Parn to be the shape
of the full SSYW tableau that remains when all boxes containing n′s
are deleted; mn−2 ∈ Parn the full shape that remains when all boxes
containing (n − 1)′s are deleted;. . . ; m1 ∈ Parn the full shape that re-
mains when all boxes containing 2′s are deleted; and m0 ∈ Parn the
full shape that remains when all boxes containing 1′s are deleted, where
mj = (m1,j,m2,j , . . . ,mn,j), j = n, n − 1, . . . , 0, in which λ = mn and
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µ = m0. Then, Pieri’s rule is

Tλ/µ =
n∑
j=1

�Tmj/mj−1
(j), (11.65)

where Tmj/mj−1
(j) denotes the semistandard horizontal strip in which all

boxes are filled in with j, and the symbol � designates that the filled-in
horizontal strips are simply to be superposed, one over the other.

Proof: The proof of this result is a straightforward application of the
manner in which the integers n, n−1, . . . , 1 are distributed into a SSYW
tableau. The proof is also clear from the following example.

Example. Relation (11.65) has the following form for the skew SSYW
tableau (11.60):

T(6,5,3,0)/(3,2,0,0) = T(6,5,3,0)/(5,4,1,0)(3) � T(5,4,1,0)/(4,2,0,0)(2)

� T(4,2,0,0)/(3,2,0,0)(1). (11.66)

2 3 3
2 2 3

1 2 3
=

3 3
3

3
�

2
2 2

2

1� �
(11.67)

We return to further consequences of (11.65) in Sect. 11.3.3 below.

11.3 Gelfand-Tsetlin Patterns

11.3.1 Combinatorial origin of Gelfand-Tsetlin patterns

Gelfand-Tsetlin patterns containing n rows were introduced (see Gelfand
and Tsetlin [62]) for the purpose of enumerating the integer irreducible
representations of the general linear group, and, in particular, the unitary
irreducible representations of U(n). This result can also be understood
from Pieri’s rule, which applies to SSYW tableaux as well as to SSYW
skew tableaux. It is only necessary to choose the partition µ = (0n), in
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which case Tλ/(0n) = Tλ. We then also have

mj = (m1,j ,m2,j, . . . ,mj,j, 0n−j), j = 1, 2, . . . , n,

(m1,j,m2,j , . . . ,mj,j) ∈ Parj , (11.68)

λ = mn = (λ1, λ2, . . . , λn) ∈ Parn.

Since the zeros past the j−th place in mj have no role, they are dropped.
Pieri’s rule becomes:

Tλ =
n∑
j=1

�Tmj/mj−1
(j),

(11.69)
mj = (m1,j ,m2,j, . . . ,mj,j) ∈ Parj; m1/m0 = m1 = m1,1.

Pieri’s rule in this form is the combinatorial basis for the origin of GT
patterns, which were originally based on the Weyl group reduction law
as explained in Sect. 11.3.2 below.

The relation to GT patterns comes about in the following way. We
introduce a two-rowed pattern as follows:(

mj

mj−1

)
=
(
m1,j m2,j · · · mj−1,j mj,j

m1,j−1 m2,j−1 · · · mj−1,j−1

)
, (11.70)

where the partitions in this relation are to satisfy

mj = (m1,j ,m2,j, . . . ,mj,j) ∈ Parj,

mj−1 = (m1,j−1,m2,j−1, . . . ,mj−1,j−1) ∈ Parj−1, (11.71)

m1,j ≥ m1,j−1 ≥ m2,j ≥ m2,j−1 ≥ · · · ≥ mj−1,j ≥ mj−1,j−1
≥ mj,j ≥ 0, each j = 1, 2, . . . , n.

These patterns are called two-rowed GT patterns. The inequalities in
(11.71) are called betweenness conditions, which may also be written in
the closed interval form:

mi,j−1 ∈ [mi+1,j ,mi,j], i = 1, 2, . . . , j − 1. (11.72)

The placement of the parts of mj−1 between the part of mj in (11.70)
is intended to indicate geometrically the betweenness conditions, which
we also write as mj > mj−1.

We next stack the collection of n− 1 two-rowed GT patterns (11.70)
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corresponding to j = 1, , 2, . . . , n, but do not repeat the common rows,
to obtain the n−rowed triangular pattern as follows:

(
λ

m

)
=



λ1 λ2 · · · λj · · · λn−1 λn
m1,n−1 m2,n−1 · · · mj,n−1 · · · mn−1,n−1

...
m1,j m2,j · · · mj,j

...
m1,2 m2,2

m1,1


.

(11.73)
The rows of this pattern are to satisfy the betweenness conditions

λ = mn > mn−1 > · · · > m2 > m1. (11.74)

Each pattern of the form (11.73) satisfying the conditions (11.74)
is called a Gelfand-Tsetlin pattern; it is written in the notation of the
original paper by Gelfand and Tsetlin [62]. We use the convention of
writing row n (the top row) in the Greek notation for a partition:

λ = (λ1, λ2, . . . , λn) = (m1,n,m2,n, . . . ,mn,n) ∈ Parn. (11.75)

The single letter m on the left-hand side of (11.73) subsumes the entire
(n − 1)−rowed GT pattern on the right-hand side. Such an abbrevi-
ated notation is required to present the many relations involving these
symbols in manageable form.

The weight αj of the two-rowed GT pattern (11.70) is defined by

αj = |mj | − |mj−1| =
j∑
i=1

mi,j −
j−1∑
i=1

mi,j−1, (11.76)

each j = 1, 2, . . . , n;α1 = m1,1.

Thus, αj is the number of times that j appears in the SSYW tableau
Tλ of shape λ. To each horizontal strip Tmj/mj−1

(j), whose boxes are
all filled in with j, there corresponds a unique two-rowed GT pattern
(11.70) of weight αj , and the n−rowed triangular GT pattern is the
unique pattern corresponding to the presentation of a SSYW tableau in
terms of its semistandard horizontal strips (11.73). The weight of the
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full GT pattern is given by

α = (α1, α2, . . . , αn), (11.77)

where the significance of αj is the number of times j appears in the
SSYW tableau. We conclude that the set Tλ of SSYW tableau of shape
λ is bijective with the set of all GT patterns of shape λ defined by

Gλ =
{(

λ

m

) ∣∣∣∣m is a lexical pattern
}
. (11.78)

We also refer to GT patterns corresponding to the partition λ ∈ Parn as
having (triangular) shape λ. As noted above, m itself in (11.73) denotes
an (n − 1)−rowed GT pattern. The statement “m is a lexical pattern”
means that the betweenness conditions are all fulfilled. The statement
“m is a nonlexical pattern” means these conditions are violated. Thus,
from the concept of a horizontal strip and Pieri’s rule, we have arrived
at the weight preserving bijection

Tλ ↔ Gλ. (11.79)

It is then the case that the cardinality of these sets are both equal to the
Weyl dimension:

|Tλ| = |Gλ| = Dimλ. (11.80)

We have used the most elemental combinatorial concept, the horizon-
tal strip, to establish the bijection between the set of SSYW tableaux and
the set of GT patterns of shape λ. It is also useful to give two alternative
ways of making this correspondence.

Given a SSYW tableau Tλ ∈ Tλ, the corresponding GT pattern Gλ ∈
Gλ is read off by the sequential removal of boxes containing n, . . . , 2 as
follows: First, the partition λ ∈ Parn is read off the shape of the tableau;
then the partition mn−1 ∈ Parn−1 is read off the shape that remains after
all boxes containing n are removed;. . . ; the partition m2 ∈ Par2 is read
off the shape that remains after all boxes containing 3 are removed; and
the partition m1 ∈ Par1 is read off the shape that remains after all boxes
containing 2 are removed.

Given a GT pattern Gλ ∈ Gλ, the corresponding SSYW tableau
Tλ ∈ Tλ is read off in the following way: The entries in row j of the
SSYW tableau are read off the j−th down-diagonal

mj,n

mj,n−1
�

mj,j

mj,n = λj (11.81)
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of the GT pattern (11.73) by the following rule:

mj,j j
′s mj,j+1 −mj,j (j + 1)′s · · · mj,n −mj,n−1 n′s

(11.82)

This rule applies to each j = 1, 2, . . . , n, where mn,n−1 = 0.

Some caution must be exercised in implementing these rules, since it
follows from the definition of the weight α = (α1, α2, . . . , αn), αj = num-
ber of times j appears, of Tλ that some integers from among 1, 2, . . . , n
may not appear. Also, the requirement that mj ∈ Parj must be carefully
observed. The rules are made clear by several examples.

Examples. Four simple examples illustrate the rules for determining
the GT pattern corresponding to a SSYW tableau:

n = 3 : Member of the family G(3,0,0) :

3 3 3 ←→
(

3 0 0
0 0

0

)
(11.83)

n = 4 : Member of the family G(3,0,0,0) :

3 3 3 ←→

 3 0 0 0
3 0 0

0 0
0

 (11.84)

n = 4 : Member of the family G(6,5,3,0) :

4 4 4
3 3 3 4 4
1 1 1 3 3 4

←→

 6 5 3 0
5 3 0

3 0
3

 (11.85)
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n = 5 : Member of the family T(6,5,3,0,0) :

4 4 4
3 3 3 4 4
1 1 1 3 3 4

←→


6 5 3 0 0

6 5 3 0
5 3 0

3 0
3

 (11.86)

�

11.3.2 Group theoretical origin of Gelfand-Tsetlin
patterns

Gelfand and Tsetlin [62] introduced the triangular patterns (11.73) hav-
ing n rows and shape λ for the purpose of indexing an orthonormal basis
of an abstract Hilbert space Hλ on which the Lie algebra of the general
linear group GL(n,C) has an irreducible linear action. This notation
was based on a famous result proved by Weyl [177, p. 369]:

Branching law for cn.

On restricting cn to the sub-group of linear transformations of an (n-
1)-dimensional sub-space the irreducible representation (f1, f2, · · ·) of cn
reduces into the sum of all those representations (f ′1, f

′
2, · · ·) of cn−1 for

which
f1 ≥ f ′1 ≥ f2 ≥ f ′2 ≥ · · · ≥ f ′n−1 ≥ fn;

each of these constituents appears exactly once.

While not stated explictly in the above branching law for cn = GL(n,C),
it is the case that fn ≥ 0 (Weyl [177, p. 381]. This result then gives the
two-rowed symbol (11.70) for j = n with (f1, f2, · · · , fn) = λ = mn and
(f ′1, f ′2, · · · , f ′n−1) = mn−1. (See King [90] for a modern treatment of the
character formulas leading to the above branching law.)

Gelfand-Tsetlin patterns were introduced in the context of vector
spaces, Lie algebras, and groups, but these patterns are precisely those
originating from SSYW tableaux of shape λ, as discussed above in the
context of two-rowed patterns and Pieri’s rule.

11.3.3 Skew Gelfand-Tsetlin patterns

The entire analysis of Sect. 11.3.1 can now be repeated to obtain the
set of skew GT patterns based on the concept of horizontal strips. The
exposition of results follows, step-by-step, the earlier procedures, and we
simply highlight the results.
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The two-rowed skew GT pattern is defined as follows:[
mj

mj−1

]
=
[
m1,j m2,j · · · mj,j−1 mn,j

m1,j−1 m2,j−1 · · · mn−1,j−1 mn,j−1

]
, (11.87)

where the partitions in this relation satisfy

mj = (m1,j,m2,j , . . . ,mn,j) ∈ Parn,

mj−1 = (m1,j−1,m2,j−1, . . . ,mn,j−1) ∈ Parn, (11.88)

m1,j ≥ m1,j−1 ≥ m2,j ≥ m2,j−1 ≥ · · · ≥ mn,j ≥ mn,j−1 ≥ 0,

each j = 1, 2, . . . , n.

The weight of this pattern is defined by

αj =
n∑
i=1

mi,j −
n∑
i=1

mi,j−1. (11.89)

The set of two-rowed skew GT patterns for j = 1, · · · , n are in one-to-one
correspondence with the set of filled-in horizontal strips Tmj/mj−1

(j) in
relation (11.65).

The geometric placement of the parts of mj−1 in (11.87) fall between
those of mj, which also may be stated as the following closed interval
conditions hold:

mi,j−1 ∈ [mi+1,j ,mi,j], i = 1, 2, . . . , n − 1; mn,j−1 ∈ [0,mn,j ]. (11.90)

We denote these betweenness relations by mj @ mj−1.

The (n+ 1)− rowed skew GT pattern
[
λ/µ
m

]
of shape λ−µ is now

obtained as the stacked collection of n two-rowed (n + 1)−rowed skew
GT patterns (11.87):

[
λ/µ
m

]
=



λ1 λ2 · · · λn
m1,n−1 m2,n−1 · · · mn,n−1

...
m1,j m2,j · · · mn,j

...
m1,1 m2,1 · · · mn,1

µ1 µ2 · · · µn


, (11.91)
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in which the betweenness conditions hold between the rows; that is,

λ = mn @ mn−1 @ . . . @ m1 @ m0 = µ. (11.92)

Each pattern of this form, where the partitions that make up its rows sat-
isfy the betweenness conditions (11.92), is called a skew Gelfand-Tsetlin
pattern.We use the convention of writing row n (the top row) in the
Greek notation λ for a partition and row 0 in the Greek notation µ for
a partition:

λ = (λ1, λ2, . . . , λn) = (m1,n,m2,n, . . . ,mn,n) ∈ Parn,
(11.93)

µ = (µ1, µ2, . . . , µn) = (m1,0,m2,0, . . . ,mn,0) ∈ Parn.

The single letter m on the left-hand side of (11.91) subsumes the entire
(n− 1)−rowed skew GT pattern on the right-hand side.

We denote the set of all skew GT patterns Gλ/µ

Gλ/µ =
{[

λ/µ
m

] ∣∣∣∣m is a lexical pattern
}
. (11.94)

The statement “m is a lexical pattern” means that the betweenness con-
ditions (11.92) are all fulfilled. The statement “m is a nonlexical pattern”
means these conditions are violated.

We have a weight preserving bijection

Tλ/µ ↔ Gλ/µ (11.95)

between the set of skew SSYW tableaux of shape λ/µ and the set of
skew GT patterns of shape λ/µ, where the weight is given by

α = (α1, α2, . . . , αn), |α| = |λ| − |µ|,
(11.96)

αj = |mj| − |mj−1| =
n∑
i=1

mi,j −
n∑
i=1

mi,j−1.

The multiplicity of a given weight α is denoted by K(λ/µ, α); it is called
a skew Kostka number.

The above procedure establishes the bijection (11.95) between skew
SSYW tableau and skew GT patterns by using the elemental combina-
toric concept of a horizontal strip. Equivalent methods of establishing
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this bijection parallel those stated for SSYW tableau and GT patterns,
which we repeat.

Given a skew SSYW tableau Tλ/µ ∈ Tλ/µ, the corresponding skew
GT pattern Gλ/µ ∈ Gλ/µ is read off by the sequential removal of boxes
containing n, . . . , 2 as follows: First, the skew shape λ/µ with λ, µ ∈ Parn
is read off the shape of the skew SSYW tableau, which gives both λ = mn
and µ = m0; then the skew shape mn−1/µ is read off the skew shape
that remains after all boxes containing n have been removed, which gives
the partition mn−1 ∈ Parn; the skew shape mn−2/µ is read off the skew
shape that remains after all boxes containing n− 1 have been removed,
which gives the partition mn−2 ∈ Parn; . . . ; the skew shape m2/µ is read
off the skew shape that remains after all boxes containing 3 have been
removed, which gives the partition m2 ∈ Parn; and the skew shape m1/µ
is read off the skew shape that remains after all boxes containing 2 have
been removed, which gives the partition m1 ∈ Parn.

Given a skew GT pattern Gλ/µ ∈ Gλ/µ with λ, µ ∈ Parn, the corre-
sponding skew SSYW tableau Tλ/µ ∈ Tλ/µ is read off in the following
way: The entries in row j of the skew SSYW tableau are read off the
j−th down-diagonal

λj
mj,n−1

�

mj,1

µj

(11.97)

of the skew GT pattern (11.91) by the following rule:

mj,1 −mj,0 1′s mj,2 −mj,1 2′s · · · mj,n −mj,n−1 n′s ,

(11.98)

where λj = mj,n and µj = mj,0, with j = 1, 2, . . . , n.

The set Gλ of n−rowed triangular patterns is obtained from the re-
lation [

λ/(0n)
m

]
=
(

λ
m

)
, (11.99)

where we drop the inverted triangle of n rows of 0′s that occurs in the
skew array (11.91).
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Examples.

λ = (6, 5, 3, 0), µ = (3, 2, 1, 0) :

1 1 2
1 3 3

2 2

−−−−

−−
←→

6 5 3 0
6 5 3 0

6 3 3 0
5 3 1 0

3 2 1 0

(11.100)

λ = (6, 5, 3, 0), µ = (2, 2, 0, 0) :

−−−

3 4 4
3 3 4
1 2 3 4

←→

6 5 3 0
5 4 1 0

4 2 0 0
3 2 0 0

2 2 0 0
�

11.3.4 Notations

It is useful to give a summary of the many special symbols introduced:

NOTATIONS FOR GT PATTERNS

Gλ = all GT patterns of shape λ, with elements
(

λ
m

)
;

Gλ/µ = all skew GT patterns of shape λ/µ, with

elements
[
λ/µ
m

]
;

Gλ(α) = all GT patterns of shape λ and weight α

=
{(

λ

m

) ∣∣∣∣α = (α1, α2, . . . , αn) = W

(
λ

m

)}
;

Gλ/µ(α) = all skew GT patterns of shape λ/µ and weight α

=
{[

λ/µ
m

] ∣∣∣∣α = W

[
λ/µ
m

]
= (α1, α2, . . . , αn)

}
;

Wλ = all weights of GT patterns of shape λ;
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SWλ/µ = all weights of skew GT patterns of shape λ/µ;

|Gλ(α)| = K(λ, α) = Kostka number;
|Gλ/µ(α)| = K(λ/µ, α) = skew Kostka number.

NOTATIONS FOR SSYW TABLEAUX

Tλ = all SSYW tableaux of shape λ, with elements T

(
λ
m

)
;

Tλ/µ = all skew SSYW tableaux of shape λ/µ, with

elements T

[
λ/µ
m

]
;

Tλ(α) = all SSYW tableaux of shape λ and weight α

=
{
T

(
λ
m

) ∣∣∣∣α = (α1, α2, . . . , αn) = W

(
λ

m

)}
;

Wλ = all weights of SSYW tableaux of shape λ;
Wλ/µ = all weights of skew SSYW tableaux of shape λ/µ;

|Tλ(α)| = K(λ, α) = Kostka number;
|Tλ/µ(α)| = K(λ/µ, α) = skew Kostka number.

11.3.5 Triangular and skew Gelfand-Tsetlin patterns

It is a rather remarkable property that the set of skew GT patterns Gλ/µ

of shape λ/µ can be identified with a subset of the ordinary triangular
GT patterns in the set G(λ,0n), λ ∈ Parn. Thus, consider the triangular
GT pattern with 2n rows and partition (λ, 0n), λ ∈ Parn, as follows:



λ1 λ2 · · · λn 0 · · · 0
m1,n−1 m2,n−1 · · · mn,n−1 0 · · · 0

...
...

m1,2 m2,2 · · · mn,2 0 0
m1,1 m2,1 · · · mn,1 0

µ1 µ2 · · · µn

(l)


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=


[
λ/µ
m

]
(0)(

µ
l

)
 , (11.101)

where
(

µ
l

)
is an ordinary triangular GT pattern with n rows. In the

abbreviated notation on the right, the partition µ is included both as the

bottom row in the skew pattern
[
λ/µ
m

]
and as the top row in

(
µ
l

)
.

We can obtain a one-to-one correspondence between skew GT patterns[
λ/µ
m

]
and triangular patterns (11.101) in which we choose the entries

li,j in the triangular pattern
(

µ
l

)
to be maximal; that is, we choose

li,j = µi, j = i, i + 1, . . . , n− 1; each i = 1, 2, . . . , n − 1. Thus, we obtain
the one-to-one correspondence given by

[
λ/µ
m

]
←→


[
λ/µ
m

]
(0)(

µ
max

)
 . (11.102)

A consequence of this correspondence is the following relation between
skew Kostka numbers for the weights of skew GT patterns having n + 1
rows and the Kostka numbers for the weights of the special triangular
patterns (11.102) having 2n rows:

K(λ/µ, α) = K(Λ,W ). (11.103)

The partition Λ is that of the GT pattern on the left-hand side of
(11.101),

Λ = (λ, 0n), λ ∈ Parn, (11.104)

and the weight W is that of this GT patterns for l = (max), which we
write as

W = (µ, α) ∈WΛ, α = W

[
λ/µ
m

]
. (11.105)

These relations were pointed out in Ref. [120]. Relation (11.101) also
implies that the following formula between the number of skew SSYW
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tableaux and the number of GT patterns of shape Λ must hold:∑
allµ⊆λ

Dim(λ/µ)Dimµ = DimΛ , (11.106)

where we have defined

Dim(λ/µ) = |Tλ/µ| = |Gλ/µ| . (11.107)

11.3.6 Words and lattice permutations

Words of skew SSYW tableaux and skew GT patterns and the subset of
words called lattice permutations are very important for this monograph.
This is because the number of such lattice permutations is equal to the
Littlewood-Richardson numbers. The Littlewood-Richardson numbers
cλµ ν are among the most important quantities in combinatorics, and arise
in many different contexts (see Stanley [163]). In the context of the
subject of this book, they arise when one considers Kronecker products
Dµ(Z)⊗Dν(Z) of a certain class of matrices with polynomial elements;
the cλµ ν are the multiplicity numbers for counting the number of times
the matrix Dλ(Z) appears in the reduction of the Kronecker product.
This feature then carries over to the reduction of the Kronecker product
of two unitary irreducible representations of the general unitary group.
The properties of the Littlewood-Richardson numbers are essential to a
comprehensive theory of tensor operators in the unitary groups. Thus,
for symmetries of many physical systems going beyond SU(2), the study
of the properties of the Littlewood-Richardson numbers is basic. It is for
these reasons that we focus on this subject, in-depth.

Let γ = (γ1, γ2, · · · , γn) be a sequence of nonnegative integers with
|γ| = k (composition of k into n nonnegative parts).The weakly increas-
ing sequence defined by

(1, 2, · · · , n)γ = 1γ12γ2 · · ·nγn (11.108)

is called the standard form or type of any sequence

Ak = Ak(γ) = a1a2 · · · ak, k = γ1 + 2γ2 + · · · + nγn (11.109)

containing γ1 1′s, γ2 2′s, . . . , γn n′s. Such a sequence Ak is also called a
word in the alphabet of “letters” {1, 2, . . . , n} . We denote the set of all
such words of type γ by Ak(γ). In writing out words, it is the custom to
omit all separating commas in sequences such as (11.108).
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The word of a semistandard skew tableau

T

[
λ/µ
m

]
∈ Tλ/µ (11.110)

is the sequence defined by

L

[
λ/µ
m

]
= L

(1)
λ/µ L

(2)
λ/µ · · · L

(i)
λ/µ · · · L

(n)
λ/µ, (11.111)

where

L
(i)
λ/µ = nli,n · · · 2li,2 1li,1 , (11.112)

in which the nonnegative integer li,j = mi,j −mi,j−1 equals the number
of times integer j appears in row i of the semistandard skew tableau:

row i = mi,1 −mi,0 1′s mi,2 −mi,1 2′s · · · mi,n −mi,n−1 n′s .

(11.113)

Thus, the partial word L
(i)
λ/µ is just the sequence of integers that appears

in row i of the skew SSYW tableau T

[
λ/µ
m

]
, as read from right-to-left,

and the full word L

[
λ/µ
m

]
defined by (11.111) is the product of the n

partial words from rows i = 1, 2, . . . , n. The word L

[
λ/µ
m

]
is a sequence

of type (1, 2, . . . , n)α, where α ∈Wλ/µ is the weight of T
[
λ/µ
m

]
and

L

[
λ/µ
m

]
∈ A|λ|−|µ|(α). (11.114)

In this way, we be obtain a one-to-one correspondence between skew
SSYW tableaux and words:

T

[
λ/µ
m

]
←→ L

[
λ/µ
m

]
. (11.115)

The partial word L
(i)
λ/µ

given by (11.112) can also be read off from the
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corresponding skew GT pattern
[
λ/µ
m

]
by mapping the i−th down-

diagonal (i = 1, 2, . . . , n) of this pattern to this word, as follows:

mi,n
. . .

mi,1
mi,0

�→ L
(i)
λ/µ = nli,n · · · 2li,2 1li,1 , (11.116)

where the nonnegative integers li,j = mi,j−mi,j−1, j = 1, 2, . . . , n, are the
successive differences, from bottom-to-top, of the entries along the down-

diagonal. The product of all such words then gives the word L

[
λ/µ
m

]
of

the skew GT pattern. In this way, we obtain a one-to-one correspondence
between skew GT patterns and words:[

λ/µ
m

]
←→ L

[
λ/µ
m

]
. (11.117)

We define the set of all words associated with the set Tλ/µ of skew
SSYW tableaux, or, equivalently, with the set Gλ/µ of skew GT patterns
by

Lλ/µ =
{
L

[
λ/µ
m

] ∣∣∣∣m ∈ Gλ/µ

}
. (11.118)

We clearly have the following bijections of sets:

Lλ/µ ←→ Gλ/µ ←→ Tλ/µ. (11.119)

All the preceding results for skew SSYW tableaux, skew GT patterns,
and words apply also to ordinary SSYW tableaux and GT patterns by
choosing µ = (0n).

We have obtained three distinct sets of mathematical objects, mu-
tually bijective. Properties of one set can be transferred to the others.
Often, characterizing objects is more naturally effected from one per-
spective than in another. This appears to be so for the notion of a
lattice permutation, which falls naturally into a subset of words of type
(1, 2, . . . , n)α, as we next discuss.
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11.3.7 Lattice permutations and Littlewood-Richardson
numbers

A word
Ak(α) = a1a2 · · · aj · · · ak ∈ Ak(α) (11.120)

of type (1, 2, . . . , n)α is a lattice permutation if and only if Rule L as
follows is true:

Rule L : In each left factor Aj = a1a2 · · · aj, 1 ≤ j ≤ k,

of Ak, the number of i′s is greater than or equal to the
number of (i + 1)′s.

It follows from this rule that the sequence α is a partition, which we
henceforth denote by ν.

We observe that each partition α = ν ∈Wλ/µ satisfies λ ⊇ ν ∈ Parn.
Therefore, for λ, µ, ν ∈ Parn with µ, ν ⊆ λ, |λ| = |µ|+ |ν|, we can define
the subsets of words

Lλµ,ν ⊆ Lλ/µ(ν) ⊆ Lλ/µ (11.121)

as follows:

Lλ/µ(ν) =
{
L

[
λ/µ
m

] ∣∣∣∣ W [ λ/µ
m

]
= ν

}
,

(11.122)

Lλµ,ν =
{
L

[
λ/µ
m

]
∈ Lλ/µ(ν)

∣∣∣∣L [ λ/µ
m

]
is a lattice permutation

}
.

Similarly, we define the sets of skew GT patterns and skew SSYW
tableaux whose words are those in these sets:

Gλ/µ(ν) =
{

subset of Gλ/µ of weight ν
}
,

Gλ
µ,ν =

{
subset of Gλ/µ(ν) with words that

are lattice permutations} , (11.123)

Tλ/µ(ν) =
{

subset of Tλ/µ of weight ν
}
,

Tλµ,ν =
{

subset of Tλ/µ(ν) with words that
are lattice permutations} .

The significance of these sets for the Littlewood-Richardson numbers
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is the following result:

Let λ, µ, ν ∈ Parn. The Littlewood-Richardson numbers cλµν are given by

cλµν =
{
|Lλµ,ν |, for µ, ν ⊆ λ, |λ| = |µ|+ |ν|
0, otherwise

(11.124)

(See Macdonald [126], especially, the second edition.)

A basic problem is:

Give a constructive method for finding the set Lλµ,ν ⊆ Lλ/µ(ν)

of lattice permutations, hence, the Littlewood-Richardson numbers.

We can make some progress in this direction by narrowing the possibil-
ities of selecting the lattice permutations from among the words of the
skew GT pattern (11.91).

We introduce the following (n + 1)−rowed triangular GT pattern:

(
λ/µ

m

)
=


λ1 µ1 µ2 µ3 · · · µn
λ1 m1,n−1 m2,n−1 · · · mn−1,n−1
λ2 m1,n−2 m2,n−2 · · ·mn−2,n−2

...
λn−1 m1,1

λn

 , (11.125)

which is to satisfy all betweenness relations in the standard way. This
pattern is unusual only in our perspective of it, where the first down-
diagonal is take to be the partition λ, with an extra λ1 adjoined at the
top in row n + 1, and row n + 1 itself continues with the partition µ, as
shown. The notation on the left indicates that we consider the partitions
λ, µ ∈ Parn to be specified, but otherwise all the mi,j entries giving a
lexical pattern are allowed. The lexical conditions on the full pattern
automatically require that

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥ λn ≥ µn ≥ 0, (11.126)

which has previously been denoted λ @ µ. Because of the convention of
fixing λ and µ, we call the pattern a modified Gelfand-Tsetlin (MGT)
pattern.

The relationship of a MGT pattern to the skew GT pattern (11.91)
is described as follows:

(i). The skew GT pattern (11.91) can be split by the up-diagonal of
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the parallelogram into two triangular patterns containing the same
number of entries, as follows: [(

λ
m′
)
�
��
(

m̂
µ

)]
.

[
λ/µ
m

]
= (11.127)

(ii). The pattern
( λ
m′
)

in (11.127) can be chosen to be maximal; that is,

(
λ

m′

)
=


λ1 λ2 · · · λn
λ1 λ2 · · · λn−1

...
λ1 λ2
λ1

 . (11.128)

(iii). The right-most up-diagonal in the maximal pattern can be retained
together with the inverted pattern

(
m̂
µ

)
, and the whole array in-

verted to arrive at the pattern
X µ1 µ2 µ3 · · · µn
λ1 m1,n−1 m2,n−1 · · · mn−1,n−1
λ2 m1,n−2 m2,n−2 · · · mn−2,n−2

...
λn−1 m1,1

λn

 , (11.129)

in which the place marked by X has no entry. The entries mi,j in
this array are given in terms of the entries m̂k,l = mk,l, 1 ≤ l < k ≤
n, in the skew GT pattern (11.91) by mi,j = mn+i−j,n−j, 1 ≤ i ≤
j ≤ n− 1.

We next take the definition (11.96) of the weight of the skew GT pat-
tern (11.91) and apply it to the special MGM patterns (11.127)-(11.128).
This gives the following rule: The weight α of the MGT pattern (11.125)
is defined by

α = (α1, α2, . . . , αn),
αi = λi − βn−i+1, i = 1, 2, . . . , n, (11.130)

β = (β1, β2, · · · , βn) = W

(
µ

m

)
.

We also take the definition (11.111)-(11.113) of the word of the skew
GT pattern (11.91) and apply it to the special MGM patterns (11.127)-
(11.128). This gives the following rule: The word of the MGT pattern
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(11.125) is read off as the successive differences from bottom-to-top of
the entries in the i−th up-diagonal of the pattern (11.125) given by

µ1
λ1

, i = 1;

µi
mi−1,n−1

�

m1,n−i+1
λi

, i = 2, 3, . . . , n. (11.131)

Thus, the word of the MGT pattern (11.125) is defined by

L

(
λ/µ

m

)
= L(1)

(
λ/µ

m

)
L(2)
(
λ/µ

m

)
· · ·L(n)

(
λ/µ

m

)
,

L(i)
(
λ/µ

m

)
= ili,i(i− 1)li,i−1 · · · 1li,1 , (11.132)

li,j = mi−j,n−j −mi−j+1,n−j+1, j = i, i− 1, . . . , 1,

in which m0,n−i = λi and mi,n = µi.

We introduce the following notations to describe the various sets in-
troduced above:

MGλ/µ =
{(

λ/µ
m

) ∣∣∣∣ m is lexical
}
,

MWλ/µ =
{
W

(
λ/µ
m

) ∣∣∣∣ m is lexical
}
,

MGλ/µ(α) =
{(

λ/µ
m

) ∣∣∣∣W ( λ/µ
m

)
= α

}
, (11.133)

MLλ/µ(ν) =
{

MGλ/µ(ν)
∣∣∣ ν ∈ Parn

}
.

Not all the words in the set MLλ/µ(ν) need be lattice permutations. We
introduce the following notation for the subset of lattice permutations
associated with MGT patterns:

MLλµ,ν =
{

subset of MGλ/µ(ν) that are lattice permutations
}
.

(11.134)

We can now justify the introduction of MGT patterns (11.125) by the
following main result:
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Let λ, µ, ν ∈ Parn. The Littlewood-Richardson numbers cλµν are given by

cλµν =
{
|MLλµ,ν |, for µ, ν ⊆ λ, |λ| = |µ|+ |ν|
0, otherwise

(11.135)

Proof: The proof is given by demonstrating that each lattice permuta-
tion in the set of words of the SSYW skew GT patterns Gλ/µ defined by
(11.111) and (11.116) is also contained in the set of words of the MGT
patterns MGλ/µ defined by (11.131)-(11.132); that is,

Lλµ,ν ∈ Lλµ,ν implies Lλµ,ν ∈ MLλµ,ν. (11.136)

While tedious, it may be shown directly that this is true, and we omit
these details. �

The lattice permutations encoded in the skew GT patterns are also
fully encoded in the modified GT patterns (11.129). The unspecified
entry X in (11.129) can be arbitrarily chosen such that the pattern is
lexical, such as X = λ1 in (11.125). The search for lattice permutations
among the words of the MGT patterns (11.125) is substantially reduced
from that for the skew GT patterns (11.91).

Examples. It is useful to give examples of the above results for the
Littlewood-Richardson numbers for n = 2, 3 :

n = 2 : Let µ = (µ1, µ2), ν = (ν1, ν2), λ = (λ1, λ1) ∈ Par2, with λ1+λ2 =
µ1 + µ2 + ν1 + ν2. The modified GT pattern is λ1 µ1 µ2

λ1 λ2 − ν2
λ2

 ,
weight = (α1, α2) = (ν1, ν2) =
(λ1 + λ2 − µ1 − µ2 − ν2, ν2)

. (11.137)

The word of this MGT pattern is

word = 1λ1−µ1 2ν2 1λ2−µ2−ν2 , (11.138)

which is a lattice permutation if and only if λ1−µ1 ≥ ν2. This condition
for a lattice permutation and the betweenness relations for the MGT
pattern require that

λ1 ≥ µ1, λ1 ≥ µ1 + ν2; µ2 + ν2 ≤ λ2 ≤ µ1 + ν2. (11.139)

Thus, we find that the modified GT pattern (11.137) corresponds to a
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lattice permutation, that is,

cλµν = 1, if and only if

(λ1, λ2) ∈
{

(µ1 + ν1 − k, µ2 + ν2 + k)
∣∣∣ k = 0, 1, . . . , k̄

}
; (11.140)

cλµν = 0, otherwise,

where k is the greatest integer such that 2k ≤ µ1 + ν1 − µ2 − ν2.

n = 3 : Let µ = (µ1, µ2, µ3), ν = (ν1, ν2, ν3), λ = (λ1, λ2, λ3) ∈ Par3,
with λ1 +λ2 +λ3 = µ1 +µ2+µ3+ ν1+ ν2+ ν3. Again, we can obtain an
explicit formula for the Littlewood-Richardson numbers, this result, in
turn, being a consequence of an explicit formula for the Kostka numbers.

We first give the formula for the Kostka numbers. For n = 3, the
general GT pattern is (

µ1 µ2 µ3
m1,2 m2,2

m1,1

)
(11.141)

and has weight

β = (β1, β2, β3) (11.142)
= (m1,1,m1,2 + m2,2 −m1,1, µ1 + µ2 + µ3 −m1,2 −m2,2).

Here we specify the weight β and enumerate the GT patterns having
this given weight. It is not difficult to verify that β ∈ Wµ if and only if
|β| = |µ| and µ1 ≥ βi ≥ µ3, i = 1, 2, 3. We next define the step function
σi by

σi = max(0, µ2 − βi), each i = 1, 2, 3. (11.143)

Then, the Kostka number K(µ, β) is given by

K(µ, β) = (µ2 − µ3 + 1)− (σ1 + σ2 + σ3), (11.144)

and the explicit set of GT patterns in Gµ(β) having weight β are(
µ1 µ2 µ3

β1 + β2 − µ3 − σ3 − s + 1 µ3 + σ3 + s− 1
β1

)
,

s = 1, 2, . . . ,K(µ, β). (11.145)

Proof. The proof is by direct enumeration: Write out all possible eight
cases corresponding to the σi and verify that in each case the correspond-
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ing GT patterns corresponding to s = 1, 2, . . . ,K(µ, β) give exactly all
patterns satisfying the betweenness conditions. �

The Littlewood-Richardson numbers for n = 3 are obtained by deter-
mining the number of lattice permutations that occur among the words
associated with the MGT patterns as follows:

ν1 + β1 µ1 µ2 µ3

ν1 + β1 β2 + β3 − µ3 − σ1 − s+ 1 µ3 + σ1 + s− 1

ν2 + β2 β3

ν3 + β3

 ,

s = 1, 2, . . . ,K(µ, β). (11.146)

These MGT patterns encode the same information on lattice permuta-
tions as the skew GT patterns (11.91) for n = 3. We have set λ = ν +β,
since there always exists a weight β ∈Wµ such that this is possible, for
all λ ⊇ µ, ν (see (11.156) and (11.158) below). We obtain the Littlewood-
Richardson numbers cλµν by counting the number of lattice permutations
among the words of the MGT patt‘ern (11.146).

The weight (11.130) of the MGT pattern (11.146) is

α1 = ν1, α2 = ν2, α3 = ν3. (11.147)

The word (11.132) of the MGT pattern (11.146) is

word = 1l1,1 2l2,21l2,1 3l3,32l3,21l3,1 ,
l1,1 = ν1 + β1 − µ1, (11.148)
l2,2 = ν2 − β3 + µ3 + σ1 + s− 1, l2,1 = µ1 − β1 − σ1 − s + 1,
l3,3 = ν3, l3,2 = β3 − µ3 − σ1 − s + 1, l3,1 = σ1 + s− 1.

We have used β1 + β2 + β3 = µ1 + µ2 + µ3 in obtaining l2,1. Necessary
and sufficient conditions that the word (11.146) be a lattice permutation
are

l1,1 ≥ l2,2, l1,1 + l2,1 ≥ l2,2 + l3,2, l2,2 ≥ l3,3. (11.149)

Application of these conditions gives

s ≤ (ν1 − ν2 + 1) + (µ2 − β2 − σ1),
s ≤ (ν1 − ν2 + 1)− σ1, (11.150)
s ≥ (β3 − µ3 − σ3 + 2)− (ν2 − ν3 + 1).

The first and second of these relations can be written as the single form
s ≤ (ν1 − ν2 + 1) + (µ2 − β2 − σ1 − σ2). Thus, we obtain the result:
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Necessary and sufficient conditions that the MGT pattern (11.146) of
weight α = (α1, α2, α3) = (ν1, ν2, ν3) ∈ Par3 is a lattice permutation are
that the index s satisfies the following three conditions:

(i). s ∈ {1, 2, . . . ,K(µ, β)};
(ii). s ≤ (ν1 − ν2 + 1) + (µ2 − β2 − σ1 − σ2);

(iii). s ≥ −(ν2 − ν3 + 1) + (β3 − µ3 − σ3 + 2).
(11.151)

These relations can be solved to obtain the Littlewood-Richardson num-
bers.

For the description the solutions of relations (11.151), it is conve-
nient to rewrite these conditions in terms of lattice points belonging to
the Möbius coordinate description of the Cartesian plane R2. In this de-
scription, the points are assigned the three real numbers (coordinates)
(x1, x2, x3) obtained by perpendicular projection onto the three axes with
positive directions oriented at 120o. Accordingly, the three numbers add
to zero: x1 + x2 + x3 = 0. The positive axes are also the directions of
the vertices of an equilateral triangle positioned at the origin (0, 0, 0),
the three axis being labeled counterclockwise. This arrangement of axes
and perpendicular projections for the assignment of points is shown in
Fig. 9.1 of Chapter 9, where a very detailed description of the Littlewood-
Richardson numbers is carried out because of their importance for the
null space properties of unit tensor operators in U(3). Here we give the
algebraic solutions of relations (11.151) presented in terms of the lat-
tice points (points with integral coordinates) of the Möbius plane, and
refer to Figs. 9.1-9.4 of Chapter 9 for the geometric portrayal of the
Littlewood-Richardson numbers.

The lattice points in the Möbius plane of interest are those defined by
the set of all partitions ν = (ν1, ν2, ν3) ∈ Par3, as defined by the lattice
point variables

x1 = ν2 − ν3 + 1,
x2 = ν3 − ν1 − 2, (11.152)
x3 = ν1 − ν2 + 1.

The solutions of (11.151) can now be described as follows: For each
given Kostka number (11.144), abbreviated to K = K(µ, β), we define
the following fixed Möbius coordinates x(K) = (x1(K), x2(K), x3(K)) :

x1(K) = β3 − µ3 − σ1 + 1,
x2(K) = −K + β1 − µ1 − σ2 − 1, (11.153)
x3(K) = β2 − µ3 − σ3 + 1.
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For each value of L ∈ {0, 1, . . . ,K}, we define the following Möbius
coordinates x′(L) = (x′1(L), x′2(L), x′3(L)) :

x′1(L) = x1(K) + L−K,

x′2(L) = x2(K) + 2K − 2L, (11.154)

x′3(L) = x3(K) + L−K,

In terms of these discrete Möbius plane variables, we now formulate
(11.151) as follows:

Necessary and sufficient conditions that the modified GT pattern (11.146)
determines a lattice permutation are

max(1, x1(K)− x1 + 1) ≤ s ≤ min(K,x3 − x3(K) + K). (11.155)

These inequalities can be solved to give uniquely the values of the index
s that enumerate all modified GT patterns (11.146) that correspond to
the L lattice permutations for which the value of Littlewood-Richardson
number is L. We have the following result:

The Littlewood-Richardson number has the value

cν+βµν = L, 1 ≤ L ≤ K, (11.156)

if and only if the lattice points (x1, x2, x3) in the Möbius plane satisfy
Conditions 1, 2, or 3, as given by

1. x1 = max(1, x′1(L)), x3 ≥ x3(K),

2. x2 = x′2(L), x3(L) ≤ x3 ≤ x3(K), x1(L) ≤ x1 ≤ x1(K),

3. x3 = max(1, x′3(L)), x1 ≥ x1(K).

(11.157)

Proof. The values of s for which the MGT patterns (11.140) correspond
to lattice permutations are: (1) s = K − L + 1,K − L + 2, . . . ,K;
(2) s = x1(K) − x1 + 1, x1(K) − x1 + 2, . . . ,K − x1 − x2(L) − x3(K);
and (3) s = 1, 2, . . . , L. In each of these three case, there are L patterns.

�
Relations (11.151) also apply to the case where there are no values

of s for which the inequalities are true; that is, there are no lattice
permutations among the words of the MGT patterns (11.146), in which
case the Littlewood-Richardson numbers are zero. We find:
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The Littlewood-Richardson number has the value

cν+βµν = 0, (11.158)

if and only if the lattice points (x1, x2, x3) in the Möbius plane satisfy
the following conditions (a),(b), or (c):

(a). 1 ≤ x1 ≤ x′1(0) = x1(K)−K;

(b). 1 ≤ x3 ≤ x′3(0) = x3(K)−K;

(c). x′1(0) + 1 ≤ x1 ≤ x1(K)− 1,
x′3(0) + 1 ≤ x3 ≤ x3(K)− 1,
x′2(0) −K ≤ x2 ≤ −x′2(0) − 2.

(11.159)

Since the lattice points corresponding to L = 0, 1, . . . ,K obtained above
cover all lattice points in the Möbius plane satisfying x1 ≥ 1, x2 ≤
−2, x3 ≥ 1, all lattice permutations originating from the MGT pattern
(11.146) have been found. The nature of these solutions is more vividly
portrayed by the Möbius plane pictures in Figs. 9.1-9.4, Chapter 9. �

A number of properties of Littlewood-Richardson numbers can be
deduced from the general MGT pattern (11.125), such as

Let λ, µ, ν ∈ Parn, with λ ⊇ µ, ν, and |λ| = |µ| + |ν|. Then, the maxi-
mum value of the Littlewood-Richardson number cλµν is given by a Kostka
number, namely,

cλµν ≤ min{K(µ, λ− ν),K(ν, λ− µ)}. (11.160)

Proof: For λn ≥ µ1 in the MGT pattern (11.125), every lexical pattern(
µ
m

)
is allowed, and the total number of patterns for given λ and µ is

equal to Dimµ. Thus, there are K(µ, β) patterns of weight β. But the
weight β is given in terms of the weight α of the full MGT pattern by
β = (β1, β2, . . . , βn), where, from (11.130), we have βi = λn−i+1−αn−i+1.
But the Kostka number K(µ, β) is invariant under permutations of the
parts βi of β. Thus, the number of MGT patterns with weight α = ν ∈
Parn is given by K(µ, λ − ν). Since the number of lattice permutations
cannot exceed this number, we have cλµν ≤ K(µ, λ − ν). This applies to
the case where λn ≥ µ1, but any other choice of λ restricts the value of
cλµν to an even lesser value, hence, cλµν ≤ K(µ, λ − ν) holds in all cases.
Using the symmetry cλµν = cλνµ, proves the full property (11.160) (see
(11.178) and (11.186) below). �
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An immediate consequence of (11.160) is:

Let λ, µ, ν ∈ Parn with |λ| = |µ| + |ν| and µ, ν ⊆ λ. The Littlewood-
Richardson number cλµν is 0 unless the following relations are valid:

cλµν = 0, unless (λ− ν) ∈Wµ and (λ− µ) ∈Wν . (11.161)

These relations are stronger than the ones usually stated, which are :
cλµν = 0, unless µ ⊆ λ and ν ⊆ λ. For example, for µ = (6, 2, 0), ν =
(2, 1, 0), λ = (6, 5, 0), both µ ⊆ λ and ν ⊆ λ are satisfied, yet cλµν = 0
because λ− µ = (0, 3, 0) is not a weight in W2,1,0.

Summary: The set of all MGT patterns MGλ/µ, λ, µ ∈ Parn, λ ⊇ µ,

is the collection of all patterns
(
λ/µ
m

)
of the form (11.125) filled-in in all

possible ways with the integers 1, 2, . . . , n such that the pattern is lexical.
While, in appearance, such a pattern looks like an ordinary (n+1)−rowed
triangle GT pattern, it codifies quite different information: It inherits its
weight and its word from the parent special skew GT pattern of shape
λ/µ, as defined by relations(11.130)-(11.132). The set of MGT patterns
MGλ/µ splits into those patterns having words that are lattice permu-
tations, and those that are not. These MGT patterns are called lattice
MGT patterns and nonlattice MGT patterns, respectively. The number
of lattice MGT patterns of weight ν equals the Littlewood-Richardson
numbers cλµν , where the partition ν ∈ Parn is uniquely identified as the
weight of the lattice MGT pattern. The set of all lattice MGT permuta-
tions and their weights ν thus gives the set of all Littlewood-Richardson
numbers that occur in the reduction of the Kronecker product µ ⊗ ν;
that is, confirms the relation

µ⊗ ν =
∑
λ

⊕ cλµν λ. (11.162)

The split of the set MGλ/µ of MGT patterns into lattice MGT pat-
terns and nonlattice MGT patterns can be carried in the general case by
using the explicit expressions for weights, words, and the conditions for
a lattice permutation. We give the results, but not the details.

We define the
(n
2

)
linear forms Lj,k on the entries of the GT pattern(µ

m

)
contained in the MGM pattern (11.125) as follows:

Lj,k =
k−j+1∑
i=1

(mi,n−j+1 −mi,n−j)−
k−j∑
i=1

(mi,n−j −mi,n−j−1),

1 ≤ j ≤ k ≤ n− 1, (11.163)
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where mj,n = µj , and the second summation term is 0 for j = k. We
next define the n− 1 integers Mj by

Mj = max{Lj,k | k = j, j + 1, . . . , n− 1}, (11.164)
each j = 1, 2, . . . , n− 1.

Then, the set of MGT patterns MGλ/µ that are lattice MGT patterns is
the set for which the following n− 1 conditions hold:

λj − λj+1 ≥Mj , j = 1, 2, . . . , n− 1. (11.165)

We conclude:

Let λ, µ, ν ∈ Parn be arbitrary partitions such that λ ⊇ µ, λ ⊇ ν, |λ| =
|µ| + |ν|. Select the subset of MGT patterns MGλ/µ that has weight ν.

Then, the Littlewood-Richardson number cλµν is the number of these MGT
patterns of weight ν that are lattice MGT patterns; that is, the number
that satisfy the n− 1 conditions (11.165).

An alternative way of formulating this result synthesizes the full con-
tent of the Kronecker product relation (11.162):

Algorithm: Let µ, ν ∈ Parn be arbitrarily chosen partitions. Enumerate
all lexical MGT patterns

(λ/µ
m

)
corresponding to all λ given by λi = νi −

βn−i+1, i = 1, 2, . . . , n, where the weight β = (β1, β2, . . . , βn) takes on all
values β ∈Wµ. Then, the number of times the partition λ occurs in the
direct sum (11.162) is given by the Littlewood-Richardson number cλµν ,
which equals the number of MGT patterns that satisfy the n−1 conditions

λj − λj+1 ≥Mj , j = 1, 2, . . . , n− 1. (11.166)

Example. Let µ = (2, 1, 0) and ν = (1, 1, 0). There are only three
patterns in the set of MGT patterns (11.125) having weight ν = (1, 1, 0),
as given by

3 2 1 0
3 1 0

2 0
0

 ,


3 2 1 0

3 1 0
1 1

1

 ,


2 2 1 0

2 1 1
2 1

1

 . (11.167)

Each of these patterns is a lattice MGT pattern (satisfies (11.165)).
Thus, cλ(2,1,0)(1,1,0) = 1, for λ = (3, 2, 0), (3, 1, 1), (2, 2, 1), which gives

(2, 1, 0) ⊗ (1, 1, 0) = (3, 2, 0) ⊕ (3, 1, 1) ⊕ (2, 2, 1). � (11.168)
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The algorithm given above is a fully implementable procedure for de-
termining the Littlewood-Richardson numbers cλµν and the full Kronecker
reduction rule (11.162) for arbitrary n. A geometrical interpretation re-
mains an open question for n ≥ 4 (see, however, Ref. [120]).

11.3.8 Kostka and Littlewood-Richardson numbers

There are many other relations between weights α ∈ Wλ, their mul-
tiplicities, the Kostka numbers K(λ, α), and the Littlewood-Richardson
numbers cλµν . We summarize in this section some of these relations, giving
short proofs of those that are less well-known. One of the more important
relations is (11.178) below, which expresses the Littlewood-Richardson
numbers as a summation over Kostka numbers.

1. Generation of weights and their multiplicities.
Let W∗

µ, µ ∈ Parn−1, denote the multiset of all weights of the GT
patterns Gµ at level n− 1. Thus, the set W∗

µ contains each weight
β ∈ Wµ a number of times equal to the Kostka number K(µ, β),
so that the number of partitions in the multiset is given by the
Weyl dimension formula, |W∗

µ| = Dimµ. Let λ ∈ Parn denote a
selected partition and Gλ the set of GT patterns for which we wish
to calculate all weights and their multiplicities, the Kostka numbers
K(λ, α), at level n. It is evident from the two-rowed GT pattern(

λ1 λ2 . . . λn−1 λn
µ1 µ2 . . . µn−1

)
, µ ≺ λ (11.169)

that each weight α ∈W∗
λ is included K(λ, α) times in the multiset

of weights W∗
λ at level n defined by

W∗
λ = {(β, |λ| − |β|) | β ∈W∗

µ, all µ ≺ λ}. (11.170)

Thus, if we have already generated all multisets of weights W∗
µ, each

µ ≺ λ, at level n− 1, the multiset W∗
λ gives all weights α and their

multiplicities K(λ, α) at level n. This gives the following recursion
relation for the Kostka numbers at level n in terms of those at level
n− 1 :

K(λ, α) =
∑
µ≺λ

|µ|=|λ|−αn

K(µ, α′),

α′ = (α1, α2, . . . , αn−1). (11.171)
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Examples.

K((4, 2, 0), (2, 2, 2)) = K((4, 0), (2, 2)) + K((3, 1), (2, 2))
+K((2, 2), (2, 2)) = 3,
K((4, 2, 0, 0), (2, 2, 1, 1)) = K((4, 1, 0), (2, 2, 1)) (11.172)
+K((3, 2, 0), (2, 2, 1)) = K((4, 0), (2, 2))
+2K((3, 1), (2, 2)) + K((2, 2), (2, 2)) = 1 + 2 + 1 = 4. �

2. Symmetric group invariance of Kostka numbers.
If α ∈ Gλ, then π(α) ∈Wλ, each π ∈ Sn. Thus, the Kostka numbers
K(λ, α) are symmetric functions of α, as also are the skew Kostka
numbers K(λ/µ, α). This result follows by induction on n from
(11.171).

3. Partitions as weights (proved below).
A partition µ � |λ|, with µ, λ ∈ Parn, is a weight in Wλ if and only
if µ ≤ λ. It then follows that the set of weights Wλ is given by

Wλ = {π(µ) | µ ∈ Parn, µ � |λ|, µ ≤ λ, π ∈ Sn}. (11.173)

4. Conditions for a composition α � |λ| to belong to Wλ.

It follows from Item 3 that a necessary and sufficient condition that
a composition α � k be a weight in Wλ, λ � k, is that α+ ≤ λ, where
α+ is the partition obtained from α by ordering its parts so that
(α+)1 ≥ (α+)2 ≥ · · · ≥ (α+)n.

5. The Baird-Biedenharn Kronecker product rule (proved below).
Let µ, ν ∈ Parn. The Kronecker product µ⊗ ν is the direct sum of
partitions λ ∈ Parn and λ ⊇ µ, ν, with |λ| = |µ|+ |ν|, given by

µ⊗ ν =
restricted∑
m∈Gµ

⊕ επ

(
π

(
ν + W

(
µ

m

)
+ δ

)
− δ

)
=
∑
λ

⊕ cλµν λ, (11.174)

where the quantities in this relation have the following definitions:

(i). W
(µ
m

)
denotes the weight of the GT pattern

(µ
m

)
∈ Gµ and δ

is the sequence δ = (n− 1, n − 2, . . . , 1, 0).
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(ii). If the parts of the sequence ν + W
(µ
m

)
+ δ are distinct, then

π ∈ Sn is the unique permutation π ∈ Sn such that π(ν +
W
(µ
m

)
+ δ) = (ν +W

(µ
m

)
+ δ)+, and επ is the signature of the

permutation π; if two or more parts of ν+W
(µ
m

)
+δ are equal,

the term π(ν+W
(
µ
m

)
+ δ)− δ is omitted, which is the meaning

of the restricted summation.
(iii). When the middle restricted summation is effected, according

to the rule in Items (ii), the summation comes to the form of
the right-hand side; hence, the Littlewood-Richardson number
is uniquely determined.

Example. For µ = (2, 1, 0) and ν = (1, 1, 0), the terms corre-
sponding to m =

(
2 1
1

)
, m =

(
1 0
1

)
, m =

(
1 0
0

)
all have sequences

ν + W
(µ
m

)
+ δ = (3, 2, 0) + W

(2 1 0
m

)
with two parts equal; these

terms are omitted from the restricted summation. The remaining
five terms corresponding to m =

(2 1
2

)
, m =

(2 0
2

)
, m =

(2 0
1

)
,m =(2 0

0

)
,m =

(1 1
1

)
all have sequences ν + W

(µ
m

)
+ δ = (3, 2, 0) +

W
(
2 1 0
m

)
that are distinct, and the corresponding permutations

are π = (1, 2, 3), (1, 2, 3), (1, 2, 3), (2, 1, 3), (1, 2, 3), with επ = 1, 1,
1,−1, 1. The five terms corresponding terms in the middle summa-
tion in (11.174) are (3, 2, 0)⊕(3, 1, 1)⊕(2, 2, 1)A(2, 2, 1)⊕(2, 2, 1) =
(3, 2, 0) ⊕ (3, 1, 1) ⊕ (2, 2, 1). Thus, we find

(2, 1, 0) ⊗ (1, 1, 0) = (3, 2, 0) ⊕ (3, 1, 1) ⊕ (2, 2, 1), (11.175)

from which the Littlewood-Richardson numbers can be identified
in the right-hand side of (11.174), The entire procedure just carried
out is somewhat simpler if µ and ν are interchanged. �

The Baird-Biedenharn rule (11.174) (Baird and Biedenharn [7]) is
very useful from a calculational viewpoint, but other forms are interesting
for revealing the inter-relations between Kostka numbers, the symmetric
group, and Littlewood-Richardson numbers (Ref. [120]).

It is notationally economical to introduce the action of a permutation
π = (π1, π2, . . . , πn) ∈ Sn on the set of all sequences of the form a =
(a1, a2, . . . , an) by

a ◦ π = (aπ1−π1+1, aπ2−π2+2, . . . , aπn−πn+n) = π(a + δ)−δ. (11.176)

This group action satisfies the rules for the action of a group on a set.

The restricted summation over GT patterns m ∈ Gµ in relation
(11.174) can be eliminated in favor of a summation over all permutations
π ∈ Sn. We first observe that the restricted summation can be written as
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α∈Wµ

K(µ, α) ((ν + α) ◦ π) , where the summation is over all α ∈Wµ

such that the parts of ν+α are distinct. But then (ν+α) ◦ π = (ν+α)+ =
λ is a partition satisfying λ ∈ Parn, λ ⊇ µ, ν, |λ| = |µ| + |ν| : these are
exactly the partitions that occur in the right-hand side of(11.174). But
now the weight α in the summation may be expressed as α = λ ◦ π−1−ν;
hence, the restricted summation over α ∈Wµ can now be taken as a sum
over a corresponding restricted set of permutations π−1 ∈ Sn. But we
define

K(µ, β) = 0, for β /∈Wµ. (11.177)

Thus, the sum can be extended to all permutations π−1 ∈ Sn, or, equiv-
alently, all π ∈ Sn, noting that επ = επ−1 . Thus, replacing π−1 by π, we
obtain the result

µ⊗ ν =
∑
λ

⊕ cλµν λ,

(11.178)

cλµν =
∑
π∈Sn

επK(µ, λ ◦ π − ν) =
∑
π∈Sn

επK(ν, λ ◦ π − µ).

The second relation in (11.178) for cλµν = cλνµ is similarly derived. These
relations are nice results, relating three fundamental combinatorial enti-
ties.

We can go one step further and prove the more detailed relation:

cλµν =


0, unless λ− ν = α ∈Wµ;∑
π∈Sn

επK(µ, (ν + α) ◦ π − ν),

for λ− ν = α ∈Wµ,

(11.179)

with similar expressions for cλµν , where µ and ν are interchanged in the
right-hand side. We refer to Ref. [120] for the proof of this result (see
also Kostant [94]). The proofs of Items 3 and 5 above are given next.

Proof of Item 3: We use GT patterns of shape λ. That every partition
µ � |λ| that is a weight of λ has the property µ ≤ λ is a consequence
of the fact that every weight α of λ satisfies α ≤ λ. The proof of the
converse is by induction on n, where we note that the result is true for
n = 2. We assume the property (11.173) is true for n−1 and prove it for
n, thus closing the induction loop. Consider the two-rowed GT pattern(

λ1 λ2 · · · λn−1 λn
ν1 ν2 · · · νn−1

)
, ν ≺ λ. (11.180)
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By the induction hypothesis, each partition ρ � |ν|, ρ ≤ ν, is a weight of
ν. Define the subset Parn−1(λ) of partitions in Parn−1 by

Parn−1(λ) = {ρ = (ρ1, ρ2, . . . , ρn−1) | ρ ∈ Parn−1, ρ ≤ ν, all ν ≺ λ} .
(11.181)

Also define the set of weights W
′
λ by

W
′
λ = {(ρ, |λ| − |ρ|) | ρ ∈ Parn−1(λ)}. (11.182)

That W
′
λ ⊂ Wλ is a consequence of Item 1. We must show that every

partition µ � |λ|, µ ≤ λ occurs in W
′
λ. By the induction hypothesis and

Item 1, we see that the set Parn−1(λ) contains the subset given by

Parn−1(λ) = {ρ ∈ Parn−1 | (λ2, . . . , λn) ≤ ρ ≤ (λ1, . . . , λn−1)}.
(11.183)

But now the set W
′
λ, which is obtained by adjoining (part n) = |λ| −

|ρ| to each (ρ1, ρ2, · · · , ρn−1) ∈ Parn−1(λ) contains all partitions µ =
(ρ1, ρ2, · · · , ρn−1, |λ| − |ρ|) of |λ| that are less than or equal to λ. This
result closes the induction loop and proves that every partition µ ∈
Parn, µ � λ, µ ≤ λ is a weight of λ. �
Proof of Item 5. For the proof of the Baird-Biedenharn rule (11.174), we
refer ahead to the definition and properties of extended Schur functions
given in Sect. 11.6.4. For each pair of partitions µ, ν ∈ Parn, the extended
Schur functions satisfy the relation

Sµ(x)Sν(x) =
∑
α∈Wµ

K(µ, α)Sν+α(x) =
∑
β∈Wν

K(ν, β)Sµ+β(x), (11.184)

which expresses the basis property of extended Schur functions. They
are defined for arbitrary compositions α = (α1, α2, . . . , αn) and satisfy:

Sα(x) =
{

0, if at least two parts of α + δ are equal,
επsα ◦π(x), if α + δ has distinct parts, (11.185)

where π ∈ Sn is the unique permutation such that π(α + δ) = (α + δ)+.
Thus, if α = λ ∈ Parn, then Sλ(x) = sλ(x). Simple examples for α not
a partition are S1,2,0(x) = 0, S1,0,2(x) = −s1,1,1(x). The term Sν+α(x)
and Sµ+β(x) in the right-hand side of relation (11.184) are, in general,
extended Schur functions, while those on the left are ordinary Schur
functions. Ordinary Schur functions satisfy the relation

sµ(x)sν(x) =
∑
λ

cλµν sλ(x), (11.186)
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which expresses the basis property of Schur functions. We use (11.186)
and substitute Sµ(x) = sµ(x), Sν(x) = sν(x), in the left-hand side of
relation (11.184) to obtain∑

λ

cλµν sλ(x) =
∑
α∈Wµ

K(µ, α)Sν+α(x). (11.187)

Using (11.185) in this result now gives the first relation for cλµν in (11.178).
The second form (11.178) is similarly proved. �

Summary of basic relations

Let µ, ν, λ ∈ Parn; µ, ν ⊆ λ; |µ| + |ν| = |λ|. Then, we have the follow-
ing relations between skew and ordinary Kostka numbers, Littlewood-
Richardson numbers, and Weyl dimension formulas:

K(λ/µ, α) =
∑
ν⊆λ

cλµνK(ν, α), (11.188)

K(λ/µ, α) = K((λ, 0n), (µ, α)), (11.189)

Dim(λ/µ) =
∑
ν⊆λ

cλµνDimν, (11.190)

Dim(λ, 0n) =
∑
µ⊆λ

DimµDim(λ/µ), (11.191)

Dim(λ, 0n) =
∑
µ,ν⊆λ

cλµνDimµDimν, (11.192)

DimµDimν =
∑
λ

cλµν Dimλ. (11.193)

The first relation is proved in Macdonald [126, p. 69], and the second in
Sect. 11.3.5 above. Relation (11.190) is obtained from (11.188) by sum-
ming over all weights α; relation (11.191) from (11.106) in Sect. 11.3.5;
relation (11.192) from (11.191) by substitution of (11.190); and relation
(11.193) from the dimensionality of the irreducible representations of
U(n) appearing in the Kronecker product reduction relation (11.162).

The number of GT patterns of shape (λ, 0n) is related to the number
of GT patterns of shape λ by

Dim(λ, 0n)
Dim(λ)

=
1!2! . . . (n− 1)!

n!(n + 1)! . . . (2n− 1)!

n∏
i=1

(λi + n− i + 1)n. (11.194)
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We also collect together four important relations between combina-
torial quantities that occur in this monograph:

|Mp
n×n(α, β)| =

∑
λ� p

K(λ, α)K(λ, β), (11.195)

|Mp
n×n(α, β)| =

∑
λ� p

K(λ, α)K(λc, β), (11.196)

K(λ, α) =
∑
π∈Sn

επ|Mp
n×n(λ ◦ π, α)|, (11.197)

K(λ/ν, α) =
∑
π∈Sn

επ|Mp
n×n(λ ◦ π − ν, α)|. (11.198)

We recall that M
p
n×n(α, β) denotes the set of n × n matrix arrays with

nonnegative entries having line sums α = (α1, . . . , αn) � p and column
sums β = (β1, . . . , βn) � p. Relation (11.195) is the Robinson-Schensted-
Knuth identity (5.16). The notation M

p
n×n(α, β) ⊂ M

p
n×n(α, β) denotes

the subset of n × n matrix arrays with only 0′s and 1′s as entries. The
symbol λc denotes the Young frame with shape conjugate to λ. In the
last two relations, it is implicit that λ � p.

The collection of relations obtained in this section (and others) is
placed under the full purview of invariant theory, the symmetric group,
and modern combinatorics in the articles by Désarménien et al. [47],
Doubilet [48], Doubilet et al. [50], and in the context of tensor operators
in the unitary groups by Louck and Biedenharn [120]. Gustafson and
Milne [73] have developed the inter-relations still further.

11.4 Generating Functions and Relations

The concept of a generating functions is often given a formal definition in
mathematics (Doubilet et al. [49], Riordin [149], Wilf [186] ). Relations
for generating mathematical objects come in a bewildering variety of
contexts and forms, and we must acknowledge an attitude of informality:
Many relations do not fit the formal definition, and yet convey essential
structural properties of objects of interest for this monograph.

We require a number of standard notations in order to present a
reasonably concise description of some aspects of the fascinating subject
of generating functions. Some of the notations are designed to give the
same simplicity of form to multivariable objects as that of single variable
objects. For clarity, we sometimes sacrifice this compactness.
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11.4.1 Notations

Rising factorials:

(x)n = x(x + 1) · · · (x + n− 1), n ≥ 1, (x)0 = 1. (11.199)

Falling factorials:

[x]n = x(x− 1) · · · (x− n + 1)
= (−1)n(−x)n, n ≥ 1, [x]0 = 1. (11.200)

Binomial functions:(
x

n

)
=

[x]n
n!

= (−1)n
(−x)n
n!

=
(x− n + 1)n

n!
. (11.201)

Addition theorem for binomial functions:(
x + y

n

)
=
∑
k≥0

(
x

k

)(
y

n− k

)
. (11.202)

Binomial coefficient:(
n

k

)
=


n!

k!(n−k)! = [n]k
k! , 0 ≤ k ≤ n,

0, otherwise
(11.203)

Factorial of a sequence of nonnegative integers α = (α1, α2, . . . , αn) :

α! = α1!α2! · · ·αn!. (11.204)

Power of a sequence of indeterminates x = (x1, x2, . . . , xn) :

xα = xα1
1 xα2

2 · · · xαnn . (11.205)

Multinomial coefficients:(
k

α

)
=


k!

α1!α2! ···αn! , for
∑
i αi = k,

0, otherwise
(11.206)
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where α is a composition of a nonnegative integer k into n nonnegative
parts, which is often written as α � k.

Factorial of an n×m matrix array of nonnegative integers A = (aij) :

A! =
n∏
i=1

m∏
j=1

aij. (11.207)

Power of an n×m matrix array of indeterminates X = (xij) :

XA =
n∏
i=1

m∏
j=1

x
aij
ij . (11.208)

11.4.2 Counting relations

Counting functions. This type of generating function is often of the
form f(t) =

∑
k≥0 akt

k, or g(t) =
∑

k≥0 akt
k/k!, where f(t) and g(t)

are known functions of a parameter (indeterminate) and the sequence
of numerical coefficients (a0, a1, a2, . . .) is a finite or infinite sequence.
Often it is the case that this sequence has a combinatoral interpretation
and may be obtained by combinatorial arguments and perhaps generated
by recurrence relations. Often this leads to a simple expression for the
corresponding function f(t) or g(t). Conversely, it may be these functions
of the parameter that are known, and this may lead to a combinatorial
interpretation of the expansion coefficients, and, in favorable cases, to a
combinatorial explanation of their significance.

Binomial coefficients:

(1 + t)n =
∑
k≥0

(
n

k

)
tk =

∑
k≥0

[n]k
tk

k!
, (11.209)

(1 + t + t2 + · · ·)n =
1

(1− t)n
=
∑
k≥0

(
n + k − 1

k

)
tk. (11.210)

Multinomial coefficients:

(x1 + x2 + · · ·+ xn)k =
∑
α� k

(
k

α

)
xα. (11.211)
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Fubonacci numbers fn :

1
1− t− t2

=
∑
k≥0

fkt
k, (11.212)

fn+1 = fn + fn−1, n ≥ 1, f0 = f1 = 1,(
1 1
1 0

)n
=
(

fn+1 fn
fn fn−1

)
, n ≥ 1.

Bernoulli numbers Bn :

t

et − 1
=
∑
k≥0

Bk
tk

k!
. (11.213)

11.4.3 Generating relations of functions

This type of generating function is similar to counting generating func-
tions, except that now the generating function depends not only on a
parameter t, but also on a variable x. The expansion “coefficients” are
now the values ak(x) of functions defined on the variable x. Such gen-
erating functions are invaluable for developing a variety of properties of
the sequence of functions (a0(x), a1(x), a2(x), . . .). Treatises on special
functions abound with examples of this sort. The examples included
here occur in numerous contexts of physical applications.

Bernoulli polynomials Bn(x) :

2etx

et − 1
=
∑
k≥0

Bk(x)
tk

k!
, (11.214)

where the first three functions are: B0(x) = 1, B(x) = x − 1
2 , B2(x) =

x2−x+ 1
6 , . . . . The Bernoulli numbers are given by Bk = Bk(0). One of

the important applications of the Bernoulli functions is the formula for
the sum of the k−th power of successive integers:∑

x∈[a,b−1]
xk =

Bk+1(b)−Bk+1(a)
k + 1

, (11.215)

where [a, b− 1] denotes the set of nonnegative integers a, a+ 1, . . . , b− 1,
which is defined to be empty for b ≤ a.
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Hermite polynomials:

e2tx−t
2

=
∑
k≥0

Hk(x)
tk

k!
, (11.216)

Hn(x)
n!

=
∑
k≥0

(−1)k

k!
(2x)n−2k

(n− 2k)!
,

Hn(x + y) =
1

2n/2
∑
k≥0

(
n

k

)
Hk(
√

2x)Hn−k(
√

2y),

(2x)n

n!
=
∑
k≥0

1
k!
Hn−2k(x)
(n− 2k)!

.

Associated Laguerre polynomials:

1
(1− t)α+1

e(−tx/(1−t)) =
∑
k≥0

L
(α)
k (x)tk, (11.217)

L(α)n (x) =
∑
k≥0

(
n + α

n− k

)
(−x)k

k!
, α > −1/2,

L(α+β+1)n (x + y) =
n∑
k=0

L
(α)
k (x)L(β)n−k(y),

xn

n!
=
∑
k≥0

(−1)k
(
n + α

n− k

)
L
(α)
k (x).

Jacobi polynomials:

2α+β

(1− 2tx + t2)1/2[1− t + (1− 2tx + t2)1/2]α

× 1
[1 + t + (1− 2tx + t2)1/2]β

=
∑
k≥0

P
(α,β)
k (x)tk, (11.218)

P (α,β)n (x) =
∑
k≥0

(
n + α

s

)(
n + β

n− s

)(
x + 1

2

)s(x− 1
2

)n−s
,
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1− x

2

)n
= n!

n∑
k=0

(−1)k
(α + β + 2k + 1)(α + k + 1)n−k

(n− k)!(α + β + k + 1)n+1
P
(α,β)
k (x).

Chebyshev polynomials of the first kind:

1− tx

(1− 2tx + t2)1/2
=
∑
k≥0

Tk(x)tk, (11.219)

Tn(x) = cos(n arccos x) =
1

22n

(
2n
n

)
P (−1/2,−1/2)n (x)

=
1
2

∑
k≥0

(−1)k
n

n− k

(
n− k

k

)
(2x)n−2k,

Tn(cos θ) = sinnθ.

Chebyshev polynomials of the second kind:

1− tx

(1− 2tx + t2)1/2
=
∑
k≥0

Tk(x)tk, (11.220)

Un(x) =
1
2

∑
k≥0

(−1)k
(
n− k

k

)
(2x)n−2k,

(
2x −1
1 0

)n
=
(

Un(x) −Un−1(x)
Un−1(x) −Un−2(x)

)
, n ≥ 1,

Un(cos θ) =
sin(n + 1)θ

sin θ
.

11.4.4 Operator generated functions

Lie algebras and groups are perhaps the greatest source for what might
be called operator generated functions. The general idea is that oper-
ators, usually differential operators, act on rather simple functions to
produce other functions of considerable complexity. The examples given
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here arise in quantum mechanics from operator similarity transforma-
tions used by King [89] to transform the Schrödinger equation for simple
systems to easily solved first-order linear differential equations. Such op-
erator methods fall under the formal finite operator calculus presented
in G.-C. Rota [154] and Rota et al. [157]. Recent work on this subject
by Penson et al. [141] extends these results.

Displacement operator:

eaDf(x) = f(x + a), D =
d

dx
. (11.221)

Hermite polynomials:

Hn(x) = e−
1
4
D2

(2x)n = (2x−D)n (1), (11.222)

where the notation Ω(1) denotes the action of a differential operator Ω
on the function x0 = 1.

Associated Laguerre polynomials:

Lαk (x) =
(−1)k

k!
e−Ωαxk, Ωα = xD2 + (α + 1)D. (11.223)

Baker-Campbell-Hausdorff identities:

etABe−tA =
∑
k≥0

tk

k!
[A,B]k, (11.224)

etABne−tA =
(
etABe−tA

)n
,

where the multiple commutators [A,B]k are defined by

[A,B]0 = B, [A,B]1 = AB −BA, [A,B]2 = [A, [A,B] ],
. . . , [A,B]k = [A, [A,B]k−1], . . . . (11.225)

If A is a differential operator such that A (1) = 0, then,

eAB (1) =
∑
k≥0

1
k!

[A,B]k (1). (11.226)



11.5. MULTIVARIABLE SPECIAL FUNCTIONS 563

Examples.

Displacement operator:

eaDxe−aD = x + a,

eaDxne−aD = (x + a)n, (11.227)

eaDf(x)e−aD = f(x + a).

Rotation operator:

e−iφA3A1e
iφA3 = cos(2φ)A1 + sin(2φ)A2, (11.228)

for either Ai = 1
2σi, where the σi are the Pauli matrices,

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 − i

i 0

)
,

σ3 =
(

1 0
0 − 1

)
; (11.229)

or the differential operators given by

A1 =
1
4

(
z1

∂

∂z2
+ z2

∂

∂z1

)
, A2 =

−i
4

(
z1

∂

∂z2
− z2

∂

∂z1

)
,

A3 =
1
2

(
z1

∂

∂z1
− z2

∂

∂z2

)
. (11.230)

The commutators are the same for either Ai = 1
2σi or for the dif-

ferential operators Ai in the complex variables (z1, z2, z3) : The Baker-
Campbell-Hausdorff relations depend only on the commutation relations
of mathematical objects, and not on their specific realization, thus giving
the same form to the right-hand side of relation (11.228). �

11.5 Multivariable Special Functions

In this section, we summarize a number of multivariable functions that
are related to topics in this monograph. These descriptions are very
brief. References to the literature for further details are given. Such
functions are very important for applications to the physics and chem-
istry of complex composite systems of many particles.
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11.5.1 Solid harmonics

Solid harmonics are polynomials of degree l in (x1, x2, x3) ∈ R3 that
solve Laplace’s equation; they are also eigenfunctions of the operator
L3 = −i(x1∂/∂x2 − x2∂/∂x1) with eigenvalue m (Sect. 1.3, Chapter 1):

Ylm(x1, x2, x3) =
[

2l + 1
4π

(l + m)!(l −m)!
]1/2

×
∑
k

(−x1 − ix2)m+k(x1 − ix2)kxl−m−2k
3

2m+2k(m + k)!k!(l −m− 2k)!
, (11.231)

each l ∈ N, each m = −l,−l + 1, . . . , l, where the summation is over all
nonnegative integers k such that the exponents k + m,k, l −m− 2k are
nonnegative. They are orthogonal in the inner product ( , ) (Sect. 1.3.1)
and orthonormal on the unit sphere S2 :

(Ylm,Yl′m′) = δl,l′δm,m′
(2l + 1)!
2ll!(4π)

, (11.232)∫
S2
Y∗
lm(x)Yl′m′(x)dS = δl,l′δm,m′ . (11.233)

The definition of the solid harmonic can be extended to homoge-
neous polynomials of degree l in three arbitrary complex variables z =
(z1, z2, z3) ∈ C3, or three arbitrary commuting indeterminates. They
remain eigenfunctions of the operator L3 = −i(z1∂/∂z2 − z2∂/∂z1) with
eigenvalue m. The definition is made with a normalization factor:

Clm(z) =
[

4π
(2l + 1)(l + m)!(l −m)!

]1/2
Ylm(z). (11.234)

Then, these functions satisfy the remarkably simple addition rule (see
Biedenharn and Louck [21, p. 314]):

Clm(z + z′) =
∑

l1+l2=l
m1+m2=m

Cl1m1(z)Cl2m2(z′). (11.235)

This relation generalizes to an arbitrary number of commuting indeter-
minates zk = (zk1 , z

k
2 , z

k
3 ), k = 1, 2, . . . , n :

Clm(z1 + · · ·+ zn) =
∑

l1+l2+···+ln=l
m1+m2+···+mn=m

Cl1m1(z1) · · · Clnmn
(zn). (11.236)
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11.5.2 Double harmonic functions in R3

Define a = (a1, a2, a3) ∈ R3, b = (b1, b2, b3) ∈ R3, and the dot product
a · b by a · b = a1b1 + a2b2 + a3b3. Then, for points

x = (x1, x2, x3) ∈ R3 and y = (y1, y2, y3) ∈ R3, (11.237)

and for gradient operators defined by

∇x = (
∂

∂x1
,
∂

∂x2

∂

∂x2
) and ∇y = (

∂

∂y1
,
∂

∂y2
,
∂

∂y3
), (11.238)

we have the generator relations given by

1

((x1 − ty1)2 + (x2 − ty2)2 + (x3 − ty3)2)
1/2

(11.239)

= e−ty·∇x
1

(x · x)1/2
=
∑
l≥0

Il(x, y)
(x · x)(2l+1)/2

tl,

Il(x, y) =
1
2l
∑
k≥0

(
l

k

)(
2l − 2k

l

)
(x · y)l−2k(x · x)k(y · y)k,

where these relations hold for all real t ≤
(
x·x
y·y
)1/2

. The function Il(x, y)
is harmonic in both x and y; that is, satisfies both the Laplace’s equa-
tions:

∇2xIl(x, y) = 0, ∇2yIl(x, y) = 0. (11.240)

These results are proved in Biedenharn and Louck [21, p. 304].

11.5.3 Hypergeometric functions

The hypergeometric functions pFq in p numerator parameters, q denom-
inator parameters, and a single indeterminate z, all of which are com-
muting indeterminates, is the formal series defined by

pFq

(
a1, a2, . . . , ap
b1, b1, . . . , bq

; z
)

=
∑
k≥0

(a1)k(a2)k · · · (ap)k
(b1)k(b2)k · · · (bq)k

zk

k!
. (11.241)

We do not concern ourselves with convergence: the form (11.241) is a
formal power series in z. Of principal interest for this monograph are
the hypergeometric polynomials in z that are obtained by taking the
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numerator parameter ap to be the negative integer ap = −n ∈ N so that
the infinite series (11.241) terminates to a polynomial of degree n in z :

pFq

(
a1, a2, . . . , ap−1,−n
b1, b1, . . . , bq

; z
)

=
n∑
k=0

(a1)k(a2)k · · · (ap−1)k
(b1)k(b2)k · · · (bq)k

(−1)k
(
n

k

)
zk . (11.242)

We may view relation (11.242) as defining a family of polynomials in
z of degree i. Thus, we write

pF
(i)
q (z) =

i∑
j=0

aijz
j , i = 0, 1, 2, . . . , n, (11.243)

with coefficients

aij =
(a1)j(a2)j · · · (ap−1)j

(b1)j(b2)j · · · (bq)j
(−1)j

(
i

j

)
, 0 ≤ j ≤ i ≤ n. (11.244)

Relation (11.243) is now expressed as the following column matrix mul-
tiplication for each n = 0, 1, . . . :

col(pF (0)q (z), pF (1)q (z), . . . , pF (n)q (z)),= A col(1, z, . . . , zn), (11.245)

where A is the lower triangular matrix with elements in row i and column
j given by (11.244). The inversion of (11.245) is given by

col(1, x, . . . , xn) = A−1 col(pF (1)q (z), pF (2)q (z), . . . , pF (n)q (z)), (11.246)

which gives the general inversion of relation (11.243) as

zi =
n∑
j=0

(A−1)ij pFq
(

a1, a2, . . . , ap−1,−j
b1, b1, . . . , bq

; z
)
, (11.247)

i = 0, 1, . . . , n.

Polynomials having such inversion formulas as this one, and the earlier
ones in (11.216)-(11.218) imply, of course, the basis property for such
polynomials: Every polynomial can be expressed in terms of polynomi-
als having such inversions. There are many such formulas for familiar
classical polynomials in terms of hypergeometric polynomials and other
such invertible polynomials (see, for example, Andrews et al. [3]).
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There is still another feature of hypergeometric polynomials defined
by (11.242) that is important in unitary group theory: Using the identity
(x)n/(x)k = (x + k)n−k, k ≤ n, we define the polynomial (see p. 136):

pPq

(
x1, x2, . . . , xp−1,−n
y1, y1, . . . , yq

; z
)

= (y1)n(y2)n · · · (yq)n pFq
(

x1, x2, . . . , xp−1),−n
y1, y1, . . . , yq

; z
)

=
n∑
k=0

(−1)k
(
n

k

)
zk

p−1∏
i=1

(xi)k
q∏
j=1

(yj + k)n−k . (11.248)

The polynomial pPq is a well-defined polynomial of p+ q indeterminates
(x1, x2, . . . , xp−1; y1, y2, . . . , yq; z); it is invariant under all permutations
of (x1, x2, . . . , xp−1) and all permutations of (y1, y2, . . . , yq); that is, it
is an invariant polynomial under the action of the direct product group
Sp−1 × Sq.

There are many ways of extending the definition of hypergeometric
functions to several variables z1, z2, . . . . The ones defined below in terms
of partitions have a significant role in the properties of U(n) tensor opera-
tors (see Biedenharn and Louck [22]) and Ref. [112]. Let µ be a partition
µ ∈ Parn, a = (a1, a2, . . . , ap) a sequence of p numerator parameters,
and b = (b1, b2, . . . , bq) a sequence of q denominator parameters. We
first define hypergeometric coefficients in terms of partitions, and then
hypergeometric Schur functions as follows:

〈pFq(a; b)|µ〉 =
1

M(µ)

n∏
k=1

∏p
i=1(ai − s + 1)µk∏q
j=1(bj − s + 1)µk

; (11.249)

pFq(a; b; z) =
∑

µ∈Parn
〈pFq(a; b)|µ〉 sµ(z). (11.250)

The factor M(µ) is the combinatorially defined normalization factor de-
fined by relation (11.51). We could replace the Schur functions sµ in
this definition by any of the symmetric functions labeled by partitions
µ (see Sect. 11.6). Indeed, even the Dµ−polynomials whose definition
and study constitutes much of this monograph could be used. The prop-
erties of generalized hypergeometric functions are quite interesting (see
Beyer et al. [12], Biedenharn and Louck [22], Louck and Biedenharn [119],
Gustafson [72], Shulka [161]).
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11.5.4 MacMahon’s master theorem

MacMahon’s master theorem states:

The coefficient of yα (notation that of (10.21), Compendium A) in the
expansion of n∑

j=1

z1jyj

α1
 n∑
j=1

z2jyj

α2

· · ·

 n∑
j=1

znjyj

αn (11.251)

is equal to the coefficient of yα in the expansion of the reciprocal of the
determinant given by

1
det(In −D(y)Z)

, (11.252)

where we have the following definitions of the diagonal matrix D(y) and
the matrix Z :

D(y) = diag(y1, y2, . . . , yn), Z = (zij)1≤i,j≤n . (11.253)

MacMahon’s master theorem has two generalizations, which are given
in Sect. 1.6.2, Chapter 1. MacMahon’s classical theorem is the basis of
Schwinger’s [160] treatment of angular momentum theory. We use this
theorem in several different contexts to synthesis the so-called “quantum
theory of angular momentum of many-particle systems.”

11.5.5 Power of a determinant

The expression of the power of a determinant of an n × n matrix Z =
(zij)1≤i,j≤n as a polynomial in the n2 variables is a quite interesting
result, which also relates to the topics of this monograph. It is described
by the following relations:

detZ =
∑
π∈Sn

επz1,π1z2,π2 · · · zn,πn, (11.254)

(detZ)k =
∑

A∈Mn(k)

Ck(A)ZA, (11.255)

Ck(A) =
∑

α∈Cn,k(A)

(−1)σ(α)
(
k

α

)
, (11.256)

where the notations in these relations have the following definitions:
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1. The summation in (11.254) is over all permutations π ∈ Sn, and επ
is the signature of the permutation, which is 1 for even permutations
and −1 for odd permutations.

2. The symbol Mn(k) denotes the set of magic squares of order n and
line-sum k; that is, a matrix of order n in which the entries are
nonnegative integers such that the row and column sums are all
equal to the positive integer k. The summation in (11.255) is over
all magic square matrices A ∈Mn(k).

3. The summation over α in (11.256) is over all special compositions
of k into n! nonnegative parts that are also members of the set
Cn,k(A) by

Cn,k(A) =

{
απ

∣∣∣∣A =
∑
π∈Sn

απPπ

}
, (11.257)

where Pπ denotes a permutation matrix of order n with elements
given by (Pπ)ij = δi,πj , where πj is the j−th part of the permutation
π = (π1, . . . , πj , · · · , πn). Thus, for each magic square A ∈ Mn(k),
the compositions in the set Cn,k(A) must satisfy the n2 relations:

aij =
∑

π∈S(i,j)
n

απ, 1 ≤ i, j ≤ n, (11.258)

where S
(i,j)
n is the subgroup of the symmetric group Sn defined by

S(i,j)n = {π ∈ Sn | πj = i}. (11.259)

These relations are such that the conditions
∑

π∈Sn απ = k in
(11.256) for a nonzero multinomial coefficient

(k
α

)
are always satis-

fied. The sign factor σ(α) in (11.256) is given by

σ(α) =
∑
π odd

απ. (11.260)

Example. The expansion coefficients C3(A), A ∈M3(k), are given by

Ck(A) =
∑

α∈C3,k(A)

(−1)α132+α213+α321 (11.261)

×
(

k

α123, α132, α231, α213, α312, α321

)
,
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where the set C3,k(A) is the set of all nonnegative integers απ1π2π3 that
satisfy the following Diophantine relations for each magic square A ∈
M3(k) :

α123 + α132 = a11 α312 + α213 = a12 α231 + α321 = a13

α231 + α213 = a21 α123 + α321 = a22 α312 + α132 = a23 (11.262)
α312 + α321 = a31 α231 + α132 = a32 α123 + α213 = a33

These constraints imply that A ∈M3(k). �
The exponential generating function for the power of a determinant

is given by

et detX =
∑
k≥0

(detX)k
tk

k!
. (11.263)

These results for the power of a determinant with further properties
are given in Ref. [114]. The formulation given here is modified somewhat
to bring in more clearly the role of the symmetric group and to relate the
result to the expression of magic square matrices and doubly stochastic
matrices as sums over permutation matrices with coefficients that are
nonnegative integers (see Birkoff [26], Brualdi and Ryser [34], Carter
and Louck [36, 37], Louck [110, 116]).

11.6 Symmetric Functions

11.6.1 Introduction

There is, perhaps, no arena in which generating functions play a more
profound and unifying role than in the expansive subject of symmetric
functions. The term “symmetric functions” means that this class of
functions is invariant under all permutations of the variables; that is,
invariant under the standard action of the symmetric group. Much of
the theory concerns itself with developing various basis functions for the
space of all symmetric functions, and the relationships between such
bases. There is also a corresponding effort and goal of bringing the
subject under the full purview of combinatorial interpretations. Despite
more than a hundred years of development, the subject still inspires
new insights and directions. This subject is also of great interest for
this monograph because it is the model for generalization, and its role in
defining the general Dλ−polynomials is fundamental. Indeed, the Dλ(Z)
matrices could be called matrix Schur functions.
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11.6.2 Four basic symmetric functions

The following list of the various symmetric functions is given in which it is
always the case that x = (x1, x2, . . . , xn) are commuting indeterminates,
and all partitions that appear are elements of Parn, unless otherwise
noted. Vandermonde determinants and Schur functions are given their
own subsections, since their properties are so vital to this monograph.

Monomial symmetric functions mλ(x) :

mλ(x) =
∑

distinct permutations
α of the parts of λ

xα1
1 xα2

2 · · · xαnn . (11.264)

Elementary symmetric functions ek(x) :

ek(x) = m(1,1,...,1)(x) =
∑

1≤i1<i2<···<ik≤n
xi1xi2 · · · xin ,

e0(x) = 1,∏
i≥1

(1 + xit) =
∑
k≥0

ek(x)tk, (11.265)

e(λ1,λ2,...,λn)(x) = eλ1(x)eλ2(x) · · · eλn(x).

Power sum symmetric functions pk(x) :

pk(x) = m(k,0,...,0)(x) =
n∑
i=1

xki , p0(x) = n,

∑
i≥1

xi
1− xit

=
∑
k≥0

pk+1(x)tk, (11.266)

p(λ1,λ2,...,λn)(x) = pλ1(x)pλ2(x) · · · pλn(x).

Complete homogeneous symmetric functions hk(x) :

hk(x) =
∑
λ� k

mλ(x), (11.267)

n∏
i=1

1
1− xit

=
∑
k≥0

hk(x)tk.
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11.6.3 Vandermonde determinants

Vandermonde’s determinant Vn(x) is defined as follows:

Vn(x) =
∏

1≤i<j≤n
(xi − xj) (11.268)

= det


xn−11 · · · x1 1
xn−12 · · · x2 1

... · · ·
...

...
xn−1n · · · xn 1

 , V2(x1, x2) = x1 − x2.

The product of two Vandermonde determinants satisfies the relation

Vm(x)Vn(y) = Vm+n(x; y)
/ m∏
i=1

n∏
j=1

(xi − yj). (11.269)

Determinants with elements aij = x
aj
i in row i and column j are

powers aj of a single variable xi are often written in abbreviated form:

detA =
(
x
aj
i

)
1≤i,j≤n . (11.270)

The expansion of such a determinant is then written

det
(
x
aj
i

)
1≤i,j≤n =

∑
π∈Sn

επx
aπ , (11.271)

where π = (π1, π2, . . . , πn) ∈ Sn and

xaπ = x
aπ1
1 x

aπ2
2 · · · xaπnn , for aπ = (aπ1 , aπ2 , . . . , aπn). (11.272)

In terms of these notations, the Vandermonde determinant is written

Vn(x) = det
(
x
δj
i

)
1≤i,j≤n

=
∑
π∈Sn

επx
δπ , (11.273)

where δ = (n− 1, n− 2, . . . , 0), δπ = (δπ1 , δπ2 , . . . , δπn), δπi = n− πi.

The Vandermonde determinant and the Weyl dimension Dimλ are
related in the following interesting way:

(Dimλ)Vn(x) =
∑
α∈Wλ

K(λ, α)Vn(x + α). (11.274)
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Proof: The right-hand side is skew-symmetric in the interchange of the
every pair (xi, xj) in consequence of the fact that for each weight α ∈Wλ
every permutation of that weight also belongs to Wλ. From the degree
of Vn(x+α) in each xi, we conclude that the left-hand side is a multiple
of Vn(x). From Vn(x + α) = Vn(x)+(terms of degree less than n − 1 in
each xi), and

∑
α∈Wλ

K(λ, α) = Dimλ, we obtain (11.274). �

Relation (11.274) can also be written in the eigenvector-eigenvalue
form given by

∆λ Vn(x) = (Dimλ)Vn(x), (11.275)

where ∆λ is the differential operator defined by

∆λ =
∑
α∈Wλ

K(λ, α) exp(α ·∇), α ·∇ =
n∑
i=1

αi
∂

∂xi
. (11.276)

Thus, the Vandermonde determinant is an eigenfunction of the displace-
ment operator ∆λ with eigenvalue equal to the Weyl dimension.

11.6.4 Schur functions

The Schur functions sλ(x) = s(λ1,λ2,...,λn)(x1, x2, . . . , xn), each λ ∈ Parn,
are often defined by the Jacobi-Trudi formula as follows:

sλ(x) = det
(
x
λj+δj
i

)
1≤i,j≤n

/
det
(
x
δj
i

)
1≤i,j≤n

, (11.277)

where the Vandermonde determinant in the denominator divides the
numerator determinant to give a homogeneous polynomial of degree n.
The division is nontrivial to effect directly.

The combinatorial definition of the Schur function is based on SSYW
tableaux of shape λ, or, equivalently, on GT patterns of shape λ (see
Sects. (11.2) and (11.3)). The homogeneous monomial of degree |λ| given
by

xα = xα1
1 xα2

2 · · · xαnn , each α ∈Wλ, (11.278)

is associated with each filled-in SSYW tableau (or GT pattern). These
monomials are then summed over all such patterns, including those of
the same weight, to obtain the Schur function sλ(x) defined by

sλ(x) =
∑
α∈Wλ

K(λ, α)xα, (11.279)

where K(λ, α) is the Kostka number giving the multiplicity of weight
α ∈Wλ.
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The Schur functions are invariant under the action of the symmetric
group as expressed by permutations of the variables as given by∑

α∈Wλ

K(λ, α)xαπ = sλ(x), each π ∈ Sn. (11.280)

Schur functions are among a class of symmetric polynomials that are
referred to as a Z−basis for symmetric functions. This aspect of sym-
metric function theory is developed in detail by Macdonald [126] and
Stanley [63, Vol. 2]. The invariance of the Kostka numbers under all
permutations of the parts of the weight α may be used to prove (11.280)
from (11.279), and conversely. We conclude:

For λ ∈ Parn and x = (x1, x2, . . . , xn), the Schur function sλ(x) is a
symmetric, homogeneous polynomial of degree |λ|.

One of the most significant properties of Schur functions is the mul-
tiplication rule:

sµ(x)sν(x) =
∑
λ⊇µ,ν

cλµν sλ(x), (11.281)

where the cλµν are the Littlewood-Richardson numbers. Two other re-
lations of the Schur functions to objects of interest in this monograph
are:

sλ(1, 1, . . . , 1) =
∑
α∈Wλ

K(λ, α) = Dimλ, (11.282)

∑
α∈Wλ

K(λ, α) det
(
x
αj
i

)
1≤i,j≤n = 0. (11.283)

Relation (11.282), applied to the product rule for Schur functions, gives
the important Weyl dimension product rule:

DimµDimν =
∑
λ⊇µ,ν

cλµν Dimλ. (11.284)

The iteration of relation (11.281) is also relevant to this monograph
in view of the relation (see relation (5.53), Chapter 5):

traceDλ(diag(x1, x2, . . . , xn)) = sλ(x1, x2, . . . , xn), λ ∈ Parn. (11.285)

Thus, we have the two relations:

sµ(1)(x)sµ(2)(x) · · · sµ(k)(x) =
∑
λ

cλµ(1) µ(2) ... µ(k) sλ(x), (11.286)
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cλµ(1) µ(2) ... µ(k) =
∑

ν(1),ν(2),...,ν(k−2)

cλµ(1) ν(1)cν
(1)

µ(2) ν(2)cν
(2)

µ(3) ν(3) · · · cν
(k−2)

µ(k−1) ν(k−1) ,

in which ν(0) = λ, ν(k−1) = µ(k), and k = 2, 3, . . . (There is no summation
in the second relation for k = 2). For n = 2, this relation gives

cλµ(1),µ(2),...,µ(k) = Nj(j1, j2, . . . , jk), (11.287)

λ = (2j, 0), µ(i) = (2ji, 0), i = 1, 2, . . . , k,

where Nj(j1, j2, . . . , jk) is the Clebsch-Gordan number for the coupling
of k angular momenta (p. 87, Chapter 2). The generalized Littlewood-
Richardson numbers (11.286) give the dimension of the multiplicity space
that occurs in the reduction of the k−fold Kronecket product of Dλ−poly-
nomials into the Kronecker direct sum. The product (11.286) of Schur
functions unifies the role of CG and Littlewood-Richardson numbers.

Skew Schur functions

The definition and properties of skew Schur functions parallel those of
Schur functions, with skew SSYW tableaux replacing SSYW tableaux
(skew GT patterns replacing GT patterns). The definition is

sλ/µ(x) =
∑

α∈Wλ/µ

K(λ/µ, α)xα, (11.288)

where K(λ/µ, α) is the skew Kostka number giving the multiplicity of the
weight α ∈ Wλ/µ. For µ = (0, 0, . . . , 0), skew Schur functions reduce to
ordinary Schur functions. Again, the skew Schur functions are a Z−basis
for symmetric functions.

Skew Schur functions are invariant under the action of the symmetric
group Sn as expressed by permutations of the variables given by∑

α∈Wλ/µ

K(λ/µ, α)xαπ = sλ/µ(x), each π ∈ Sn. (11.289)

This relation is proved by using the invariance of the skew Kostka num-
bers under permutations of the parts of the weight α.

Skew Schur functions are expressed in terms of ordinary Schur func-
tions by the relations (see Stanley [163, Vol. 2, p. 338]:

sλ/µ(x) =
∑
ν⊆λ

cλµν sν(x) , sλ/ν(x) =
∑
µ⊆λ

cλµν sµ(x). (11.290)
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These two relations shows that cλµν = cλνµ. The evaluation of the first
relation in (11.290) at x = (1,1,. . . ,1) gives

Dim(λ/µ) =
∑
ν⊆λ

cλµν Dimν ; (11.291)

the second relation gives this relation with µ and ν interchanged. Thus:

For λ, µ ∈ Parn and x = (x1, x2, . . . , xn), the skew Schur function sλ/µ(x)
is a symmetric, homogeneous polynomial of degree |λ| − |µ|.

We can now show an important property of the Littlewood-Richardson
numbers. Define the matrix Cλ to be the matrix with elements given by(

Cλ
)
µ,ν

= cλµν , allµ, ν ⊆ λ. (11.292)

We call this matrix the Littlewood-Richardson matrix, for which we have
the result:

The Littlewood-Richardson matrix Cλ is a nonsingular, real, symmetric
matrix of finite order.

Proof: The symmetric property already follows from the two relations
(11.290). These relations must also be invertible, since the set of skew
Schur functions is also a basis of symmetric functions:

sν(x) =
∑
µ⊆λ

dλνµ sλ/µ(x) ; (11.293)

dλνµ = dλµν =
(

(Cλ)−1
)
ν,µ

. (11.294)

The order of the matrix Cλ is equal to the number of partitions whose
shape is contained in shape λ, including the partitions (0, 0, . . . , 0) and
λ. �

Schur functions and skew Schur functions also satisfy the relation

sλ,0n(x; y) =
∑
µ⊆λ

sµ(x) sλ/µ(y) =
∑
µ,ν⊆λ

cλµν sµ(x) sν(y), (11.295)

for λ, µ, ν ∈ Parn where x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn). The
evaluation of these relations at x = y = (1, . . . , 1) gives (see (11.106)):

Dim(λ, 0n) =
∑
µ⊆λ

DimµDim(λ/µ) =
∑
ν⊆λ

Dimν Dim(λ/ν). (11.296)
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The concept of extended Schur functions generalizes that of Schur
functions in another direction; namely, by replacing the partition λ in
sλ(x) by an arbitrary composition α = (α1, α2, . . . , αn) of nonnegative
integers (see Littlewood [105]). Extended Schur functions are defined
by a formula analogous to the Jacobi-Trudi formula for ordinary Schur
functions:

Sα(x) = det
(
x
αj+δj
i

)
1≤i,j≤n

/
det
(
x
δj
i

)
1≤i,j≤n

, (11.297)

where, if at least two parts of the sequence α+δ are equal, then Sα(x) =
0, since the numerator determinant is 0. Otherwise, we have the following
property in direct consequence of the determinantal definition (11.297):

Sα(x) = επsλ(x), if all parts of α + δ are unequal, (11.298)

where π is the unique permutation in Sn that brings the sequence α + δ
to the ordered form π(α+ δ) = (α+ δ)+, in which λ ∈ Parn and λ � |α|.

Extended Schur functions satisfy the product rule:

Sµ(x)Sν(x) =
∑
α∈Wµ

K(µ, α)Sν+α(x) =
∑
β∈Wν

K(ν, β)Sµ+β(x), (11.299)

where in the left-hand side Sµ(x) = sµ(x), Sν(x) = sν(x), since extended
and ordinary Schur functions agree for all partitions µ, ν ∈ Parn.

Proof: The multiplication rule (11.299) is equivalent to showing that

sµ(x) det
(
x
hj
i

)
1≤i,j≤n

=
∑
α∈Wµ

K(µ, α) det
(
x
hj+αj
i

)
1≤i,j≤n

,

hj = µj + n− j. (11.300)

From the definition of det
(
x
hj+αj
i

)
1≤i,j≤n

, we have the identity

det
(
x
hj+αj
i

)
1≤i,j≤n

=
∑
π∈Sn

επx
απxhπ . (11.301)

Multiplying this relation by the Kostka number K(µ, α), summing
over all weights α ∈ Wµ, using relation (11.280) with λ replaced by
µ, and the fact that the summation in (11.280) is independent of the
permutation π ∈ Sn, gives relation (11.299). �
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It is interesting that the following discrete version of relations (11.275)-
(11.276) may be formulated. Define the shift operator Tα by its action
in the set of all compositions α, β, . . . of length n by ∆α : β → β+α, and
define the corresponding action of Tα on the set of functions {Fβ(x)}
enumerated by such compositions β by

TαFβ(x) = Fβ+α(x). (11.302)

In particular, we have that

Tα det
(
x
hj
i

)
1≤i,j≤n

= det
(
x
hj+αj
i

)
1≤i,j≤n

. (11.303)

Extending the definition (11.302) by linearity, we can then define a new
shift operator by

Ωµ =
∑
α∈Wµ

K(µ, α)Tα. (11.304)

Relation (11.300) can now be formulated in terms of these shift operators
as

Ωµ det
(
x
hj
i

)
1≤i,j≤n

= sµ(x) det
(
x
hj
i

)
1≤i,j≤n

, hj = µj+n−j. (11.305)

The Schur functions sµ(x) are the eigenvalues of the shift operator Ωµ
with eigenvectors given by det

(
x
hj
i

)
1≤i,j≤n

.

11.6.5 Dual bases for symmetric functions

The inner product of pairs of symmetric functions plays an important
role is determining inter-relations between symmetric functions. The
inner product ( , ) defined and discussed in Sect. 10.6, Compendium A,
is such that the monomial symmetric polynomials are orthogonal, but
not orthonormal:

(mλ,mµ) = mλ(∂/∂x)mµ(x)
∣∣∣
x=0

= δλ,µNλ, (11.306)

where Nλ is the number of distinct permutations of the parts of λ. This
inner product, which is applicable to the vector space of arbitrary poly-
nomials, is not the one introduced for symmetric functions. Instead, an
inner product 〈 , 〉 is defined such that the set {mλ} of monomial sym-
metric polynomials and the set of complete symmetric functions {hµ}
are dual bases:

〈mλ, hµ〉 = δλ,µ. (11.307)
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(See Macdonald [126], Stanley [163].) The motivation for such a defi-
nition of inner product comes from the following relation (Stanley [163,
Vol. 2, p. 307]:

Let {uλ} and {vλ} be bases of Λ such that for all λ � k we have uλ, vλ ∈
Λk. Then, {uλ} and {vλ} are dual bases if and only if

1∏n
i,j=1(1− xiyj)

=
∑
k≥0

∑
λ∈Park

uλ(x)vλ(y). (11.308)

Thus, for all bases {uλ} and {vλ} satisfying this relation, we have that

〈uλ, vµ〉 = δλ,µ. (11.309)

Three identities leading to dual bases are (Macdonald [124, p. 33]:

1∏n
i,j=1(1− xiyj)

=
∑
k≥0

∑
λ∈Park

z−1λ pλ(x)pλ(y) (11.310)

=
∑
k≥0

∑
λ∈Park

mλ(x)hλ(y) =
∑
k≥0

∑
λ∈Park

sλ(x)sλ(y),

in which zλ is defined by zλ =
∏
i≥1 i

hi hi!, where hi denotes the number
of parts of λ equal to i. Thus, the following three pairs of basis sets of
symmetric polynomials give dual bases: {pλ} and {z−1λ pλ}, {mλ} and
{hλ}, {sλ} and {sλ}, the Schur function basis being self-dual. In partic-
ular, the definition of dual bases then leads to the result that the Schur
functions are an orthonormal basis of Λ :

〈sλ, sµ〉 = δλ,µ. (11.311)

As examples of the inner product 〈 , 〉 introduced above, we have the
following relations:

cλµν = 〈sλ, sµsν〉 = 〈sλ/µ, sν〉,
〈sλ,mµ〉 = K(λ, µ)Nµ, (11.312)

〈sλ, sµ〉 =
∑
ν⊆λ,µ

K(λ, ν)K(µ, ν)Nν .
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We also note the form of (11.310) (right-most identity) given by

1∏m
i=1

∏n
j=1(1− xiyj)

=
∑

λ∈Parn
sλ(x) s(λ,0n−m)(y), m ≤ n. (11.313)

This relation, in turn, implies all of the following: The first obtains by
setting all xi = t (and changing yj to xi); the second from the first by
setting all xi = 1; and the third by equating powers of t in the second.

1∏n
i=1(1− txi)m

=
∑
k≥0

tk
∑
λ�k

Dimλ s(λ,0n−m)(x),

1∏n
i=1(1− t)m

=
∑
k≥0

tk
∑
λ� k

DimλDim(λ, 0n−m), (11.314)

(
mn + k − 1

k

)
=
∑
λ� k

DimλDim(λ, 0n−m).

The right-most relation in (11.310) is a special case of a generalization
of MacMahon’s master theorem given by

1
det(In2 − tX ⊗ Y )

=
∑
k≥0

tk
∑
λ�k

TrDλ(X) TrDλ(Y ), (11.315)

in which X and Y are arbitrary matrices of order n of commuting in-
determinates, and X ⊗ Y is their Kronecker product. The relation in
(11.310) is obtained by choosing X and Y to be diagonal matrices and
using the following relation of the Dλ−matrices to Schur polynomials:

TrDλ(diag(x1, x2, . . . , xn)) = sλ(x). (11.316)

The structure and properties of the matrices Dλ(X) is one of the
main themes of this monograph, and relation (11.315) is an important
example of their properties. This relation was conjectured to be true by
Louck [108] and proved by Méndez [130, 131]. Still other generalizations
of MacMahon’s master theorem may prove useful for applications (see
Konvalinka and Pak [92]).

11.7 Sylvester’s Identity

A relationship between symmetric functions known as Sylvester’s iden-
tity has a fundamental role in our development of the properties of the
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Dλ−polynomials in Chapters 5-8. Recurrence relations for these poly-
nomials depend in an essential way on Sylvester’s identity, as also does
the Lie algebra of the general unitary group. The history of Sylvester’s
identity and its proof is surveyed by Bhatnagar [13].

We next state Sylvester’s identity together with some of its properties:

Sylvester’s identity:

n∑
j=1

xk+n−1j

/
n∏
i=1
i �= j

(xj − xi) =
{

0, k = −1, . . . ,−n + 1,
hk(x), k = 0, 1, . . . .

(11.317)

The hk(x) are the complete homogeneous symmetric functions, which
are expressed in terms of the elementary symmetric functions by

hk(x) =
∑

α1+2α2+···+nαn=k
(−1)k−|α|

(
|α|∏
αi

)
eα1
1 (x)eα2

2 (x) · · · eαnn (x),

for k = 1, 2, . . . ; h0(x) = 1. (11.318)

The homogeneous symmetric functions extend naturally to all nega-
tive integers from (11.317) for xi �= 0, i = 1, . . . , n :

hk(x) = 0, for k = −1,−2, . . . − n + 1; (11.319)

hk(x) =
∑

α1+2α2+···+nαn=−n−k
(−1)k−|α|−1

(
|α|∏
αi

)

×
eα1
n−1(x)eα2

n−2(x) · · · eαn−1

1 (x)

e
|α|+1
n (x)

, (11.320)

for k = −n− 1,−n− 2, . . . ; h−n(x) = (−1)n−1/en(x).

Sylvester’s identity implies the following relation for all k ≥ 0 :

n∑
j=1

xkj Vn(x− en(j))
Vn(x)

=
n∑
j=1

xkj

n∏
i=1

(xj − xi − 1)

/
n∏
i=1
i �= j

(xj − xi)

=
k+1∑
j=0

(−1)jej(x + 1)hk−j+1(x), (11.321)
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where Vn(x) is Vandermonde’s determinant, en(j) is the unit row vector
of length n with j−th part 1 and 0 for all other parts. The argument
x+1 of the elementary symmetric function ej(x+1) denotes (x1+1, x2+
1, . . . , xn+ 1). The right-most form in (11.321) is obtained by expanding
the factor

∏n
i=1(xj − xi − 1) and using Sylvester’s identity (11.317).

Sylvester’s identity is an important relation, not only for its use in this
monograph, but also to other topics such as relativistic wave equations
(Fischback et al. [55]) and epidemiology (Hyman and Stanley [83]).

11.8 Algebraic Derivation of Weyl’s Dimension
Formula

11.8.1 Vandermonde determinants, Bernoulli
polynomials, and Weyl’s formula

Let y = (y1, y2, . . . , yn+1) denote a set of n positive integers (y1, y2, . . . , yn)
and one nonnegative integer yn+1 satisfying y1 > y2 > · · · > yn+1 ≥ 0.
Define disjoint closed intervals of integers by

[yi+1, yi − 1] = {xi |xi = yi+1, yi+1 + 1, . . . , yi − 1}, (11.322)
each i = 1, 2, . . . , n ≥ 2.

Define also the sequence [y] = [y1, y2, . . . , yn+1] of these intervals by

[y] = ([y2, y1 − 1], [y3, y2 − 1], . . . , [yn+1, yn − 1]). (11.323)

The notation x = (x1, x2, . . . , xn) ∈ [y] designates the family of interval
conditions: xi ∈ [yi+1, yi − 1], i = 1, 2, . . . , n. With these definitions and
notations, we then have the following result:

The following identity between Vandermonde determinants is true for
these discrete integral variables:

n!
∑
x∈[y]

Vn(x) = Vn+1(y), n ≥ 2. (11.324)

This relation uniquely determines Vn+1(y) in terms of the Vn(x).

This identity is a special case of the following family of relations between
the elementary symmetric functions ek(x), the Vandermonde determi-
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nant Vn(x), and the Bernoulli polynomials Bk(x) :

1
(n + 1)!

det


(n + 1)tn ntn−1 · · · 1

∆n+1(y1, yn+1) ∆n(y1, yn+1) · · ·∆1(y1, yn+1)
∆n+1(y2, yn+1) ∆n(y2, yn+1) · · ·∆1(y2, yn+1)

...
...

...
∆n+1(yn, yn+1) ∆n(yn, yn+1) · · ·∆1(yn, yn+1)



= tn
∑
x∈[y]

Vn(x)− tn−1
∑
x∈[y]

e1(x)Vn(x) (11.325)

+ tn−2
∑
x∈[y]

e2(x)Vn(x) + · · · + (−1)n
∑
x∈[y]

en(x)Vn(x),

∆j(yi, yn+1) = Bj(yi)−Bj(yn+1), (11.326)
i = 1, 2 . . . , n; j = 1, 2, . . . n + 1 .

Proof: First, we prove (11.325), then (11.324). We start with the
(n + 1)× (n + 1) determinant with row 1 given by (tn, tn−1, · · · , 1) and
row i by (xni , x

n−1
i , · · · , 1), i = 1, 2, . . . , n. This determinant is expanded

by the row 1 cofactor rule to obtain:

V (k)n (x) = ek−1(x)Vn(x), (11.327)

where V
(k)
n (x) denotes the subdeterminant obtained by striking row 1

and column k. We next carry out the summation
∑

x∈[y], noting that∑
xi∈[yi+1,yi−1] can be taken inside the determinantal form of Vn(x) in

front of every power xji , j = n, n − 1, . . . 0, in row i, this being valid for
each i = 1, 2, . . . , n. This step is followed by using the identity:∑

xi∈[yi+1,yi−1]
xji = (Bj+1(yi)−Bj+1(yi+1))

/
(j + 1). (11.328)

Finally, we use elementary row and column operations to bring the de-
terminant to the form given by (11.325), which completes the proof of
that identity.

We continue by using (11.325) to prove (11.324). Equating the coef-
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ficient of tn on both sides of (11.325) gives:∑
x∈[y]

Vn(x) (11.329)

=
1
n!

det


∆n(y1, y2) ∆n−1(y1, y2) · · · ∆1(y1, y2)
∆n(y2, y3) ∆n−1(y2, y3) · · · ∆1(y2, y3)

...
...

...
∆n(yn, yn+1) ∆n−1(yn, yn+1) · · · ∆1(yn, yn+1)



=
1
n!

det


∆n(y1, yn+1) ∆n−1(y1, yn+1) · · · ∆1(y1, yn+1)
∆n(y2, yn+1) ∆n−1(y2, yn+1) · · · ∆1(y2, yn+1)

...
...

...
∆n(yn, yn+1) ∆n−1(yn, yn+1) · · · ∆1(yn, yn+1)

 .

This relation shows that yi−yj is a factor of the right-hand side for every
1 ≤ i < j ≤ n. Since the degree in each yi is n, the determinant must
be of the form anVn+1(y). For the values y1 = n, y2 = n − 1, . . . , yn =
1, yn+1 = 0, the left-hand side of relation (11.329) reduces to Vn(n−1, n−
2, . . . , 0) = 1!2! · · · (n − 1)!, while anVn+1(y) = 1!2! . . . n!an, which gives
an = 1/n!. Thus, the determinant on the right-hand side of (11.324) is
Vn+1(y). (This method was developed in another context in Ref. [106]).

�
Weyl’s dimension formula

It follows from the definition of GT patterns of shape λ and the be-
tweenness conditions µ ≺ λ that Weyl’s dimension formula is obtained
recursively by

Dimλ =
∑
µ∈[λ]

Dimµ, (11.330)

where the sequence of intervals [λ] is defined for a partition λ ∈ Parn by

[λ] = ([λ2, λ1], [λ3, λ2], . . . , [λn, λn−1]). (11.331)

This relation uniquely determines Dimλ in terms of the Dimµ, µ ≺ λ.

We can now prove the formula for the Weyl dimension:

Proof: We replace n by n− 1 in relation (3.324) and set

Vn−1(x) = 1!2! · · · (n− 2)!Dimµ, (11.332)
xj = µj + n− j − 1; j = 1, 2, . . . , n− 1.
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But then the left-hand side of relation (3.324) becomes exactly the right-
hand side of (11.329), so that we obtain

Vn(y) = 1!2! · · · (n− 1)!Dimλ, yi = λi + n− i, i = 1, 2, . . . , n, (11.333)

provided the initial conditions agree. This is the case, since V2(x1, x2) =
x1 − x2 and Dim(µ1, µ2) = µ1 − µ2 + 1 = V (µ1 + 1, µ2). �

11.9 Other Topics

11.9.1 Alternating sign matrices

We present in this section some recent results establishing a bijection
between a certain class of Gelfand-Tsetlin patterns and a class of matrices
known as alternating sign matrices. The counting formula for the number
of alternating sign matrices has been derived by Zeilberger [195], with
contributions from many others (see Andrews [2], Lascoux [102], Robbins
et al. [150], the rederivation by Kuperberg [99], and the nice survey by
Bressoud and Propp [33]).

Gelfand-Tsetlin patterns have a major role in this monograph, and
closed counting formulas for their number, such as the Weyl formula for
the case when all betweenness relations are fulfilled, are of considerable
interest. It is for this reason that we address the problem of counting al-
ternating sign matrices from the perspective of counting GT patterns. If
restrictions are imposed on the betweenness conditions, then the count-
ing problem of the associated GT patterns may or may not be tractable,
but it is solvable for the alternating sign matrix problem, as given by
the Zeilberger formula. Here, we do not present a new solution of the
problem, but offer instead a different focus on its various structural as-
pects.The interest is in what are called strict Gelfand-Tsetlin patterns.

The Gelfand-Tsetlin pattern (11.73) is called a strict GT pattern, if,
in addition to all the betweenness conditions, it is further restricted by
the conditions that its shape λ is a strict partition, that is, λ1 > λ2 >
· · · > λn > 0, and, moreover, that each of its remaining n − 1 rows is
also a strict partition. We denote the set of all strict Gelfand-Tsetlin
patterns of shape λ by Str Gλ. The number of patterns in the general
set Str Gλ is unknown, but for the special partition λ = (n, · · · , 2, 1), it
is given by the Andrews-Zeilberger number dn :

|Str G(n,···,2,1)| = dn =
n−1∏
j=0

(3j + 1)!
(n + j)!

, n ≥ 1. (11.334)

We call this the Andrews-Zeilberger number because Andrews [2] had
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earlier proved a conjecture of Mills et al. [135] that gives the same num-
ber dn as the number of totally symmetric, self-complementary plane
partitions. As yet, a bijection between such plane partitions and the
set of alternating sign matrices has not been found (We do not concern
ourselves here with this problem).

We first define the set of alternating sign matrices (AS matrices)
and then demonstrate the bijection with strict GT patterns of shape
(n, · · · , 2, 1) = λ.

An alternating sign matrix of order n is a matrix A = (aij)1≤i,j≤n with
elements aij ∈ A = {−1, 0, 1} such that when a given row (column) is
read from left (top) to right (bottom), and all zeros in that row (column)
are ignored, the row (column) contains either a single 1, or is an alter-
nating series 1,−1, 1,−1, . . . , 1,−1, 1 of odd length; hence, each row and
column adds to 1. We denote the set of alternating sign matrices of order
n by An.

This definition includes all the n! permutation matrices Pπ, π ∈ Sn, of
order n. For n = 1, 2, 3, the alternating sign matrices are the following:

n = 1 : (1) ; n = 2 :
(

1 0
0 1

)
,

(
0 1
1 0

)
;

(11.335)

n = 3 : all six Pπ, π ∈ S3, and
(

0 1 0
1− 1 1
0 1 0

)
.

Thus, the number of alternating sign matrices for n = 1, 2, 3 is 1, 2, 7,
which is in agreement with relation (11.334).

The bijection between Str Gn,···,2,1 and An is given by the following
mapping rule (see the GT pattern (11.73) for notation):(

n · · · 1
m

)
�→ A = (A1 A2 · · · An), (11.336)

where the Ai are the columns of the alternating sign matrix A given by

A1 = em1,1 ,
Ai = (em1,i + em2,i + · · · + emi,i

)
−(em1,i−1 + em2,i−1 + · · ·+ emi−1,i−1), i = 2, 3, . . . , n,

(11.337)

in which ek denotes the unit column matrix of length n with 1 in position
k and 0 elsewhere. The mapping (11.336)-(11.337) is a bijection because
the explicit reverse mapping for each A ∈ An is obtained as follows: The
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sum of the first i columns of A is given by

A1 + A2 + · · · + Ai =
i∑

j=1

emj,i
, (11.338)

from which row i of the GT pattern is read off as mi = (m1,im2,i · · · m1,i),
for each i = 1, 2, . . . , n. Robbins et al. [150] first pointed out the bijection
between strict GT patterns and AS matrices.

Examples. It is useful to give examples of the bijection between strict
GT patterns and AS matrices:

n = 4 :  4 3 2 1
4 3 1
4 2
3

 �→
 0 0 1 0

0 1 −1 1
1 −1 1 0
0 1 0 0

 . (11.339)

n = 5 : 
5 4 3 2 1
5 4 2 1
4 3 1
3 2
2

 �→


0 0 1 0 0
1 0 −1 1 0
0 1 0 −1 1
0 0 1 0 0
0 0 0 1 0

 . � (11.340)

Recurrence relation for strict GT patterns

It is quite easy to give a recurrence relation (see (11.330)) for counting
the set of all strict GT patterns of general strict shape λ. We define the
cardinality Strn(λ) of a strict partition λ ∈ Parn by

Strn(λ) = |StrGλ|. (11.341)

Then, the recurrence relation for these quantities follows directly from
(11.330) by taking the general GT pattern (11.73) to be strict:

Strn(λ) =
∑

µi ∈ [λi+1, λi]
µ1>µ2> ···>µn−1

Strn−1(µ), (11.342)

where the starting point for the iteration is

Str2(λ1, λ2) = λ1 − λ2 + 1. (11.343)

Example. By direct enumeration of the restricted GT patterns, we have
that Str3(2, 1, 0) = 7, since the only pattern in the full set G(2,1,0) of eight
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that fails to quality is
( 2 1 0

1 1
1

)
. Relation (3.342) correspondingly gives

Str3(2, 1, 0) = Str2(2, 1) + Str2(2, 0) + Str2(1, 0) = 2 + 3 + 2 = 7. �
The important property of relation (11.342) is:

Relation (11.342) determines uniquely all strict GT patterns starting
with the initial values (11.343), iterating first to n = 3, then to n = 4,
etc.
Example. The calculation of Str4(4, 3, 2, 1).

Str4(4, 3, 2, 1) =
∑

µ1 ∈ [3, 4];µ2 ∈ [2, 3], µ3 ∈ [1, 2]
µ1 > µ2, µ2 > µ3

Str3(µ1, µ2, µ3) (11.344)

= Str3(3, 2, 1) + Str3(4, 2, 1) + Str3(4, 3, 1) + Str3(4, 3, 2),

where the terms in this summation are given by

Str3(3, 2, 1) =
∑

µ1 ∈ [2, 3];µ2 ∈ [1, 2]
µ1 > µ2

(µ1 − µ2 + 1) = 7,

Str3(4, 2, 1) =
∑

µ1 ∈ [2, 4];µ2 ∈ [1, 2]
µ1 > µ2

(µ1 − µ2 + 1) = 14,

Str3(4, 3, 1) =
∑

µ1 ∈ [3, 4];µ2 ∈ [1, 3]
µ1 > µ2

(µ1 − µ2 + 1) = 14,

Str3(4, 3, 2) =
∑

µ1 ∈ [3, 4]; x2 ∈ [2, 3]
µ1 > µ2

(µ1 − µ2 + 1) = 7.

Thus, we obtain
Str4((4, 3, 2, 1)) = 42. � (11.345)

The above example shows clearly the importance of the general re-
lation (11.342) for determining the variety of strict GT patterns that
occur in the expression for the cardinality Strn(n, . . . , 2, 1) of strict GT
patterns in which only adjacent integers appear.The general formula for
the cardinality of these special strict GT patterns is an application of
(11.342):

Strn(n, . . . , 2, 1)

=
∑

µn ∈ [1, 2];µn−1 ∈ [2, 3]; . . . , µ1 ∈ [n− 1, n]
µ1 > µ2, µ2 > µ3, . . . , µn−2 > µn−1

Strn(µ1, µ2, . . . , µn−1). (11.346)
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This relation, with all of its restrictions, simplifies to the form:

Strn(n, . . . , 2, 1) =
n∑
i=1

Strn−1(µ(i)),

µ(i) = (n, n− 1, . . . , î, . . . , 2, 1), (11.347)

where the notation î for the i−th strict partition µ(i) designates that inte-
ger i is missing from the partition (n, n−1, . . . , 1). For example, for n = 4,
we have µ(1) = (4, 3, 2), µ(2) = (4, 3, 1), µ(3) = (4, 2, 1), µ(4) = (3, 2, 1),
as in the example above. The meaning of the set of strict partitions
µ(i), i = 1, 2, . . . , n, is that they are the partitions that enter into row
n− 1 of the set Gn,...,2,1 of strict GT patterns. But a principal hurdle is:
Relation (11.347) does not stand on its own as a recurrence relation. It
is necessary to revert back to the complete recurrence relation (11.342)
to determine the strict partitions that can occur in row n − 2 of a GT
pattern in Gn,...,2,1, etc. This becomes increasing difficult when rows
n− 2, n− 3, . . . , 1 are considered, in turn.

We observe next two important properties that preserve the counting
of ordinary GT patterns as well as strict GT patterns:

(i). Translation invariance: The number of patterns in Gλ is invariant
to the shift of all entries in the pattern by the same integer h ∈ Z,
which implies

|Gλ+h| = |Gλ|, (11.348)

where λ + h denotes (λ1 + h, λ2 + h, . . . , λn + h).

(ii). Sign-reversal shift conjugation: The number of patterns in Gλ is
invariant to the operation of writing each row of the pattern back-
wards with minus signs and translating by h = λ1 + λn. This op-
eration effects the transformation of shape λ to shape λ∗, where
λ∗i = λ1 − λn−i+1 + λn, i = 1, 2, . . . , n. Thus, we have the identity

|Gλ| = |Gλ∗ |. (11.349)

This operation is called sign-reversal shift conjugation; it is an in-
volution: repetition of the operation restores the original pattern.

It is evident that the properties of shift invariance and sign-reversal shift
conjugation apply as well to strict GT patterns for all n ≥ 2 :

Strn(λ1 + h, . . . , λn + h) = Strn(λ1, . . . , λn), h ∈ Z,

Strn(λ∗) = Strn(λ). (11.350)
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Since relations (11.350) hold for all n, we have the result:

The general recurrence formula (11.342) giving the number of strict GT
patterns of arbitrary order n is invariant under the operations of trans-
lations and sign-reversal shift conjugation.

It is, perhaps, an rather unexpected result that the positive integer
Strn−1(µ(i)), which is uniquely determined by the recurrence relation
(11.342), is given by the value Zn(i) of a polynomial Zn(x) of degree
2n− 2 that satisfies the sign-reversal shift conjugation rule:

Zn(x) = Zn(−x + n + 1). (11.351)

This value of Strn−1(µ(i)) is given by

Strn−1(µ(i)) = Zn(i), n ≥ 2, i = 1, 2, . . . , n, (11.352)

as we next show, by examples.

Examples. It is a fascinating exercise to calculate directly from the
general recurrence relation (11.342) the values of Strn−1(µ(i)) for n =
2, 3, 4, 5, and verify that they are the values of the polynomials:

Z1(x) = 1,

Z2(x) =
1
2

(
x

1

)(
−x + 3

1

)
,

Z3(x) =
1
3

(
x + 1

2

)(
−x + 5

2

)
, (11.353)

Z4(x) =
7
20

(
x + 2

3

)(
−x + 7

3

)
,

Z5(x) =
3
5

(
x + 3

3

)(
−x + 9

3

)
.

These polynomials have the following zeros:

n = 2 : x = 0, 3; n = 3 : x = −1, 0, 4, 5; (11.354)
n = 4 : x = −2,−1, 0, 5, 6, 7; n = 5 : x = −3,−2,−1, 0, 6, 7, 8, 9.

These polynomials satisfy the sign-reversal shift conjugation rule Zn(x) =
Zn(−x + n + 1), which upon setting x = y + (n + 1)/2 becomes

Zn(
n + 1

2
− y) = Zn(

n + 1
2

+ y), y ≥ 0. (11.355)
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The polynomial Zn(x) is a symmetric polynomial under reflection through
the vertical line containing the point a = (n + 1)/2.

The simplicity of the structural pattern in the examples (11.353) sug-
gests immediately the general result: The polynomial Zn(x) is given by

Zn(x) = an

(
x + n− 2
n− 1

)(
−x + 2n− 1

n− 1

)
, n ≥ 1, (11.356)

where an is an undetermined positive constant.

But the inference of the form (11.356), which satisfies sign-reversal shift
conjugation, does not, of course, constitute a proof of its validity. Even
though the n numbers Zn(i), i = 1, 2, . . . , n, in relation (11.352) are
uniquely determined by the general recurrence relation (11.342), it is
not easy to implement this calculation (see (11.357) below). Nonetheless,
the simplicity of the polynomial (11.356) is appealing, and challenges a
direct proof.

That the polynomial Zn(x) is correct is a consequence of results ob-
tained by Zeilberger [196] in his second paper, where Zn(x) appears in
terms of the binomial coefficients in the value Zn(i) at x = i, together
with the explicit multiplying factor an. Nonetheless, it is informative
to explore further the properties of the polynomials (11.356) without
assuming Zeilberger’s result.

As noted above, the partitions that occur in row n − 1 in the set
Gλ, λ = (n, . . . , 2, 1) of strict GT patterns are µ(1), µ(2), . . . , µ(n); that
is, the set Gλ of GT patterns is the union of the subsets G

(i)
λ , i =

1, 2, . . . , n, of strict GT patterns defined by

G
(i)
λ =


 λ

µ(i)

(m)n−2

 ∣∣∣∣∣∣ the n− 2 rows of the lexical GT
pattern (m)n−2 are strict partitions

 . (11.357)

By definition, the positive integer Zn(i) gives the number of GT patterns
in the set G

(i)
λ . The sum

∑n
i=1 Zn(i) = |Gn,...,2,1| is the number of strict

GT patterns sought. In the statement of these properties of the GT pat-
terns (11.357), no use is made of (11.356). We now make the additional
assumption:

Assumption:The numbers Zn(i) are the values of the polynomials Zn(x)
of the form (11.356) at x = i, i = 1, 2, . . . , n, where an is undetermined;
that is,

Strn−1(µ(i)) = Zn(i), n ≥ 2; i = 1, 2, . . . , n. (11.358)
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We remark further on this assumption below, but now use it to prove:

The following relations hold:

Zn(x) = dn

(x+n−2
n−1
)(−x+2n−1

n−1
)(3n−2

n−1
) , n ≥ 1, (11.359)

dn =
n−1∏
j=0

(3j + 1)!
(n + j)!

. (11.360)

Proof: The polynomial (11.356), evaluated at x = i, gives

Zn(i) = an

(
i + n− 2
n− 1

)(
−i + 2n− 1

n− 1

)
, (11.361)

where an is an undetermined constant. We next carry out the following
summation of the polynomials Zn(x) evaluated at x = i :

n∑
i=1

Zn(i) = an

n∑
i=1

(
i + n− 2
n− 1

)(
−i + 2n− 1

n− 1

)
. (11.362)

The summation on the right-hand side of this relation can be effected by
using the binomial function identities:(

x + y

n− 1

)
=

∑
s+t=n−1

(
x

s

)(
y

t

)
,

(
i + n− 2
n− 1

)
= (−1)i−1

(
−n
i− 1

)
, (11.363)(

−i + 2n− 1
n− 1

)
= (−1)n−i

(
−n
n− i

)
.

Thus, we obtain:

n∑
i=1

(
i + n− 2
n− 1

)(
−i + 2n − 1

n− 1

)
= (−1)n−1

n∑
i=1

(
−n
i− 1

)(
−n
n− i

)

= (−1)n−1
(
−2n
n− 1

)
=
(

3n− 2
n− 1

)
, (11.364)
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n∑
i=1

Zn(i) = an

(
3n− 2
n− 1

)
= dn, (11.365)

where dn is not yet defined. But it is also the case that Strn−1(µ(n)) =
Strn−1(n− 1, . . . , 2, 1) = Zn(n), which gives

dn−1 = an

(
2n − 2
n− 1

)
. (11.366)

Thus, we obtain the recurrence relation

dn = dn−1

(3n−2
n−1
)(2n−2

n−1
) , n ≥ 2, d1 = 1. (11.367)

This relation is easily iterated to obtain

dn =
n−1∏
j=0

(3j + 1)!
(n + j)!

, (11.368)

which, in turn, gives the value of an in relation (11.356):

an =
dn(3n−2
n−1
) . � (11.369)

Remarks.

1. It is appropriate to use the term Zeilberger polynomials for the
fully determined polynomials Zn(x). It is the multiplying coefficient
an = dn

/(3n−2
n−1
)

in these polynomials that gives them a nontriv-
ial structure. The proof of (11.359) for the Zeilberger polynomial
Zn(x) shows that this polynomial is fully defined by its degree 2n−2
and its set of zeros:

{−n + 2,−n + 3, . . . ,−1, 0;n + 1, n + 2, . . . , 2n − 1}. (11.370)

The split of zeros into these two sets is a consequence of sign-reversal
shift conjugation; the values Zn(i) at the integers i = 1, 2, . . . , n be-
tween the sets of zeros counts the number of strict GT patterns in
the set (11.357). Such an exquisite characterization of the Zeil-
berger polynomials suggests a corresponding simplicity of origin
(see Remark 3 below).
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2. There is no freedom in the definition of the polynomials Zn(x).
The general recurrence relation (11.342), shift invariance, and sign-
reversal shift conjugation uniquely determine Zn(x), but a simple,
direct proof seems difficult. An alternative approach makes use of
still another property of GT patterns, as follows: The removal of
the left-most down-diagonal from an arbitrary GT pattern (11.73)
having n rows leaves behind a (lexical) GT pattern having n − 1
rows. This rule applies to strict GT patterns as well. In particular,
when applied to strict partitions in the set StrGn,...,1, the result is:

dn =
∑
µ(2)

(
∑
µ(1)

Rµ(1)/µ(2))dn−1(µ(2)), (11.371)

where: µ(1) and µ(2) are, respectively, the first down-diagonal in
a strict GT patterns in StrGn,...,1 and the first down-diagonal in a
strict GT pattern StrGn−1,...,1 :

µ(1) = (n, µ(1)2 , . . . , µ(1)n ) ⊇ µ(2) = (n− 1, µ(2)2 , . . . , µ
(2)
n−1). (11.372)

The number dn−1(µ(2)) is the number of GT patterns in StrGn−1,...,1
that have the fixed down-diagonal µ(2). The summation is, first of
all, over all down-diagonals µ(1) for fixed µ(2) such that

µ
(1)
i ≥ max{µ(2)i−1, µ

(2)
i + 1}, i = 1, 2, . . . , n, (11.373)

where µ
(2)
0 = n − 1 and µ

(2)
n = 0. Finally, the sum is over all

down-diagonals µ(2) that arise in StrGn−1,...,1. Only GT patterns
of the type Gk,k−1,...,1, k = n, n − 1, . . . , 1, enter into the iteration
of (11.371) through the associated family of down-diagonals. It is a
nice result that the iteration entails restricted partitions for which
each part satisfies a constraint based on the parts of the contiguous
down-diagonal. A formula similar to (11.371) can be derived for
Zn(i) by applying this same method to the GT pattern (11.357).
The implications of these relations remains to be investigated.

3. A completely different approach to the zeros problem uses a special
class of magic squares of order n that is bijective with the set of
alternating sign matrices (see Ref. [116]). It is quite intriguing that
the polynomial Hn(x) of degree (n − 1)2 that gives the number
Hn(r) of all magic squares of order n with row and column sums
equal to r has the zeros x = −n + 1,−1, . . . ,−2,−1 (see Stanley
[163, Vol. 1, p. 232]), which are the left half of the zeros in (11.370)
shifted to the left by one unit. The polynomials Hn(x) also have the
symmetry Hn(−x−n) = (−1)n−1Hn(x). The zeros of Hn(x) give, in
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general, only a partial determination of the polynomial. The theory
of magic squares is a complex subject that is of considerable interest
for this monograph because it is a special case of the ubiquitous
matrix arrays M

p
n×n(α, β) (see Refs. [28, 36, 37].)

4. The simplest meaning of the number dn can be stated in terms of
SSYW tableaux themselves: Consider the set T(n,...,2,1) of SSYW
tableaux obtained by filling in the shape in all possible ways with
the integers 1, 2, . . . , n. The number of such tableaux is 2(n2). Se-
lect from this set the subset obtained by the following rule: If the
shape of the tableau is a strict partition after removing all boxes
containing n, keep the tableau, otherwise discard it; if the shape
of the tableau is a strict partition after removing all boxes con-
taining n − 1, keep the tableau, otherwise discard it; . . . ; if the
shape of the tableau is a strict partition after moving all boxes
containing 2, keep the tableau, otherwise discard it. Denote the
set of all such tableaux having strict shapes by Str T(n,...,2,1). Then,
dn = |Str T(n,...,2,1)|.

5. The results obtained in this section illustrate further the versatility
of Gelfand-Tsetlin patterns in enumeration problems, going well be-
yond their original purpose. Such GT type patterns are also known
for other groups, with corresponding tableaux (Baclawski [5, 6] and
Krillov [95]). Generalizations also turn up in other applications as
developed by Krillov and Berenstein [96].

11.9.2 Binary trees, graphs, and digraphs

The subjects of binary trees and related graphs are so important for the
main themes of this monograph that they are developed in the main text
in the context of their usage. In this connection, we note an undeveloped
aspect of binary trees: The Weyl formula, applied to patterns having 2n
rows with partition λ = (n, n, 0, · · · , 0) of weight (1, 1, . . . , 1) (length 2n),
gives the famous Catalan numbers an = 1

n+1

(2n
n

)
(see Stanton and White

[165]). Thus, the theory of binary trees could also be formulated in terms
of these specialized GT patterns.

11.9.3 Umbral calculus and double tableau calculus

The foundations of combinatorics set forth in Roman and Rota [153],
Rota [154, 155, 156], Rota et al. [157], Kung and Rota [97], and Kung [98]
are the basis for a more combinatorial-oriented treatment of much of the
subject matter of this monograph. Several such applications are pointed
out in the main text, but a more detailed combinatorial exposition of
the relationship of the umbral calculus to coupled angular momentum
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theory with its 3n− j coefficients, to the shift operator approach to the
properties of the general Dλ−polynomials, and to the fundamental role of
Sylvester’s identity in the Lie algebra of the general linear group remains
a challenge, not fully realized in the present volume. In particular, the
bracket algebra developed by Kung and Rota [97] is intrinsically related
to the methods presented in this volume.

11.9.4 Special functions

Relations of the Dλ−polynomials and their Kronecker products to spe-
cial functions of many variables, but in the spirit of Wigner [182], Talman
[169], and Vilenkin [170], have not been included in this volume because
of space and a rather random development. Results in that direction can
be found in Louck and Biedenharn [118], Biedenharn et al. [15], Bieden-
harn and Louck [22, 23, 24], and Chen and Louck [40, 41]. Recent re-
sults on Hermite polynomials and their relation to the totally symmetric
Dk−polynomials by Yang [191] are also a beginning for even more com-
plex relations originating from the harmonic oscillator creation operator
realization of the indeterminates in the general Dλ−polynomials. The
paper by Gelfand and Graev [61] places some aspects of this subject in
the broader context of general hypergeometric functions, as also does
that of Milne [136] in a different direction.

11.9.5 Other generalizations

The discovery of two other noteworthy combinatorial based functions
have been by-products of the approach to the calculation of explicit
SU(3) CG coefficients suggested by the properties of canonical tensor
operators: The first is the concept of the factorial Schur function with
properties presented and discussed in Ref. [23, 24, 41, 109]; the second
is the notion of the generalized hypergeometric series presented and dis-
cussed in Ref. [15, 112]. The richness of physical theory in suggesting
new mathematical objects of interest is well-illustrated by these exam-
ples. But a quite different perspective led Goulden and Hamel [69] to a
similar theory of the factorial Schur function.

Additional reading in combinatorics

We have found the following books ( in addition to those already cited)
to be helpful in preparing this Compendium: Berge [11], Godsil [65],
Graham et al. [70], Riordin [148], Robinson [151], Stanton [164], Stanton
and White [165], Wilf [186].
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Theéorie des Graphes, 363-365 (Reprinted in Ref. [98]). [54, 595]

[156] G.-C. Rota, Invariant theory, old and new, The American Math.
Soc. Colloquium Series, Lecture 2, Baltimore, 1998. [54, 595]

[157] G-C. Rota, D. Kahaner, and A. Odlyzko, Finite operator calculus,
J. Math. Anal. Appl. 42 (1973) 685-760 (Reprinted in Ref. [154]).
[54, 562, 595]

[158] D. J. Rowe and J. Repka, An algebraic algorithm for calculating
Clebsch-Gordan coefficients in SU(2) and SU(3), J. Math. Phys.
38 (1997) 4363-4388. [349]

[159] D. H. Sattinger and O. L. Weaver, Lie Groups and Algebras
with Applications to Physics, Geometry, and Mechanics, Springer-
Verlag, New York, 1986. [504]

[160] J. Schwinger, On Angular Momentum, U.S. Atomic Energy Com-
mission Report NYO-3071, 1952 (Reprinted in Ref. [25]). [preface,
64, 230, 234, 568]

[161] D. P. Shulka, Certain transformations of generalized hypergeomet-
ric series, Indian J. Pure Appl. Math. 12 (1981) 994-1000. [567]

[162] G. F. Simmons, Topology and Modern Analysis, McGraw-Hill,
New York, 1963. [504]

[163] R. P. Stanley, Enumerative Combinatorics, Vols. 1,2, Cambridge
University Press, Cambridge, 1997. [preface, 60, 182, 317, 505, 506,
520, 522, 535, 574, 575, 579, 594]

[164] D. Stanton, Editor, Invariant Theory and Tableau, The IMA Vol-
umes in Mathematics and Its Applications, Vol. 19, Springer-
Verlag, New York, 1988. [596]

[165] D. Stanton and D. White, Constructive Combinatorics, Springer-
Verlag, New York, 1986. [100, 595, 596]

[166] S. Sternberg, Group Theory and Physics, Cambridge Univ. Press,
Cambridge, 1994. [355, 356, 357, 504]

[167] H. Henry Stroke, Editor, The Physical Review: The First Hundred
Years, AIP Press, New York, 1995. [13, 14]

[168] D. K. Sunko and D. Svrtan. A generating function for angular
momentum multiplicities, (Univ. of Zagreb, Yugoslavia, preprint,
1984). [92, 513]



608 BIBLIOGRAPHY

[169] J. D. Talman, Special Functions: A Group Theoretic Approach,
Benjamin, New York, 1968. [596]

[170] N. Vilenkin, Special Functions and the Theory of Group Represen-
tations,Vol. 22, translation in Amer. Math. Soc., Providence, 1968.
[596]

[171] B. L. van der Waerden, Die Gruppentheoretische Methode in der
Quantenmechanik, Springer, Berlin, 1932. [21]

[172] B. L. van der Waerden, Sources of Quantum Mechanics, North-
Holland, Amsterdam, 1967. [504]

[173] B. L. Van der Waerden, Algebra, Frederick Ungar Publishing Co.,
New York, 1970. [453, 504]

[174] J. von Neumann, Mathematical Foundations of Quantum Mechan-
ics, Princeton University Press, 1955. [12]

[175] L. Wei, Unified approach for calculation of angular momentum
coupling and recoupling coefficients, Comput. Phys. Commun. 120
(1999) 222-230. [245]

[176] H. Weyl, Space—Time—Matter, Dover, New York, 1922. [3]
[177] H. Weyl, The Theory of Groups and Quantum Mechanics,

Methuen, London, 1931; reissued by Dover, New York, 1949. [3,
30, 358, 504, 528]

[178] H. Weyl, The Classical Continuous Groups, Princeton University
Press, Princeton, New Jersey, 1946. [356, 504]

[179] J. A. Wheeler and W. H. Zurek, Editors, Quantum Theory and
Measurement, Princeton University Press, Princeton, New Jer-
sey,1983. [12]

[180] E. T. Whittaker, History of the Theories of the Aether and Elec-
tricity, 1900-1926, Nelson, London, 1953. [14]

[181] E. P. Wigner, Group Theory and Its Application to the Quan-
tum Mechanics of Atomic Spectra. Academic Press, New York,
1959 (Original German edition: Gruppentheorie und ihre Anwen-
dung auf die Quanten-mechanik der Atomspektren, Braunschweig,
1931). [15, 30, 358, 504]

[182] E. P. Wigner, Application of Group Theory to the Special Func-
tions of Mathematical Physics, Lecture notes, 1955. [360, 596]

[183] E. P. Wigner, On the matrices which reduce the Kronecker prod-
ucts of representations of S. R. groups, 1940. (Reprinted in Quan-
tum Theory of Angular Momentum, editors, L. C. Biedenharn and
H. van Dam, Academic Press, New York, 1965, pp. 87-133.) [143]

[184] E. P. Wigner, Einige Folgerungen aus der Schrödingerschen Theorie
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