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Preface

This monograph is an outgrowth of the books “Angular Momentum in
Quantum Physics” and “The Racah-Wigner Algebra in Quantum The-
ory,” by L. C. Biedenharn and myself, published in 1981, originally by
Addison-Wesley in the Gian-Carlo Rota series “Encyclopedia of Mathe-
matics and Its Applications,” and subsequently by Cambridge University
Press. Biedenharn and I planned to extend the results for SU(2), which
is the quantum mechanical rotation group of 2 x 2 unitary unimodular
matrices, to the general unitary group U(n), based on our research over
thirty years of collaboration. The plan was to use the methods of the
boson calculus because of its close relationship to the creation and an-
nihilation operators associated with physical processes and the natural
invariance of this calculus to unitary transformations. The broad outline
of such a monograph on unitary symmetry based on the boson calculus
was laid out some fifteen years ago, but was never implemented. Bieden-
harn became very interested in quantum groups and g-tensor operator
theory, while I, under the influence of Gian-Carlo Rota and his student,
William Y. C. Chen, became interested in the combinatorial basis of
group representation and tensor operator theory. Biedenharn’s death
in 1996 ended any possibility of a rejoining of efforts, but our earlier
collaborations have had a heavy bearing on the present work.

The role of combinatorics in the representation theory of groups is
more encompassing than possibly could have been forseen. The funda-
mental role developed here evolved from research with William Y. C.
Chen and Harold W. Galbraith, postdoctoral student of mine, and col-
laborator on a number of articles on symmetry in physics, all of which
was tempered by Rota’s global viewpoint of the pervasiveness of com-
binatorics. This monograph is about the discoveries made, as described
by a algorithmic approach to enhance the computability of the complex
objects encountered. It is against this background that the viewpoints
advanced in this monograph emerged.

Boson polynomials are homogeneous polynomials defined over a col-
lection of n? commuting boson creation operators. These polynomials
give all the irreducible unitary representations of the general unitary
group U(n) by the simple device of replacing the boson operators by the
n? elements of a unitary matrix. The multiplication property of these
matrix group respresentations of U(n) is preserved even by the boson
polynomials. This suggests that the boson operators should be taken to
be commuting indeterminates, and that the properties of these homoge-
neous polynomials should be developed in this context. The polynomials
are themselves the basic objects, independent of any interpretation of
the indeterminates over which they are defined. Then, not only are the
irreducible representations of U(n) (and the general linear group) ob-
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tained in one assignment of the indeterminates, but also in the original
assignment the rich physical interpretation in terms of boson operators
is regained.

But much more emerges. The group multiplication property of rep-
resentations is a consequence of a new class of identities among multi-
nomial coefficients, which themselves have a combinatorial origin and
proof, and which hold for arbitrary interpretations of the n? indetermi-
nates, including even singular matrices of order n. The structure is fully
combinatorial. The study of these polynomials is thus brought under
the purview of combinatorics and special functions, extended to many
variables. These polynomials may be regarded as generalizations of the
functions that arise in the study of the symmetric group, with its as-
sociated catalog of symmetric functions, such as the Schur functions,
etc. Even more unexpected is that the famous MacMahon [129] Master
Theorem, a classical result in combinatorics, is the basis for Schwinger’s
[160] famous generating function approach to angular momentum theory.
Indeed, it is the MacMahon Master Theorem that unifies the angular mo-
mentum properties of composite systems in the binary build-up of such
systems from more elementary constituents.

This monograph consists, essentially, of three distinct, but interre-
lated parts: Chapters 1-4, Chapters 5-9, and Chapters 10-11. The last
two chapters are compendiums which define, develop, and summarize
concepts used in the first nine chapters.

Chapters 1-4 deal with basic angular momentum theory and the
properties of the famous Wigner D—functions, now extended to poly-
nomial forms over four commuting indeterminates, and with the prop-
erties of arbitrary many multiple Kronecker products of these extended
D—polynomials. These four chapters may be regarded as a summary of
results that subsume all of standard angular momentum theory with a
focus on the combinatorial underpinnings of these polynomials, as cap-
tured by the concept of SU(2) solid harmonics. As examples, the famous
Wigner-Clebsch-Gordan coefficients are shown to be objects that com-
binatorially come under the purview of the umbral calculus, while the
binary coupling theory of angular momentum is intrinsically an applica-
tion of the theory of graphs, specifically, binary trees, Cayley trivalent
trees, and cubic graphs. This leads to a number of combinatorial in-
terpretations of the well-known Racah sum rule and Biedenharn-Elliott
identity, and the fundamental role of Racah coefficients in the binary
recoupling theory of angular momenta.

Chapters 5-9 deal with the generalization of the solid harmonics to
polynomials called D*—polynomials, where \ is a partition, and these
polynomials are defined over n? commuting indeterminates, which when
specialized to the elements of a complex matrix of order n give the in-
tegral irreducible representations of the general linear group of complex
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matrices of order n, and, in particular, all inequivalent irreducible repre-
sentations of the general unitary group of matrices of order n. Again, the
focus is on the combinatorial properties of the general polynomials them-
selves, such as their unique generation by shift operator actions, which
involve diagraphs, Sylvester’s identity, Schur functions, skew Schur func-
tions, Kostka numbers, and Littlewood-Richardson numbers, all combi-
natorial concepts underlying modern treatments of the symmetric group
Sy It is the labeling of these polynomials by Gelfand-Tsetlin patterns,
which are one-to-one with the semistandard Young-Weyl tableau, that
underlies the relationship to the symmetric group. The reduction of
the single Kronecker product D* @ D¥ = >, cf‘w D? of two such ir-
reducible polynomials into a direct sum of irreducible polynomials is
extraordinarily rich in combinatorial structures.The D*—polynomials
subsume many of the properties of classical Schur functions, and the
matrix D*(Z) might well be called a matriz Schur function.The com-
plexity of these polynomials, although elegant in their structure, allows
us to deal comprehensibly only with the Kronecker product of a pair
of such polynomials. Multiple Kronecker products and the associated
concepts of Racah coeflicients, etc., and the relationship to graph theory
is beyond our reach. New viewpoints of tensor operators as operator-
valued D*—polynomials emerge. A comprehensive theory of (general-
ized) Racah coefficients must await further developments.

The Littlewood-Richardson numbers cf;l, that occur in the reduction

of the Kronecker product is so pervasive that we give a great deal of
attention to their properties (Compendium B). These numbers express

the number of repetitions of a given D*—polynomial in the Kronecker
product reduction. They give the generalization to the general unitary
group U(n) of the familiar addition rule

J=g+j2,01+j2—1,..., |51 — jol
of two interacting quantum-mechanical constituents with separate an-

gular momenta j; and jo, constituting a composite system of angular
momentum j; the Littlewood-Richardson number is 0 or 1.

Three (at least) nontrivial combinatorial objects enter into the combi-
natorial interpretation of the Littlewood-Richardson numbers: Gelfand-
Tsetlin patterns, semistandard skew tableaux, and the lattice permu-
tations associated with these entities. The intricacies of such counting
methods would appear to be a rather high price for obtaining the rule for
the addition of two angular momenta, which was deduced by physicists
from experimental spectroscopy and subsequently from algebraic tech-
niques (see Condon and Shortley [45]) that involved neither Lie algebras
nor combinatorics. But the new insights gained are well worth the effort.

These techniques underlie the development of the properties of the
D*—polynomials over arbitrary commuting indeterminates. One of the
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principal purposes of this monograph is to demonstrate, by construction,
the details and inter-relations of these concepts.

Chapters 10-11 comprise the third part of this monograph. They
consist of two extensive Compendiums A and B of results from algebra,
analysis, and combinatorics that relate to the first two parts. They
have been included so as to be able to refer and use the results in the
main parts of the monograph without having to interrupt the flow of
presentation with technical asides. The presentation of the material in
the Compendiums is very uneven: some is given in great detail and some
is very brief, depending on their role in the main text.

There are a number of unsolved problems and unaddressed topics.
Unsolved problems include the following, where further details can be
found in the referenced sections:

1. Counting formula for the Clebsch-Gordon numbers that give the
multiplicity of a given state of total angular momentum in the cou-
pling of n angular momenta (Sect. 2.2).

2. The enumeration of the nonisomorphic unlabeled cubic graphs on
2n points that correspond to the coupling of n angular momenta
(Sects. 3.3, 3.4, 4.5, 4.6).

3. Extension of the step-function formulas for Kostka numbers and
Littlewood-Richardson numbers to n > 4 with a geometrical inter-
pretation (Sects.9.4.3, 9.6, 11.3.7, 11.3.8).

4. The geometrical meaning of operator patterns (Sects. 9.4, 9.6, 9.7.2).

5. A comprehensive theory of multiple Kronecker products of the

D*—polynomials and of the associated recoupling matrices; that
is, the generalization of 3n — j coefficients of SU(2) and of the
geometry of cubic graphs (p.446).

Inadequately addressed and nonaddressed topics include the following:

(i). Full development of the properties of the skew-symmetric matrix
associated with a standard labeled binary tree corresponding to the
addition of angular momenta (Sect.4.2 ).

(ii). Path formulation of recoupling matrices (Sect. 2.2.10).

(iii). Relation of D*—polynomials to special functions, such as a theory
of multivariable Hermite polynomials (Sect. 11.9.4).

(iv). Formulation of a comprehensive umbral calculus and invariant the-
ory approach to the D*—polynomials (Sect.11.9.3).
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(v). Extension of combinatorial foundations to other groups.

(vi). Applications to physical problems.

The very detailed Table of Contents serves as a summary of topics
covered. The readership is intended to be graduate students and re-
searchers interested in learning of the relation between symmetry and
combinatorics and of challenging unsolved problems. The many exam-
ples serve partially as exercises. It is hoped that the topics presented
promote further and more rigorous developments.

We mention some unconventional matters of style. We present signif-
icant result in italics, but do not grade and stylize them as lemmas and
theorems. Such italicized statements serve as summaries of results, and
often do not merit the title as theorems. Diagrams and figures are inte-
grated into the text, and not set aside on nearby pages, so as to have a
smooth flow of ideas. Our informality of presentation, including proofs,
does not attain the status of rigor demanded in more formal approaches,
but our purpose is better served, and our objectives met, by focusing on
algorithmic, constructive methods, as illustrated by many examples. It
is particularly encouraging to read in Andrews, Askey, and Roy [3] about
the usefulness of algorithmic based, complex, mathematical relationships
in today’s computer oriented approach. Such relations encode informa-
tion amenable to computer processing; perhaps, not to extent envisioned
by Wolfram [187], but nonetheless naturally and innovatively.

This monograph is not democratically assembled. The enormous lit-
erature on physical applications of unitary symmetry are not amenable
to a synthesis of technique, except in the broadest sense of Lie algebra
and group representations. Moreover, the subject has received little at-
tention from the combinatorial orientation presented here. Accordingly,
the monograph is heavily biased toward the understanding I have been
able to acquire over a fifteen year period of presenting lectures on these
subjects at small conferences in Poland organized by Tadeusz and Bar-
bara Lulek on Symmetry and Structural Properties of Condensed Matter,
and also at Nankai University, PR China, at the invitation of William
Y. C. Chen, Director, The Center for Combinatorics. The opportunity
to address a sizeable number of students has been particularly reward-
ing. Important special contributions to the subject have come from my
colleagues Bill Chen, Harold Galbraith, and Miguel Méndez. General
encouragement from George Andrews, Bill Chen, Gordan Drake, Harold
Galbraith, Brian Judd, Ron King, Tadeusz and Barbara Lulek, Steven
Milne, Peter Paule, Gian-Carl Rota, and in earlier years, Larry Bieden-
harn, and in later years, my son Tom and wife Marge; all have helped
to sustain the effort. I have also been inspired by the many lectures
of Gian-Carlo Rota, the comprehensive book by Stanley [163], and the
terse, but scholarly book by Macdonald [126].

James D. Louck
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Notation

General symbols

R real numbers

C complex numbers

P positive numbers

Z integers

N nonnegative integers

R™ Cartesian n—space

cr complex n—space

E™ Euclidean n—space

O(n, R) group of real orthogonal matrices of order n
SO(n,R) group of real, proper orthogonal matrices of order n
U(n) group of unitary matrices of order n

SU(n) group of unimodular unitary matrices of order n
GL(n,C) group of complex nonsingular matrices of order n
O(n, R) group of real orthogonal matrices of order n

MP . (a,a’)  set of n X n matrix arrays with nonnegative
elements with row-sum a and column-sum o’

X ordinary multiplication in split product, direct product
S5 direct sum of matrices

® tensor product, Kronecker product of matrices

Par,, set of partitions having n parts, including 0 as a part
i j the Kronecker delta for integers i, j

da.B, 0(A,B) the Kroneker delta for sets A and B

K(\ «) the Kostka numbers

cf;l, the Littlewood-Richardson numbers

Specialized symbols

Lists of specialized symbols are found on pp. 532-533, 538, 557; others
are introduced as needed in the text.

Xx1
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Chapter 1

Quantum Theory of
Angular Momentum:
Introduction

1.1 Background and Viewpoint

1.1.1 Euclidean and Cartesian 3-space

It is a basic tenet of Newtonian physics that physical phenomena take
place in Euclidean 3-space, denoted E3, which is a collection of enti-
ties called “points,” a point being a primitive undefined entity. Such
points are used in Euclidean geometry to construct other objects such
as lines, planes, triangles, etc., from a set of axioms that constitute a
deductive structure called Euclidean geometry. Euclidean geometry in
2-space and 3-space is the formalized mathematical method for deduc-
ing “facts” about the intuitive space of our surroundings and the objects
perceived to be part of those surroundings. Lines, planes, and other ob-
jects are constructed as subsets of points in E3. But the primitive object
“point” has no properties on its own; it is usually thought of as having no
“size;” a point cannot be taken apart in terms of still other points. Eu-
clidean geometry does not use the concept of “distance between points”
to characterize its objects, but rather the notion of congruence. Mac
Lane [128, p.127]) argues, however, that the notion of geometric magni-
tude is present in Euclid’s geometry and that together with congruence
and geometric ratios constitutes a geometrical description of the modern
concept of the real-number line.

_ Euclid’s geometry allows its objects to be “moved” around in the
E3 “space” in the modern sense of rigid body motions that includes

1
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translations and rotations. But no explanation for the “cause” of such

motions is given; they are intrinsic properties of the “ambient” E3-space
( Mac Lane [128, p.76]).

Euclidean E3-space contains, as subsets, collections of three lines that
are mutually perpendicular and have a common unique point of inter-
section. The operation of perpendicular projection of a point p € E3 to a
point L(p) on a given line L C E3 is defined for all points and all lines. It
is these notions of three perpendicular lines intersecting at a point, and
the operation of perpendicular projection onto these lines that is used to
describe physical phenomena in a concrete manner, based on the use of
the real numbers, and the notion of Cartesian 3-space, denoted R3.

Cartesian 3-space R3 is the real linear vector space whose elements
consist of the collection of all sequences x = (x1,x9,23),2; € R,i =
1,2,3, where R is the set of real numbers, where, of course, all the usual
operations of addition, multiplication by a scalar, and the distributive
rules that define a vector space are applied to such sequences. We refer
to a sequence of three real numbers (x1,z2,23) € R3 as a coordinate
point, and often as coordinates of a point in R3. Cartesian 3-space R3
comes equipped naturally with two functions defined on all pairs of points
x = (21,72, 73) and 2’ = (2, 2}, 7%) belonging to R3, namely, a distance
function, denoted d(z, '), and a scalar product denoted, x - z’, given by

d(, ') = \J(@r — 2))? + (22 — 2h)* + (25— 25)2, (L1)

x-a' = 112 + zoxh + 1375, (1.2)

The space R® contains subsets called lines, for example, the set of co-
ordinate points {x1,as,a3)|z; € R}, for fixed real numbers a; and ag,

defines a line. In particular, the subsets of R? defined by

]Ll = {(x1,0,0)|x1 S R},
Lo = {(0,33‘2,0)|33‘2 S R}, (1.3)
]L3 = {(0,0,%3”%3 S R},

determine three mutually perpendicular lines in R3, where perpendicular
means the scalar product of points belonging to the separate lines is 0.

To relate the geometrical methods of Euclidean E?—space geometry
over points to the vector space methods of the analytical geometry of
Cartesian R3—space over the real numbers, it is convenient make the
strong assumption (from Mac Lane’s [128] observations) that each line
L C E3 is identified with the real-number line L(R) = {p(z)|z € R},
where it is the custom to identity the point p(x) on the real-number line
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L(R) with the real number z itself: p(z) + x. Thus, let ¢ € E3, and
let the three perpendicular lines L1(q), L2(q), L3(q) C E3, respectively,
have ¢ as their (unique) intersection point. Identify each of these three
perpendicular geometrical lines with the real-number line L(R) = {z|z €
R}, so that the geometrical intersection point ¢ is identified with a point

g+~ (q1,92,q3) € R3 = {(z1, 22, x3)|each x; € R}. (1.4)

Thus, the three perpendicular lines L1(q), La(q), L3(q) in E? are identi-
fied with the three perpendicular lines in R? given by

Li(q) — L1(R*) = {(x1(q), 42, 43) |1 (q) € R},
La(q) — La(R?) = {(q1, z2(q), g3)|x2(q) € R}, (1.5)
Ls(q) — L3(R®) = {(q1, g2, 3(q))|z3(q) € R}.

A geometrical point p € E3, which is obtained by geometric projec-
tion onto the three perpendicular lines L1(q), L2(q), L3(q) C E? is now
mapped to a general coordinate point (x1(p), z2(p), z3(p)) € R3 given by

p = (z1(p), v2(p), 23(p)) = (21(q) + q1,22(q) + q2,23(q) +¢q3). (1.6)

The set of three perpendicular axes L;(R3), Ly(R3), L3(R?) C R? is
called a set-of-axes or a reference frame for the Cartesian R3 vector space.
The point q — (q1,q2,q3) € R3 is called the origin of the Cartesian ref-
erence frame. Thus, the arithmetic description of points in Fuclidean
space E3 is effected by two related objects in Cartesian space R? : a ref-
erence frame and a set of coordinates relative to the reference frame. It
is convenient to denote this description of E? by R3(q) : The underlying
ambient Euclidean 3-space E3 is unchanged by different choices of ¢ € E3;
the Cartesian 3-space R3(q), with origin located at ¢ — (g1, qo,q3) is a
redescription of the (unchanged) points of E3. Equivalently, the coordi-
nate points corresponding to a coordinate frame located at any origin
(a1,a2,as) are a redescription of the coordinate points corresponding to
a coordinate frame located at any other origin (af,aj,a}), each being a
different coordinate presentation of the same collection of points in the
underlying Euclidean space E3.

Discussions of the axioms of Euclidean geometry that suit our needs
and give a more complete picture than the brief discussion given here
can be found in Weyl [176, 177] and Mac Lane [128]. A discussion of
the origin and foundations of these concepts from the point of view of
cognitive scientists can be found in Lakoff and Nunez [100].

We complete our description of the relation between the spaces E3
and R? by introducing the concept of a geometric vector as defined by
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physicists in terms of directed line segments (see, for example, Page
[139]). This notion is well-suited to Euclidean 3-space with its point
entities. A geometrical vector is a directed line segment in E? (a line
segment with one point called the origin and a second point called the
terminal point of the vector). Two geometrical vectors are defined as
equal if they lie along parallel lines and have the same directional sense
and length (geometrical magnitude); addition is defined in terms of the
familiar parallelogram rule; multiplication by a scalar (real numbers) is
defined as a scaling of geometrical magnitude, including the possibility
(negative number) of the reversal of direction; and the vector 0, called the
zero vector, is the vector in which the origin coincides with the terminal
point. The set of geometrical vectors satisfy the following two rules for
all points a,b € E3 : (i) x(a — a) = 0; (ii) x(a — b) +x(b — ¢) = x(a —
¢). The second property is called the transitive property of addition.
Together with the first rule, it implies that x(a — b) + x(b — a) = 0,
which gives the negative geometrical vector, x(b — a) = —x(a — b).

These definitions, together with the concept of parallel transport,
which allows for the “motion” of equal geometrical vectors necessary
to bring equal vectors into coincidence so that all geometrical vectors
can be added, determines a linear vector space of geometrical vectors
that offers an alternative means of implementing the ideas set forth by
Mac Lane [128, p.75]).

The linear space of geometric vectors with origin at point ¢ € E3
is denoted V3(q) and is isomorphic to the vector space R3(q). For ¢
identified as the origin (0, 0, 0), geometrical vectors are described in terms
of the corresponding Cartesian 3-space as follows: Unit vectors e, eo, €3
are defined to be the directed line segments of unit length going from
the origin (0,0,0) to the respective points (1,0,0), (0,1,0),(0,0,1). The
general vector x = x1e; 4+ x2e2 + x3es is then the directed line segment
going from the origin (0, 0,0) to the coordinate point (x1,x2, x3), and its

length is x| = /2% + 23 + 3.

It is convenient to think of the isomorphic vector spaces R3(g) and
V3(q) with origin at ¢ — (g1, g2, ¢3) as superposed over the point ¢ € E3.
This merger of “pictures” of vector spaces makes quite clear the one-to-
one relation between vectors and coordinate points. In this sense, we
speak of a triad of unit vectors along the coordinate axes as a unit refer-
ence frame , or simply as a reference frame. Thus, we may characterize
the Euclidean 3-space corresponding to each point ¢ € E? as consist-
ing of the two sets of objects: a reference frame (e1(q),e2(q)),es(q))
located at the origin ¢ — (q1,¢2,93), and the set of coordinate points
(z1(q),x2(q),x3(q)) projected onto the corresponding coordinate axes
with directional and orientational sense defined by these unit geomet-
rical vectors. This picture allows us to speak of the Cartesian 3-space
located at the Euclidean point ¢ and having an arbitrary orientation of its
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reference frame in Euclidean space, thus simplifying the description. We
do not, however, identify all the isomorphic vector spaces R?(q),q € E3,
since the notion of the redescription of Euclidean 3—space by different
reference frames and coordinate points has important implications for
the description of the behavior of physical systems. (The same state-

ment applies to V3(q).)

The family of isomorphic Cartesian 3-spaces R3(q),q € E? can be
transformed into one another by geometrical congruence and other oper-
ations that leave the geometrical objects in E? “unchanged.” For physics,
the meaning of unchanged is to be decided by experimental observation.
Physical theory must in some sense be invariant under such transforma-
tions, since the different Cartesian 3-spaces R3(q) are just a redescription
of the properties of the objects in E? constituting a physical system. But
how a specified choice of reference frame is used to “measure” the prop-
erties of a given physical system, and how such measurements might
influence these properties, are questions that, as yet, have no universal
answers: the answers depend on additional assumptions. For example,
in Newtonian physics, it is assumed that “equations of motion” gov-
ern the motion of an object against the background Euclidean space,
and that the observation of an object and its motion have negligible (or
accountable) influence on the object and no influence on the space. In
nonrelativistic quantum theory, it is assumed that “equations of motion”
still govern the behavior of an object against the background Euclidean
space, but the new equations of motion are such that the concept of a
“property” of an object and the “measurement” of that property, such as
“point” particle and measurement of the location of the point, become
interwoven in ways that dramatically negate their classical (Newtonian)
meaning. While the equations of motion themselves are deterministic in
their time evolution, the transformation of the “properties” of the system
during the measurement process are subject to various interpretations
that need not be continuous against the Euclidean background. Special
and general relativity “correct” Newtonian relativity in a different con-
text by recognizing that objects and space do not have mutually exclusive
properties, but relate to one another in ways that require abandonment
of the Euclidean space and its assigned universal Newtonian time. De-
terministic motions are maintained in a broader measurement process
with rods and clocks, but all this requires a completely new formulation
of “equations of motion,” which are at odds with the quantum equations
of motion. A general theory that explains all the observed properties of
microscopic objects, using the successful quantum theory, and all those
of macroscopic objects, using Einstein’s successful relativity theory, re-
mains elusive. For a recent discussion, we refer to Leggett [103].

Our concern in Chapters 1-4 of this monograph is with the properties
of the angular momentum of many-particle systems in nonrelativistic
quantum mechanics, and, especially, the role of combinatorial concepts.
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We do not concern ourselves with the puzzles of the interpretation of
quantum mechanics, but rather with the development of the properties
of angular momentum from the viewpoints described above. The prop-
erties of angular momentum from the perspective of coordinate changes
attributed to a redescription of a physical system in Euclidean 3-space
E3 by the use of different Cartesian 3-spaces R3(g) leads to important
properties of the quantal physical system. We concern ourselves with
three types of redescriptions: translations, inversions, and rotations.

The first kind of redescription is a consequence of what is called a
translation of reference frames: The reference frame (eq, e, e3) located

at point ¢ € E3, which is the origin of the Cartesian 3-space R3(q),
is moved by parallel transport to the point ¢ € E? and becomes the
reference frame (e, e}, €}) at the origin of the Cartesian 3-space R3(¢’).

The description of one and the same point p € E? in terms of this pair of
reference frames is best expressed in terms of the three geometric vectors
x(q — p),x(q¢ — ¢'), and x(¢’ — p), which satisfy the general transitive
rule of addition:

x(q—p)=x(¢—¢)+x(¢d —p). (1.7)

Since we can also write x(q — ¢) = —x(0 — ¢) + x(0 — ¢), relation
(1.7) can also be written in the invariant form:

x(¢ = p) +x(0 = q) =x(¢" = p) +x(0 = ¢'). (1.8)

Here 0 € E3 is an arbitrary point 0 — (0,0,0) € R3(0). Relations (1.7)
and (1.8) hold for arbitrary geometric vectors. It is the positioning of

reference frames by parallel transport at the points ¢, ¢’ € E3 that gives
the operation of translation, which, in turn, gives the relations between
the coordinates (x1, 2, x3) relative to the reference frame (e, e9, €3) and
the coordinates (2}, x4, z%) relative to the reference frame (e, €}, ef) of

the same point p € E? as follows:
Tit+q=x,+q,i=123. (1.9)

Thus, the translation (parallel transport) of reference frames from a point
q € E3 to a point ¢’ € E? gives the redescription of coordinates of a point

p € E? given by (1.8); this relation is called the translation of coordinates
effected by a translation of coordinate frame.

The second kind of redescription is a consequence of what is called an
inversion of the reference frame (e, es, e3) located at the point ¢ € E3.
An inversion of the frame is defined by the transformation

(81,82,63) = (_e17_827_e3)' (110)
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The coordinates (z1,22,73) of each point p € E3 as assigned in the
Cartesian 3-space R3(g) correspondingly undergo the redescription

(1,22, 23) — (—x1, —x2, —X3). (1.11)

Reflections through planes may also defined. For example, the reflection
of the coordinate frame at point ¢ € E3 through the plane containing
the unit vectors (e, ez) is defined by (e1,es,e3) — (e1,e2,—e3) and
the corresponding redescription of the coordinates (x1,x2,x3) of each
point p € E3 as assigned in the Cartesian 3-space R3(q) is given by
($17$27$3) — (.’1}'1,.’1}'2, —$3).

The third kind of redescription is a consequence of what is called a
rotation of the reference frame (ey, ez, e3) located at the point ¢ € E3. A
rotation of the frame is defined by the linear transformation

3
ei—e; =Y Rjej;i=123, (1.12)
j=1
where the matrix R = (Ri;),; ;<3 With element R;; in row ¢ and column

7 is a real, proper, orthogonal matrix; that is, a matrix with real elements
such that RTR = RR” = I3, where T denotes matrix transposition, I3
the unit matrix of order 3, and det R = 1. The necessary and sufficient
conditions that a general point p € E? with coordinates (z1,z2,23) €
R3(q) is the redescription of the same point p with coordinates ('}, 2%, 25)
with respect to the rotated reference frame (e}, €}, €%) is expressed by
the invariance of form given by

T1€] + Toes + w303 = T)€] + Thel + hel. (1.13)

The rotation (1.12) of the reference frame (ej, ez, e3) to the reference
frame (€], €}, e4) now gives the redescription of one and the same point
p € E3 given by

3
Ty = 33‘; = Z Rij Zj, 1= 1,2,3, (1.14)
Jj=1

where (z1,22,x3) are the coordinates of p referred to the coordinate
frame (e, eq, e3) and (2, zh, x%) are the coordinates of p referred to the
coordinate frame (€], €}, €%), where both coordinate frames are located
at ¢ and used for the description of coordinate points of the Cartesian
3—space R3(q). Relations (1.14) are necessary and sufficient conditions
that the redescription of the point p is effected by a rotation of frames
located at q. We will, unless otherwise noted, always choose coordinate
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frames such that the triad of unit vectors defining the axes are right-
handed triads, as defined by the familiar right-handed screw rule. Left-
handed frames can be included as well by the operation of inversion.

Mathematicians at the end of the nineteenth century realized that
the operations of translation and rotation can be effected by the action
of exponential differential operators (see Crofton [46], Glaisher [64] ),
which in vector notation are expressed by

a’°VF(a:1,a:2,x3) :F(l‘1+a1,l‘2+a2,1‘3—|—a3), (1.15)
e " RE (21,20, 23) = F(a, 2, 75). (1.16)

The operator a - V, where V = €10/0x1 + €20/0x5 + €30/0x3 is called
the generator of the translation a = aie; + ases + ages. In the second
relation, the components of R = Rje; + Roes + R3es are the differential
operators defined by

e

Rl = $28/8x3 - $38/8x2,

RQ = $38/8x1 - $18/8x3, (1.17)

R3 = 33‘18/8.1‘2 — 33‘28/8.1‘1.
The coordinates (x, 25, 74) are the redescription of a point p € E? in
terms of the coordinates (1, z2,x3) of the same point p as described by
the rotation of the frame (ej,eq, e3) — (€], €}, e%) in the positive sense
about the direction corresponding to the unit vector n = nie; + nses +

nzes, n-n = 1, where the matrix elements R;; = R;;(¢,n) in (1.12) and
(1.14) are those of

R(¢,n) = e?N = I3 + Nsin¢ + N?(1 — cos ¢),

0 —n3 N9
N=[ n3 0 -n; |, N3>=—N.
—ng N1 0

(1.18)

The proper, real, orthogonal matrix R has here been parametrized by
the components of the unit vector n and the angle 0 < ¢ < 27. The
gradient operator V and the rotation operator R = Rje; + Rses + Rses
both satisfy the form invariant relation (1.13). The operator —¢n - R is
called the generator of the rotation about direction n by angle ¢.

We anticipate some results from the brief discussion of quantum the-
ory given below, and observe that relations (1.15)-(1.17) are precursors
to similar transformations that were to occur later in quantum theory
under the association of classical position x and linear momentum p to
operators by the rule x — x and p/h — —iV, which, when applied to
the classical angular momentum L = x x p of a single particle located
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at position x with linear momentum p relative to the origin of a coor-
dinate frame (ej,eq,e3), gives L/i = —iR = —ixx V. Classical linear
momentum and angular momentum of a point particle are identified in
their quantum mechanical interpretation as the generators of translations
and rotations, as described above. The founders of quantum mechanics
rediscovered relations (1.15) and (1.16) in the guise of the unitary oper-
ators exp (ia + p/h) and exp (—i¢n - L)/h acting in the Hilbert space of
states of a physical system. From the definition of the quantum angu-
lar momentum, L /i = —ixx V, the operations of translation, inversion,
and rotation effect the following transformations of the quantal angular
momentum:

translation : L— L —ihaxV,
inversion : L — L, (1.19)
rotation : L— L.

1.1.2 Newtonian physics

A physical system is said to be isolated if it has no influence on its
surroundings, and conversely. Such ideal systems do not exist in nature,
but much of the progress in physics can be attributed to the approximate
validity of the concept of an isolated physical system.

In Newtonian physics, the Euclidean 3-space E? is taken as the back-
ground against which the changes in an isolated physical system take
place: the space is considered to be void of (isolated from) all other
physical objects, homogeneous (sameness at every point), and isotropic
(sameness in every direction). The physical system occupies a collection
(subset) of points in E3, which may be a single point, but this collection
of points can change relative to the fixed Euclidean background and the
fixed reference frames used to assign coordinates to the points of E3.
The measure of this change requires a new concept, that of time, which
itself is assumed to have any value on the real-line (ignoring units). The
change of the configuration of points defining the physical system with
the time parameter is called motion, where it is assumed that motion
is described by increasing values of time. The change in time itself is
measured by clocks, which themselves occupy points of the background
Euclidean space E?, but which advance their readings in a uniform man-
ner, independently of their own motion, as measured by still other clocks:
There exists a universal time ¢ for measuring all motions of physical sys-
tems against the fixed Euclidean background of space; this motion is
governed by Newton’s equations of motion, which determine how the
coordinate points of the physical system change with time. Thus, en-
ters the concept of welocity, and the recognition that the equations of
motions must be form invariant with respect to the class of reference
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frames moving with constant velocity relative to one other. Such classes
of frames are called inertial frames, and the invariance of the equations
of motion is called the principle of Newtonian or Galilean relativity. The
detailed mathematical description of all this is effected though the use
of the Cartesian space R3 and its collection of reference frames and asso-
ciated coordinate points. Thus, the reference frame (e, e, es) located
at some point in E? is now taken as a Newtonian reference frame that
has the dual role of assigning coordinates to all the points of R3 and
of assigning coordinates to the subset of points occupied by the phys-
ical system at each time t. Newton’s equation of motion are identical
for all reference frames moving with constant velocity v with respect to
this chosen frame. The collection of all reference frames as parametrized
by v have an important role in identifying the Galilean group as the
invariance group of Newton’s equations of motion.

There is another class of reference frames called accelerated frames.
Such frames are often attached to part of the physical system or to
other moving points. Accelerating reference frames are called noniner-
tial frames; they are often used to simplify the description of the internal
motions of a complex physical system, but such frames are on a differ-
ent footing—they provide convenient transformations of coordinates that
modify the form of Newton’s equations and simplify the descriptions of
the motions, as adapted to special situations.

1.1.3 Nonrelativistic quantum physics

In nonrelativistic quantum physics, we retain the Newtonian notion of
an isolated physical system, as well as the Cartesian space R? and the
set of Newtonian inertial frames, and the relationship between frames
and points in R3, just as described above. Now, however, the coordi-
nates ascribed to the points occupied by the physical system do not
enjoy a deterministic motion against the space R? as is the case for the
Newtonian equations of motion of its points. The classical dual role of
reference frames is lost. The role of frames as a means of assigning co-
ordinates to the points of R? against which the properties of the system
are to be measured is retained, but the equation of motion in quantum
mechanics, the Schrédinger equation, does not allow the classical con-
cept of point particle to propagate in time: the concept of point particle
must be modified. The role of coordinates of the points occupied by the
classical physical system becomes that of parameters that belong to the
domain of definition of a function ¥ with complex values. Time is still
Newton’s universal time, which also now becomes a parameter belonging
to the domain of definition of ¥. The function ¥ with complex values

U(X,t), X = (x,x® ... x(), for a classical system consisting of

n point particles with geometric position vectors xM x@ o xM) g
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called the wavefunction or the state function of the system. The state
function of the physical system, together with a set of rules that give
the possible outcomes of the measurements on the system, determine
the observable properties of the system. The Schrodinger equation is
such that if the state function ¥(Xg,ty) of a physical system is known
for some position configuration Xy at time tgy, it evolves in a unitary
deterministic fashion to the state function ¥(X,t) of the physical sys-
tem at time ¢. The meaning of coordinates and time, however, are to be
inferred from the rules of measurement: The mathematical properties of
the equations of motion play back into the very meaning of the prop-
erties ascribed to the objects themselves; the classical concept of point
particle is lost. Indeed, the quantum object called a point particle in
its classical description exhibits in its quantum description the property
of being “partially present” at every point in R?, in such a way that a
measurement of its position at any arbitrary point x finds the object
in its entirety at that point with some probability, as determined by its
state function, and the object always possesses its mass, charge, and spin
with certainty. Despite the holistic aspect of its position, the object can
be counted in a measurement and appears as a single entity.

One of the most significant mathematical properties of the equations
of motions is their linear property, as expressed by the superposition of
state functions: If ¥(X,t) and ®(X,t) are two solutions at time ¢, then
so also is the linear combination

al(X,t) + O(X, t), (1.20)

where o and ( are arbitrary complex numbers. It is this superposition
property, together with the property of complex numbers given by

Q¥ (X, t) + BR(X, 1) = |a*|¥(X, 1) + |B]*|®(X, t)[?
+af U (X, )P (X, ) + o BT (X, 1) B(X, ), (1.21)

that underlies many nonintuitive behaviors of quantum systems. The
quantum-mechanical description corresponding to the classical system
of many point particles, ascribes a holistic existence to the system in
which each part seems to relate to every other part, even when the parts
are noninteracting at the time of measurement, provided they were in-
teractive in the past, and provided the system has not been previously
measured. The “properties” of the system becomes entangled in intri-
cate ways with those of a measuring apparatus that is introduced into
the space R3 in an interactive mode with the system to determine the
“value” of a given quantity associated with the originally isolated sys-
tem. This, in turn, leads to fundamental questions about how the state
function of the originally isolated physical system and that of the ap-
paratus determine the measured properties of the original system. The
properties of the measuring apparatus are presumably subject to the
rules of quantum theory, which, in turn, now apply to the interacting
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composite whole—the original isolated system and the measuring device.
This new system then has its own collection of state functions governing
the properties of the composite whole. How all of this is to be sorted out
to obtain information about the original system is the problem of mea-
surement (see Leggett [103]). There is no generally agreed on resolution
of the problem of measurement.

The early standard book on the foundations of quantum mechanics
is by Von Neumann [174] with a more modern exposition by Mackey
[127]. Bohm [27] challenged the standard interpretation by an ingenious
example, and Bell’s [9] critical analysis reopened the entire subject of
measurement. The large book by Wheeler and Zurek [179] reviews the
history through 1980-81, with many informative comments on the Prob-
lem of Measurement and a superb list of references. Recent comments
by Griffiths [71] illustrate a popular viewpoint. The possibility of quan-
tum computers has intensified the interest in these problems and new
experiments are confirming the reality of the counterintuitive quantum
world. These important problems are, however, not the subject of this
monograph, which makes its presentations in the standard interpretation
with a focus on combinatorial aspects.

There are, fortunately, general invariance properties of the Schrodinger
equation and its solution state functions for a complex composite phys-
ical systems that can be used to classify the quantum states of physical
systems into substates available to the system.

Our focus here is on the properties of the total angular momentum
of a physical system, which is a quantity L that has a vector expression
L = Lie; + Loes + Lses in the right-handed frame (e1, ez, e3) and the
expression L' = Lie| + Lie!, + Liel in a second rotated right-handed
frame (e}, €),es). At a given instant of time, necessarily L = L/, since
these quantities are just redescriptions of the total angular momentum of
the system at a given time. The total angular momentum is a conserved
quantity; that is, dL/dt = 0, for all time ¢, and this property makes
the total angular momentum an important quantity for the study of the
behavior of complex physical systems. For a system of n point particles,
the total angular momentum relative to the origin of the reference frame
(e1, ez, e3) is obtained by vector addition of that of the individual parti-
cles by L = > | L;, where L; is expressed by the vector cross product
L; = x; Xp; in terms of the vector position x; = x1;€1 + T9;€9 + x3;€3 and
the vector linear momentum p; = pi;€1 + po;es + ps;es of the particle
labeled ¢. While angular momentum can be exchanged between interact-
ing particles, the total angular momentum remains constant in time for
an isolated physical system of n particles. The quantum-mechanical op-
erator interpretation of such classical physical quantities is obtained by
Schrédinger’s rule p; — —iAV;, h = h/2m, where h is Planck’s constant.
The reference frame vectors (e1, €2, €3) remain intact.



1.1. BACKGROUND AND VIEWPOINT 13

The viewpoints of Newtonian physics and quantum physics may be
contrasted in many ways. From the viewpoint of angular momentum,
for example, the classical angular momentum L = x X p is associated
with the actual motion of a particle, while in quantum theory, as noted
above, it becomes the generator of rotations of the state vector that
describes the properties of the object called “particle” (active viewpoint),
or, in the viewpoint we have advanced, the generator of rotations of the
coordinate frame (passive interpretation) that gives a redescription of
the state vector that describes the properties of the particle. Neither the
active nor passive viewpoint implies an actual “motion;” it is more in
accord with the concept of congruence in Euclidean geometry. An even
more contrasting feature is that the object called the electron is regarded
as a “point particle,” and whereas points in Euclidean space have no
intrinsic properties, this point object, the electron, has an “internal”
angular-momentum-like property called “spin,” as we next describe.

Internal degrees of freedom

The discovery of objects having internal degrees of freedom going be-
yond motions in Newtonian space-time led to the introduction of the
concept of the spin of a object (see Pauli [140]), even though the object
may exhibit no measurable spatial extension. For example, the electron,
the carrier of electrical conduction in metals under the influence of an
electric field, was already recognized in 1897 (see Ref. [167]) to be one of
the principal constituents of atoms, requires an intrinsic property called
spin, to account for the observed properties of the emission and absorp-
tion of radiation by atoms. A single electron is characterized not only as
being a point structure with a fixed charge and mass, but also by having

a fixed spin 3. As a structure at a single point, the electron is assigned

a position = (z1,22,23) € R? at time ¢, which in quantum theory
become the domain of definition of its space-time wavefunction v (z,t);
as a structure with spin, it is assigned a “state vector” |3) belonging to
a Hilbert space H1 of dimension 2, which is assumed to be spanned by a

2
pair of orthonormal basis vectors that are written |4, 1) and |3, —1) in the
Dirac bra-ket notation, with orthonormality relations (%, 1| 3,v) = d,.,
the inner product being unspecified beyond these properties. The gen-

eral state vector of the electron in the spin space Hi is given by the
2

ket-vector |3) = al3,3) + (|3, —3), where o and 8 are complex coeffi-
cients. The corresponding bra-vector in the dual space is then given by
(1] = a*(L, | + B*(%,—3| with inner product (3|1) = |a|? + |3]?. In this
conceptualization of a point particle with intrinsic spin 3, its full state
vector belongs to the tensor product space H® H 1 which has state vec-

tors of the form W1 = 4 ® |}), where 1 is a wavefunction in the usual
2
sense, depending only on the spatial coordinates. The action of a frame
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rotation R : (e1, e, e3) — (€], €, €}), where €] = E?Zl Rijej,i=1,2,3,
is not only to effect the transformation to new spatial coordinates of the
particles given by (z1,z2, x3) — (2}, 2}, z4), where z} = Z?:l Rijxj,i=
1,2,3, but also to effect the transformation of the spin-space ket-vector
basis of ’H% by

33) = un(R)|3,
1 1

|3, 3) + u21(R)[5, -3), (1.22)
’_5>’_’|§7_§>/_u12( )3

%> + uga(R)|5, —3).

The action of the frame rotation R on the components (« ,ﬁ) of the
ket-vector |1) = «|%, 1) + (3|3, —1) giving a general spin state is given by

a o =uf(R)a+uj (R)S, (1.23)
B 3" =ujs(R)a + un(R)S,

where
{ ui(R) ui2(R)
U(R) = < u;(R) u;z(R) > € SU(2) (1.24)

is an element of the group of 2 x 2 unitary unimodular matrices SU(2)
that depends on the frame rotation matrix R € SO(3,R). This pair
of transformations of basis vectors and components leaves invariant the

relation
’272>+B‘ - >_a|272> +ﬂ|272>7 (1'25)

as required for a redescription of the state vector of the spin by a rotation
of the reference frame. (For a history of the discovery of the electron and
its properties, see Whittaker [180] and The Physical Review: The First
Hundred Years [167].

Generally, in the one-particle case above, we have in mind a single
particle with an internal spin that is a constituent of a larger isolated
physical system, with all constituents described in R®, that provides
the interactions that act on the “marked” single particle. We often
use Newtonian metaphors to identify this object, but its properties are
to be inferred from the those of its quantum-mechanical state vector
U = ¢ ®|3). Newtonian space-time still occurs in the domain of definition
of the wavefunction . It is also possible to assign “internal coordinates”
to the new degrees of freedom of the internal space that describes the
spin, as discussed below in (1.58).

It is somewhat remarkable that the symmetry group SU(2) actually
can be used to unify the action of frame rotations R € SO(3,R) on
both points in R3 and on points used to describe the internal degrees of
freedom associated with spin. From this viewpoint, the group SU(2) is
the basic group for the study of angular momentum of complex systems
with spin. We show this by using the method of Cartan [35].
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The method of Cartan

In the Cartan method (see also Wigner [181] and Biedenharn and Louck

[21]), a point & = (21,22, 73) € R? is presented as the entries in a 2 x 2
traceless, Hermitian matrix of the form:

, 3
x T — iz
H(x) = < 71 +3Z'a:2 1—;1?3 i ) - inai’ (1.26)
i=1

where the o;, i = 1,2, 3, are the Pauli matrices:

01:<(1)(1)),02:<2_é>,03:<(1)_?>. (1.27)

Thus, each point 2 € R? is mapped to a traceless Hermitian matrix: x —
H(z). Conversely, given a traceless Hermitian matrix H, it is mapped to

apoint z € R3 by the rule z; = 3Tr(0;H), where TrA denotes the trace of

a matrix A. In obtaining this result, we use the following multiplication
rules of the Pauli matrices:

01'2 = IQ =0y, 1= 1,2,3; 01092 = iUg, 0903 = ’iO‘l, 0301 — ’iO‘Q. (1.28)

Thus, with these conventions for the placement of the components z;
into matrices, the set of points R? is bijective with the set of matrices:

H={H | H is a 2 x 2 traceless Hermitian matrix} . (1.29)

Traceless Hermitian matrices are mapped into traceless Hermitian
matrices by unitary similarity transformations. Moreover, the deter-
minant of a Hermitian matrix is invariant under such transformations.
Accordingly, it must be the case that, for each U € SU(2), the transfor-
mation x — ' defined by

. / / - ]
T3 ) . zh x| —ix),
U ( x1+ixe  —x3 > U= ( ) +axh,  —ah ) ’ (1.30)

is a real orthogonal transformation, since the determinant of this trans-
formation is —(2? + 23 + 22) = — (22 + v + ). The explicit transfor-
mation may be worked out to be

1
v, = Rij(U)zj, Rij(U) = 5Te(oiUo;U"). (1.31)
j=1

The proof that det R(U) = 1 takes more effort, but is correct. We
also note the easily proved property (R(U))T = R(U') = RU™) =
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(R(U))~!. Also, because we have a homomorphism of groups, the mul-
tiplication property R(U')R(U) = R(U'U) holds for all pairs U, U €
SU(2).

Given R € SO(3,R), there are exactly two solutions U(R) and —U(R)
that solve relation (1.30). The solution U(R) is given by

o g — iag —z'oq — Q9
U(R) = < —tayp +as  ag+tag )
= opog — i - O, (1.32)

where the parameters (ag, @) = (ag, a1, a2, ag) are given in terms of the
elements I;; of R by

ag = (1+TrR)/d, a1 = (R3z — Ra3)/d,
as = (Ri3 — R31)/d, ag = (Ro1 — Ri2)/d,

d=2v1+TrR, for TrR # —1; (1.33)

ag =0, a; =4/ (1 + RH)/2, o = S94/ (1 + Rgg)/2,
ag = 831/ (1 + Rssz)/2, for TrR = —1, (1.34)

where, for TrR = —1, we have the following definitions: so = sign(Rj2),
ss = sign(Ry3), where sign(z) denotes the sign of a real number x with
sign(0) = +. The condition that det R = 1 requires that the parame-
ters (ap, a) constitute a point on the unit sphere S? C R* in Cartesian
4—space; that is, o + af + a3 + o = 1. Relation (1.32) then gives
detU(R) = 1; that is, U(R) is unimodular for all R € SO(3,R). A
real orthogonal matrix R with TrR = —1 is also a symmetric matrix,
hence, R? = I3, and the unitary unimodular matrix U is traceless and
antihermitian; that is, TrU = 0 and UT = —U.

It is also useful to give the expression for R(U) for U = U(ag, o),
where (ag,a) € S? :

R(ap, ) = (1.35)
ag + a% — a% — a§ 2019 — 2903 2ai1 a3 + 200
2019 + 23 ag + a% — a% — a% 200003 — 200011
201 a3 — 209 2aiaa3 + 209001 a% + a§ — a% — a%

The parametrizations (1.32) and (1.35) of matrices U € SU(2) and
R € SO(3,R) in terms of points on the unit sphere S? are very useful for
obtaining other parametrizations of these groups simply by parametriz-
ing the points on the unit sphere S?, as we give below.
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The multiplication of two unitary unimodular matrices in terms of
these parameters is expressed by the quaternionic multiplication rule

U(ag, @)U(ap, &) = Ulag, a’), (1.36)
(Oé(), a)(aé, a/) = (048, a”)

= (o — - &, apd + aga+ axa’). (1.37)

These same relations hold, of course, upon replacing U by R.

We also note the following results for unitary matrices. The group
U(2) of unitary matrices is given in terms of the group of unitary uni-
modular matrices SU(2) by

U(2) = {U¢ = U | U € SU(2),0 < ¢ < 277} . (1.38)

The 2—to—1 homomorphism (1.31) of SU(2) to SO(3,R) now defines
an 0co—to—1 homomorphism of U(2) to SO(3,R) : Every unitary matriz

Uy = €U, 0 < ¢ < 2m, corresponds to the same proper orthogonal matriz
R(U).

1.1.4 Unitary frame rotations

Using the 2—to—1 homomorphism R;;(U) = 3Tr(0;Uc;UT) between the
groups SU(2) and SO(3,R), we can now describe in greater detail the
redescription of a particle with spin 1/2 that is effected by a frame rota-
tion, where we note that (R(U))T = R(U"). Using Cartan’s method, the
entire process can be described in terms of the unitary unimodular group
SU(2) and its action on the various sets that enter into the description
of the particle and its quantum-mechanical states, which we summarize
as follows:

1. Rotation action of SU(2) on the set [F of right-handed frames:

(61762783) = (8/178/2?6{3)7 (139)
A e —ie, | es e — ieg t
( e +ieh, —€f = U\ e +ies —e3 v,
(1.40)
e =Y Ri;(U)ej, i =123 (1.41)

Jj=1
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2. Redescription of coordinates effected by a frame rotation under the
action of SU(2) :

(x17$27$3) — ($/17$/27x§3)7 (142)
/ / - ! N
Ty Ty —xy | 3 T — 122 +
<a:/1+za:/2 —l >_U<331+i$2 —3 >U’
(1.43)
vp =Y Rij(U)x;, i=1,2,3. (1.44)
j=1

3. Action of each U € SU(2) on the Hilbert space H of spatial wave-
functions in the tensor product space H ® H1 :
2

Ty = wlv (TU¢)(33) = W(ﬂf/)a each v € H, (145)

331 1
zh | =RONT| 22 |. (1.46)
zl 3

The coordinate transformation (1.44) between column matrices may
be expressed in terms of group action as (2, x5, 25) = Ay(x1, z2, x3),
where Ayz; = }; R;j(U)z;, each U € SU(2). The group action
(1.45) in function space is given by (1.45)-(1.46) in which the co-
ordinate transformation uses (R(U))T. This is not an error; it is
dictated by the requirement that the action A4, g € G, of a group
G on a set Y is to satisfy, by definition, for each pair of group el-
ements ¢’,g € G, the product rule Ay (Ayy) = Aggy, each y € Y.
This rule may be verified directly for Ay acting in the set of all
coordinate points in accordance with (1.44), and for Ty acting in

the set of all functions in the Hilbert space H in accordance with
(1.45)-(1.46).

4. Action of each U € SU(2) on the basis of the spin space H1 :
2
30 15 8) = Suls3) = unls, 3) +unlz, -3), (1.47)
3 330 (148)

Again, the product action rule Ty (Ty|i, £3)) = Tyv
be verified.

1 1
5,41 cam
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5. Action of each U € SU(2) on a state vector ¥ € H @ H1 :
2

Ty = TU®SU:H®H%—>H®H%,
Ty @ Suli), (1.49)
|%> = |2?2>+ﬁ| _%>

=
&
|

6. Action of each U € SU(2) on a state vector ¥ € H ® H; :

Ty = TU@S(]iH@Hj — H®H;,
TyW Tuy @ Sulj), (1.50)

‘]> = Za]m|jm>7 Qjim € (Ca

Sulim) = 35D ()l (L51)

In order to summarize relations (1.50)-(1.51) in one place, we have an-
ticipated from Sect. 1.2 below the following notation for an orthonormal
basis of the spin space H; of an object of internal spin j given by the
standard Dirac ket notation:

lim), m=j,7—1,...,—j;7€{0,1/2,1,3/2,...,}. (1.52)

Under the action of Sy these basis vectors undergo the transformation
(1.51), where the functions D’ , (U) give a unitary matrix represen-
tation of order 2j + 1 of SU(2). The notation D’ , (U) in this trans-
formation denotes that these functions are defined over the elements
u;,1 <i,j <2,0fU € SU(2), and not over matrices U. These func-
tions are arranged into a matrix of order 2j + 1 by the convention of
enumerating the rows and columns in the order m’ = =JJ—1...,—j as
read across the columns from left-to-right and m = j,5 — 1,...,—7, as
read down the rows from top-to-bottom. The matrices D’ (U ) are then
a unitary matrix representation of SU(2); that is, they satisfy

DI(U"YDI(U) = DY (U'U) and DI (U)(D?(U))' = Iy 1, (1.53)

for all pairs U',U € SU(2).

The group action (1.40) of SU(2) on reference frames in Cartesian
space R? assigns the unitary group SU(2) the primary role in the

redescription of quantum states under the redescription of R? by SU(2)
frame rotations, which we henceforth call simply unitary frame rotations.
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Realizations of spin space

We give two explicit realizations of spin space. In the first realization,
H; is replaced by unit column vectors Cyj41 of complex numbers (row
vectors could also be used). Thus, we simply make the replacement of
abstract basis vectors by unit column vectors of length 25 4+ 1 as given
by

|jm) +—sjm =col(0...,0,1,0,...,0), (1.54)

where the single 1 appears inrow j —m+1,m=3,7—1,...,—j. Thus,
we have that the tensor product space is realized by H®Cy;11 with state
vectors given by

qu,j(a(:))

§,§ =1L

() = : = jm(@)sjm. (1.55)
: m

Under the unitary rotations of frame given by (1.41), this tensor product

space undergoes the transformation

%,j(ﬂf) é_TU%,j)(fC)
T JJ—:l ) _ D) Uw],?—l x)
Wy —j() (Toy—j)(x)
)
— D) “_:N) , (1.56)
by, 5(a)

where the coordinate transformation (z1,x9,z2) — (2], x5, 25) is still
given by

3
2p =Y Rip(U)zy, i=1,2,3. (1.57)
k=1

In the second realization of the abstract spin space, H; is replaced
by the polynomial space P; of polynomials of degree 2j defined over two
complex variables (z1, z2), and the abstract basis vector |j m) is taken to
be the polynomial with values given by

Jjtm _j—m
21 A

V3 +m)lG —m)!

(21, 22| m) = Pjm(21,22) = : (1.58)
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for m = JyJ = — j. In this formulation, under the unitary frame
rotation given by (1 41), the underlying spin-space coordinates (21, 22)
undergo the redescription (z1, z2) — (2], 25) given by

!
21 = u1121 + U222,

= unz +umza, © (uij)1<i<j<e € SU(2), (1.59)

while the basis polynomials undergo the redescription given by

(SUij)(ZhZQ) Jm 21,22 ZD ’(21722)7 (160)

in which the new coordinates are given in column matrix form by
col(z],24) = UTcol(z, 22). (Compare with (1.44) and (1.46).)

The transformation coefficients in relation (1.60) are given by (see
van der Waerden [171] and Ref. [21]):

DI, U) = VG +m)NG— )G+ m)([G—m)! (1.61)
( )]+m S(U12)m’—m+s(u21) (u22)] m’

(G +m—s)(m —m+s)!3!(j—m/—s)!’

where the summation is over all nonnegative values of s for which all
factorials in the denominator are nonnegative.

The column matrix formulation is less specific about the charac-
ter of internal space, which is not directly accessible to measurement,
and is, perhaps, to be preferred. Mathematically, the two finite vec-
tor spaces of polynomials and unit vectors of length 27 + 1 described
above are isomorphic, and it is no restriction to use the spinor polyno-

mials Pj,,(21,22),m = j,j —1,...,—j, as basis vectors. Indeed, these
polynomials have an inner product ( , ) such that (P}, Pjm) = 6 m.
one-to-one with that of the unit Vectors Sjm,m = 3,7 —1,...,—7, as

discussed below in Sect.1.3.1. There are many advantages to following
this approach, especially from the vantage point of combinatorics. More-
over, it is well known that the transformation properties of the spinor
basis functions already gives all inequivalent irreducible representations
of SU(2), as given above in relation (1.61), a result that we will prove
later. It is important to recognize that the use of either of these special
realizations of spin space in no way restricts the general theory of spin
space, since they do not introduce constraining conditions.
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Many-particle systems

The above description of a single particle in R? of spin j identified as
a constituent of an isolated physical system is easily generalized to a
physical systems S in which n identical particles in R?, each of spin j,
are constituents, all of which may be interacting. The k—th particle is
assigned the points ®) = (z1y, zop, x3) € R,k = 1,2,...,n relative
to the Newtonian frame (e, ez, es) used for the description of a single
particle above. We use spinor basis functions for the description of the
spin states. It is convenient now to present the spatial coordinates and
spin coordinates as the following 3 X n matrix X and the 2 x n matrix
Z defined by

T Tz o0 Tip

X=| 221 222 -+ Z2n |, (1.62)
31 x32 - T3p
zi1 z2 2

Z = ") (1.63)
221 Z22 tc Zom

in which column k of these matrices gives the spatial coordinates z*) =

(x1k, ok, r3r) and the spin coordinates k) = (z1k, 22r) of the k—th
particle. These coordinates then become the domain of definition of the
state vector W € H of the physical system with values given by (X, 7).
The Hilbert space H is the n—fold tensor product space of the tensor

product spaces H*) ® S](-k) of each of the particles of spin j, which we
present in the form

H=HVeHD @ aH) e @ esP e as™). (164)

The value of each ¥ € H is denoted ¥ (X, Z) for each point X € R3 ®
R3®---®R? and each point Z € C2®C*®--- @ C2.

The properties of this n—particle system under the action of SU(2)
are summarized as follows:

1. Action of each U € SU(2) on the reference frame: This action is
still given by

(81782783) = (e,17e,27eg’>)7 (165)

/ / Tl :
, 83' , e — ;662 —U e3' €] —1e9 UT
e} + ey —es e + e —e3

(1.66)
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3

e => Ry(U)e, i=1,2,3. (1.67)
=1

2. Action of each U € SU(2) on the state vector space H : The state
vector U € H undergoes the transformation ¥ — Ty ¥ given by

(TyV)(X,2) =" (RU)'X,UTZ). (1.68)

This formulation not only makes transparent the left action of the group
SU(2), but also clearly invites the possibility of further transformations
of the state vector by using right transformations X — XY and Z — ZY
by an arbitrary matrix Y of order n. Thus, for example, if we choose
Y = P; to be a permutation matrix, such transformations permute the
spatial and spin coordinates of the particles. Here P, is any one of
the n! matrices obtained by a permutation of the columns of the identity
matrix I,, (permutation matrices). Moreover, there is also the possibility
of doing right transformations by choosing Y € U(n), the group of n x n
unitary matrices: The occurrence of the general unitary group U(n) in
the classification of the state vectors of n—particle systems is always
implicit.

The theory of angular momentum arises naturally from the above
presentation of unitary frame rotations. Let us first show this for the
case of a single particle with spin j for which we have

I pe
X=| z ,Z:( 1>. (1.69)
22
3
The generators of a group are defined in terms of abelian subgroups. For

the group SU(2), the generator of the subgroup SU(2;¢,n) C SU(2)
defined by

SU(26,m) = {U(6,m) = exp(—i¢n-a/2)[0 < 6 < 27} (1.70)
of a frame rotation about a fixed direction n is defined by

1n SO = iiU(qb,n)

5 T (1.71)

¢=0

The generator n-J = nyJ; + naJs + ngJs of the transformation of the
state vector W +— T4 n) ¥ corresponding to the redescription of the

state vector under the unitary frame transformation (1.67) is defined in
analogy to (1.71) by

(3052 = (i T DX D)
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d
:Z%\I/(X(qb,n),z(cb»n)) oo’

X(¢.n) = (R(¢,n))" X, Z(¢,n) = U(¢,n))" 2. (1.73)

(1.72)

The unitary unimodular matrix U(¢, n) is given explicitly by

U(¢p,n) = exp(—ign-o/2) (1.74)
_ ( cos(¢/2) —ingsin(¢/2)  (—ing — n2)sin(¢/2) )
(—iny + no)sin(¢/2)  cos(¢/2) +ingsin(¢p/2) )

The real, proper, orthogonal matrix R(¢,n) = R(U(¢,n)) is obtained
by setting ap = cos(¢/2) and @ = nsin(¢/2) in relation (1.32). We now
carry out the differentiation d/d¢ in (1.72), using the chain rule from
calculus, and the relations

d 1 ;
i5 V@) =3 ( i, nl_tlzw > , (1.75)
d 0 ns —nN9
i (R(¢, n) =il —n3 0 m |. (1.76)
(b no —nn1 0

We thus obtain the following results: The generator
n-J=niJ1 +ngJs + nzJs, (177)

which acts on functions ¥ € H, is given in terms of the differential

operator n- J, which acts in the set of values {U(X, Z) | X € R3; Z € C?}
by the following relations:

(n-NHU)(X,Z)=(n - T)V(X,Z), (1.78)
J=L+S, J=L+S, (1.79)
where £ and S are the differential operators defined by
L1 = —i(x90/0x3 — x30/0x2),

[,2 = —i($3a/a$1 - $1a/a$3), (180)
£3 = —i(azlﬁ/émg — 33‘28/633‘2);

S1 = (210/022 + 220/021) /2,
SQ = —z'(z18/8z2 — 228/821)/2, (1.81)
Sl = (218/821 — 228/822)/2.
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Here we use the notation
(TW)(q) = T¥(qg), (1.82)

where W is an element of some function space F on which an operator
T acts, T : U +— U = TW; q is a point in the domain of definition Q
of the functions in F; and 7 is the differential operator, acting in the
space of values of the functions in F, that defines the values of (T'V)(q).
In the context at hand, such a relation applies to the operator pairs
(Jiy Ti), (Liy L), (Si, Si), where these are the generator pairs correspond-
ing ton = e;,7 = 1, 2, 3. Similar relations apply to linear combinations of
these linear operator. In particular, we have that the matrix generator
n - o /2 of the unitary matrix representation exp (—i¢n - o /2) of order
2 of SU(2) is realized in the space of functions by

(Tyom W)X, 2) = (770) (X, 2) = e T w(X, 2).  (183)

Although the differential operators £; and S; are quite different in
structural form, they satisfy identical commutation relations, where the
commutator [A, B] of two operator A and B acting in a Hilbert space is
defined by [A,B] = AB — BA:

L1, Lo) = iLs, [Lo, L3) = ily, [L3,L1] = iLs,  (1.84)
[S1,8o] = iS3, [Sa, S3] = iS1, [Ss, S1] = i, (1.85)
£;,8;]=0,i,j =123 (1.86)

The operators L; and \S;, with action in the space of state vectors, satisfy,
of course, these same commutation relations. The important observation
is: There can be many realizations of these commutation relations by
quite different operators, but as we shall see in Sect. 1.2 below, under
certain assumptions, they all give rise to the same matrix realizations.

Let us next relate the mathematical quantities given above to the
physical quantity called angular momentum. The classical angular mo-
mentum L of a point particle relative to a frame (e, e9, e3) is defined
by the cross product L = xxp, where p is the linear momentum of the
particle. The quantum angular momentum L is obtained from the clas-
sical quantity by making the replacement p — —ihV, where h is the
Planck constant h/27, and V is the Laplace operator with components
(0/0x1,0/0x2,0/0x3). Thus, the components of the dimensionless an-
gular momentum operators £/h = —ixx 'V are exactly the generators of
rotations given by relations (1.80). There is, of course, no such rule for
obtaining the spin operators (1.81). As remarked earlier, spin angular
momentum can either be incorporated into the quantum theory in terms
of an unspecified abstract finite-dimensional Hilbert space or by using
realizations of this space that do not restrict the mathematical content
of the theory, as we have done above.
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The generalizations of the above one-particle results to n particles is
immediate: One simply copies relations (1.79)-(1.81) n times, adjoining
an extra index k to designate the k—th particle with spin j. The in-
finitesimal operators associated with each particle are clearly additive,
so we have that the generator of the transformation associated with the
redescription of the state vector resulting from a unitary frame rotation
by angle ¢ about direction n is given by n-J and have the properties
summarized by the following relations:

J=L+S, (1.87)

T=Y g®, (1.88)
k=1

TJE = k) 4 gk, (1.89)

LHF = _ixk) vk szkel, (1.90)

S%k) = (zlka/aZQk + Z2ka/azlk)/2’
Sék) = —i(21,0/ 022, — 221,0/0211) /2, (1.91)

These operators are just n replicas of relations (1.79)-(1.81) with com-
mutation relations that are k replicas of relations (1.84)-(1.86) with su-
perscript (k) adjoined, where now operators having distinct values of
particle index k all mutually commute. Relation (1.78) also holds, of
course, in the interpretation as operators acting in the state space:

((n-39)w) (X,2) = (n- T®)¥(X,2), (1.92)
with similar relations for n - L) and n-S®). In particular, we still have
the commutation relations for the total angular momentum:

[J1, Jo] = ids, [J1, Jo] = iJ5, [J1, Jo] = iJ3 (1.93)
and the associated transformations of the state vectors:

(Toom )X, 2) = (e7m30) (X, 2) = o TW(X, 2).  (1.94)

This relatively simple n—particle physical system embodies the full con-
tent of angular momentum theory. The simplicity of these additive re-
lations does not reveal the intricacies of the theory.

Remark. Each U € SU(2) effects a rotation R(U) of the reference
frame of a physical system in R? as given by relations (1.65)-(1.67).
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It may seem mysterious that a unitary rotation of the reference frame
should effect also a unitary transformation of the internal coordinates
that describe spin. This is so because a redescription of the quantum
state corresponding to the reassignment of coordinates

X' =R(U)X, Z2' =UZ, (1.95)

as effected by a unitary frame rotation, treats the spin coordinates on a
par with the spatial coordinates. It is this relation that defines the action
of each U € SU(2) to be that of an operator Ty acting in the Hilbert
space ‘H of states by the rule (Ty¥)(X,Z) = ¥ ((R(U))TX,UTZ) . We
note that we have the option of redefining the redescription transforma-
tion (1.95) by replacing U by U*, so that the action of the operator Ty on

state vectors would be (Ty¥)(X,Z) = ¥ ((R(U*))TX,UTZ) . But this
would lead to replacing the matrices D’ (U) defined in relation (1.16) by

DJ(U*). This is an acceptable procedure, but we have elected to use
the redescription given by (1.95).

The system described above leads us below to investigate abstractly
all possible realizations of operators satisfying the commutation rela-
tions (1.93), subject to certain conditions, together with the problem of
adding two or more angular momenta, each of which has three compo-
nents that satisfy these commutation relations, and the components of
the separate angular momenta mutually commute. This is the problem
of constructing representations of two or more copies of the Lie algebra
of a group.

The state vector ¥ € H of every physical system in the space R3,
with or without spin, possesses SU(2) unitary symmetry; that is, for
each U € SU(2), we have for each ¥ € H that Ty ¥V = ¥’ € H, since
this transformation in the space of states available to the system is just
the redescription of H corresponding to the redescription of the physical
system induced by a unitary frame rotation. Ideally, the state vector
space is a separable Hilbert space, and Ty, each U € SU(2), is a unitary
operator with respect to the inner product on H. This is equivalent to
requiring that the three generators J;,7 = 1,2, 3, corresponding to rota-
tions about the three basis vector e;,7 = 1, 2, 3, are Hermitian operators.
Such a separable Hilbert space H is said to possess SU(2) symmetry.

A separable Hilbert space having SU(2) symmetry can always be
decomposed into a direct sum of various subspaces Hgy(2) on which
the action of Ty, each U € SU(2), is irreducible, which means that
Ty : Hsu(2) — Hsu(e), each U € SU(2), and there exists no subspace
of Hsy(2) with this property. The invariance of such subspaces Hgsyr(2)

under the unitary action of each Ty is, however, insufficient, in general, to
determine the decomposition of H into its irreducible SU(2) subspaces.

For an n—particle system in R?, there are 3n — 3 degrees of spatial



28 CHAPTER 1. QUANTUM ANGULAR MOMENTUM

classical degrees of freedom, after accounting for the three degrees of
freedom associated with the three independent translations in R®. There
may also be internal nonclassical degrees of freedom associated with
each particle. Each complex physical system must be considered on
its own to determine those degrees of freedom that are significant for
the explanation of various phenomena exhibited by the system. In some
model cases, a collection of independent, mutually commuting Hermitian
operators

H={H, Ho,...} (1.96)

can be found such that [Ty, Hy| =0,k = 1,2,..., for each SU(2) frame
rotation. Such a set of mutually commuting Hermitian operators can
always be diagonalized on the Hilbert space of state vectors; that is,
there exist vectors Uy € H, A = (A, \a,...), such that HyWy = A\ V),
where the Ay are real numbers. Then, each subspace H) C H, for each
set of fixed eigenvalues ), is invariant under the action of Ty; that is,
Ty : Hyx — Hy. If the set of SU(2) invariant operators (1.96) and the
total angular momentum squared, defined by J? = J12 + J22 + Jg, which is
also an SU(2) invariant, determine a unique irreducible subspace H g/ (2),

then the set of operators (1.96) is said to be complete with respect to the
group SU(2) . If the entire state vector space H for the physical system in
question can be written as a direct sum of such subspaces: H = >, ®H,,
then the set of operators is a complete set for the physical system. This
property is rarely the case for real systems. But the role of SU(2) rota-
tional symmetry is still significant, since an incomplete set of operators
(1.96) can still be used to characterize partially the various SU(2) ir-
reducible subspaces of the full Hilbert space H. It is such irreducible
subspaces that concern us in the theory of angular momentum.

We note that as a matter of notation, it is customary to use the same
symbol for an operator acting in the space of functions as for the
operator acting in the space of values of the function. The difference
in the notation (T'0)(q) = 7¥(q) is in the extra parenthesis pair ()
enclosing TW = W', The set, function space or value space, in which an
operator acts can usually be inferred from the context of usage.

1.2 Abstract Angular Momentum

1.2.1 Brief background and history

One viewpoint in physics is that complex systems are built up from in-
teracting elementary constituents. More significantly, perhaps, is the
converse position that complex physical systems may be taken apart to
unveil their elementary constituents. While this build-up and take-apart
viewpoint of the makeup of physical systems can be called into question,
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it is the basis for the angular momentum theory of composite systems.
Unitary SU(2) rotational symmetry of the constituents, first viewed as
noninteracting, as implemented through unitary rotations of individual
frames of reference, one for each system, and, then, the unitary ro-
tational symmetry of the interacting composite whole, as implemented
through the SU(2) unitary rotation of a single common reference
frame, is a defining attribute of such a viewpoint.

The simplest composite system S is one that may be considered as
composed of two independent parts S; and S. The two separate sys-
tems, considered as noninteracting with state vector spaces H(1) and
H(2), are each described in terms of their individual reference systems,

(e(ll),egl),egl)) and (e(lz),egz),eéz)); each system is separately invariant

under the redescription induced by the independent SU (2) unitary frame
rotations Ty, : H(1) — H(1) and Ty, : H(2) — H(2), as given by relation
(1.65)-(1.67). Systems S; and Sz have angular momenta J(1) and J(2),
respectively, each of which has three components that satisfy the com-
mutation relations (1.93), and the components of the separate angular
momenta mutually commute.

The quantum systems S; and Sy are next taken as a single composite
system, denoted S ® So, and described in terms of a common refer-
ence system (ej,ez,eg). The quantum states of the composite system
belong to the tensor product space H(1) ® H(2), which contains the an-
gular momentum subspaces H;, (1) ® H;,(2) C H(1) ® H(2), where H;,
and H;, are irreducible subspaces of H(1) and H(2) under the action
of SU(2) rotations of the respective reference frames. The composite
system S; ® Sa, even if the parts are interactive, is invariant under the
redescription induced by a unitary action of the frame (eq, ez, es), and
must possess the rotational symmetry described by the total angular
momentum J = J(1) + J(2), the three components of which again must
satisfy the commutation relations (1.93). This situation motivates not
only the determination of all possible actions of a single angular momen-
tum in the state space of a physical system, but also that for compounding
two such angular momenta.

In the third foundational paper of quantum mechanics in 1926, Born,
Heisenberg, and Jordan [31] (see also Refs. [30, 32, 82]) not only gave the
basic commutation relations for the components (Jq, J2, J3) of the total
angular momentum J of a physical system, but also determined all finite-
dimensional Hermitian matrix representations of these operators. Dirac
[51] simultaneously deduced these basic commutation relations using his
algebraic approach to quantum mechanics, and later gave a marvelously
brief derivation of their matrix representations in his book (Dirac [52]).

Much of this mathematics had been discovered and developed earlier
by Lie and Cartan, work of which physicists of the day were apparently
unaware. The invariant theory of Clebsch, Gordan, and Young, and
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others also had no influence in the early developments of quantum the-
ory, although Weyl [177] corrects this oversight in his 1928 book “Grup-
pentheorie und Quantenmechanik,” but his work was mostly ignored by
physicists of the time. It was Wigner [181] and Racah [143, 144] who
initiated the application of Lie algebraic and symmetry methods into
quantum physics and chemistry in a style that was accessible and even-
tually adopted by physical scientists. Weyl’s work, however, was and
remains fundamental; his book already initiates combinatorial methods
(Young tableaux) into group theory, and deduces the fundamental rule
for reducing an irreducible representation of U(n) into a direct sum of
irreducible representations of U(n — 1), which is the underlying group
theoretical origin of Gelfand-Tsetlin [62] patterns that play in Chapters
5-9 a prominent role in this monograph.

1.2.2 One angular momentum: First and Second
Fundamental Results

Abstract angular momentum theory addresses the problem of construct-
ing all finite Hermitian matrices that satisfy the commutation relations

[J1, o] = iJs, [Ja, Js] = iy, [Js, Ji] = iJa, (1.97)

where [A, B] = AB — BA denotes the commutator of two matrices of
the same order. If Jq,Js,J3 is such a set of Hermitian matrices, then
AJiAY AJy A7, AJ3 AL is another such set, where A is an arbitrary
unitary matrix, A~! = AT = (4*)7, where * denotes complex conjuga-
tion and T transposition. Two matrix representation of the commuta-
tions relations (1.97) related by such a unitary transformation are said
to be equivalent. Thus, abstract angular momentum theory determines
all Hermitian matrix realizations of the commutation relations (1.97) up
to unitary equivalence. The commutation relations (1.97) may also be
formulated as

[J3, Ju| = £Jg, [J4, J_] = 2J3,

(1.98)
Jy=Jitidy, JL=J_.
The squared angular momentum
I = B a4+ Ji=J J+ J3(J3+1)
= JyJ_+J3(J3—1) (1.99)

commutes with each J;, and J3 is, by convention, taken with J? as the
pair of commuting Hermitian matrices to be diagonalized.
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Examples. Two examples of matrices satisfying relations (1.97) are
provided by J; = 0;/2, where the o; denote the three Pauli matrices:

1/0 1 10 —i
J1:§<1 0)7*12:5(2' 0)’

1 0 o 31 0.
<0 _1>,J _Z<0 1>7 (1.100)
and by the following J; :

1 (V10 i
(i) el

0
10 100

Js = | 00 ,J2=2(01 0 |. (1.101)
00 —1 001

All Hermitian matrices solving (1.97) can be determined by using
only matrix theory, but it is customary in quantum mechanics to formu-
late the problem using Hilbert space concepts in the spirit of quantum
theory. Thus, the viewpoint is adopted that the J; are linear Hermitian
operators with an action defined in a separable Hilbert space H such that
Ji ' H — H. (We now use the notation H to denote a generic Hilbert
space that undergoes a redescription under unitary frame transforma-
tions.) The Hilbert space H is then decomposed into a direct sum of
subspaces that are irreducible with respect to this action; that is, sub-
spaces that cannot be further decomposed as a direct sum of subspaces
that all the J; leave invariant (map vectors in the space into vectors
in the space). In this section, the solution of this fundamental prob-
lem for angular momentum theory is summarized. These results set the
notation and phase conventions for the irreducible action of angular mo-
mentum operators, in all of their varied realizations, and the relations
given here are therefore referred to as standard. The standard solution
of this problem is among the most important in quantum theory because
of its generality and applicability to a wide range of problems. Since this
problem is solved in many places, including the seminal references given
above, the standard solution and its properties are given in summary
form (see Ref. [21] for the notations used here and more details. These
results are also summarized in Drake [53]).

Js =

o0 RO

It is convenient to formulate the problem and its solution in a broad
context without being too specific, so as not to restrict applications to
general physical systems. Every isolated physical system described in
Cartesian 3—space R? has unitary rotational symmetry under unitary
frame rotations and corresponding unitary group actions in H, as de-
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scribed in detail earlier. The quantum rotation group SU(2) is a symme-
try group of the quantum-mechancial system. The system possesses irre-
ducible subspaces under the SU(2) action Ty : H — H of SU(2) and the
associated generators of this group, which is a set of angular momentum
operators satisfying the commutation relations (1.97). The irreducible
subspaces of H are given by Hgy(2)()), where the angular momentum
operators J;, ¢ = 1, 2,3, have an irreducible action on each subspace; that
is, Ji : Hsu2)(A) = Hsyy(A). The symbol A = (Aq, A2, ...) denotes a
sequence of labels of finite length in a set such that, together with the
subspaces determined by the irreducible action of the angular momen-
tum J, it is possible to describe the entire space H as a direct sum of
these irreducible subspaces:

H=> &Hsua). (1.102)
A

The sequence A could, for example, specify the eigenvalues of a set of
commuting Hermitian operators that are invariant under SU(2), as de-
scribed in (1.96), such that these operators together with J? uniquely
determine each irreducible space Hgp(2)(A). Our main concern here is
with the characterization of these subspaces that are invariant and ir-
reducible under the action of the group SU(2) and not with the bigger
picture of how the description of complex physical systems synthesizes
such subspaces into the totality of state vectors available for a full de-
scription.

For the purpose of angular momentum theory itself, we now drop
all such labels A from consideration and give the characterization of the
subspaces Hgrr2) by Hsy) = Hj, where j is an nonnegative integer
or half-odd integer; that is, j € {0,1/2,1,3/2,...}. We next summarize
the angular momentum properties of this space, using the Dirac bra-ket
notation for the basis vectors of the space H; :

1. Orthonormal basis of H; :
{lim)|m=j4,7—1,...,—4}, (Gm'|im)="0bpm. (1.103)

2. Standard action of the angular momentum operators:

Plim)y = jG+1)jm), Jsljm)=m|jm),
Jiljm) = VGE-mG+m+1)[jm+1),  (1.104)
J_lim)y = VGi+m)i—m+1)[jm—1).

3. Defining properties of highest weight vector |j j) :
Jilig) =0, Jsljj) =37lij)- (1.105)
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4. Generation of general vector from highest weight vector |j j) :

(j+m)!

jm) = mﬂ‘m 15) - (1.106)

5. Defining properties of lowest weight vector |7, —j) :

6. Standard action of Ty, U € SU(2), on H;:
Tyljm) = > D O)]im'), (1.108)

(ull)au (u12)a12 (U21)a21 (U22)a22

ai11laalas lags! ’
11la12!asi!ags!

AeM (o )
(1.109)
Ny = VG +mG —m)lG+m)l —m)!,
where My (o, ) denotes the set of 2 x 2 matrix arrays defined by

My (a/, @)

! !
. ai; a2 ‘ a1 + a2 = o, a1 + a2 = Oy,
a1 a9 a1l +ag1 = a1,a12 +ax =ay |’

(1.110)
ap oy \ _ [ j+m' j—m
ap ag ) \j4+m j—m )’
Thus, the summation in (1.109) is carried out over all 2 x 2 matrix
arrays A € My(a/, ) of nonnegative integral exponents such that
the row-sum vector is given by (o), ab) = (j +m’,j —m') and the
column-sum vector is given by (aq, ag) = %j—km,j —m). This nota-
tion for effecting the summation in (1.109) is highly redundant for
n = 2, since there is only one “free” summation index after eliminat-
ing the row and column sum constraints, as given, for example, by

s =ag in (1.61). It is, however, a notation that extends naturally
in subsequence generalizations to U(n). Even at level n = 2, it is

very useful for determining symmetries of the functions Dgl, ().
In relation (1.109), U denotes an arbitrary unitary unimodular ma-
trix with row and columns enumerated by U = (uj;);<; j<o- The

representation functions corresponding to the (¢, n) parametriza-
tion are obtained by setting U = U(¢,n), as given by (1.74).
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7. Unitary action of Ty on H:
(TyV | Ty¥) = (¥ | ¥), each | V) € H, eachU € SU(2), (1.111)

where | U) is again the Dirac notation for a general state vector in

H.

8. Irreducible unitary matrix representations of S U(2): By conven-
tion, the (2 + 1)? functions D’ , (U) are arranged as the rows
and columns of a matrix D’(U) of order 2j + 1 by the rule: The
element in row j —m’ + 1 and column j —m + 1 of DI(U) is
D, om =34 — L...,—j;m = j,j —1,...,—j. These matrices
are then unitary; that is, (D?(U))t = (D7(U))~! = DI(U?), and
they satisfy the group representation multiplication rule:

DI(UND'(U) = DI(U'U), U e€SU(2), UecSU?2). (1.112)

The matrices constitute, for j € {0,1/2,1,3/2,...}, all inequivalent
irreducible unitary matrix representations of the group SU(2). In-

terestingly, there is such a representation for every natural integer
n=12---.

Most parametrizations of SU(2) can be obtained from the quaternion
parametrization given in by relations (1.36)-(1.37) by making an appro-
priate choice of parameters for a point on the unit sphere. For example,
for

ag = cos(¢/2), a =nsin(¢/2), 0 < ¢ < 2m, (1.113)

we obtain the parametrization of U € SU(2) corresponding to a unitary
frame rotation in R® by angle ¢ about direction n with n - n = n? +

n3 4+ n3 = 1. The corresponding operator generating the transformation
in the Hilbert space H; is given by

Tygm =€ "™, n-J=niJi +ngJy +ngds,  (1.114)

e jm) =Y Dhy(U(9,0))] 5 m). (1.115)

Still other parametrizations are given in Ref. [21].

We refer to relations (1.104) giving the standard action of angular
momenta components (Ji,J2, J3) in the abstract Hilbert space H; as
the First Fundamental Result, and the relations (1.108)-(1.110) giving
the standard action of the unitary group SU(2 in this space as the Second
Fundamental Result:
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First Fundamental Result. Up to unitary equivalence, the action
of Hermitian angular momentum operators on the basis of a finite-
dimensional Hilbert space on which the action is irreducible can always
be put in the standard form given by relations (1.104).

Second Fundamental Result. Up to unitary equivalence, the ac-
tion of the unitary unimodular group SU(2) on the basis of a finite-
dimensional Hilbert space on which the action of the group is irreducible
can always be put in the standard form given by relations (1.108)-(1.110).

We never depart from these forms of the fundamental relationships.

1.2.3 Two angular momenta: Third Fundamental Result

Two angular momenta can arise in somewhat different contexts. Two
distinct systems S7 and Se can be brought together as the constituents of
a single system, or a single object can have a spatial angular momentum
and an intrinsic spin-like angular momentum, as we have already con-
sidered in the previous sections. In each case, we encounter the problem
of addition of two angular momenta. We show below how each fits into
the abstract theory of addition of two angular momenta.

Two distinct physical systems S7 and Ss are each described in terms of
their individual reference frames (eg ),egl),eé )) and (e?),eg),eé )), each

of which undergoes its own unitary rotation Uy € SU(2) and U; € SU(2).
The first system has angular momentum J(1) = Ji(1)e; m 4 Ja(1)ey 4
Jg(l)eg) and the second angular momentum J(2) = J; (2 )eg )+J2( 2)e, ()4

J3(2)e§2). This corresponds to two copies of the same Lie algebra; that
is, the angular momenta components satisfy the commutation relations:

[J1(1), J2(1)] = iJ3(1), [J2(1), J3(1)] = iJi(D),
[J3(1), J1(1)] = iJ2(1); (1.116)
[J1(2), 2(2)] = J3(2), [J2(2), J5(2)] = iJ1(2),
[J3(2), J1(2)] = iJ2(2), (1.117)

and each component of J(1) commutes with each component of J(2).
Thus, the components of the angular momenta J(1) and J(2) are Hermi-
tian operators that act in their own irreducible spaces H;, (1) and Hj, (2),
each with the standard action:

1. System S;. Standard action of the components of J(1) on the or-
thonormal basis of H;, (1):

{|j1m1> |m1:j17j1_1>"'>_j1}' (1118)
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F2(1) [jrma) = 1 + 1) ljrma),  Js(1) [jrma) = ma 1 ma),
Jr (D) ljrma) = V(v —m1) G +my+ D) [jima + 1), (1.119)
J_(1) [jrma) =/ (r +ma) (i —ma + 1) [jrmy — 1)

2. System Ss. Standard action of the components of J(2) on the or-
thonormal basis of H;,(2):

{|j2m2> |m2:j2aj2_17"'7_j2}- (1120)

J2(2) [j2 ma) = jo(jo + 1) lj2ma),  J3(2) |j2 ma) = ma [j2 ma),
J+(2) [jama) = /(ja —ma) (o + ma + 1) [jama +1),  (1.121)
J_(2) [j2ma) = /(ja + m2)(j2 — ma + 1) [jama — 1).

The two systems S; and Sy are now brought together as the parts of
a composite system S7; ® Sy in which they may be interacting. The two
angular momenta are now described in terms of a single reference frame
(81,82,63) by J(l) = Jl(l)el + J2(2)82 + J3(2)€3 and J(2) = J1(2)e1 +
J2(2)ey + J3(2)es. The components of the two angular momenta still
satisfy the commutation relations (1.116) -(1.117), with each component
of J(1) commuting with each component of J(2). But now we can add
components to obtain the total angular momentum

J=J1)+J(2) = (1(1)+J1(2))e1+(J2(1)+J2(2))e2+(J3(1)+J3(2))es,

(1.122)
whose components satisfy the commutation relations

[J1,Jo] = iJs, [Jo, Js] =iy, [Js, Ji] = iJa. (1.123)

Here the unitary rotation of the frame (e, e2, €3) to which both systems
are referred induces the redescription of the composite system S; ® So
that leads directly to the addition of angular momenta. In case of a single
system with internal spin, the system is “composite” from the outset—
it cannot be taken apart or assembled: steps 1 and 2 above would not
be introduced. But the abstract results from the addition of angular
momenta applies to both truly composite and intrinsically composite
systems. In both cases, we are led to two different ways of describing
the angular momentum states of the composite system in terms of the
tensor product space H;, (1) ® H;,(2), which is the operative space for
such systems, as we next describe:

1. Uncoupled basis of H;, (1) ® H;,(2) :

mlzjlajl_lv"'a_jl;} (1124)

{|j1 1> ‘]2 2> m2 :j27]2—1,...7_j2
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The actions of the angular momentum operators J(1) and J(2) on
this basis are defined by

(Ji(1) @ ) |71 m1) @ |jama) = (Ji(1) | j1mi))® | jama), (1.125)

(I ® Ji(1)) |51 m1) @ [j2 ma) = |1 m1)) ® ((Ji(2)|j2 m2)), (1.126)
where I;,7 = 1,2, is the identity operator on H;,. In these relations,
the actions of the angular momentum components J;(1) and J;(2)

on the respective basis vectors |j;m1) and |jamg) are given by
relations (1.119) and (1.121).

2. Coupled basis of H;, (1) ® H;,(2) :

Grg)im)y= > i livm) ® [jama), (1.127)
mi,m2
mi1+mg =m

N J=g1+d2,0 +je—1,..., |51 — J2:
{|(Jl]2)]m>‘ m—i T . (1.128)

The coefficients Cin, 72, i, in the linear transformation (1.127) of the
space H;, (1) ® H;,(2) are called Wigner-Clebsch-Gordan (WCG)
coefficients, which were first obtained by Clebsch [43] and Gordan
[68], and then Wigner [184, 185]. These coefficients effect a real or-
thogonal transformation of the uncoupled basis to the coupled basis
on which the total angular momentum has the standard action:

I (jrg2)im) = 5 (G + )I(j1 j2)5 m),
J3|(j1 j2)J m) = m|(j1 j2)j m), (1.129)
Tl g2)im) = /(G —m)(G +m+1) |(172)i m + 1),
J-|(Grg2)im) = /(G +m)(G —m+1)[(j1j2)im —1).
It is also the case that
F(1)|(jr j2)im) = j1(jr + 1)|(jrj2)im),  (1.130)
J2(2)[(j1 j2)j m) = ja(ja + D)1 j2)im).  (1.131)

The three Hermitian operators J(1), J%(2), J? are a complete set of
SU (2) invariant operators in the sense defined in (1.102); we denote
the SU(2) irreducible space Hgp(2)(A1,A2) by Hyj,j,);- Relations
(1.127)-(1.131) apply to arbitrary values of ji,j2 € {0,1/2,1,...},
but only to values of j that satisfy, for given j; and jo, the rule

je{ii+inn+j—1,..., 51— 2} (1.132)
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This relation between ji, js,j is called the triangle rule. Also, be-
cause J3 = J3(1) + J3(2), the summation in relation (1.127) is

over only such values of m; € {ji,j1 — 1,--- — j1} and mo €
{j2,j2 — 1,..., =72} that satisfy

my +mg =m, (1.133)
where m € {j,j — 1,--- — j}. This relation between my,mg, m is

called the projection quantum number sum rule. (This is discussed
further below in connection with the domain of definition of a WCG
coefficient.) Relation (1.127) is the expression of the decomposition
of the vector space H;, (1) ® H;,(2) of dimension (271 + 1)(2j2 + 1)
into it SU(2) irreducible subspaces H;, ;,);, hence,

JitJ2
Y @i+ 1) =(2h + 122+ 1). (1.134)
J=lj1—7-|
In both instances, we follow the practice of using the 3—components
J3(1), J3(2), J3 of the respective angular momenta to determine the

orthonormal basis |jim1) ® |jame) of H; (1) ® H;,(2) and the or-
thonormal basis |(j1j2)jm) of Hj, j,);-

. Standard action of U € SU(2) on H;, (1) :

J1

Tyljimi) = Y Do (U)ljim)), (1.135)
mi=—j
mi :jl7j1 _17"'7_jl~

. Standard action of U € SU(2) on H;,(2) :

Tyl ja ma) = Z Dm o (U) 2 mb), (1.136)

m2_]27j2 17"'7_j2'

. Standard action of (U,V) € SU(2) x SU(2) on H;,(1) ® H;,(2) :

Tw,vyljimi) @ lj2me) =Ty [j1m1) @ Ty [j2 ma)
=) Diﬁ my (U)Drns (V) 71 mh) @ [j2my),  (1.137)
m’17m2

where the multiplication of elements in the direct product group
SU(2) x SU(2) is defined by

TwvyyTwyv) =Twuyv vy (1.138)
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6. Standard action of (U,U) € SU(2) x SU(2) on the coupled space
H(jl J2)j

Tw,vy (j1 32)3 m) Z Dl )1 g2)im’y, (1.139)

m'=—j
m=j,j—1,...,—J.

The pairs of unitary matrices in the set {(U,U)|U € SU(2)} define
the diagonal subgroup of the direct product group SU(2) x SU(2).
The unitary operators in the set {T(y)|U € SU(2)} obey the

multiplication rule
T(U’,U’)T(U,U) = T(U’U,U’U)' (1140)

The new objects that make their appearance in the addition of two
angular momenta, as outlined above, are the WCG coefficients, which
relate the two bases, the uncoupled basis of the space H;, (1) ® H;,(2) of
dimension (271 +1)(2j2 + 1) and the so-called coupled basis of this same
space, which is a direct sum of spaces ) | ;@ Hj, j,)j» €ach space in the di-
rect sum having the orthonormal basis {|(j1 j2)jm) |m = 7,j—1,...,—j}
of dimension (25 + 1). Under the action 7{ ) of the diagonal subgroup,

the first space gives a reducible unitary matrix representation of SU(2)
of dimension (2j; + 1)(2j2 + 1), the Kronecker product representation,
defined by

(D7 (U) ® D¥*(U)) =D}, . (U)DE,  (U). (1.141)

(mf my)(m m2)

Under this same action of T(g ) of the diagonal subgroup, the subspace
Hj, gn)j C Hj (1) @ Hj,(2) gives the standard irreducible unitary matrix

representation of SU(2) of dimension 2j + 1. Thus, the transformation
(1.127) effects the reduction of the space H;, (1) ® Hj;,(2) into the direct

sum of irreducible subspaces ) ; ®H(j, j,)j» Wwhere the summation is over

all j that satisfy the triangle rule. The sum rule (1.133) on the projection
quantum numbers expresses the additive property of the U(1) subgroup
of SU(2).

A WCG coefficient C,Jﬁl %27;1 is defined if and only if its labels fall
into the domains of definition of the state vectors appearing in relation
(1.124) and (1.128):

(i). angular momentum quantum numbers: ji,j2,7 € {0,1/2,1,3/2,...}.

(ii). projection quantum numbers: m1 € {]1,]1 Lo..,—ji}, ma €
{2 — 1., —jot,me{j,j— =J (1.142)
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(iii). sum rule and triangle rule: my + mg =m, j € {j1 + j2,71 + jo —
1)"'7|J1 —]2|}'

For all other wvalues of the angular momentum quantum labels 71, jo,
j,m1,mo,m3 a WCG coefficient is undefined.

The WCG coefficients satisfy orthogonality relations resulting from
the orthonormality of the basis vectors in each side of relation (1.127),
which are

(Jimy | jima) = Oy m,, (G2l | jama) = Oy my;  (1.143)

((Frg2)g'm" | (J1j2)im) = 0jr j O m- (1.144)
The consequent orthogonality relations for the WCG coefficients are:
> Oh Ot = b1, (1.145)
ma,mz
7,m

where, in the first relation ji,j2,j, m, are any values for which the co-
efficients are defined, and the summation is over all pairs mqy,mo for
which the coefficients are defined. Similarly, in the second relation,
J1,m1, ml, j2, ma, mh are any values for which the coefficients are de-
fined, and the summation over all pairs j,m for which the coefficients
are defined. This convention of effecting the summations in the orthogo-
nality relations avoids otherwise very awkward summation symbols and
ranges.

There are a number of relations between WCG coefficients and rep-
resentation functions that are consequences of the actions of the various
unitary operators on the spaces H;, (1) ® H;,(2), the subspace Hj, ;,); C
H;, (1) ®@H;,(2), and of the orthogonality of the WCG coefficients, which
are the elements of the matrix that reduces the reducible Kronecker
product representation of SU(2) into irreducible representations. These
relations constitute the basic content of the theory of addition of two
angular momenta. We summarize these basic relations as follows:

1. The substitution of the basis vector relation (1.127) into the group
action relation (1.139), using the action (1.137) for V' = U, and
equating coefficients of orthonormal basis vectors on each side of
the resulting relation gives the identity:

mi,M2

(1.147)
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2. Using the orthogonality relation (1.145) in this relation now gives
the identity:

S©och e g3 Dl (U)DE, | (U) =8 ;D5 ,,(U).

mimhm’ M1 m2m=— mf my
mi, mo

mf, mh
(1.148)

Relation (1.148) between WCG coefficients and representation func-
tions can be written concisely in matrix form. We first define the matrix

CU132) of order (251 + 1)(272 + 1) to have elements as follows:

(jle) — (]1]2)
G msmy ma) (C )(jm);(mlmg) (1.149)

Cur g2 all values of ji, j2, 7, m1, mg, m for
M2 which the coefficient is defined;

0, all other values of j1, jo, j, m1, Mo, m.

The sets defined as follows enumerate the rows and columns, respectively,
of the matrix C'U172) .

N J=Jg1+ g2, |51 — Jal,
RW?)—{(W)‘m:j,j—l,...,—j }
(1.150)
C(j1 j2) = {(m1,m2) |m; = i, ji — 1,...,—Jji}.

That the number of rows and columns of CU172) are equal is a conse-
quence of the identity:

Jmax

(25 +1) = (251 + 122 + 1), (1.151)
J=Jmin
where jmin = |71 — J2| and jmax = j1 + j2. The orthogonality relations

(1.145) and (1.146) are now expressed by the property that CU172) is a
real orthogonal matrix:

o\ T o o o \T

Since rows and columns of C'172) are enumerated by different indexing
pairs, both orders of expressing the orthogonality relations are impor-
tant; they yield back relations (1.145) and (1.146).
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Relation (1.148) is now expressed as the matrix relation

Jmax

cUr) (DI (U) @ D*(U)) (O(jlj2>)T= >, eDi(U).  (1.153)
J=Jmi

The real orthogonal matrix CU172) effects by a similarity transformation
the complete reduction of the reducible unitary representation of SU(2)
given by the Kronecker product D7*(U) @ D’?(U) of the two irreducible
unitary matrix representations D’'(U) and D’?(U) into a direct sum of
irreducible unitary representations of SU(2), where all representations
are standard.

Relation (1.153) can be written in three equivalent forms by moving
one or both of the orthogonal matrices to the right-hand side:

j’rnam
Cc2) (DMU)e D»(U)) = Y. eDi(U)|CcP),  (1.154)
§=imin

(DI (U) @ D**(U)) (C(jljz))T _ (C(j1j2>)T ]i oD’ (U), (1.155)

J=Jmin

. . . T Jmaz . .
DJl(U)®DJ2(U):<C(J”2)> S eDi(U) | ¢, (1.156)
J=Jmin

There is still an incompleteness in relations (1.153)-(1.156) in that we
have not given the rule for assigning the rows and columns of the matrix
C(j1 J2), nor that for ordering the matrices in the direct sum as block
matrices along the diagonal. We return to this in Sect. 2.1.3, Chapter 2.
It is often the case that rows and columns of matrices arising in angular
momentum theory are indexed by sets of different structure, such as
given by (1.150); caution must be exercised in taking matrix elements.

Third Fundamental Result.The basis of the tensor product space
H;, (1)®H,;,(2) on which two independent Hermitian angular momentum
operators J(1) and J(2) have the standard irreducible action is related to
the basis H;, j,); on which the total angular momentum J = J(1) +J(2)
has the standard irreducible action by a real, orthogonal transformation
in which the transformation coefficients are the WCG coeflicients. The
WCG coefficients are then also the elements of a real orthogonal matrix
that effects the reduction, by a similarity transformation, of the reducible
unitary Kronecker product representation D7*(U)® D’2(U) of SU(2) that
arises from the action of the diagonal subgroup of the direct product
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group SU(2) x SU(2) in the tensor product space H;, (1) ® H;,(2) into
a direct sum of irreducible representations obtained from the action of
SU(2) in the irreducible subspace H;, j,); C H;, (1) @ H;,(2).

In the following sections of this chapter, we discuss explicit realiza-
tions of the abstract results given above.

1.3  SO(3,R) and SU(2) Solid Harmonics

The form (1.109) giving all the inequivalent unitary representations of
SU(2) is a polynomial in the elements of U. When a mathematical quan-
tity is polynomial in, say, some restricted variables that define it, it is
often a useful generalization is to replace those variables by arbitrary in-
determinates, and to consider the properties of the new object. A simple
example of this is provided by the binomial coefficients defined by

n n! nn—1)---(n—k+1)
<k> HCEDI 7l : (1.157)

which is polynomial in the nonnegative integer n. This suggests we con-
sider the general polynomial (i) for an arbitrary variable x defined by

<z> _ x(ﬂf—l)-'l'd(ﬂ?—’“fl), (1.158)

which is then a polynomial of degree k with roots x = 0,1,...,k — 1,
which reduces at © = n > k to the binomial coefficient (1.157). These
polynomials then have a host of properties generalizing those of the nu-
merical binomial coefficients, such as the sum rule

)00 e

a+b=c
The idea for obtaining the SU(2) solid harmonics extends this simple

example in the obvious way.

The SU(2) solid harmonics are defined to be the polynomials homo-
geneous of degree 25 in four commuting indeterminates given by

. A
D) (Z) =Valal > %, (1.160)

AeM;(a,a)

in which the nonnegative exponents A = (a1, a91, a12,as2) and the in-
determinates Z = (z11, 221, 212, 222) are encoded in the matrix arrays
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defined by
A= ( a2 7 A1 Z12 (1.161)
a1 az2 )’ Zo1 Z99. | :
We also use the space-saving notations
2 2
74 =11 =y, A= ] (ai), (1.162)
1,j=1 1,j=1

al = aqlag!, ol'=a)lall.

(It is convenient to write m first and m’ second in (1.160) and make the
appropriate adjustments in notation in the right-hand side.)

The SU(2) solid harmonics defined by (1.160) are among the most im-
portant functions in angular momentum theory. Not only do they unify
the irreducible representations of SU(2) in any parametrization by mak-
ing the appropriate definition of the indeterminates in terms of general-
ized coordinates, as we gave seen above, but they also include the popular
boson calculus realization of state vectors for quantum-mechanical sys-
tems, as well as the state vectors for the symmetric rigid rotator (see Refs.
21, 38]). The parametrization given by Z = agop —ia - o, a2 +a2 +a3+
a3 = 1, gives the SU(2) representation functions in terms of points on the
unit sphere S C R*, and the further specialization to g = cos(¢/2), a =
nsin(¢/2),0 < ¢ < 2, the representation functions for a unitary frame
rotation by angle ¢ about the direction n. Other parametrizations are
(1) spherical polar coordinates in R*, which replace ¢ by 2¢ to obtain
apg = cosY,a = nsiny,0 < ¢ < 7, where the components of n are
given in terms of the usual spherical polar coordinates in R?® given by
(cos ¢ sinf,sin ¢ sinf,cos6),0 < ¢ < 27,0 < 6 < 7; (2) Euler angles
(o, B,7) obtained by choosing ag = cos(a+7)/2 cos /2,1 = —sin(a—
v)/2 sin 3/2, g = cos(a—-y)/2 sin 3/2, a3 = sin(a+-y)/2 cos (3/2, where
0<a<2m0<+vy<2nm, and 8 can be in either the domain 0 < 8 < 7
or 2w < 8 < 3w. These domains of definitions of angles are necessary to
cover the unit sphere S® and to have the property that R(—U) = R(U)
for the proper, orthogonal matrices R(U) € SO(3,R). See Ref. [21] for
more detailed discussions, as well as the relationship to the symmetric
rotator. The relation to boson operators is given below.

The SU(2) solid harmonics yield the spinor polynomials defined by
(1.58) for special values of the indeterminates:

Dan’ ( 2 > = 6j,m’ V (2])!ij(21,22),

ZQO

D ( 02 > = 5 @) P21, 22),  (1.163)

0 2z
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j 0 - -
Dl ( e ) — S/ G F TG =)L Py, 20);

0 z9
Z{—l—m % m
P (z1,20) = . 1.164
iml21, 22) \/(j+m)( —m)! ( )

Perhaps the most significant property of the SU(2) solid harmonics
is the multiplication property of the corresponding matrices given by

DI(X)D'(Y) = D/ (XY), (1.165)

where this property hold for arbitrary matrices X and Y of commuting
indeterminates, including singular matrices. A combinatorial proof of
this result is given below in a more general context. The transposition
property expressed by

DI(Z7) = (Di(2))" (1.166)
is also important.

We also can consider left and right transformations of D7(Z) as given
by the operators Ly and Ry for U,V € SU(2) :

(LyD?)(Z) = D'(UTZ) = D)(UT)D’(Z2), (1.167)

(RyD?)(Z) = D¥(ZV) = D¥(Z)D*(V), (1.168)

which in terms of matrix elements take the forms:

(LU_Dmm/ Z Dm//m m// m/(Z), (].].69)

m'’'=—j

(RyD? ) (Z Z D!, (VD! .(Z). (1.170)

m'’'=—j

Left and right transformations commute; that is, Ly Ry = Ry Ly, for
all pairs U,V € SU(2), in fact, for all left and right transformations L x
and Ly, for arbitrary matrices X and Y. The generators of these left and
right group transformations may be calculated from (1.72) to obtain:

2 2
Jp =Y 21k0/0z0k, J- =Y 2040/0z1, (1.171)
k=1 k=1
1 2
J3 =3 > (21600211, — 2210/ 021 );

k=1
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2 2

Jo= " 210/0zka, T =) 2120/ 021, (1.172)

k=1 k=1

12
Jé = 5 Z(zkla/azkl - Zkga/azkg).

k=1

These two sets of operators then satisfy the standard commutation rela-
tions, and the two sets mutually commute. The action of these operators
on the SU(2) solid harmonics is exactly the standard action (1.104) for
(J1, J2, J3) for quantum numbers (j,m), while that for (Ji, Jj, J5) is for
quantum numbers (7, m'). Transposed elements of Z enters into relations
(1.171)-(1.172) because (XU)T = UTXT That the same j occurs in the
standard action is a consequence of the equality of operators

V=4 2102 =02=J2+ 12+ T2 (1.173)

This result is shown by direct calculation: It is a consequence of the left
and right actions acting on the same coordinates, namely, the elements of
Z. The equality of these two invariants is an important result for relating
the SU(2) solid harmonics to the symmetric rotator wavefunctions (see
Ref. [21]), as well as for our subsequent generalization to the general
unitary group U(n).)

The nomenclature SU(2) solid harmonics for the polynomials de-
fined by (1.160) is by analogy with the term “SO(3,R) solid (spherical)
harmonics.” These latter solid harmonics are defined over all points of
Cartesian 3-space R3 by

2l + 1 1/2
Vim (21,02, 23) = [ I+ m)(l —m)!
47
m+k($l o ixg)k l—m—2k

—X1 —’LI‘Q
1.174
XZ 2m+2k (m + k)R — m — 21<;) (1.174)

The components (Lq, Lo, L3) of the orbital angular momentum operator
L = —ixxV have the standard action on the solid harmonics, which are
homogeneous polynomial solutions of Laplace’s equation in R3 :

L2Yim(x) =11+ D)V (2), LsVim(z) = mY,m(z),

LiYim(@) = E£m)IFm+ )Y (2), (1.175)
Le{0,1,2,.. Y ,m=11—1,... I

The eigenvalue relation L2Y),,(z) = (I + 1)Y;m(x) is a consequence of
the fact that the polynomials ), () are homogeneous of degree [ that
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solve Laplace’s equation, since L? can be written as
L= —(x-x)V?+ (x- V)’ + (x- V), (1.176)

which is a sum of three commuting operators, each of which is invariant
under unitary frame rotations.

The solid harmonics in R? are normalized to unity over the unit
sphere, and the components L; are Hermitian with respect to the in-
ner product of square-integral functions over the unit sphere. That only
integral values of the angular momentum quantum number [ can oc-
cur is a consequence of the Hermitian property and the fact that both
LY, = 0and L_)Y,_; = 0 must be satisfied (see Ref.[21] for more
discussion of this result.)
The polynomials D! (Z),z = (211, 291, 212, 222) € C* are homoge-
neous of degree 2j. The angular momentum operator J2, where J has
components (Jp, J2, J3), is given by

J? = —(detZ)(deta%)—I—Jo(Jo—irl), Jo = (2-0)/2,
(1.177)
8 = (8/8211,8/8221,8/8212,8/82’22),

which is a sum of two commutating operators —(det Z)(det 8%) and

Jo(Jo + 1), each of which is invariant under SU(2) transformations in-
duced by unitary frame rotations. The SU(2) solid harmonics are ho-
mogeneous polynomials of degree 2j such that

0 ; iy j

since the Euler operator Jy has eigenvalue j. The components (Ji, Ja, J3)
of the angular momentum operators J corresponding to left transforma-
tions of Z and the components (Ji, J5, J5) corresponding to right trans-
formations as given by (1.171) and (1.172) then have the standard actions
on these polynomials. Under either left or right SU(2) transformations
these polynomials give the standard unitary irreducible representations
of the group SU(2) given explictly by (1.169) and (1.170).

The relation between SU(2) solid harmonics and SO(3,R) solid har-

monics is given by

_\+m ol 3 T — 1T
(1) D_m70<$1+m2 e > (1.179)

47
= %—Hyl,m(%?ll‘?n 2332$37~T§ - 33% - x%),w € Rg’
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for [ =0,1,2,... . This identity may be proved directly from the defini-
tions of the respective polynomials by expanding the factor (azg - x% —
a:%)l_m_% that appears in ), and using the binomial sum identity
(1.159) to transform the right-hand side of (1.179) to the form given by

the left-hand side from definition (1.160). The mapping (z1,x2,z3) —
(22123, 22973, 3 — 22 — 13) carries the points on the sphere of radius r

onto the sphere of radius r2. In particular, the unit sphere S? is mapped
onto itself. Moreover, since (1.179) is an identity in polynomials, it may

be extended to complex numbers x = (21, xo, x3) € C3. If we set

x1 = (=22 + 23) )2/ 7122, w9 = i(25 + 23)/2y/Z122, 3 = \/Z122, (1.180)
so that 23 + 23 + 23 = 0 is a complex Cartan vector of zero length and

Qw13 = —20 4 25, 2w 03 = izt + i3, 05 — a7 — 3 = 22129,  (1.181)
we obtain from (1.179) the following relation between SU(2) solid har-
monics, SO(3,R) solid harmonics, and SU(2) spinor harmonics for inte-
gerl >0:

(_1)l+le

( /Z129 z%/,/zlzg )
™m0 —z%/,/zlzg —\/z129

4
= 57 _7; 1)/l7m(—z% + z%, izf + izg, 22129)
_ @ 2+ A . (1.182)
I 4 \/(l—l—m)!(l—m)!

The SU(2) spinor harmonics are defined for all angular momentum
quantum numbers j € {0,1/2,1,3/2,...} by

Jjt+m _j—m
21 A

V3 +m)lG —m)!

but only integer values of j arise in the relation (1.182) because of choos-
ing m’ = 0, which forces also [ to be a nonnegative integer. The angular
momentum operators whose standard action on the spinor harmonics
generates the polynomials are given by

Ji = 210/0z9, J- = 220/021,

J3 = (218/621 — 228/822)/2. (1.184)
Indeed, as noted earlier in (1.60), the transformation properties of the
spinor harmonics given by (1.61) (replace U by Z) gives the simplest

direct derivation of the SU(2) solid harmonics themselves, which then
through relations (1.163) reproduce the spinor harmonics.

ij(ZhZQ) = , M :]>] - 1)"'>_j> (1183)

A~
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1.3.1 Inner products

The properties of spinor harmonics “fit” into the standard theory of
angular momentum by defining the inner product of two polynomials
P(z1,29) and Q(z1, z2) in the complex variables z1, zo by

(P,Q) = P*(0/021,0/02) Q(21, 22)|,,,—..,—o; (1.185)

where P* is the complex conjugate polynomial to P, and P*(9/0z1,0/0z2)
is obtained from P*(z1,z2) by replacing z; and z9 by the derivatives
0/0z1 and 0/0zy. Thus, if P(z1, 22) = 2129+i25, then P*(0/0z1,0/02) =
(0/021)(0/022) — i(0/D2)?. The differential operator P*(9/0z1,0/022)
then acts on the polynomial Q(z1, 22) to produce a new polynomial that
is evaluated at the origin z; = 29 = 0. In this inner product, z; and
0/0z; are Hermitian conjugate operators in the space of complex poly-
nomials in the complex variables (21, 22), so that the angular momentum
operators defined from (1.184) by

Ji= 4+ J2)/2, Jy = (Jp — J_)/2i, (1.186)
J3 = (218/621 — 228/622)/2 (1.187)

are Hermitian operators. It is the Hermitian property of the commuting
operators J% and J3 that assures the orthogonality (Pjrmrs Pym) =0, j' #
j, m’ # m, of the spinor polynomials.

The inner product (1.185), extended to n indeterminates, including
n = 1, in the obvious way, is identical in structure and numerical value to
the inner product associated with boson creation and annihilation oper-
ators. Thus, let a = (a1, as,...,a,) be a sequence of n commuting boson
creation operators and @ = (aj,ags,...,a,) the corresponding sequence
of n commuting annihilation operators, such that the commutation rela-
tions operators [@;, a;] = d;;, 4,5 = 1,2,...,n are satisfied. The opera-
tor @; is then the Hermitian conjugate to a; in the inner product defined
by (0|P*(@)Q(a)|0), where P(a) and Q(a) are arbitrary polynomials in
the creation operators, with P*(@) the complex conjugate polynomial
in the annihilation operators. The ket-vector |0) = |0,0,...,0) is the
unique vector annihilated by each of the annihilation operators; that is,
@;|0)=0,i=1,2,...,n.

The complete set of commuting Hermitian operators H; = a;a;,1 =
1,2,...,n then have the eigenvalues given by H;|k) = k;|k), where
k; =0,1,2,..., and the simultaneous ket-eigenvectors are |k) = P;(a)|0),
where k = (k1, ks, ..., k,) and

(1.188)
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The inner product of two polynomials P(a) and @Q(a) is defined by

(P|Q) = (0] P*(@)Q(a)0), (1.189)
from which follows the identity of numerical value given by the two inner
products:

(P|Q)=(P,Q). (1.190)
In the right-hand side the polynomials are P(z) and Q(z), where the
indeterminates z = (21, 29, ..., 2,) replace the boson creation operators
a = (ay,az,...,a,). We then also have the orthonormality of basis ket-

vectors or basis polynomials as given by

(Pe | Qr) = (Pr, Qi) = Op pr = Hékk (1.191)

The creation-annihilation operator formalism is used frequently to
model complicated composite physical systems. It is then natural to
use this formalism for developing the unitary representation theory of
the unitary group U(n) because the commutation relations [a;,a;] =
0i % J = 1,2,...,n are invariant under unitary transformations; that
is, the new operators and their Hermitian conjugates defined by

n n
i=1 i=1

also satisfy the commutation relations [az,a]] =0, 4,7 =1,2,...,n
The invariance of the number operators H;, i = 1,2,...,n, requires that

the transformation be restricted to the unimodular subgroup SU(n) C
U(n). Since [835 ;@] = 6ij, and 5z~ is Hermitian conjugate to z; in
the inner product (P,Q), the two structures, complex polynomials in
creation-annihilation boson operators with inner product ( | ) and com-
plex polynomials in indeterminate variables-derivatives with inner prod-
uct (, ), are one-to-one in their properties.

The inner product in the Hilbert space of states of quantum theory
is basic to its physical interpretation in terms of probabilities of the
outcome of measurements of observables. Born’s probabilistic interpre-
tation of the solutions of the Schrodinger equation for a complex many-
particle physical system imposes the condition that such wavefunctions
be square integrable over the coordinate parameters used to describe the
system. Physical observables are represented by Hermitian operators is
such Hilbert spaces. It is the Hermitian property that is important for
angular momentum theory. The condition that “angular momentum op-
erators” be Hermitian with respect to the inner product for the spaces
being used assures orthogonality of functions. Results from one such
realization can be transferred to another with compatability of relations.
(See Louck and Galbraith [124] for applications of this method.)
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We conclude this section by noting the following orthogonality prop-
erties of the SU(2) solid harmonics, the spinor solid harmonics, and the
SO(3,R) solid harmonics in the inner product (, ) :

(Dam/, DZ:,;// m///) == 6j’j/5m7m”5m/’m”/ (2])', (1193)

(Pj ms Pj’ m’) = 5j,j’5m,m’a (1.194)
(20)! 20 + 1

Vim, Vrmr) = 21—“?5171/57717771'. (1.195)

The orthogonality of the SO(3,R) solid harmonics is assured in either
the inner product given by integration over the unit sphere or in the inner
product (, ) because the angular momentum components (L1, Lo, L3) are
Hermitian operators, but the normalization can be different. (Since the
standard action of angular momentum operators preserves normaliza-
tion, it is sufficient to verify the above relations for maximal projection
quantum numbers.) Often, in combinatorial arguments, the inner prod-
uct plays no direct role.

1.4 Combinatorial Features

1.4.1 Combinatorial definition of Wigner-Clebsch-Gordan
coefficients

The SU(2) solid harmonics have a basic role in the interpretation of
WCG coefficients in combinatorial terms. The abstract Hilbert space
coupling rule for compounding two independent angular momenta J(1)
and J(2) with components (J1(1), J2(1),J5(1)) and (J1(2), J2(2), J3(2))
to a total angular momentum J = J(1) + J(2) with components
(J1,J2, J3) = (J1(1) + J1(2), J2(1) 4+ J2(2), J3(1) + J3(2)) is

Ry J1 J2 J . )
|(j1 j2)j m) = Z C oy g liLm1) ® 2 m2). (1.196)

This relation in abstract Hilbert space is realized explicitly by SU(2)
solid harmonics and spinor harmonics as follows:

- J1 J2 J
Qﬁ(jle)jm(Z) - Z Omlmgm

my,mo
mi+mo=m

X Pj, m, (211, 221) Pj, my (212, 222),  (1.197)
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2j + 1
i ja)m(Z) = —
Y myim(Z) \/(]1 + 2 — )1 + g2+ + 1)
x(detZ) ™ >=Ip! . (Z), (1.198)

where Pj, 1, (211, 221) and Pj, m, (212, 222) are the spinor harmonics de-

fined by (1.183). Explicit knowledge of the WCG coefficients is not
needed to prove these relationships, as we now demonstrate by validat-
ing the following relations (1.199)-(1.203).

Proof. Consider the angular momentum operators
Jy(1) = 2110/0201, J_(1) = 2210/0z11, (1.199)
Jg(l) = (2118/8211 — 2218/6221)/2;

J+(2) = 2128/8222, J_(Q) = 2228/8212, (1.200)
J3(2) = (2128/8212 — 2228/6222)/2.
The J3(i) operators are Hermitian in the inner product (, ) and the
J4+(i),J_(i) are Hermitian conjugates. These operators have the stan-
dard action on the polynomials 1, m, (211, 221) and ©j, m, (212, 222), re-
spectively, which are normalized to unity in the inner product (, ). The

components of total angular momentum operator J = J(1) + J(2) have
the standard action on the polynomials ¥;, ;,); m(Z), since they have the

standard action on the factor D’ (Z), and [J,det Z] = [J, det %] =

m7j1_j2
0. Thus, we have
J21/’(j1jz)jm(z = J( + DY, j)im(2),
J?’l/}(jl J2)j M(Z = mw(jl J2)J m(Z)a (1201)
Ji¢(j1j2)jm(z) = \/(] Fm)(jE£m+ 1)¢(j1 jg)jmil(Z)'

We also note that the two commuting parts of J2, which are given by
(1.177), are diagonal on these functions:

JO(JO + 1)w(j1 J2)i m(Z)
= (1 +J2) (1 + J2 + D), ja)jm(Z), (1.202)

0

= (1 +72— )01 +d2+ 7+ DY, jim(Z).  (1.203)
The first relation is a direct consequence of the fact that the polynomial
(1.198) is homogeneous of degree 2j; + 2j2, hence, Jy has eigenvalue

~— —
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J1+ jo. The second relation then follows from (1.177) and the eigenvalue
j(j+1) of J2. It may also be verified directly by the action of the operator
on the highest weight polynomial (1.198) for m = j. Since the shift
operators Jy preserve normalization, the polynomials t;, jQ)jm(Z) are
normalized to unity, since the highest weight polynomial can be shown
to be so normalized. g

Since we have the standard action on the uncoupled orthonormal
polynomials and the orthonormal coupled polynomials in (1.196), the
linear relationship between these polynomials must define the WCG co-
efficients. They could differ by a £ sign from other means of defining
them, but, in fact, they agree with the standard Wigner phase conven-
tion. The above derivation is also given in the context of boson polyno-
mials in Ref. [21, p. 223]; here, we regard it as a fundamental relation
in the context of SU(2) solid harmonics and combinatorics.

We recall that there is a left and right action of the group SU(2) on the
solid harmonics. We complete the above analysis by observing that the
angular momentum J’ with components (Ji, J5, J5) defined by (1.172)
and effecting the right transformation action in (1.170) with components
that mutually commute with the components (Jy, J2, J3) of J and having
J’? = J? also have a well-defined action on the functions (j, j,);m(Z).

The action of J',, J! , and J; on the quantum numbers (j1, j2) is to effect

the shifts, respectively, to (]1—1-2,]2 ) (J1— 2,j2+%), and (j1, j2). These
actions of Hermitian angular momentum operators satisfying the stan-
dard commutation relations appear to be unusual in that they depend
only on the angular momentum quantum numbers ji, jo,j themselves,
which satisfying the triangle rule, and give further interesting properties
of the modified SU(2) solid harmonics 9, ;,jm(Z). We note them in
full:

I, jim(Z) = 30+ DG, jim(2), (1.204)
T30, iim(Z) = (1 = 32)%¢, )i m(2); (1.205)
T, g)im (2 (1.206)

= \/(.7 —j1+ J2)
‘]/ 1/}‘]1]2 ]m(Z
= Vi+i-—d)G—jiti+ Db, 1y 1yjm(2).

Jtiji—Jje+ 1)w(j1+%j2—%)jm(z)v
(1.207)

)
(U
)
(

If we identify m’ = j; — jo in these relations, their nonstandard appear-
ance is revealed to be standard.
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Rota’s evaluation operation

Relations (1.197)-(1.198) may be used to derive the explicit expression
for the WCG coefficients. The result is most succinctly expressed in
terms of the umbral calculus (see Refs. [153, 154, 155, 156, 157]) and
the evaluation operation, especially as summarized by Rota [155] in his
article on Hopf algebras.

The evaluation at ¥ of a divided power z* /k! of a single indeterminate
x to an nonnegative integral power k is defined by

eval xk:@:y(y_l)”'(y_k_Fl):<y>, (1.208)

Y k! k! k! k

where [y]y is the falling factorial. This definition is extended to products

b
Y n ok n ki n Yi
eval(y, v, ) H k:_ Hevalyip = H <k:> (1.209)

i=1 =1
It is also extended by hnearlty to sums of such divided powers, multiplied
by arbitrary numbers.

The basic relation underlying relation (1.197) is the following:

(det Z)" Z Z_A

n! Al
AeM; (a,a’)
(det Z)™\ XPB
= Z <evalBT ﬁ’ (1210)
B€M2(IB76I)

in which the line-sums 3 and 3 of B are given in terms of the line-sums
a and o of A by a shift by n :

B= (1 +n,as+n), 3= (a)+n,ay+n). (1.211)
The evaluation operation in (1.210) gives

(det Z)"
n!

bi1\ [(b12 [(b21) [ b22
= —1)*2 ey V! . 1.212
k%:_n( )7k 2<k1>(k2><k2><k1> ( )

This relation is proved by expanding the 2 x 2 determinant of Z, multi-
plying into the summation expression, changing the order of the summa-
tion, and expressing the result in terms of the evaluation operation for

evalp
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four indeterminates. This identity is a purely combinatorial, algebraic
relation for arbitrary indeterminates and arbitrary row and column sum
constraints on the array A as specified by a = (a1, 2) and o = (o, o).

We now apply relations (1.210)-(2.212 ) to the case at hand, where we
have n = ji+jo —j,a = (j+m,j—m), o' = (j+j1—j2.j —j1+J2),8 =
(j1 +j2+m,j1 +j2 —m), [ = (2j1,272). This gives the following result
for the WCG coefficients:

J1 J2 J
le mo M

_ (J1+J2 =) —Jo + )N (=d1 + g2 + J)!
(j1+Jg2+J5+1)

N (27 + 1) +m)(j —m)!
(1 +m)!(G1 — m1)!(G2 + m2)!(j2 — ma)!
(det Z)Ir+32=3

- - ~ 1.213
(J1 +j2 — J)! ( )

xeval 4

(d@t Z)j1+j2—j

(J1+ 72 — J)!

1+ my Jo + mo
- )RR Ry V! [
3 ()k1k2<k>< k)

ki+ko=j1+j2—7 1
J1—ma\ (J2 —ms2
X . 1.214
( ) ) < k1 > ( )

Up to multiplicative square-root factors, the WCG coefficient is the inte-
J1+mij2+me >

eval g

In summary, we have that

ger obtained from the evaluation at the point B = ( G1 — my jo — Mo

Grr=)! of a 2 x 2 determinant.

of the divided power

Power of a determinant and WCG coefficients

There is still another basic relation in which the evaluation coefficients
enter, which leads to a generating function for the WCG coefficients.
Evaluation coefficients enter into the expansion of the power of a 3 x

3 determinant in terms of the monomiala X4. The expansion goes as
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follows. Define the 3 x 3 matrix X of indeterminates by

T T2 Z13
X =1 221 %22 w23 |, (1.215)
31 T3 T33

and express the determinant in the standard way as a sum over permu-
tations 7 in the symmetric group S3 of order 3 and the signature e, of a
permutation. We write the permutation 7 of the sequence (1,2, 3) given
by 1 +— 71,2 — m9,3 +— 73 by the sequence notation = = (my, w2, m3),
where we sometimes drop the separating commas if no confusion can
arise. Then, the k—th power of the determinant of X is given by

(det X)* = (Z ExTlm Lo m L3, ) = Z Cr(A) X4, (1.216)
TESs AeM; (k)

where the summation is over all 3 X 3 matrices with nonnegative integer
entries given by
ail a2 a3
A=\ az ax a3 (1.217)
azy azz2 asg

and having the single line-sum k, which defines the set M3(k) of magic
squares of order 3 and line-sum k. The coefficients Cj(A) in this expan-
sion are given as restricted summations over multinomial coefficients,
which, in turn, are given in terms of Rota evaluation coefficients by

) = 3 (1) ( " )

" k123, k231, k312, k132, k213, k321

_ GO T (et X))

Ay

1.218

where the quantities in this relation have the following definitions (see
Sect. 11.5.5, Compendium B):

1. The summation over the nonnegative integers k,, ™ = (123), (231),
(312),(132), (213), (321) not only satisfy the conditions ) _kr =k
so that the multinomial coefficients are nonzero, but are also further
restricted in a way that relates to the symmetric group S3. For each
A € M3(k), the six permutations are also to satisfy the relation

A=) kePr, (1.219)

TES3
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where P, denotes a permutation matrix of order 3. The six permu-
tation matrices Py, m € S3, are the six matrices obtained by per-
muting the rows of the identity matrix I3 by a permutation = € Ss,
so that the first, second, and third rows of Py, ., are, respectively,
€r,,€ny, and er,, where e; is the unit row matrix with 1 in column ¢
and 0 in the remaining columns (unit column matrices may also be
used). This gives each a;; as the sum of the two kg, r, », in which
m; = j, for example, azy = k132 + k312 has w3 = 2.

2. The symbol ) k,qq denotes the summation of the k, over the odd
permutations: > kodd = k132 + k213 + k3o1.

3. The matrices A;; and X;; are the 2 x 2 minors of A and X obtained,
respectively, by striking row ¢ and column j. There are nine choices
of the pairs (i,7) given by 1 < i < j < 3, each choice giving the
same result for the right-hand side of (1.218).

4. The factor (—1)™ is given by (—1)¥ for i + j odd, and 1 for i + j
even.

Relation (1.216), with coefficients given by (1.218), is proved directly
by carrying out the expansion of the k—th power of the determinant
and rearranging terms so as to write the right-hand side as a sum over

monomial terms X 4. Because of the constraints on the k, in terms of the
elements of A given by (1.219), there are nine ways of relating the sum
over multinomial coefficients to the evaluation coefficients. This leads to
the equality of all the different evaluation coefficients among the various
minors of A. Relations (1.216) and (1.218) stand on their own as a basic
combinatorial relationship for the power of a determinant in terms of
evaluation coefficients.

We now choose i = j = 3 in relation (1.218). We also choose A in
terms of angular momentum quantum numbers as

a1 a2 a13
A= | a2 az a2
az1 asz ass

J1+m J2 +ma Jg—m

= jl — my jg — m2 ] +m s (1220)

J2—nt+g Ji—Jg2+J Jitj2—J
select the case of the evaluation coefficient corresponding to element
Ji+my j2+ma
Ji—m1 J2 — My
evaluation coefficient in terms of the WCG coefficient from (1.213). This

gives the following expression for the Wigner coefficients:

asz = j1 + jo — j, so that Azz = < > , and write the
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(27 + 1) Al

Cj1 J2 J -
N1 1)

my1 M2 M

— (_1)j1—j2+m

C(A), (1.221)

where J = j; + j2 + j is the common row-column line-sum in the magic
square (1.220), and A, as given by relation (1.220), is to be substi-
tuted into this relation to express it entirely in terms of angular mo-
mentum quantum numbers. We have used the relation (—1)7m4s =
(_1)(j1+m1)+(j2—m2) — (_1)(j1+m1)—(j2—m2) — (_1)j1—j2+m in obtaining
the sign factor. The coefficients C;(A) are then the expansion coefficient
in

(detX)" = > CiA)x" (1.222)

A€EM;(J)
We thus obtain the famous generating function of Regge [147] for the
Wigner coefficients, but now by using the combinatorial Rota evaluation

coefficients, all without needing to use direct knowledge of the WCG
coefficients.

It is the custom to define the so-called 3j—coefficients by the relation

guoJ2 _ (_1)j1_j2+mcj1 2 j
mp mg —m V27 +1 mmem
Al C(A 1.223

which enhances the symmetry relations of these coefficients: The 35—
coefficients are invariant under even permutations of the columns, are
multiplied by the factor (—1)7**72%7 by odd permutations, and by this
same factor under sign reversal of the projection quantum numbers.
These are the classical pre-Regge symmetries.

A symmetry of a WCG coefficient is a linear transformation of its la-
bels that results in a multiple of the original coefficient. Because a deter-
minant either changes its sign or remains invariant under permutations
of its columns or row and under transposition, there are 3! x 3! x 2 = 72
symmetries of the WCG coeflicients and the associated 3 — j coefficients,
all of which may be deduced explictly from relation (1.222). These have
been given in various places, and will not all be repeated here. (See
Ref. [21] for a generating set of these relations in terms of the present
notations.) We require, however, in the next chapter, the following
classical symmetries of the WCG coefficients, corresponding to rever-
sal of sign of the projection quantum numbers and to permutations
of ji,72,73, all of which can be verified directly from (1.222). We set
j1=a,jo =b,j =c;mi = a,mg = 3,m =~ = «a+ g for clarity of
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presentation:
Caly s = (-1meen s
Ch £ = (-1)™ecs b s,

90+ 1
C 5 % = (1) QZLCZ 5, (1.224)

We note also the relation of the 3F» hypergeometric functions of unit
argument to evaluation coefficients. This result can be verified by di-
rect calculation. An example of such a relation, which is suggestive of
generalization, is given by

—a, —b, —c
3Fh i1
d+1l,e+1

_(—1)e evals(Z)
(d+1ele+1)(a+b+c+d+e+ 1)

(1.225)

where ¢ > a,c > b, with a,b,c,a+e,b+e¢e,c+e,a+d,b+d,c+d all non-

negative integers, and we have defined A = ( | _?_ d C—ge (o) =

z(x+1)--- (x+k—1). We also point out (see Ref. [21]) that the classical
transformation properties of the 3F5 hypergeometric functions account
for all the 72 symmetries of the WCG coefficients, which were discov-
ered independently by physicists in the context of the Regge result (see
Sect. 2.2.8, Chapter 2, for details).

1.4.2 Magic square realization of the addition of two
angular momenta

The relation between the two orthonormal bases of the Hilbert space
H;, ® H;j, corresponding to the addition of two angular momentum is
fully encoded in the properties of magic squares of order 3. The latter
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are purely combinatorial objects, whereas the origin of relation (1.196) is
usually attributed to properties of the direct sum of two copies of the Lie
algebra of SU(2) and of the differential operators that realize these Lie
algebras. The realization of the addition of angular momentum in terms
of magic squares is encoded in the observation of Regge [147] that the
restrictions on the domains of the quantum numbers ji,mq, jo,m2, j,m
can be expressed in terms of a magic square A with line-sum J = j;+7jo+
j given by (1.220). The angular momentum quantum numbers are given
in terms of the elements of A = (a;j)1<; j<3 by the invertible relations

J1 = (a1 +a21)/2, j2 = (a12 + a)/2,

J = (a13 + a3)/2;
(1.226)

my1 = (a11 — a21)/2, mo = (a12 — a2)/2,
m = (a23 — a13)/2.

It follow from these relations and the fact that A is a magic square of
line-sum J that the sum rule mj + mo = m, and the triangle condition
j=g1+4,51+7532—1,..., |j1 —jg‘ are fulfilled.

We introduce the special symbol (j1, j2, j) to denote the set {j1, j2, 7}
of angular momentum quantum numbers that satisfy the triangle condi-
tions, where we note that, if a given triple satisfies the triangle conditions,
then all permutations of the triple also satisfy the triangle conditions.
The number of magic squares that have the fixed line-sum J is obtained
as follows: Define the sets Ay and M (j1,j2,7) by

AJ = {<j17j2aj> |]1 +]2 +] = J}a
(1.227)
M(j1,j2,7) = {(m1,ma) | — j1 < my < ji; (1.228)
—jo <mg < ja; —j <my+mo < j}.

Then, we have the following identity, which gives the number of angular
momentum magic squares (1.220) with line-sum J :

> M1 o §) = <JJ5F5) - (‘];2). (1.229)

(J1,J2,0)EA

It is nontrivial to effect the summation on the left-hand side of this
relation to obtain the right-hand side, but this expression is known from
the theory of magic squares (see Stanley [163, Vol. 1, p.92]).

Not only can the addition of two angular momenta in quantum theory
with its triangle rule for three angular momentum quantum numbers
and its sum rule on the corresponding projection quantum numbers be
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codified in the structure of magic squares of order 3 and arbitrary line-
sum, but also the content of the abstract state vector relation (1.196)
itself can be so formulated, as follows:

| (@ + a21)/2, (12 + 022)/2) (a3 + a23) /2, (125 — a13)/2)

= > Wa(4) (1.230)

A€M (o, 5)
X‘(all + a21)/2, (a11 — agl)/2> ® ‘(alg + a22)/2, (a12 — agg)/2>.

In this relation, A = (a;j)1<i,j<3 is a magic square of order 3 and ar-
bitrary line-sum N (nonnegative integer), and the summation is over

. - al a
all matrix arrays of nonnegative integers As = a; a;; ) of order 2

with row and column sums given by a; = N — a13, 00 = N — a93, 81 =
N — a3y, 02 = N — age, in which the elements (ag;, asz, ags) in row 3 and
the elements (a13, ag2s,as3) in column 3 are held fixed. The coefficients
W (A) in relation (1.230) are not determined by the magic square struc-
ture, but all domains of definition of the entries in the ket-vectors are
determined. The coefficients Wy (A) themselves are WCG coefficients,
as given in terms of the elements of the magic square A by

(a1 taz1)/2 (a12+a22)/2 (a13+aszs)/2
WN(A) o 0(011—1121)/2 (a12—a22)/2 (ass—aiz)/2" (1231)

Thus, to each magic square A of order 3 there corresponds a unique WCG
coefficient W (A), and conversely. Thus, the full abstract structure of
the addition of angular momentum is one-to-one with the structure of
magic squares of order 3. These rich combinatorial footings of angu-
lar momentum theory are completed by the observation that the WCG
coefficients themselves are obtained by the Regge generating function
(1.222) for the expansion of a determinant of order 3, again there being
no reference to Lie algebraic structures. Addition of angular momentum
i quantum theory can be presented in terms of magic squares and the
Regge generating function for WCG coefficients without reference to Lie
algebras and differential operators.

1.5 Kronecker Product of Solid Harmonics

The Kronecker product, which is sometimes called the direct product of
a matrix A of order m and a matrix B of order n, is defined by
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anB ai2B --- a1 B
a1 B apB --- ayy,B

AoB=| . . (1.232)
am1 B amaB -+ ammB

From this definition, it may be verified that
(A By C=A® (B (C), (1.233)

where C' is a matrix of order [. The placement of the parenthesis pair
() indicates how the Kronecker product is to be composed, but it is,
in fact, independent of this pairing; hence,

ARB®RC=(A®B)®C=A®(B®C). (1.234)

The rows of the Kronecker product A ® B, where A = (a;j)1<i j<m and
B = (bki)1<k,i<n are inherited from the row pairs (¢, k) and column pairs
(4,1) from A and from B, so that(A ® B)ik.ji = a;jbg. In (1.232), the
(tj)—th block matriz is a;; B. Kronecker products satisfy the multiplica-
tion rule

(A® B)(C' ® D) = (AC) ® (BD), (1.235)

where A and C are of order m, and B and D are of order n. The Kro-
necker product extends to rectangular matrices as well, it only be re-
quired that the row and column order of the matrices in the products
always match.

‘The elements in the Kronecker product of two matrices D1 (X) and
D7 (Y') whose elements are the SU(2) solid harmonic are given by

(D7 (X) ® D*(Y)) =D} (XD, (V). (1.236)

my meo;my mh
The product of two matrices of solid harmonics satisfies the relation
(DM(X") @ D (Y")) (D7 (X) @ D(Y))
= D"(X'X) ® D> (Y'Y), (1.237)
where the elements of the 2 X 2 matrices X,Y, X', Y’ are arbitrary com-
muting indeterminates. This relation has interesting consequences for

special functions, but we give here only those properties for X =Y and
X' =Y

The basic property of the Kronecker product of matrices of solid
harmonics defined over the same indeterminates Z is

o . . o1 e o
O 72) (DJI(Z) ® D]z(Z)) (C(]l]z)) - Z (det Z)7 721 Di(Z),
J=Jmin
(1.238)
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in which @ denotes the direct sum of matrices. The validity of this result
follows from the fact that the implied double WCG coefficient coupling

of the solid harmonics Dg;l my (£) and Dg; my, (Z) given by (1.239) below
is insensitive to the detailed properties of the polynomials: It depends
only on the angular momentum properties of the coupling of angular

momenta. The presence of (detZ)7177277J is required by the homogeneity
properties of the solid harmonics.

The expresssion of relation (1.238) in terms of the elements of the
matrices is the first result below, the other three being obtained from
the first by using the orthogonality relations for the WCG coefficients
(see (1.145)-(1.156)):

mi, my
my, my
— 6, j+(det Z)j1+j2_ij,Lm/(Z)> (1.239)

’ /
mi,my

= 2 T (det Z)j1+j2—jpgm,(z), (1.240)

my1 M M

> Ot Dy, (D) D5 (2)

mimz M~ my m}

my,ma
=Cp et (det Z) 27D (Z), (1.241)

my mz M my my,m’

— chl J2 J le Jz J (det Z)j1+j2_jD1]7"Lm’(Z)' (1242)
J

These relations apply for an arbitrary matrix Z, including singular ones.
These relations can be specialized in many ways to obtain results for
special functions (see Chen and Louck [40] ). In particular, they hold for
Z an element of any of the groups SU(2),U(2),GL(2,C).

Angular momentum theory is for the most part an extension to n
independent angular momenta of the results summarized in the preced-
ing sections, which, then, is about the properties of the direct product
group SU(2) x SU(2) x --- x SU(2) (ntimes) and the diagonal subgroup
(U,U,...,U), which is isomorphic to SU(2). This structure would not be
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very interesting if such an extension merely involved the replication of
the relations of this section with the generation of complicated formulas
involving summations over multiple WCG coefficients. But, it turns out
that the invariant theory underlying such structures and their combinato-
rial underpinnings lead to a rich comprehensible theory of many-particle
complex quantum systems, which is considered in Chapters 2-4. Already,
in this Introduction, we make this point by introducing a special class of
polynomials that we call SU(n) solid harmonics because of their implicit
occurrence in the fundamental work of Schwinger [160], which has its
basis in a classical result in combinatorics by MacMahon [129].

1.6 SU(n) Solid Harmonics

1.6.1 Definition and properties of SU(n) solid harmonics

Generating functions codify the content of many mathematical entities in
a unifying, comprehensive way. They are very popular in combinatorics,
and Schwinger [160] used them extensively in his fundamental treat-
ment of angular momentum theory. In this subsection and the next, we
present a natural generalization of the SU(2) solid harmonics to a class
of polynomials, called SU(n) solid harmonics, that are homogeneous in
n? indeterminates. While these polynomials are of interest in their own
right (see Gelfand and Graev [61]), it is their fundamental role in the
addition of n independent angular momenta that motivates their intro-
duction here in the first chapter. The SU(n) solid harmonics already
occur at the level of multiple copies of SU(2) and the binary theory of
addition of angular moment; they bring an unexpected unity and co-
herence to angular momentum coupling and recoupling theory through
their relationship to MacMahon’s [129] master theorem, as rediscovered
and slightly generalized by Schwinger [160].

We list in a compendium format in this section some of the principal
properties of SU(n) solid harmonica, all of which can be proved directly
from their definition, or as outlined below:

1. Definition:

DEy(Z)=+/alpl > ZT?, (1.243)

AeM ., (a,B)

where we employ the following space-saving notations: A is the ma-
trix A = (a4;)1<4,j<n of order n in the nonnegative integers a;;; A! =
[1F =1 @i, ZA = [} z%i”;a is a sequence a = (a1, 9, ...,ap)
of m nonnegative integers that sum to p and is called a composi-
tion of k into p nonnegative parts, this property being denoted by
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a = p. We also write 2% = " 25* -+ 23" and o! = a1l ag! -+ oy,
for each pair (a, 3) of such compositions & + p and g + p. The
notation M?_(«,3) denotes the set of all matrices A such that

the entries in row 7 sum to «; and those in column j to 3;, for
all 4,7 = 1,2,...,n. The significance of the row-sum vector « is
that «; is the degree of the polynomial D? 5(Z) in the variables

(2i1, 22, - - - » Zin) in row ¢ of Z, while the column-sum vector [ has
the significance that f; is the degree of the polynomial D? ﬂ(Z ) in

the variables (215, 225, - .., 2n;) in column j of Z.

2. Matrix of the Dgﬁ(Z) polynomials:

The number of compositions of the integer k into n nonnegative
parts is given by ("+p _1). The compositions in this set may be

linearly ordered by the lexicographical rule: if the first nonzero
part of @ — 3 is positive, we write a > ; if negative. o < (; if
zero, o = 3. The polynomial D’oiﬂ(Z) is then the entry in row o
and column f of the square matrix DP(Z) of order

dim DP(Z) = (n +;’ N 1>, (1.244)

where, following the convention for SU(2), the rows are labeled
from top-to-bottom by the greatest to the least sequence, and the
columns are labeled in the same manner as read from left-to-right.
We give below the combinatorial proof by Chen and Louck [40]
that these polynomials satisfy the following multiplication rule for
arbitrary matrices X and Y :

DP(X)DP(Y) = DP(XY). (1.245)
3. Orthogonality in the inner product ( , ):

(Dzﬂ’DZ,’ ﬂ’) = OppOa,ar 08,5 P! - (1.246)

4. Reduction to spinor harmonics:

!
b i ) (1 N
Da,ﬁ'(dlag(ow"voazj 70>--->0)) - <H;¢; 50751') a z
(1.247)
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in which all columns of Z are 0 = co0l(0,0,...,0), except column j,
which is 2) = col(z1, 2, ..., zn), and a F p. It is also true that
Dzﬂ(diag(zl,zg,...,zn)) = 5017520‘. (1.248)

. Diagonal matrix:

DP(I) = Irsy. (1.249)

P

. Transposition property:

DP(zT) = (DP(2))T. (1.250)

. Special irreducible unitary representations of SU(n) :

DP(U)DP(V) = DP(UV),all U,V € SU(n). (1.251)

Of course, the multiplication property (1.251) is much more gen-
eral than this, applying as it does to matrices X and Y, including
singular matrices, of arbitrary commuting indeteminates.

1.6.2 MacMahon and Schwinger master theorems

1. Schwinger’s master theorem: For any two matrices X and Y of

order n, the following identities hold:

r=y=0 Z Z DZIB(X)Dga(Y)
p=0a,BFp
_ ! (1.252)
-~ det(I - XY)’ ‘

e(ﬁr:X:Gy)e(x:Y:y)‘

(x:Z:y) = zZy’ = Z Ti%ijYj- (1.253)
ij=1

2. MacMahon’s master theorem: Let X be the diagonal matrix X =

diag(x1,x2,...,x,) and Y a matrix of order n. Then, the coefficient
of % in the expansion of m equals the coefficient of 2% in

the product y®, where y; = >°7_, y;;z;; that is,

T MIN (1254)

p=0atp



1.6. SU(N) SOLID HARMONICS 67

3. Basic master theorem: Let Z be a matrix of order n, then

T2 Zt” > Dr, (1.255)

= abtp

Schwinger’s relation (1.252) follows from (1.255) by setting Z = XY and
using the multiplication property (1.245); MacMahon’s relation (1.254)
then follows from Schwinger’s result by setting X = diag(z1,x2,...,zy)
and using property (1.248). Of course, MacMahon’s Master Theorem
preceded Schwinger’s result by many years (Schwinger’s report is reprinted
in Ref. [25]). The unification into the single form by using properties of

the D? 5(Z) polynomials was pointed out by in Ref.[108] . More sur-

prisingly, relation (1.252) was already discovered for the general linear
group in 1897 by Molien [137]. The properties of this relation for groups
are developed extensively in Michel and Zhilinskii [133].

For many purposes, it is better in combinatorics to avoid all square
roots by using the polynomials

A
Lryz)= > z- (1.256)
" () A |
AeM? | (a,

1.6.3 Combinatorial proof of the multiplication property

The multiplication of two SU(n) solid harmonics is expressed by

XY)¢
>y oy Extyre y U1

BFp AeMixn(avﬁ) BeMan(ﬁvV) CEMan(av'Y)
(1.257)
The following identities can be used to simplify this relation:
xyV)¢ C Ay B
C! - Z Z Z AB XY,
BrEp AeMy,  (a,f) BeMy ., (B:7)
C € My, (a,7); (1.258)
C 1
{AB} = > T (1.259)
HEM 1, (A,B,0)

A € My n(a, 8), B € My, (B,7), C € My (e, 7).
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The planar matrix arrays in these relations are defined by

ML (0, ) = faig| Y ai=ai, Y aiy =B},
=1 i—1

M} n(8,7) = {bjk | ijk = Bj,ijk =),  (1.260)
k=1 j=1

n n
Mﬁxn(aav) = {cik ‘ Zcik = 4, Zcik = ’yk}
k=1 =1

The set ME_ . (A, B,C) over which the summation in (1.259) is taken

is the collection of cubic arrays in which the lattice points (i,7,k), 1 <
1,7,k < n, are assigned all possible nonnegative integers, as defined by

n n
Y oiet ik = aijs D oiq hajke = bjiks }

Mp A,B,C - hz n
mxnen ) {Jk > j—1 hijk = cik

(1.261)
These cubic arrays are natural generalizations of the 2 x 2 planar arrays
(1.260); such arrays are unavoidable in the development of properties

of the monomials X“ and of the general unitary group, despite their
explosive counting qualities. Further properties are developed in the
next subsection.

The proof of relations (1.258) and (1.259) is given by using the multi-
nomial theorem to expand () j xi;yj1) ", rearranging terms, and paying

careful attention to details. Using these relations in (1.257), we find
that necessary and sufficient conditions that the multiplication property
(1.245) holds are that the following relation is valid:

> {ACB} = %, (1.262)

CEMZ:L Xn (a7’y)

where A € MP (a,3) and B € MY (3,7). A combinatorial proof of

(1.262) has been given by Chen and Louck [40]. Thus, the multiplication
rule (1.245) is true for arbitrary commuting indeterminates.

We present here a somewhat different proof of relation (1.262), using
the more basic identity:

1 p!
= > = ara (1.263)
AeM?, (a8 " T

where L 5(J) is the polynomial (1.256) evaluated at all z;; = 1; that is,
at Z = J, where J is the matrix of order n containing all 1’s.
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To show that (1.263) implies (1.262), we require a preliminary result.
It follows from the definition of the cubic array M? (A, B,C) given

nXxXnxXn
by (1.261) that this set has the following decomposition in terms of planar
matrix arrays perpendicular to ep;—axis of a right-handed coordinate
frame (eq, e, €3) :

Plane perpendicular to the e;—axis at xo = 75,1 < j < n:

€1
Msn(a7, ;)
€3
where ngxn(aj ,bj) is the set of planar n X n matrix arrays of the form
hiji hiyz -+ hijn
h2‘j1 h2‘j2 o D (1.264)
h7;j1 h7;j2 e hn'jn
with row and column sums given by
al = (a1j,a2j,...,anj) F Bj,
(1.265)

P
nXNXn

The cubic array M
planar arrays by

(A, B,C) is then expressed in terms of these

Nﬂp

nxXnXn

(A,B,0) =M

nxn

(a2, by) X - - - KM""

nxn

(a',by) M

nxn (an’ bn)v

(1.266)
where X denotes that the planes are stacked adjacent to one another (one
unit between). Thus, the planar matrix arrays in (1.266) are located,
respectively, at xo = 1,2,...,n. The decomposition (1.266) assigns a

unique nonnegative integer h;;j to every point (i, j, k) in the cubic array
such that A e MY (o, ), Be M, (B,7), C e MV (a,7).

The cubic array MP (A, B,C) can also be decomposed in terms

of stacked planar arrays perpendicular to the e; —axis or to the eg—axis,
but these decompositions are not required here. The general case is
developed in the next section on Maclaurin monomials.

We can now use the decomposition (1.266) to show that (1.263) im-
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plies (1.262). Substitution of (1.259) into (1.262) gives

C 1
> { AB } = > >, Il
CeM? ., (a,y) CeM? . (ayy) HeM? (A,B,C)

nxnxn

- 1 il
— H Z i = gD (1.267)

=1\ H,eM” (a7 b;)

nXxn

since relation (1.263) implies that

1 5!
2 (H)! — TT (ai)! TTeey (bw)! (1.268)

H; EM:jx"(aj7bj)

In the middle relation in (1.267), the summation over C € ML, (a,~)
becomes redundant when M (A, B, C') is written in the form (1.267),
since it is automatically satisfied. We have thus shown that (1.263) im-

plies (1.262), and it remains only to prove (1.263).

We now give a combinatorial proof of relation (1.263), following the
method in Ref. [40]. Relation (1.263) may be rewritten in the multino-
mial coefficient form

_ b
S AL e

AeM? | (a,B)

To prove this result we consider p distinct objects with «; of the objects
colored by color i, where ¢ = 1,2,...,n, hence, @ F p. Let these p
objects be distributed into n cells C1,Ca, ..., Cy, such that there are 3;
objects in cell C; with a;; objects having color ¢. The left-hand side of
(1.269) equals the number of ways of distributing the p objects into the
n cells such that cell C; contains 3; objects. The entries in the matrix
A e MV (a,3) gives the configuration of these colored objects into
the cells: The number of ways of distributing the a; objects of color ¢

among the n cells is given by ( . aj am), and the sum of products of

these coefficients is the number of ways ( 5 ,ng... 5 ) of distributing the p
objects into the n cells. O

We remark again that there is also the direct combinatorial proof of
relation (1.262) (Chen and Louck [40]) that does not require the inter-
mediate step of showing that relation (1.263) implies (1.262). The above
method reveals further properties of these relations.
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1.6.4 Maclaurin monomials

The Maclaurin monomials are defined by

My(Z H H a’;', (1.270)

=1 j5=1

where A = (a;j)1<i<i,1<j<m, is an | X m matrix array of nonnegative
integers (exponents) a;j, and Z = (zij)1<i<i,1<j<m is an [ x m matrix of
commuting indeterminates z;;. These monomials are just the terms that
occur in every formal power series expansion of a multivariable function
depending on the [ x m commuting indeterminates z;;, as given by

Z C(A A' , (1.271)

where the C'(A) are numerical-valued coefficients, and the summation
is over all [ X m matrix arrays A. Since the Maclaurin monomials are
orthogonal in the inner product (, ), as given by

1
(Mar, Ma) =64, ik (1.272)
the coefficients C'(A) in the formal power series are
8 A
C(A) = AN(M,, FZ( . 1.273
=000 = (57) F@l,_ (1.273)

We are interested in the product of two such functions (1.271), in
particular, polynomials. The expansion of the product (XY)¢ into a

sum over X4 and Y becomes a basic relation, which has already been
given in (1.258)-(1.259) for the special case | = m = n, from which the
extensions to the general case are evident, which we restate in detail for
completeness:

(Xg!)c _ Z Z Z {ACB}XAYB’

BrEp AeMy,,, (a,8) BeEMy, ., (8,7)

CeM (o,7); (1.274)
c 1
{AB} - > 7 (1.275)
HeMy, . «.(A,B,C)
AeM],, (a,5), BEMy, ., (8,7), C €M (a,).
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m l
MY, (0, 8) = {ai| Y aij =i,y aij = By},
j=1 i=1
n m
Mbn(8,7) = {bjel D bik =5 bix="n}, (1.276)
k=1 j=1

n l
M (o) = {ewl Y e =i Y e =)
k=1 =1

The set M7, . (A, B,C) over which the summation in (1.259) is taken

is the collection of I x m x n dimensional parallelepiped (six rectangular
faces) in which the lattice points (i,5,k), 1 <i<I[,1<j7<m,1<k<
n, are assigned all possible nonnegative integers, as defined by

n 1
D oiet Pijke = aiji D i hijie = bjg;

M (A, B,C) =1 hiy| 22k
bemn ) {]k 2o ik = car

(1.277)

The set M, (A, B,C) is described geometrically in Cartesian 3—
space R3 by specifying the assignment of the hiji to points (i, j, k) re-
ferred to a right-handed triad of unit geometrical vectors (e1, ez, es) di-
rected from the origin (0,0,0) to the points (1,0,0),(0,1,0),(0,0,1),
respectively, as depicted by

€3

MP

IXmxn

(4,B,C) (1.278)
€2
(e1 out of page)

€]

We require the sequences as follows, which for clarity we denote by bold
letters:

a; = (aﬂ,aig,...,aim), aj = (alj,agj,...,alj),
b; = (bj1,bj2,...,bjn), b* = (big,bog, ... br),  (1.279)

c; = (Cilaci27 s 7cin)a Ck = (Clkachv e 7Clk)'
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These sequences give the row and column sums of various planar matrix

arrays that are perpendicular to the respective unit vectors in (1.278)
that determine the geometrical structure of the set MY (A,B,C):

IxXmxn

Plane perpendicular to the e;—axis at 1 =1¢,1 <i < [:

€3
My, (ais €;)

€9

The entries in the set M

o n(@i,ci) of m x n planar arrays can be any
array given by

hitn  hiiz -+ hin
hior  hiza -+ hion

, (1.280)
hi;nl hi.mQ e hi;nn

with row and column sums specified to be a; - a; and ¢; F a.
Plane perpendicular to the es—axis at xo = 5,1 < j < m:

€1

Mﬁj

nxl(aj7 bJ)
e3

The entries in the set ngx (a7, bj) of n x [ planar arrays can be any
array given by

hij1 hiyz2 -+ hi
haji hoja -+ hoj (1.281)
hnjt hnj2 -+ hpj

with row and column sums specified to be a/ + B; and b; = 3;.
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Plane perpendicular to the es—axis at x3 =k, 1 <k <n:

€2

M

Ixm

(c*,bF)

€1

The entries in the set MJ* (c*, b¥) of I x m planar arrays can be any
array given by

hite  higk - himk
hotk  hook -+ homk

, (1.282)
hie  hioke -+ Rimk

with row and column sums specified to be ¢* + ~; and b*  ~;.

We can write the set of lattice points MY (A, B,C) in terms of

IxXmxn
these planes of lattice points perpendicular to the l-axis, 2-axis, and

3-axis of the right-handed frame (eq, e9, e3), respectively, by

M7 e (4, B, C) (1.283)
= Mgmlxn(ahcl) X Mgmzxn(a%CQ) K- X men(ahcl)
= M (a',by) RMD (2% bo) K- KM (2™, by
= M?;m(cl’ bl) X M;{im(c27 b2) XX M;{;m(cnv bn)

The first line in (1.283) denotes the collection of stacked m x n pla-
nar matrix arrays located, respectively, at x1 = 1,2,...,[, with similar
interpretations for the second and third line.

1.6.5 Summary of relations

We summarize the following special results that originate from the gen-
eral expansion (1.274) and the orthogonality of various polynomials with
respect to the inner product (, ) :

1. Solid harmonics in mn indeterminates:

Lgv(Y):< (Y)”>: T %, (1.284)

B’ |
S BeM, . (6,)
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which is a consequence of
2 (zY)Y
M A

=Y 2L (V). (1.285)
BEp

This relation itself is obtained from (1.274) by choosing [ = 1, so
that we have the following simplifications:

Cc = 7:(717727"'7771)Fp?A:(ﬁl’ﬁ%'”’ﬁm)'_p’

B € Mp,,.,.(8,7); (1.286)
X = (mll,xlg,...,ajlm):az:(xl,ajg,...,xm),
XY = zY=z=(z1,22,...,%n), (1.287)

m
ZE = ijyjka k=1,2,--- n.
j=1

Here, as will often be the case in this monograph, we abuse the
notation by writing the inner product of two functions f with values
f(x) and g with values g(x) as

(f,9) = (f(z), g()). (1.288)

Despite the contradiction of notation, it presents the functions in-
volved in the inner product in more comprehensible fashion.

2. Right and left action polynomials:
The following polynomials, which are defined from the general re-

lation (1.274), also occur in the sequel:
C B
> )

X4 (XY)¢
mo) = (G Cer) =
BeM?, . (8,7)

pew = (58 - v Lo

AEM (@, 0)

AeM],, (a,8), BEM,,,(8,7), CeM  (a,7). (1.289)

1.7 Generalization to U(2)

1.7.1 Definition of U(2) solid harmonics

A full list of properties of the SU(2) solid harmonics Dfﬁ m (Z) defined
by relation (1.160) must include the action of the indeterminates z;; and
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the derivatives 0/0z;; on these polynomials, as given below in Sect. 1.7.3.
It is convenient to give these actions in terms of the extension of these
polynomials to their U(2) counterparts. The U(2) solid harmonics are
polynomials that are enumerated by double Gelfand-Tsetlin patterns
that depend on partitions having two parts as defined by (A1, A2), where
the \; are nonnegative integers satisfying Ay > Ay > 0. Just as it requires
two pairs, (jm) and (jm'), where j is the angular momentum shared
by the two projection quantum numbers m and m/’, to define the SU(2)
solid harmonics, it requires two Gelfand-Tsetlin patterns

AA
< AL Az >and< b ) (1.290)
mi miy

to define the U(2) solid harmonics. For each partition (A1, A2), the quan-
tities m11 and m/; are integers that can take on the A\ — Ag + 1 values
given by

mit,my; € {da, Ao+ 1,... .} (1.291)

These conditions are referred to as “betweenness conditions,” and the
labels mj;1 and m/; are positioned between the partition labels to suggest
this condition. To economize the notation, so as not to write the partition
twice, it is convenient to invert the second pattern over the first in (1.290)
and write the double pattern as

miy mhy
)\1 )\2 = mi1o M99 s (1.292)
mi1 mi1
where we often write the common partition as (A A2) = (mq2 mas).

The pattern (1.292) is referred to as a double Gelfand-Tsetlin pattern.
General patterns of this form for the unitary group U(n) are discussed
in detail in Sect. 11.3, Compendium B. We use the notation (1.292) here
for easy comparison with the general results given later for the general
unitary group.

The U(2) solid harmonics are defined in terms of the SU(2) D’— solid
harmonics (1.160) by

miy .
D M X | (2)=(det2)D (Z)
mi

mi 7A
= Z Cl M X (A)W, (1.293)

AeMy ,(o,0) mi1
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where the relations between notations are given by

p o= AM+A, = (A1 —A)/2,

m = mll—()\1+)\2)/2, m/:mlll—()\1+)\2)/2;

(1.204)
a = (aj,a2) = (mi1, A1+ A2 —mi1) Fp,
of = (af,an) = (mhy, A4 Aa —miy) Fop.

The compositions a and o/ are also called the weights of the lower and
upper Gelfand-Tsetlin patterns. The set M. ,(a, @) of 2 x 2 matrix

arrays over which the summation is effected in the expansion on the
right-hand side of (1.293) is defined by
ail +ag1 = 0/1, aiz + agg = 0/2

D N _ _ ailp a2
My, o(a, ') = {A = ( as;  asy >
(1.295)

We have already met the special case of the polynomials (1.293) in
the context of the addition of two angular momenta given by (1.198):

ai] + alg = g, a1 + a2 = o, }

251
l/J(jl jz)jM(Z) = (M(jl jz)j)_l/QD Jitje+g Jitig—1J (Z)7
J1+Jj2+m
(1.296)

(J1+ g2+ 7+ D1 + jo — 5)!

M(jljz)j = 2j + 1

These coupled angular momentum basis functions are the special case
m’ = j1 — jo of the more general U(2) solid harmonics defined by (1.293):

J1+jo+m/ S
D\ ji+i+j jitje—3j |(Z2)=(det2)""=7ID]  (Z)
J1+j2+m
_chlhjcjl]éj
- mi1mom msmhm'
17762 1Mo
miy,mao
my, my
J2 +mi J1+mj}
«xD| 2%, o l@p| 21 0|2 (1.297)
J2 +ma J1+mq

If we set m’ = j; — j2, then this relation reduces to (1.198) and (1.296)
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in consequence of the relations:

R \/ (25 + 1)(251)!(242)!
my my g1 —jo TR TN GGy — G+ e + 5+ 1)
1 My
(1.298)
25
D 25 012 = (251)! P}, m, (2115 221),
J1+my
(1.299)
0
D 2]2 O (Z) = \/(2j2)!Pj1m1(3127Z22)-
J1+my

(It is not particularly useful here to extract the C'—coefficient in (1.293)
from the above relations. See, however, Sect.7.3.2, Chapter 7.)

The above results place the U(2) solid harmonics in the notational
context of general results that are presented for U(n) in Chapters 5-7.
Indeed, they are the model results for that generalization. We often re-
fer to these polynomials as the D(*142) —polynomials and the coefficients
in (1.293) as the C(M1%2) —coefficients. By design, the notation has been
chosen such that the D(*1*2) —polynomials and the C*1*2) —coefficients
in (1.293) have similar forms, the first being defined over arbitrary in-
determinates Z, the second over discrete nonnegative integers A. The
polynomials are fully defined in terms of the monomials Z4 /A!, once the
discrete CM122) —coefficients are known, as is the case above with n = 2.
Indeed, the generalization to U(n) is precisely that of determining the
correspondence

/! /!

D n; (Z) = C n; (4) (1.300)

between D*—polynomials and C*—coefficients for an arbitrary partition
A= (A1, A2,...,A\n), where now Z and A are of order n, and the lower
an upper patterns m and m’ become general Gelfand-Tsetlin patterns.

1.7.2 Basic multiplication properties

It is useful to note several of the properties of the D(’\l’\2)—polynomials

and the CM122) —coefficients that generalize to arbitrary partitions. The
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general multiplication property of D**2 —polynomials follow from rela-
tion (1.245), the multiplication property of determinants, and definition
(1.299):

mf, mi mi
> D ( A Ao ) X)D| M X | (M)=D| M X | (XY).
m miy mY, my
(1.301)
This result implies that the multiplication of discretized C'(*1*2) —coefficients
is given by
mi mi
Yol a x |AC M X | (B)
mY) mii m/lll
C m/ll
= > {AB}C Mo |0,
CeMz,»(a,a’) miy
(1.302)

AeMb ,(a,d"), Be M ,(a" ),

where the coefficients ACB } are those that enter into the product of

two Maclaurin polynomials for n = 2.

We also have the important Kronecker product relationship, as fol-
lows, from relation (1.242) (with similar relations corresponding to (1.239)-
(1.241)):

i i,
Dl XM N |@p| v x| @ (1.303)
miy mii
= 3 | ) o) (™)
N mi1 +miy miq mi
() (5 ) i)
myy + myy myy myq
i+ mi
xD | A 5 1(2).
mll—l—m’ll

The C'—coefficients in this relation are U(2) WCG coefficients, which are
related to SU(2) WCG coefficients by associating each of the three GT
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patterns with an angular momentum quantum label and its projection
by the rule (1.294). The three patterns in the C'—coefficient are placed
in the indicated positions, which corresponds to reading the two patterns
of the D—polynomials on the left in (1.303) in the order right-to-left; if
the order of the D—polynomials on the left is reversed, the patterns in
the C'— coeflicients are reversed. This rule is referred to as the standard
mapping rule for WCG coefficients: Thus, the first C'—coefficient is given

by
" " / / .
O|:<)\1 //)\2)‘<)\1/)\2><)\1 Az >:|:CJ j/j//S (1-304)
mH mll mi1 mm m

io= (M= A)/2,5 = (N = X5)/2,5" = (N = \3)/2,
m = mi] — ()\1 + )\2)/2,7)7,/ = m/ll — ()\/1 + )\/2)/2, (1.305)
m' = = O + X2

The relation
A+ A+ N A+ =+ (1.306)

is a consequence of the homogeneity of the D—polynomials.

The reason for the ad hoc ordering rule in (1.303)-(1.304) is that it
convenient to think of the patterns as being initial, intermediate, and
final, a viewpoint that encompasses subsequent uses, when the initial
and final D—polynomials are interpreted as state vectors, or the left-
hand pair as noncommuting quantities (tensor operators). The order
rule could have been done oppositely, as in relations (1.239)-(1.242),
which is the usual presentation. Since the C'—coefficients occur as pairs
in such relations, no error is made because of the phase factor relation
Ciny tny s = (=1)t2micye B 15 In all subsequent chapters, we use
the “read backwards” rule (1.303)-(1.304).

All of the above relations can also be written in matrix form. For
this, we order the Gelfand-Tsetlin patterns by

)\1 )\2 )\1 )\2
< miy > > < m,ll s for mqy1 > m/ll, (1.307)

where they are equal, of course, for my; = m/;. Then, the row and col-
umn elements of the matrix D*142)(Z) are given by the pairs (my1,m},),
where the elements in row mq; are ordered from left-to-right as read
across the row by A, A1 — 1,...,)X9; and the elements in column
mf, are ordered from top-to-bottom as read down the column by Aj,
A1 — 1,..., Ay, (This follows the convention used for SU(2) representa-

tion functions.) In matrix form, the basic relations for the D(*1A2)—
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A1 Az)

polynomials and the C( —coefficients are the following:

A
D7) = 3 O )
Sy

D()\l)\z)(X)D()\l)\Q)(Y) — D()‘l)‘z)(XY), (1.308)

C()\l Az)(A)C()\l Ag)(B) _ Z { ACB } C()\l >\2)(C);
C

DXNX) (7)) @ DX A (Z) = (N ANT Z o DA A (7) | eV,
bRV
(A A7) = (A1 A2); (A1 A9). (1.309)

1.7.3 Indeterminate and derivative actions on the U(2)
solid harmonics

The indeterminates z;; and the derivatives 0/0z;; have the action on

the D** —polynomials listed below. We take these relations from the
methods of the pattern calculus presented in Chapter 6 for U(n). The
results are presented in terms of a mixed notation that uses the partial
hooks pia = A1 + 1,p22 = Ao,p11 = mu1,pi; = mf; in place of the
A1, A2, m11,m}; that label the polynomials, because of the symmetry of
coefficients shown by the partial hook notation, which is pervasive in
U(n) : The below results apply also to the D7—polynomials by making
the conversion (1.293)-(1.294) of notations and canceling det Z factors,
as appropriate:

my, T o T my +1
D M oA | (2) = \/p“‘f”* \/P11—§22+ D M+1 X |(2)
Pi2—p22 Pi2—p22
mi1 mi +1
!
pi2—pi11—1 p12—pi,—1 mll * 1
+\/ P12—P22 \/ p12_1;22 D AL Azt (Z)’
mi + 1
! !
miy sl e mi
2D M A | (2) = \/pn P22 \/ 2P (A 41 N | (2)
P12—p22 Pi2—pP22
mi1 my + 1

m/
Pi2—pui—1 /pi;—p22 11
_\/ Pi2—pP22 \/pi;_pQQD )\1 )\2 + 1 (Z)7
mi; + 1
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m/
201 D A 11)\ (Z) _ Pi2—P11 /Pl P22+1
= ! 2 - P12—p22 P12—p22

mi
Pu—poz [Pi2=pis— miy + 1
_\/p12—p22 \/ P12—P22 )\1 )\2 + 1 (Z)7

mi1

!/
D )\mll)\ Pi2—pP11 P12—D) D
11
722 1 2 \/p12 —P22 \/plz—pn

mi1

D11—p22
+ \/Pm —P22

P P22

P12—p22 )\2 + 1

mi1

<M )o

mi1

pia—p pi2—p miy — 1
+\/P12—p22+1 \/pm—pmli-lD )\1 )\2 —1 (2)7
mi1 — 1

m/
o) D )\1 11)\ — P11—P22 Pl1—P22 D
0z11 2 p12—p22—1 DP12—p22—1

9 mi
D M X

(Z) — P11—P22 Pi12— pu—l
p12—p22—1 P12— P22—1

m/
Pi2—pP11 Pl —Pp22+t! D A )\11 1 7
"\ Pr2—p22+1V pr2—paati L 27 ( )’
mi1 — 1
)\mll)\ (Z) — pi2—p11—1 P11—D22
8221 1 2 p12—p22—1 Pi2— p22—1
mii
el a—; miy — 1
_ P11—Pp22 12—P1q _
\/P12—P22+1 \/p12—p22+1 D At A1 (2)7
mi1
D )\mll)\ ( P12 p11—1 P12—P1 —
0z22 1 2 P12 p22—1 P12— P22—1
mi1
+ p11—p22+1 P P22+1 A Tn)l\ll_l (Z)
p12—p22+1 P12— p22+1 1 2 '

mi1
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mi
AM+1 A
mi1

)
)
)
)
)

A—1 A
mi1 — 1

1 —1
)\1 —1 Ao
mi

A—1 A

mi1

m/
()\1—1 A2

mi1



Chapter 2

Abstract Angular
Momentum Theory of
Composite Systems

2.1 General Setting

We begin by describing the general setting for composite physical systems
from the viewpoint of their angular momentum subspaces.

2.1.1 Angular momentum state vectors of a composite
system

Every isolated quantum mechanical system with n constituent parts,
each possessing angular momentum J(i),7 = 1,2, ..., n, has total angular
momentum

I = JO)+IQ) 4+ +I(n),
(2.1)
J(@) = Ji(i)er + J2(i)ez + Js(i)es,

where each angular momentum is referred to a common right-handed
reference frame (e;, ez, e3) in Cartesian 3—space R3. The components
Ji(i),k =1,2,3, of J(i) have the standard action in a Hilbert space H;,
of dimension 2j; + 1 (see (2.5) below).

Expression (2.1) for the sum of n angular momenta is not fully accu-
rate in expressing the action of the total angular momentum J on the
tensor product space H;, ® H,;, ® --- ® H;, of dimension []},(2j; + 1).

83
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It is more carefully written as
n
I=Y o, -2 -al,), (2.2)

where, in the factors in the direct sum, the 1dent1ty operators I[Jl,]lh,
]I]n appear in the corresponding pos1t10ns 1,2,...,n, except in posi-
tion i, where J(7) stands. This notation correctly conveys that J(i) acts
in the Hilbert space H;,, and that the unit operators act in all other
parts of the tensor product space. While we will often use the notation
(2.1) for the sum of various angular momenta acting in the tensor prod-
uct space, such expressions are always to be interpreted in the sense of
a sum of tensor products of operators (see Sect. 10.5, Compendium A).

We introduce the following compact notations to describe the ket-
vectors of the tensor product space:

j= (1,72, ,dn), each j; € {0,1/2,1,3/2,...},i=1,2,...,n,

m = (my,me,...,my), eachm; € {j;,5; — 1,..., =74},
i=1,2,....n

H; =H;j, @Hj, ®--- @ H,j,, (2.3)

Jm) = [j1m1) @ [jama) @ @ [jnmn),

CG) ={m|m; =ji,ji—1,...,—jisi=1,2,...,n}.

The set of 2n mutually commuting Hermitian operators

J2(1), J5(1),3%(2), J3(2), ..., 3%(n), J3(n) (2.4)

is a complete set of operators in the tensor product space Hj, in that the
set of vectors |jm), m € C(j) is an orthonormal basis. The action of the
angular momentum operators J(i),7 = 1,2,...,n, is the standard action
given by

J2(@)|jm) = 5;(ji + 1)|j m),
J3(i)]jm) = m;|jm),

Jr(@)]im) = /(s —ma) (i + mi + 1) [jmya (i), (2.5)
J-(@)jm) = /(i +ma) (s — mi + 1) [fm_1 (i),
myi(i) = (my,...,m; £1,--- my).

The orthonormality of the basis functions is expressed by

(Gm|jm') = 6 m, each pair m,m’ € C(j). (2.6)
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Since the collection of 2n commuting Hermitian operators (2.4) refers
to the angular momenta of the individual constituents of a physical sys-
tem, and the action of the angular momentum operators is on the basis
vectors of each separate space, the basis [jm), m € C(j), is referred to
as the uncoupled basis of the space H;.

One of the most important observables for a composite system is
the total angular momentum defined by (2.1). A set of n + 2 mutually
commuting Hermitian operators, which includes the square of the total
angular momentum J and Jj3 is the following:

J2(1),3%(2),...,3%(n), 3%, Js. (2.7)

This set of n + 2 commuting Hermitian operators is an incomplete set
with respect to the construction of the states of total angular momentum;
that is, the simultaneous state vectors of the n+2 operators (2.7) do not
determine a basis of the space H;. There are many ways to complete such
an incomplete basis. For example, an additional set of n —2 independent
SU(2) invariant Hermitian operators, commuting among themselves, as
well as with each operator in the set (2.7), could serve this purpose.
Other methods of labeling can also be used (see (2.44) below). We make
the following assumptions:

Assumptions. The incomplete set of simultaneous eigenvectors of the
n + 2 angular momentum operators (2.7) has been extended to a basis
of the space H; with properties as follows: A basis set of vectors can be

enumerated in terms of an indexing set R(j) of the form
S DN | 3 E€D(); i € A, 5);
R(J)_{a_(al7a27”'7an—2)7]7m m:],j—l,,—] y (28)

where the domains of definition D(j) of j and A;(j,j) of a; have the
properties as follows. These domains of definition are to be such that for
given quantum numbers j the cardinality of the set R(j) is given by

n

IRG) | =1CG)| =[]+ (2.9)

i=1

Moreover, these labels are to be such that the space H; has the orthonor-
mal basis given by the ket-vectors

|(j a)]m>7 a7j7m € R(j)a
((Ge)jm |G e)jm) = 0jj0mmiaar, (2.10)
a,j,m e R(j); o, 5, m" € R(j).

It is always the case that D(j) is independent of how the extension to
a basis through the parameters « is effected and that, for given j, the
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domain of m is m = j,5 — 1,...,—j. Each of the quantum labels «;
belongs to some domain of definition A;(j, j) that can depend also on j.

Finally, the actions of the commuting angular momentum operators
(2.7) and the total angular momentum J on the orthonormal basis set
(2.10) are given by

F@lGa)jm) = jilji + DIGa)jm),i =1,2,....n,

|G a)jm) =50 + DIGa)jm),

Sl a)jm) =ml(e)jmr), (2.11)
JelG@)jm) =V (i —m)(G +m+ D[ a)jme),

J-|G@)jm) =V +m)(G —m+DGa)jmr). O

The notation for the ket-vectors in (2.10) and (2.11) places the total
angular momentum quantum number j and its projection m in the sub-
script position to accentuate their privileged role. The set R(j) enumer-
ates an alternative unique orthonormal basis (2.10) of the space H; that
contains the total angular momentum quantum numbers j,m; it 1s the
analog of the set C'(j) that enumerates the orthonormal basis set (2.6).
Any basis set with the properties (2.10)-(2.11) is called a coupled basis
of Hj. For n = 2, the uncoupled basis set is [j1 m1) @ |j2a ma), C(j1j2) =

{ml,mg|mZ = i, Ji — —Ji,t = 1,2}, and the coupled basis set is
|(J1 J2)J m), R(]ljz) = {ijb € {i N I A T ) Jalt,m =
7,7 —1,. J}. No extra a labels are required. For n = 3, one extra

label aq is required, and at this point, the domains of definition of ay;j
are left unspecified.

Angular momentum coupling theory is about the various ways of pro-
viding the extra set of a labels and their domains of definition, together
with the values of the total angular momentum quantum number j, such
that the space H; is spanned by the vectors |(ja);jm,). It turns out, as
shown below, that the set of values that the total angular momentum
quantum number j can assume is independent of the «;; the values of j
being 5 = Jmin, Jmin + 1, - -+, Jmax, for well-defined minimum and maxi-
mum values of j that are expressed in terms of ji,js,...,jn. Thus, the
burden of completing any basis is placed on assigning the labels «; in
the set

R@,j) ={a = (a1,09,...,an_2) |eacha; € A;(j, )} (2.12)

Such an assignment is called an a—coupling scheme. Since there are
many ways of completing an incomplete basis of a finite vector space,
there are also many coupling schemes. In this sense, the structure of
the coupling scheme set R(j,7) is the key object in angular momentum
coupling theory; all the deta1ls of defining the coupling scheme are to be
provided by the domains of definition A;(j, 7).
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The cardinality of the sets R(j) and A;(j), and C(j) are related by

Jmax n
IRG) = > @i +1)N;G) =NG =][]@i+1) =1CG)l, (213)
§=jmin i=1

where we have defined N;(j) = |R(j,j)|. We give below a recursive
method for generating the positive integers N;(j).

The purpose of introducing a coupling scheme is twofold: First, it
encodes the instructions on effecting the reduction of the n—fold Kro-
necker product DI(U) = D'*(U) ® D?>(U) ® --- @ DI(U), U € SU(2),
which is a reducible unitary representation of SU(2) of dimension N (j),

into a direct sum of irreducible unitary representations D’(U). Second, it
gives a new orthonormal basis of the space H; in which the total angular

momentum quantum numbers (j, m) label the basis vectors. We discuss
the first property in detail below, and next the second property.

The two orthonormal bases (2.6) and ((2.10) of the space H; must be

related by a unitary transformation AY) of order N(j) = [T, (2j; + 1)
with rows and columns enumerated by

AG) — (40 . 2.14
( )a,j,meR(j);mec(j) ( :

Thus, we must have the invertible relations between bases:

Gadsm)= > (49)  fjm), eacha,j,m € E(j),
mec(j) R
(2.15)
ljm) = Z (A(j)*)a' |G a)jm), eachm € C(j).
o,j,meR() o m

Generation of the multiplicity numbers N, (j)

The positive integers N;(j) = |R(j, )| in (2.13) give the number of

occurrences of DJ(U) in the reduction of the Kronecker product
DI(U)=D"U)® D2(U)®--- @ DI*(U), U € SU(2), (2.16)

into a direct sum of D’(U), as given by

Jmax

DiU) = ) eDU), DVU)=D({U)e- - aD/(U), (217)

I min N, ()
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where all matrices are blocks along the diagonal, which, by convention,
are arranged along the diagonal from the least to the greatest value of
J. We refer to (2.17) as the Kronecker direct sum (see (2.25) below).

The Clebsch-Gordon (CG) numbers N;(j) may be generated by the

following recursive procedure. Define the multiset (ji,j2,...,Ji),1 =
2,3, ..., for the addition of ¢ angular momenta by
<j17j27°°'7j’i> = {<k7]2>|k€ <j17j27"'7ji—1>}7
(2.18)
<j17j2> = {|j1_j2|7|j1_j2|+17"'7j1 +]2}

The second set then contains the set of values that the total angular
momentum j can assume in the addition of two angular momenta J(1)+
J(2) = J. Starting with ¢ = 3 and k € (j1,j2), the first relation can be
iterated to obtain the multiset (j1, j2,...,jn),n > 3, from which the CG
number N;(j) can be read out for every values of j : Relation (2.18) is a
method of generating all CG numbers.

The cardinality of multiset (j1,jo,...,jn) is

jmax n
| (s das o dn) | = Y (25 + DN;(G) = [ [ (23 + D). (2.19)
J=jmin =1

The following properties of the multiset (j) = (j1,J2,...,Jn) may be
proved by induction on n :

1. Invariance under permutations:

(Jrys Jras oo v s Jmn) = (J1,J25 -« -y Jn), €achm € Sy, (2.20)
2. Least and greatest elements, jyin and jpax :
Jmin = min{|jy £ jo £ £ jul},
(2.21)
jmax = jl +j2 + - +]n

All 27! possible =+ signs are to be considered in determining Jmin-
3. Values of the total angular momentum j :
J = Jmins Jmin + 1, Jmin + 2, - -+, Jmax- (2.22)
4. Form of the set (j) :

where hy = N 1x-1(0), vyt = Jmax — Jmin + 1. It is

<.] > <]1>]27 v 7]71 {]mm’ ]mm + 1) PR aqutax} ’ (223)
k
always the case that hy = h;



2.1. GENERAL SETTING 89

Example:
(1/2,1,5/2) = (1/2,5/2,1) = (1,5/2,1/2) =
(1,1/2,5/2) = (5/2,1/2,1) = (5/2,1,1/2)
={1,2,2,3,3,4}. (2.24)

The 36 x 36 block matrix D(*/215/2)(U) is given by

DYU) 0 0 0
0 0 0 D*U)
D'(U) = D'(U), DY(U) = DY(U),
2
]D>2(U)=< D(()U) DQ?U)), (2.26)
0

The multiset set (j) is called the generalized CG series (or simply CG
series), since it generalizes the Clebsch-Gordan series for n = 2 : (j1 jo) =
{j1+Jo,j1+Jjo—1,...,]j1 — jo|}. Except for the number of multiple oc-
currences N;(j) of D] (U ) in the direct sum D’ (U), the structure of the
full direct sum is known. Indeed, since N;(j) can be generated recur-
sively, as described above, this structure is uniquely determined. Thus,
we know how the n—fold Kronecker product reduces into a direct sum
without knowing the unitary similarity transformation that effects the
reduction.

Since Clebsch and Gordan first found C;(j;1 j2) = 1, for j € (j1 j2), we
also call the numbers N;(j) the CG numbers. We give the combinatorial
meaning of the CG numbers below in terms of counting compositions,
after giving some additional structural properties of Kronecker products
(see also relation (11.286), Compendium B).

2.1.2 Group actions in a composite system

Under the action of an SU(2) unitary frame rotation of the common
frame (e, e9,e3) used to describe the n constituents of a collection of
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physical systems in Cartesian space R3, where system 4 has angular mo-
mentum J(i) = Jy(i)e1 + Jo(i)es + J3(i ))e3, the orthonormal basis of the
angular momentum subspace

Hj, = {ljimi),mi = ji,ji — 1,..., —Ji} (2.27)
of systems ¢ undergoes the standard unitary transformation
Tuljsmi) =Y D . (U)]jimi), cach U € SU(2). (2.28)
m;

The action of the components (Ji (i), J2(7), J3(7)) of J(i) on the basis
|7: mi) of H, is standard.

The uncoupled basis H;, ® H;, ® --- ® H;, of the angular momentum
space Hj of the collection of systems undergoes the unitary transforma-
tion given by

(Tv 9Ty @--- @ Ty) (lj1my) @ |jams) @ -+ @ |jnmy,)
=Y (D"(U)® D>(U)® - @ DI"(U))

mm’

X(lj1m1) @ [j2m2) @ - @ |jnmy)),  (2.29)

where m = (mq,ma,...,my),m’ = (mf,m),...,m}). This relation is
described in the abbreviated notations (2.3) by

Ty |jm’) ZDmm, )[jm), each U € SU(2). (2.30)

Similarly, the coupled basis (2.10) of H; undergoes the irreducible unitary
transformation:

Tu|(jo)jm:) ZDmm, )Ga)jm), each U € SU(2). (2.31)

2.1.3 Standard form of the Kronecker direct sum

Schur’s lemma (see Sect.10.7.2, Compendium A) implies that the re-

ducible unitary Kronecker product representation D3(U) of SU(2) de-
fined by (2.16) and(2.30) is reducible into a direct sum of irreducible

unitary representations D’(U) by a unitary matrix similarity transfor-
mation UW of order N(j) =[]/, (2j; + 1) :

U D) (UU))T — DI(U), each U € SU(2), (2.32)
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where the matrix DJ(U), also of order N(j), is the Kronecker direct sum
defined in (2.17) with the block matrices ordered along the diagonal from
the least value j = jpin to the greatest value j = jiae, as read down the
diagonal (see the example given by (2.24)-(2.25)). The direct sum D’ (U)
of N;(j) identical matrices D7(U) can then be written as the Kronecker
product

D/(U) = Iy, ® D'(U)

DiU) 0 0 - 0
_ 0 D]fU) 0 0 . (2:33)
0 0 0 - DI(U)

where Iy ;) is the unit matrix of order Nj;(j). We give explicitly the
following standard form of the Kronecker direct sum (2.32):

Jmax
> eD(U) = D (U) @ DI (U) @ - @ DI (U),  (2.34)
J=Jmin

where each matrix D7 (U) is itself of the form (2.33). The reason for
adopting a standard form (2.34) for the Kronecker direct sum is so that
we can subsequently be very specific about the structure of the unitary

matrix UV that effects the reduction in (2.32).

Combinatorial significance of the CG numbers

The CG numbers that give the number of times that the irreducible rep-

resentation D7(U) occurs in the reduction of the direct product DI(U)
can be given in terms of the number of compositions of a certain form.
We derive this result in this subsection. For each j = jmin, Jmin +
1,..., jmax, that occurs in the reduction (2.32)-(2.33), we define the set
of projection quantum numbers m by

. —ji <mi < jii=1,2,...,n;
M;(j) = {(ml,m2, ey M) m1Z+m2Z+ Ji e — . (2.35)

Let M;(j) = |M;(j) | denote the cardinality of this set. Then, from this
definition, and the standard form (2.34), it follows that

Jmax

Z Nk(.]) = Mj(j)v J = Jmin, Jmin + 1, ..+, Jmax- (2'36)
k=j
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Applying this relation, in turn, to j = jmax, jmax — Ly - - - , jmin, W€ obtain
the inverse relations

N](J) = M](J) M]—i—l( ) for .7 - ]maxa]max - 17 o 7jmin7 (237)
where M, +1(§) =0,,M;,..(j) = 1. Thus, the CG numbers N;(j) are

Jmax

obtained by counting the number of elements in two adjacent sets in
(2.35) and taking the difference.

The determination of the number of elements in the set M;(j) can be
formulated as a problem in counting the number of compositions of a
certain type. Thus, we define the nonnegative integers l; = j; —m;, m; =
JirJi —1,...,—Ji, so that 0 <'I; < 2j;. We now define, for each J such
that jmin < ] < Jmax, the following set, which is just a shlfted version of
M;(j), so that their cardinalities are equal:

. 0<0;<2i=12...n
LJ(J): {(l]_71277ln)) ll+l2++ln:]max_] }, (238)

with cardinality L;(j) = |L;(j)| = M;(j). Accordingly, we have the
result: L;(j) is the number of composmons of Jmax —J into n nonnegative
parts such that each part satisfies 0 < l; < 2j;, and the cardinality M;(j)
of the set (2.35) is given by

M](J) = LJ(J)7] = jmamjmax - 17 cee 7jmin' (239)
For j = jmax, this relation gives M; _(j) = 1, since there is only one
composition of 0 into n nonnegative parts, namely, (0,0,...,0). All CG

numbers are obtained from the difference given by (2.37).

We illustrate the above relations for the case n = 3 and (j1, j2,73) =
(1/2,1,5/2) given by (2.24)-(2.25), so that jmax = 4, jmin = 1. For
brevity, we drop the j arguments in the above relations, noting, how-
ever, that parts 1,2,3 of the composition must satisfy 0 < [; < 1,0 <
lo < 2,0 <l3 <5. By direct calculation of the compositions, we obtain:

Ly= {(07070)}7 L3 = {(17070)7 (07 170)7 (0707 1)}7

Ls = {(0,2,0),(0,0,2),(0,1,1),(1,1,0),(1,0,1)}, (2.40)

L; ={(0,0,3),(0,1,2),(0,2,1),(1,1,1),(1,2,0),(1,0,2)},

Lo = {(0,0,4),(0,1,3),(0,2,2),(1,0,3),(1,1,2),(1,2,1)}.
Thus, we have My = 1,M3 = 3,My = 5, My = 6,My = 6, and Ny =
1,N3 =2,Ny =2, N; =1, Ny =0, in agreement with (2.24).

When all the angular momenta j; are equal, the CG numbers are re-
lated to Gaussian polynomials, which are treated in Andrews [1, Chapter
3]. This relation and further properties of the CG numbers are given
in relations (11.24)-(11.26), Sect. 11.1.1, and relations (11.285)-(11.287),
Compendium B. We learned of the Gaussian polynomial relation from a
preprint by Sunko and Svrtan [168, publication place not found]).
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2.1.4 Reduction of Kronecker products

The reduction of the Kronecker product DJ(U) into the standard form
of the Kronecker direct sum by the unitary matrix similarity transfor-
mation in (2.32) is not unique. There are nondenumerably infinitely

many unitary matrices UY) of order N (j) = []~,(2j; + 1) that effect the
transformation

o s AN\ T Jmax .
U9 D) (U(J>> = Y eDi(U). (2.41)
j:jmin

The rows and columns of UY) are labeled by the indexing sets R(j) and
C(j) as given by (2.8) and (2.3), respectively:

(V). = GmlGa)m). (2.42)

where these matrix elements are also the transformation coefficients be-
tween the coupled and uncoupled basis vectors given by (2.15). The

rows and columns can always be ordered such that U effects the stan-
dard reduction given by (2.33)-(2.34); that is, given any coupling scheme,
the transformation of the Kronecker product to the standard Kronecker
direct sum can always be realized.

There is, however, an intrinsic non-uniqueness of the transformation
(2.41) due to the multiplicity structure (2.33) of the standard reduction
itself. Thus, define the matrix Wg-j) of order N (j) to be the direct product
given by

WY =W @ I, (2.43)

where I/Vj(j) is an arbitrary complex matrix of order N;(j), the CG

number. Then, the matrix W

p commutes with the direct sum matrix
D7 defined by (2.33):

Gy 17y — i ()
WYDI(U) = DI(U)WY, each U € SU(2). (2.44)

The existence of the matrix WU occurs because the set of n + 2 com-
muting Hermitian operators (2.7) is incomplete for n > 3. It is precisely
the commuting property (2.44) of an arbitrary matrixz of the form (2.43)
that allows the additional degrees of freedom associated with interactions
that break this degeneracy in physical systems.

We may choose I/Vj(j)

order N;(j); that is, Wj(j) € U(N;(j)), the group of unitary matrices of

in (2.43) to be an arbitrary unitary matrix of
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order N;(j). Then, the direct sum matrix

]Inax ]Inax
wO =3 ew) = 3 o (W) e b)) W e Um;G),
J=Jmin J=Jmin
(2.45)
is a unitary matrix in the unitary group U (N (j), which has the commut-
ing property given by

WO DIU) = DI(U)YWW, each U € SU(2). (2.46)
Thus, if we define the unitary matrix VU by VI = W0 Ud hence,
VOOt = o, (2.47)

then VU also effects, for each U € SU(2), the transformation:
o A\ T . Jmnx
v pi(U) (V(J)) = UY D) ( ) Z eI (U (2.48)
] ]IY]]I)
Each unitary matrix V1) effects exactly the same reduction of the Kro-
necker product representation DJ(U) of SU(2) into standard Kronecker
direct sum form as does UW. We call all unitary similarity transforma-
tions with the property (2.48) standard reductions.

Summary: Define the subgroup H(N (j)) of the unitary group U(N(j))
of order N(j) =[], (24; + 1) by

jmax

HING) =4 > & (WP @ byi) ‘W}” cUN;G) b.  (2.49)
J=Jmin

Then, if the unitary matric element UY) effects the standard reduction,

so does every unitary matric V) such that

vOUOt e H(NG)). (2.50)

2.1.5 Recoupling matrices

Let UW and VW be unitary matrices of order N(j)) = [[i;(2j; + 1)

that effect the standard reduction (2.48). The unitary matrix UW cor-
responds to an a—coupling scheme and has its rows enumerated by the
elements of the set

. J = Jmin, Jmin + 1, .-+, Jmax;
R e R(. ), j.m nin . . (251
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where the domains of definition of the a; quantum numbers are given by
R(j7]) = {a = (Oé]_, g, ... 7an—2) ‘ Q; € Al(j7])} . (252)

The unitary matrix VU corresponds to a B—coupling scheme and has
its rows enumerated by the elements of a set analogous to R(j) as defined
by

s\ AN J = Jmin, Jmin + 1, ..., Jmax;
S(J)—{,@EB(J,]),],TR' m:],j—l,,—] } (253)

where the domains of definition of the 8; quantum numbers are given by
The column indexing set for UW) and VU is the same set of projection

quantum numbers C(j).

There is a set of coupled state vectors associated with each of the
unitary matrices UW) and V) given by

Gadm) = X (U9),  lim), @ jim € RG),

meC(j) g
(2.55)
GBm) = > (V)5 | lim). Bjim € 8().

. jom; M
meC(j)

Both the a—coupled basis and B—coupled basis are orthonormal basis
sets of the same tensor product space H; and satisfy all of the standard

relations (2.10)-(2.12). Since these orthonormal basis sets span the same
vector space, they are related by a unitary transformation of the form:

(GB)jm) = Z U(ja)j;(jﬁ)j‘(ja)jm>7

QeR(j.j)
(2.56)

Usay,:i8), = (()im|(B)jm) = (Um*v(j)T)
a € R(j,4), B €8, J)-

It is the same value of j and m that appear in both sides of the first rela-

tion because the vectors in each basis set are eigenvectors of J% and Js.

Moreover, the transformation coefficients U(j ), B8), e independent
J J

9

(a)j ms5 (B)J m

of the value m = 5,7 — 1,...,—j of the projection quantum number, as
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the notation indicates. This is true because the general relation (2.56)
is generated from

8= D Uja,8),/02)) (2.57)
QeR;(j)
by the standard action of the lowering operator J_, which does not affect
the transformation coefficients.
The coefficients U(j Q)i ,B)j are called recoupling coefficients, because

they effect the transformation from one set of coupled state vectors to a
second set. The unitary matrix UD*V T ¢ H(N(j)) of order N(j) =
[T, (24; + 1) is called a recoupling matriz. This recoupling matrix has
the following expression of the form (2.49):

Jmax

v vOr = N o (WP e by ), WP e UNG)),
j:jmin
oy _
(Wj )a;ﬂ N U(j );G08); (2.58)

The unitary matrix Wj(j € U(N;(j)) is called a reduced recoupling matriz;
its elements give the recoupling coefficients.

Recoupling matrices and reduced recoupling matrices for different
pairs of coupling schemes are the principal objects of study in the theory
of the addition of angular momenta. They bring an unsuspected unity to
some of the classical relations in angular momentum theory, as developed

subsequently in this monograph. Since the unitary matrix Wj(j is of order
N;(j), focus is again directed to the combinatorics of CG numbers.

We thus arrive at the Fourth Fundamental Result:

Fourth Fundamental Result: Let o and 3 be quantum labels that
give an a-coupling scheme and a (B-coupling scheme for the addition
of n angular momenta. Then, the coupled state vectors for any two
such coupling schemes are related by a unitary transformation, the co-
efficients in this transformation defining the recoupling coefficients for
the two schemes. Moreover, there is a well-defined unitary recoupling
matrix, which is fully defined by the pair of coupling schemes, such that
this matrix is an element of the unitary group H(N(j)) of matrices of
order N(j) = [[;;(2j; + 1), as defined by relation (2.58). This rela-

tion determines a reduced recoupling matrix W]J-, which is an element of

the unitary group U(N;(j)), and the elements of this reduced recoupling
matrix give the recoupling coefficients. Every pair of complete coupling
schemes has this structure.
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There is a general technique that provides n — 2 Hermitian operators
that completes the set (2.4) of commuting Hermitian operators by using
the so-called intermediate angular momenta corresponding to different
ways of associating pairs of angular momenta in the sum (2.1), so as to be
able to apply at each step the coupling of two angular momenta, already
described in Sect. 1.2.3. This method is known as the binary theory of the
coupling of angular momentum. The procedure is simple, in principle:
The reduction of the Kronecker product D’*(U)® D??(U)®--- & DI (U)
is effected by repeated application of the reduction rule for pairs:

2 o (U)DY 5 (U Z Col i 5CLS i Dy (U),  (2.59)

where we are now using (a,b,c) to represent triplets of the j;—angular
momentum quantum numbers, and Greek letters («, 3,7) for their pro-
jections. After effecting the reduction for the selected pair (a,b) — ¢,
the same procedure is applied to the pair (¢,d) — e, etc. Despite the
simplicity of the concept of binary couplings, the method is very in-
tricate in its details. Surprisingly, perhaps, it is just these intricacies
that lend themselves to the richness of combinatorial concepts. The
first step in binary coupling theory, as noted, uses the four commuting
Hermitian operators J?(1),J%(2),J2, J3, which constitute a complete set
of operators for determining the angular momentum states; the group
U(N;(j1,72)) is the unitary group U(1), the group of phase factors; and
the CG number is N;(j1, jo) = 1. The phase factors may be chosen to be
unity, and the elements of UU172) = C'U172) are the real WCG coefficients

(C’(j1 jQ)) (j m); (ma ma) - The remainder of this chapter and Chapters 3 and
4 develop binary coupling theory with a focus on combinatorial footings.

2.2 Binary Coupling Theory

Binary bracketings

The implementation of binary coupling theory leads to the problem of
parentheses, namely, the problem of inserting pairs of parentheses into
the sum J(1) + J(2) + --- + J(n), or, equivalently, into the product
D(U)® D”>»(U)®---®@ DI(U), in all possible ways such that objects
are associated in pairs. For example, for n = 3, this can be done in two
ways as illustrated by the placement of () in

((JO)+I2)+I3)), (JO)+(I2)+I3)) ),
( ( D*(U)® D’2(U)) @ D*(U)) , (2.60)
( D(U)® ( D*(U)® D*(U))) .
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Ignoring the + and ® operations, the placement of parentheses is repre-
sented symbolically as

((AB)C), (A(BC)). (2.61)

Thus, the pair association is (AB) = D and (DC) in the first case; and
(BC) = F and (AF) in the second case. A given insertion of parenthesis
pairs into n such objects is called a binary bracketing.

In the case illustrated by (2.60) for three angular momenta, the two
intermediate angular momenta are

J(12) = J(1) + J(2), J(23) = I (2) + I(3). (2.62)

It may be verified that the squared angular momentum operator J2(12)
commutes with the five (n = 3) angular momentum operators (2.7), thus
completing the set to the required six mutually commuting Hermitian
operators. The squared angular momentum operator J2(23) may simi-
larly be adjoined to the set (2.7). The two operators J?(12) and J?(23)
do not commute, so that we obtain by binary coupling exactly two com-
plete sets of mutually commuting Hermitian operators, and, correspond-
ing, two different coupling schemes. The case n = 3 already illustrates
some fascinating, unexpected features that will be developed below, and
which have far reaching implications for the general case.

The details of the similarity transformation that effects the explicit
reduction of the Kronecker product depends strongly on the placement
of parenthesis pairs in the Kronecker product, thus leading to many dis-
tinct coupling schemes. This structure might seem rather uninteresting,
since the coupling matrices will always contain elements that are compli-
cated multiple summations over products of WCG coefficients. It may
come therefore as somewhat of a surprise that the combinatorial aspects
of binary coupling theory leads deeply into the theory of binary trees,
group invariants, the symmetric group, MacMahon’s master theorem, in-
tricate generating functions, cubic graphs, and more. The remainder of
this chapter and the next two present these structures as they naturally
unfold. We begin with the binary tree method of encoding the coupling
schemes associated with the distinct placements of parenthesis pairs in
a string of n objects A1 Ay --- Ay,.

What is enclosed by a parenthesis pair is irrelevant to the problem
of inserting parenthesis pairs into a string of n objects. It is purely a
problem of placement, a combinatorial concept. We represent the objects
by open circles on a line. Thus, for n = 1,2, 3,4, we have the following
cases:

n=1:0, n=2:
n=4: )

), ((e0)(00)), (2.63)
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We refer to any member of these arrangements of parenthesis pairs and
n points as a binary bracketing By, of order n. Thus, a binary bracketing
of n o points contains n — 1 parenthesis pairs; there is a matched left
(parenthesis and right ) parenthesis that make up n—1 pairs. There is no
parenthesis pair enclosing one point o. The term “binary” refers to the
property that each parenthesis pair encloses exactly two “objects,” where
the object itself can be a binary bracketing of lower order. Each binary
bracketing of order n has the property that under the mapping (o o) —
o it is transformed to a binary bracketing of order n — 1. Performing
this operation exactly m — 1 times in a binary bracketing of order n
reduces it to a single o point. In general, there are many ways of doing
this reduction, but there is always at least one way, since every binary
bracketing of any order greater than 1 contains at least one pair (o o).

A recursive procedure can be given for building-up all binary brack-
etings of order n. Let B,,,n = 1,2,..., denote the set of all binary brack-
etings of order n. Thus,

By = {o}, By ={(c 0)},Bs = {((c 0) o), (o(00))}. (2.64)
Define the product of the set of binary bracketing of order j and order
k by

Bj x* B = {(B]Bk) ‘Bj S Bj, By € Bk} (265)
Then, each binary bracketing in the set B; * By, is of order j + k. This
product in neither commutative nor associative. The bracketing B,, is
built up recursively (see Comtet [44, p. 39]) by the rule

Bn = (Bl * Bn—l) U (BQ * Bn_g) U---u (Bn—l * Bl), (266)
which contains binary bracketings of order less than n. For example,
B4 = (Bl * Bg) @] (BQ * Bg) U (Bg * Bl), (267)
By #Bs = {(c((c 0)0)), (o (o (0 0)))},
By By = {((c 0) (¢ 0))}, (2.68)

B3 +B; = {(((c o)) ), ((c(c0))0)}.

Relation (2.66) gives immediately the following recursion relation for
the cardinality a, = |B,|, n» = 1,2..., of the set of binary bracketings
of order n :

n—1
ap = Z axpn—k, a1 = 1 (by convention), n > 2, (2.69)
k=1
with solution
1/2n—-2 (2n —2)!
S = > 1. 2.70
fin n<n—1> n!(n—l)!’n_ (2:70)

The number a,, is called a Catalan number.
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2.2.1 Binary trees

The set of binary bracketings of order n is bijective with the set of
binary trees having n terminal points (see Stanton and White [165]). A
binary tree is a graph of points and lines that is constructed recursively
by a sequence of bifurcations and nonbifurcations of points. For our
applications, it is convenient to keep account of points that bifurcate
and those that do not. We start with a single point o at level or height
0. The point o either does not bifurcate or it bifurcates into a pair of
points. If o does not bifurcate, the graph contains the single point o; if
the point o bifurcates into a pair of points (o o) at level 1, the bifurcating
point o is changed to a e, which designates its change of status. These
two cases are illustrated by the two pictures:

o o— — level 1

o ——level 0 \o/ — —level 0

Each of the two points o at level 1 in the second picture, then either
does not bifurcate or bifurcates to give the three cases illustrated by the
pictures:

Q o o o — — level 2
\</ o\>/ — — level 1
— — level 0

This procedure is continued to generate a binary tree upward to any
level.

The points in a binary tree represented by e are called internal points,
the point at level 0 being referred to as the root, since it is the source
point of all the “branches.” The points represented by o are called ter-
minal or external points. Binary trees are usually classified not by the
number of levels, but by the number of external points o. We denote the
set of trees having n external points by T,,. As noted above, there is a
bijective map between the set B,, of binary bracketings of order n and
the set T,, of binary trees with n external o points. It is also convenient
to call the binary bracketing B € B,, the shape of the tree T' € T,,.
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We list the binary trees of all shapes for n =2,3,4 :

n=2

W v ()
n=3:

(Go)o) = \Q = ()

(0(c0)  — o\>/ . (;;)
n==4:

—~
~—
—~
o
e}
S~—
o
S~—
e}
~—

O

¢}
¢}
[¢]
VN
® O O
® O o
® O o
\—/

((00)(e0))  —

o)

o)

e}
e}
e}
!
7N
® OO
® 0O
o 0o 0
~———
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((0(00))o) — — ( g

[ ]

® & O
® O o
N———

—
(]
—
—
o
o
N~—
o
N~—
N~—

O
VR
O O
o e
® O
v

Q

We have also shown in the pictures above a collection of matrices of
three rows and n — 1 columns containing elements e and o that we next
explain.

The basic structural element in a binary tree with internal points
labeled by e and external points labeled by o is a fork, which is the
graph consisting of three points and two edges. There are four types of
such forks as given by

Y)Y ()

Vo) Y- ()

We use these correspondences of a fork to its column presentation to
obtain the 3 x (n — 1) matrices in the above pictures. For a general
binary tree, we start at the top level of the tree and read off the fork
structure from left-to-right, then return to the next lower level and read
the fork structure from left-to-right, ... . The resulting 3 x (n—1) matrix
is called the fork matriz of the tree T € Ty, and is denoted M(T).

We frequently invoke the notion of a fork as the elemental constituent
in a binary tree. Our focus on assigning o to external points and e to
internal points is motivated by our application of binary trees to angular
momentum coupling schemes, where the labeling of the two kinds of
points by quantum numbers has a distinct physical significance, and
different coupling schemes correspond to the assembly of forks into the
various shapes constituting a binary tree.

The general bijection between the set of binary bracketings B, of
order n and the set of binary trees T,, with n external points can be
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shown as follows. We define the product of the set of trees T; and Tj, by
’]Tj * Ty = {T]Tk | T’J S Tj,Tk S Tk}, (271)
where the product T}7}, of two binary trees is clear from the picture:

T Ty

in which the root of Tj is attached to the upper end of the left edge, the
root of the tree T}, is attached to the upper end of the right edge, and
T7 = o, but otherwise the root is a e. It is apparent that

Tn = (Tl * Tn—l) U (TQ * Tn_g) U---u (Tn—l * Tl) (272)
This gives exactly the recursion relation (2.69) for the cardinality | T, |,
n = 1,2,..., from which we conclude that |T, | = a,, the Catalan
number.

We next define an equivalence relation ~ in the set of binary trees T,,.
This will subsequently simplify greatly the number of binary trees that
must be considered in our application to angular momentum theory. It
is convenient to define the equivalence relation by using the fork presen-
tation of the tree in terms of the corresponding 3 x (n — 1) fork matrix.
The binary trees T' € T,, is said to be equivalent to the tree 77 € T,
written T~ T, if the fork matrix M¢(T") can be obtained from the fork
matrix of M¢(T") by any sequence of mappings of the columns of My (T")
to the columns of My (T") of the form given by

[ ] o o [ ]
o — ° s [ ] — o} . (273)
[ ] [ ] [ ] [ ]
If T ~ T’ we also define the two fork matrices to be equivalent and write
Mf(T) ~ Mf(T/).

Examples.

n = 4 : There are, from the pictures above, only two equivalence classes
of binary trees under ~, which may be taken to be those with represen-
tatives given by

Q © o e e
o — o o o
e o o
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There are four trees (fork matrices) in the class with the first represen-
tative, and the second representative is in a class by itself.

n=>5:

o o
o 0O e e e
o — o o o o
o o o o
o

@]
(@]
[ ]
[ ]

-

There are, respectively, 8,2,2,2 trees in T5 in the classes for which the
above trees are the representatives, which gives altogether a5 = 14 binary
trees. O

The number of equivalence classes in the quotient set T,/ ~ can be
given, recursively. We turn to this next, using the concept of a binary
tree polynomial.
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Binary tree polynomials

Let T, (t) denote the subset of binary trees in T,, with n external o points
such that the fork matrix of each binary tree in T, () contains exactly ¢
columns of type col(o o o), and let ¢, (t) = | T,,(¢)| denote the number
of such trees, so that

[n/2]
1/2n—2
n = Qnp = — s 22, 2.74
tg_lc(t) a n<n—1>n (2.74)

where [n/2] equals n/2 for n even and (n — 1)/2 for n odd. We define
the binary tree polynomial T, (z) by

[n/2]
To(z) =Y ca(t)a’, n=1,2,3,...; Ti(x) = 1, (2.75)
t=1
where z is an indeterminate. The polynomial T),(x) is assigned to the set
of trees T,,. We may interpret the indeterminates x,z?, ..., as denoting
the forks
(¢] ¢} (¢]
z=| o |, 22=| o o |, (2.76)
[ ] L] [ ]
It follows from relation (2.72) that

ZTk n > 3. (2.77)

The polynomials T, (z) are completely defined by this relation for n > 3
and the initial polynomials

Ti(x) =1, Th(z) = =. (2.78)
Iteration of relation (2.77) gives the first few polynomials:
Ts(x) = 2z, Ty(x) = 4z + 22, Ty(x) = 8z + 622,
To(z) = 162 + 242% + 223, Ty(z) = 322 + 8022 + 2023,
Ts(z) = 64z + 24022 + 12023 + 5% (2.79)

The coefficient of 2! in these polynomials are the numbers ¢, (t) in the
binary tree polynomial (2.75). Moreover, we have the following relation
for the Catalan numbers:

a = 1 (2" N 2) = T,(1); (2.80)

n\n-—1
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that is, the Catalan number ay, is the value of the tree polynomial T, (x)
at v = 1.

Each 3 x (n—1) fork matrix can be characterized as having ¢ columns
of type col(o o e);n — 2t total columns of type col(e o e) and col(o e e);
and t — 1 columns of type col(e e o), where t = 1,2,...,[n/2]. For
counting purposes, we ignore the order of the columns in the fork matrix
presentation of a binary tree and present it as the fork matrix given by

o @] [ ] ® O (0] [ ] [ ]
o ... o0 ©...0 e ... e o ..o (2.81)
[ ] [ ] [ ] e o [ ] [ ] [ ]

t n—2t t—1

We have the following relations between equivalence classes of binary
trees, under the equivalence relation ~, where we recall that T, (¢) de-
notes the number of binary trees containing ¢ trees with forks of type
col(o o @) :

[n/2] [n/2]

n—UT 7Tn/— UT /—7

number of equivalence = Z
classes contained in T,, — " on—2t"

(2.82)

The quotient set T,/ ~ is the union of [n/2] disjoint quotient sets
T, (t)/ ~, one foreach t = 1,2,...,[n/2], where the quotient set Ty, (t)/ ~
contains ¢, (t) /272! equivalence classes of binary trees induced on T, (t)

by the operation ~ defined by (2.73). The first few values of b/, are given
by

n‘12345678

bﬁl‘1112482151

The classification above of trees in accordance with the number of
trees containing t trees of type col(o o e) is not the partitioning into types
corresponding to the Wedderburn-Etherington number (see Comtet [44]),
which admits the interchange of each pair of points at the endpoints of a
fork. The mappings (2.73) are those that preserve the standard labeling
of the internal points of a binary tree as defined below.
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2.2.2 Standard labeling of binary trees

For the most part, we use only labeled binary trees, where the labels
are quantum numbers or other objects that have a binary relationship
to one another. Two examples illustrating this are

J(1) \/ J(2) J1 m1v J2 M2

J im

The first picture represents the addition of two angular momentum, J =
J(1) + J(2), and the second the quantum numbers associated with the
angular momenta. We often use the second type of labeled tree to specify
numerical-valued objects, assigned to the labeled tree, for example, the

WCG coefficient Oy, 72,7, in the second picture. For our applications,
we require standard labeled trees; that is, one set of labels attached to
each tree, as assigned by a stated rule that is always to be followed. In
this usage, the number of labeled trees is exactly the number a,, of trees.
This is not the usual meaning of labeled trees used in combinatorics, as
explained below.

In order to have some generality, let us assume that generic labels
u = (uy,us,...,u,) are assigned to the external points, and generic
labels v = (v1,va, ..., v,_2) are assigned to the internal points, excluding
the root, which will be assigned the single generic label w.

The standard rule of assignment is the following: Select a binary tree in
T € T,, and label its points by the following two rules, as applied to
internal and external points:

1. Internal labels: The internal points e are assigned the labels v =
(v1,v2,...,v,—2) by starting at the highest level and assigning the
parts of v, in order, to the internal points as read from left-to-right
across the successive levels until level 1 is reached. The labels v
are called internal labels. The root of the ¢—th fork is labeled by
v;, but the root at level 0 is assigned w. Internal labels may take
on various meanings, but they are uniformly assigned to every tree
T € T, by this rule.

2. External labels: The external points o are assigned the labels u =
(u1,ug,...,u,) in one-to-one correspondence with the binary brack-
etings B, of the product ujus---u,, as given by the bijection
B,, — T, (shown above for n = 1,2,3,4.), and made clear by the
examples below. The u are called external labels. External labels
may take on various meanings, but they are uniformly assigned by
this rule to every tree T' € T,. It will be necessary subsequently



108 CHAPTER 2. COMPOSITE SYSTEMS

to allow permutations of these standard labels, but it is always
the standard assignment of labels to which the permutations are

applied.
Examples:

(5 us
(uq ((ug us)uyg)) — 1 o Uy

(75} (%)

w
Ul \:LQ/O Q us Uy

((u1 u2) (us ua)) — vy s

We often read off a labeled tree the triplets of letters associated with the
forks, as read clockwise around the root of the fork. In these examples,
we have the triplets

(ug ug v1), (v1 ug v2), (U1 Vo w); (ug ug v1), (Usz ug V2), (V1 V2 w).  (2.83)

In accordance with the above rules, each T' € T,,, is assigned a unique
standard set of labels: T' — T(u;Vv),, the number of such being the
Catalan number a,. Such standard assignments are used so that there
will be no ambiguity in the association of numerical-valued objects with
binary trees.

The term “labeled binary tree” above is not that of the technical def-
inition of a connected labeled graph used in graph theory, which has the
following definition: The n points of the graph are labeled by permutations
of 1,2,...,n, and two graphs are equivalent (isomorphic) if the labeling
preserves adjacency of points. Labeled graphs are representatives of the
equivalence classes. A graph is connected if there is a sequence of lines
between each pair of points. For example, the inequivalent labeled binary
trees on three points may be taken to be

1o o2 30 o2 1o o3
N N V4

The assignment of numbers or other symbols to the points of a graph,
as dictated in the standard rule above, does not qualify it as a labeled
graph in the technical sense of this definition.
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2.2.3 Generalized WCG coefficients defined in terms of
binary trees

A basic object for angular momentum coupling theory is the labeled fork
for n = 2, on which is defined a WCG coefficient:

Jimi Ja2me

i g 2.84
(N ) = Chihm=mim, O
im
where in terms of the u,v,w notation above, we have u; = (j; m1),

uz = (Jjoma), (vg) = (0), and w = (j m).

The ¢ — th fork in a labeled tree corresponding to the coupling of n
angular momenta is of the form:

a; o b; ﬁz

C( Q\/ ) - C;i % ];, g = o; + ;. (2.85)

ki q;

There are four types of forks and corresponding labels:

1. (0 ©) = (0 o) : (a; ) external; (b; 5;) external.
2. (0 0) = (e 0): (a;a;) internal; (b; 3;) external .
3. (0 ©) = (o e): (a; ;) external; (b; 3;) internal.
4. (0 ©) = (e o) : (a; ;) internal; (b; 5;) internal.

Thus, for each T' € T,,, we have a labeled tree and associated coeflicient:

1. Labeled tree:
T (jm; k)jm. (2.86)

2. Generalized WCG coeflicient:

Cr(jm), H C% b ;@ (2.87)

The product is over all n—1 forks in the tree T € T,,, where the roots
of the forks are labeled successively by k1 q1, k2 qo, ..., kn_o qn_o,

kn—1qn—1, with k,_1¢,—1 = jm. The standard labeling u =
(Jima,j2ma, ... dnmn) = jm;v = (k1 g1, k242, kn—2Gn—2) =
kq; w = jm assigns unique quantum numbers to each pair of
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points (¢, ¢) labeled by (a; o, b; ;) in (2.85). The coefficient (2.87)
is called a generalized WCG coefficient; each term in the product of
n — 1 ordinary WCG coefficients is distinct; and each standard la-
beled tree T' (jm; k) ;jm has associated with it a unique generalized

WCG coefficient Cr(j m;k), ..

We call attention to the notations (2.86) for labeled trees and (2.87)
for generalized WCG coeflicients, which do not contain the labels q =
(1,92, - ..,qn—2) that appear in (2.85). This is because the ¢g—labels are
always completely determined in terms of the projection quantum num-
bers m = (mjy,ma,...,my) from the sum rule on projection quantum
numbers, as illustrated by the examples (2.88) below. It is very impor-
tant that the quantum labels appearing in the WCG coefficient associ-
ated with each labeled fork in (2.85), as well as in the full collection of
products of coefficients in (2.87) belong to the domain of definition of the
respective WCG coefficients. These quantum labels are interdependent,
as illustrated for n = 4 by the following examples of standard labeled
binary trees and their associated generalized WCG coefficients.

Examples. Generalized WCG coeflicients of labeled binary trees:

]1m1 J2ma e R
1Q1 Jams 1]7%1%212q110q;1]733q220q§#b4r]r1
k2 Q2 J4 m4
]2 ma2 Jsms
o} _ J2 s ki ovkija kapvgy k2 g
kl g j4 m4 - Cm2m3Q1CCI1 m4q20m1 g2m
]1 mi Q k2 q2
J2ma jsms
m ) m .. .
]1 ! j4 4 ]1 J2 k1 0]3 Ja k20k1 ka j
kl (h k? q2 - ml M2 g1 YM3maq2™~ qrqga2m
(2.88)

It is required that, for each given set of j;jm, the triangle rule and
the projection sum rule be enforced on the labels in each C'—coefficients
appearing in the product. In the middle coefficient, for example, it is
required that k1 € (j2js), k2 € (k1ja), k2 € (j1J);q1 = ma2 + m3,q2 =
mo + ms3 + my, m; + mo + msg + myg = m. O

We next give the domain of definition of the quantum numbers ap-
pearing in the generalized WCG coefficient (2.87). These domains are
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uniquely determined by the tree T € T,,, the rules for the standard as-
signment of the quantum numbers giving the labeled tree T' (j m; k) jm>

and the domains of each of the n — 1 WCG-coefficients in the product
(2.87), as given by (1.142), applied now to the quantum numbers in the

factors C"g{ g ]; Thus, the domains of definition of the quantum num-
bers in the generalized WCG coefficient C7p(j m;k),,, for specified j are

the following: "

1. Domain of definition of column indices—projection quantum num-
bers m (uncoupled states):

(C(J) = {m|mZ :jiajl —1,...,—j2‘;’i: 1,2,...,’[7,} (289)

This is exactly the same as in (2.3), and is the same for all binary
trees T € T,,.

2. Domain of definition of the internal quantum numbers k :

Ry (j,j) = {k = (k1, ko, ..., kn—2) | each (a;, b;, k;) is a triangle},
(2.90)

where (a;,b;, k;) is the triangle associated with the i—th fork of
the tree T' € T,,, and the domains of definition of all k; are to be
expressed in terms of the j, 7 by use of the triangle rule.

3. Domain of definition of row indices—the internal angular momenta
k and jm (coupled states):

-_— ] 1 ] 1 ]. DY ] N
Rl (l) - {k S Rfl (.iaj)aj,m L’]ITL jl‘n;.lr;]mm' -~ ) ] » Jmax; } .

These sets are called column and row indexing sets because they are
used to enumerate the orthogonality relations for the generalized WCG
coefficients in relations (2.101)-(2.102) below.

The same symbols k = (ki,ks,...,k,—1) are used in the standard
assignment of labels to the internal points of each binary tree T' € T,
despite the fact that their placement depends on T, as illustrated in
the examples (2.88). Thus, for each T" € T, we have a T—coupling
scheme for the addition of n angular momenta, each of which should
be labeled by k(7'), but which we abbreviate as k = k(7T') to avoid
awkward notations. Altogether, we have defined a,, T'—coupling schemes,
one for each binary tree of order n. We emphasize again that the ¢;
projection numbers of the k; are all expressible in terms of the m; in the
generalized WCG coefficients by enforcing the sum rule for projection
quantum numbers.
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2.2.4 Binary coupled state vectors

The labels k in the coupling of pairs of angular momenta associated with
each fork in the labeled binary tree T'(jm;k);,, originate from what are
called the intermediate angular momenta of a coupling scheme. The full
set of mutually commuting angular momentum operators whose eigen-
values determine uniquely (up to phase factors) the normalized coupled
state vectors corresponding to the labeled binary tree T'(jm; k), p, is the
set of 2n operators given by

J2(1),J2%(2),...,3%(n), (2.92)
K%(1),K%(2),...,Kp(n —2),3%, Js.

The intermediate angular momentum Ky (i) has components
(K:(Fl)(i),Kg) (z),K:(Fg)(z)) , and K2 (i) is the sum of squares of these
three components. In the standard labeling T'(u;v),, of a tree T' € T,
the angular momentum assignment for the coupling scheme correspond-
ing to the set of operators (2.92) is the following:

external points: u; = J(i), i =1,2,...,n,
internal points: v; = Kp(i), i =1,2,...,n— 2, (2.93)
root: w =J.

Example: For n =4, in the five trees given on pp. 101-102, the four ex-
ternal points o are assigned the four angular momenta J(i),7 = 1,2, 3,4,
in accordance with the binary bracketing B, and the rule for assigning
(u1,usg,us, ug), the root is assigned J, and the two internal points are
assigned the intermediate angular momenta K(i),7 = 1,2, for each of
the five cases, in order, as given by the following (We have dropped the
T label, for brevity):

K1)=J1)+J(2),K2) =K(1)+J(3), J=K(2)+ J(4),
K(1)=J3)+J4), K(2) =J(2)+K(1), J=J(1) + K(2),
K1)=J1)+J(2),K2)=J3)+J4), J=K(1) + K(2),
K1) =J2)+J3),K(2) =J(1)+K(1), J=K(2) + J(4),
K(1)=J(2)+J3),K(2) =K(1)+J(4), J=J(1) + K(2).

In each of the five cases, the total angular momentum J at the right,
which is assigned to the root, is the sum of the four angular momenta
assigned to the external points: J =J(1) +J(2) +J(3) +J(4). O

We next give the general coupled state vector corresponding to the
labeled binary tree T (jm;k) jmo these coupled state vectors being si-

multaneous eigenvectors of the complete set of 2n commuting Hermitian
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operators (2.92) for specified j, j,m :

IT(GK)jm) = Y Crgmi,, im), each k,j,m € Rp(j),  (2.95)
meC(j)

with the inversion

ljm) = Z CTGmk); m
k’jﬂmERT(j)

T(jk)jm), each m € C(j). (2.96)

Each of these sets of vectors is an orthonormal basis of the vector
space H; = Hj, ® Hj, ® --- ® H;, of dimension N(j) =[]\ (2; + 1).
The row and column indexing sets (2.89)-(2.91) satisfy the same dimen-
sionality relations as given earlier by (2.9) and (2.13):

Rz() = |CG)| =[] +1),
i=1
(2.97)
jmax
Rr(G)l = > (27 +1N;()-
J=Jmin
These relations now hold for each labeled binary tree 7' (j m; k) jm T €

T,. Each such labeled binary tree gives a T'—coupling scheme, there
being a,, (Catalan number) such coupling schemes in all.

The eigenvalues of the set of 2n Hermitian operators (2.92) on the
coupled state vectors (2.95) are given by

FOTGK)jm) = 5i(Gi + DITGK)jm) i =1,2,...,m,
K7 ()T k)jm) = ki(ki + D|TGK)jm),

i=1,2,...,n—2, (2.98)
FITGK)jm) =50 + DITGK)jm),

where, in addition, the action of the components of the total angular
momentum J on these coupled states is standard:

JATGK)jm) = V(G —m) (G +m+ 1) [T(GK)jm+1),
JATGK)jm) = V(G +m) (G —m+ 1) [T(§K)jm-1),
SIT(GK)jm) = m|T([GK)jm)- (2.99)
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It follows from the construction of the coupled states (2.95) in terms of
generalized WCG coefficients, and also from the Hermitian properties of
the eigenvalue relations (2.98)-(2.99), that the following orthonormality
of coupled state vectors (2.95) holds:

(TGK)jm | TGK)j mr) = Ok 8 i Omm - (2.100)

It is important to observe in this relation that it is the same binary
tree T that occurs in the bra-ket vectors of the coupled states: jk is
the standard labeling of T, and jk’ is the same standard labeling with
primes on the parts of k = (k1, ka, ..., kn—2).

The row and column orthogonality of the generalized WCG coeffi-
cients are given, respectively, by

Z Crmk), » CTGmk) ;e = Ok 05,5/ 0mmr,  (2.101)

meC(j)

Y. CrGmp, Crm,.. = Omum. (2.102)
k’jﬂmERT(j)

The direct proof of, say, the orthogonality relation (2.101) matches to-
gether the same a;, b; pair in (2.87), uses the sum rule m = m; + ma +

-+ +my, for fixed m to express o; + 3; = ¢; in terms of other projection
quantum numbers, and then uses the orthogonality relation

bk (i bi kL _
Z Cg ﬁz qi Ol ﬁ'i qi - 5k“k; (2103)

17/61

2.2.5 Binary reduction of Kronecker products

Corresponding to each labeled binary tree and the corresponding set
of generalized WCG coefficients, we have the reduction of the n—fold
Kronecker product representation of SU(2) to standard form given by

jmax
cP Diw)cP = 3 eni(v), (2.104)
j:jmin

where we now use tr to denote transposition to avoid conflict with the
tree symbol T In this relation, C:SJ) is the real orthogonal matrix of order
N@) = 1., (2j; + 1) with its matrix elements given in terms of the
generalized WCG coefficients with rows enumerated by k, j,m € Rp(j)
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and columns by m € C(j), as defined by

. CT(jm;k)jmafor all k,jm € RT(j)
<C¥)> . = ¢ and m € C(j); (2.105)
k.jmim 0, otherwise

In terms of matrix elements, relation (2.104) is given by

> Crgmm, o Cr(m ), v D (U) = 8500 D3, (U). - (2.106)

m, m’

The matrix element form of (2.104) obtained by moving C’:(pj) and C:(pj)tr

to the right-hand side is

D‘:n m’ (U) - Z CT(J mik); m CT(J m';K); ./ Din m/’ (U)7 (2107)
k,j

!/

in which m =mq +ma+---+mp, m =m) +mh+---+m).

2.2.6 Binary recoupling matrices

In terms of the notation (2.95) for the ket-vector |T'(jk);m,) correspond-
ing to the coupling scheme defined by the standard labeled binary tree
T(jm;Kk);m,, we have the relation

TGK)jm) = Y. Crgmu,.lim)
meC(j)
- ¥ (C}”) o jm). (2.108)
. k,j,m;m
meC(j)

The ket-vector [T7(jk’);m) corresponding to a second coupling scheme

defined by the standard labeled binary tree T"(jm;k’);,, (primes are
attached to the standard labels of the roots of the forks in the binary
tree T") is given by

T'GK)jm) = > Crgmx),, Jm)
meC(j)

= > (O}j?) L (2.109)

meC(j)
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The two sets of orthonormal basis vectors (2.108) and (2.109) span the
same vector space Hj; hence, they are related by a unitary transformation
of the form

T'GK)jm) = Y. Rrgu,; e, TGEK)jm)- (2.110)
keRr(j,j)

From the inner product of the two coupled ket-vectors in this relation
and also between (2.108)-(2.109), we obtain the following relations:

(TGK)jmlT'GK)jm) = Rrgw,rir), (2.111)
_ (0 A0t — .
N (CT Cr >k,j,m; Kjm mgc: ) CT (jmsk); CT'(J m; k),

Relations (2.108)-(2.110) are the binary coupling analogs of the general
relations (2.55)-(2.56), where a =k, U{) V=K v = C’YQ,).

The real orthogonal matrix
RY), =P e H(NG)) (2.112)

of order N(j) = []i,(24; + 1) is called a binary recoupling matriz for
the pair of standard labeled trees T'(jk);., and T'(jk’);.,. This binary
recoupling matrix has the following expression of the form (2.58):

Jmax

Rg,)Tf =) @ (R(T )®f2y+1) (2.113)
J=Jmin

where the real orthogonal matrix REF T), € U(N;(j)) is called a reduced

binary recoupling matriz. The elements of the matrix (2.113) give the
recoupling coefficients for the pair of standard labeled trees T'(jk);, and

T,(J k,)jm .
() _ _ (Wt
(R%,T)k,j;k,d = Bri,mw), = (013 Cp )k,j,m; wim (Z114)

As shown earlier in (2.56)-(2.57), as well as in the derivation of (2.111),
these matrix elements are independent of the projection quantum num-
ber m. The binary recoupling matrix Ré!)T, is, of course, an element of
the group H(N(j)) of unitary matrices (see (2.49)) that commutes with
the standard Kronecker direct sum.
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Action of the symmetric group on the standard labels of binary trees

To include all ways of coupling pairs of angular momenta (all binary
coupling schemes), we must allow permutations of the labels (jm) that
are assigned to the external points of every tree T' € T,, in accordance
with the bracket symbol B, € B,. We have chosen not to introduce
permutations earlier so as to leave the notations less encumbered. But
we must now consider permutations of the external labels. Thus, for
m: 1~ m,2 — my,...,n — T,, we permute the standard angular
momentum jm labels of the external points to 7 : (j1,72,...,0n)
(Jrys Jmas -« s Jm,) and (my,ma,...,my) — (Mg, My, ..., Mg, ), Which
we write as 7(jm). Thus, the standard labeled tree T'(jm;k);,, is now
labeled by T' (7(jm) ; k)., where we keep the standard labels k of the

internal points and j m of the root. The angular momentum labels (j m)
initially assigned to the external points in the standard labeling is the
reference set for all permutations w € S,,.

The generalized WCG coefficient corresponding to the permuted ex-
ternal labels 7(jm) is

Cr(x(jm)k),,., = product of n—1 WCG coefficients obtained by
replacing (jm) in definition (2.87) by 7(jm). (2.115)

Relations (2.108)-(2.109), with j replaced by 7(j) in the 7" state vec-
tors, transcribe to

T(Gk)jm) = Z Crmk), .. |J m)
meC(j)

- ¥ (C}j))k jm), (2.116)

. »J,m; m
meC(j)

T (7K )jm) = D Croa)mik), lim)
meC(j)

- ¥ (o;f”)k/,j’m;mumy (2.117)

meC(j)

Similarly, relations (2.110) and (2.111) transcribe to

T (@ K)jm) = D Frgio,meae), [TEK)jm), (2118)
keRr(§,7)
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with inner product given by all the following relations:

(TGK)jnl T TG K)jm) = D Crgmi, . Crvinymite),
meC(j)
() ~m@)tr
= 1) T (D k) = ) . 2.11
R (n() 1), (el )k,j,m;k/,j,m (2.119)

(The relation »_ ) = >, has been used in the above equations.)

m(m

The real orthogonal matrix defined by
R — P ¢ (v () (2.120)

is the binary recoupling matrix for the pair of labeled trees T'(j k);, and
T'(7(j) k') jm. The matrix elements of this binary recoupling matrix are

(1859), = (5

which are independent of the projection quantum number m. Since the

matrix Rg)m,(j) belongs to the unitary subgroup H(N(j)), it can also be

)

written in the form described in relations (2.49)-(2.50):

2.121
k,j,m; K jm ( )

.]lnax
RIZO - 3 o ( RS0 g Izj+1) 7 (2.122)
J=Jmin
where the real orthogonal matrix Rg’jT),;(W(j)’j ) e U(N;(j)) is the reduced
recoupling matrix for the pair of labeled trees T'(jk); n, and T"(7(j) k') j .-

For j +— m(j), the first set of eigenvalue relations in (2.98) becomes

I (@) T (7 (5) K)jm) = jr, (e + DIT(w(G) K) jin), (2.123)

which is identical to the original set, since it is just a rearrangement of
those relations. Thus, the coupled state vectors |T(m(j) k');m) satisfy
relations (2.98)-(2.99) with k replaced by k' and T by T".

All permutations 7(j), 7'(j) can also be considered to obtain the la-
beled binary trees T'(7(j) k);m and T'(7'(j) k') jm. The modifications of
relations (2.116)-(2.122) are evident: replace first 7 by 7', then (j, j) by
(m(j),j)- We now obtain the real orthogonal recoupling matrix given by

R0 — oot e gn)). (2.124)
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The real orthogonal matrix Rg (%),] W) ¢ g (N;(j)) now appears in
the form (2.122) and is the reduced binary recoupling matrix. We now
refer to all binary trees that are labeled by a permutation of the standard
labels j as standard. The key property for being standard is the rule for
assigning the internal k labels to the roots of the forks, including j to the
root of full the binary tree. (See the examples (2.127) below in which all
permutations of ji, j2, js, ja are allowed.)

The product of two binary recoupling matrices is, in general, not
again a binary recoupling matrix. Instead, we have the following trivial
multiplication property of these real orthogonal matrices

(@) 7' () pr’ ()7 [@) _ pr(); T ()
Ry Ry =Ry (2.125)
for all m,n’, 7" € S, and all T, T',T" € T,,. This simple transitive multi-
plication property is the source for many well-known relations in angular
momentum theory, as will be shown subsequently.

We restate the Fourth Fundamental Result for binary coupling schemes:

Fifth Fundamental Result: Binary recoupling matrices are the funda-
mental quantities that determine the binary coupled angular momentum
basis vectors for the addition of n angular momenta associated with the
placement of parenthesis pairs into the sum (2.1) and all permutations
thereof: All binary T'—coupling schemes can be obtained from a selected
one by using recoupling matrices.

2.2.7 Triangle patterns and triangle coefficients
Triangle patterns

The standard triangle pattern Ar(jk); corresponding to the standard
labeled tree T'(jk); is a 3 x (n — 1) matrix array with columns entries
that are the labeled forks in a standard labeled binary tree with n exter-
nal points (no projection quantum numbers appear in the labeled trees
T(jk);). Thus, we have the matrix array defined by

ap az Ap—1
Argry, = | b1 b2 -+ b1 |, (2.126)
T 1 ko o ko

in which column i defined by t; = col(a; b; k;) is the triangle of labels
of the i—th fork in the standard labeled tree T'(jk);. We refer to each
column of this matrix array as a triangle, since its entries obey the tri-
angle rule for addition of angular momenta. We write k,_1 = j, and
always distinguish the root label j of the labeled tree T' in the notation.
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We call such an array of triangles a triangle pattern of order n — 1. The
triangles in the array are exactly those that appear in the product of
WCG coefficients in (2.87). Moreover, the columns in the triangle pat-
tern are ordered from left-to-right in exactly the order corresponding to
the root labeling k1, ko, . .., k,_1. This notation encodes exactly the same
triangle information as exhibited by the labeled tree presentation, but is
typographically more tractable.

The enumeration of standard labeled triangle patterns is essential to
our subsequent developments, and at the risk of being repetitious, we
give this standard labeling in complete detail for n =4 :

J1 Q J2
kl o j3 j1 k‘l k‘Q
(((J172)d3)ja — ko o jg — <j2 J3 Ja )
i ki ko g

J
J3 J4 PR
. ] k 3 J2 JI
(J1 (G2 (43 Ja))) — . ]02 L ! — <34 k1 kg)
Wil . 2 ki ko j
J
J1 J2 _J3 9 J4 /1 g3 ki
((J1 J2) (J3 Ja)) — k1 ko — ( Ja Ja k2 >
; ki ko j

J2 o J3 PR
. . ] k 2 J1o"2
((J1 (g2 J3)) ja) — o 3 b — Jja k1 ja
2 . O J4 ki ko g
J
J2 J3 i ki
. N k ] 2 Rl 1
(71 ((g2 J3) ja)) — o 1 I — <.73 Ja ko )
N . 2 ki ke j
J
(2.127)

As defined above, we also consider as standard the binary trees and the
triangle patterns that correspond to the permutations 7(j1 j2 j3 ja), 7 €
Sy, of the labels of the external points. The key property for the standard
labels of a binary tree and the corresponding triangle pattern is that the
internal labels k1, ks, j are fixed in their assignment.
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The standard triangle pattern of order n — 1 corresponding to the
standard labeled tree T'(7(j) k); is given by

ajl: a:%r a;_l
Ao, = | 0 03 bt ). (2.128)
1 2 n—1

Equivalence classes of triangle patterns

The operation ~ defined by (2.73) can be applied to the columns of the
triangle patterns defined by (2.127)-(1.128), where, by definition, the la-
bels attached to the o and e points are to be carried along with the
interchange of external and internal points. We extend this operation
to include labeled forks of type col(o o e) — col(o o e), which are now
distinguished by their angular momentum (j;, 5;) labels. We do not, how-
ever, include columns of type col(e e e), since the operation ~ destroys
the standard labeling. Applied to a standard triangle pattern, the ~ op-
eration Ap(r(j) k), maps the pattern to a new standard triangle pattern
A7/ (5) k), where it may happen that the binary tree is unchanged; that

is, T" = T. We repeat: No rearrangements of the entries in columns of
the form col(e e e) are admitted, since such an operation destroys the
standard ordering. Thus, the operation ~ is applied to each column of a
standard triangle pattern (2.128) as the interchange of the labels in row
1 (top) and row 2 (middle), except for those columns corresponding to
forks of type col(e e e).

It is convenient to effect the equivalence relation ~ on a triangle
pattern to introduce the transposition operators 7;,¢ = 1,2,...,n — 1,
which act in the set of triangle patterns

]P(J k)j = {AT(w(j)k)j |T eT,,me Sn} (2.129)

The action of the exchange operator 7; is defined by

af - af - al_, R R
nlor o0 o = a0
T Y T Y

(2.130)
where, for each given triangle pattern Ap(z(j)x), the index i can assume
only the subset of values in {1,2,...,n — 1} for which the columns of

A k), correspond to fork triangles of the binary tree T'(7(j) k); of the

types col(o o @), col(o e @), col(e o e). The 7; for an index i corresponding
to columns of type col(e e ) give a triangle pattern not in the set P(jk);.
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Two triangle patterns in the set P(jk); that are related by any of the
n — t allowed exchange operations (see (2.81)) are called ~ equivalent.

The collection of all ~ equivalent triangle patterns in P(jk); consti-
tutes an equivalence class, and the full set P(jk); of nla, triangle pat-
terns can, accordingly, be partitioned into disjoint equivalence classes.
This partitioning is not difficult to carry out, using the results from
Sect. 2.2.1, where it is shown that the number of triangle patterns having
n columns and containing ¢ columns of type col(o o ) is ¢, (t) for which
we have a generating function. The number of ~ equivalent triangle pat-
terns in each subset P;(jk); of triangle patterns containing ¢ columns of
type col(o o @) is 277!, since there are n —t exchange operations that can
be applied to each triangle pattern. Hence, the number of ~ equivalence
classes in the quotient set Py(jk);/ ~ is |P:(jk);/ ~ | = nle,(t)/27
This gives the number of disjoint ~ equivalence classes in the quotient
set P(jk);/ ~ as the integer d,, defined by

dy=n!>_ = (2.131)

Examples. Equivalence classes of triangle patterns for n = 2,3,4,5 :
n = 2 : We have from Sect. 2.2.1 that there is one fork matrix, and it is
given by

o

o . (2.132)

Thus, there is one ~ equivalence class containing two triangle patterns,

namely,
J1 J2
J2 )5 | J1 ) (2.133)
J J

and the first triangle pattern can be taken as the representative.

n = 3 : We have from Sect. 2.2.1 that there are two fork matrices, each
of type col(o o e); namely,

o e o o
o o, o e . (2.134)
e o e o

Thus, t = 1 and c3(1) = 2. There are 3! = 6 triangle patterns associated
with each of these fork matrices, obtained by inserting a permutation of
J1,J2, 73 in each of the o positions, k, j in row 3, and k in the remaining



2.2. BINARY COUPLING THEORY 123

e position. Thus, there are 12 triangle patterns in all. Relation (2.131)
gives d3 = 3 as the number of ~ inequivalent classes of triangle patterns.
Representatives of these inequivalent classes can be chosen as

joEN (@ R (B ok
J2003 |, | a3 g2 )| I3 o |- (2.135)
koJj koJj kg

Each of these triangle patterns then defines a family of four ~ trian-
gle patterns under the operations of interchanging the symbols in row
1 and row 2 in either of the two columns. Thus, from these three pat-
terns and their ~ equivalents, we regain the nla, = 3!2 = 12 patterns
corresponding to the all standard labeled binary trees of order 3.

n=4:Wehave t =1 and t = 2, with ¢4(1) = 4 fork matrices in the first
class, and ¢4(2) = 1 fork matrices in the second class (see Sect.2.2.1), as
given by

o e e o o o o o e o e o©
t:looo7ooo7ooo7ooo’
e o o e o o e o o e o o
(2.136)
o o e
t=2: 0o 0o e
e o o

There are 4! = 24 triangle patterns associated with each of these five fork
matrices, obtained by inserting any permutation of ji, jo, j3, j4 in each of
the o positions and the entries k1, ko, j in row 3; ; then, for ¢t = 1, k; and
k9 in the remaining e positions in columns 2 and 3, respectively; then,
for t = 2, the entries k1, ko in the e positions in row 1 and row 2. Thus,
there are 120 triangle patterns in all. Relation (2.131) gives d3 = 18
as the total number of ~ equivalence classes of triangle patterns, twelve
originating from the four ¢ = 1 type of fork matrices and six from the
single t = 2 type of fork matrix. Representatives of each of these ~
equivalent classes can be chosen as

L oI
t=1:| Jg Jr Js |5t=2:( Jg Js k2 |, (2.137)
/ﬁ kg ¥ kfl k2 J

where p, g, r, s is any permutation of 1,2, 3,4 such that p < ¢ in the pat-
tern to the left, which gives twelve representative triangle patterns; and
p < q,r < s in the pattern to the right, which gives six representative
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triangle patterns. Each of the ¢t = 1 classes contains eight ~ equiva-
lent members, and each of the t = 2 classes contains four ~ equivalent
members. This distribution into ~ equivalence classes accounts for all
(12)(8) + (6)(4) = 120 = nla, = (24)(5) = 120 standard triangle pat-
terns of order 3 corresponding to the set of standard labeled binary trees
{T(r(j)k); | T € Ty,m € Sa}.

n =5 : A less detailed accounting goes as follows. We have ¢ = 1 and
t = 2, with ¢5(1) = 8 fork matrices in the first class, and ¢5(2) = 6 fork
matrices in the second class (see Sect.2.2.1). There are 5! = 120 triangle
patterns associated with each of these fourteen fork patterns, obtained by
inserting any permutation of ji, js, j3, j4, j5 in each of the o positions and
the entries k1, ko, k3, j in row 3, thus giving a total of nla,, = (120)(14) =
1680 triangle patterns. For ¢ = 1, there are 5!¢5(1)/16 = 60 equivalence
classes, and, for ¢ = 2, there are 5lc5(2)/8 = 90 equivalence classes.
Each t = 1 triangle pattern has sixteen ~ equivalent triangle patterns,
and the t = 2 triangle pattern has eight ~ equivalent triangle patterns.
This distribution into ~ equivalence classes thus accounts for the total
of (60)(16) + (90)(8) = 1680 standard triangle patterns associated with
the standard labeled binary trees in the set {T'(7(j)k); |T € Ts,m €

St O

The above examples suggest how a set of representative triangle pat-
terns, one from each of the ~ equivalence classes in the quotient set
P(jk);/ ~ can be chosen. We introduce the following [n/2] subsets of
permutations:

S () (2.138)
={mr = (m,m2,...,7n) € Sp | m1 < Mo, T3 < T4y .., Wo—1 < T2},
where t = 1,2,...,[n/2]. The number of permutations in each set is
cp(t
| Sy Py | = n!;n—(_t). (2.139)

A set of representative triangle patterns of the equivalence classes be-
longing to the quotient set P;(jk);/ ~ (see (2.131)) is given by

PLP(K);/ ~ = {Arqgyw, |7 € Sa P (1)} (2.140)

The union of this set of representative triangle patterns for all ¢ then gives
a set of d,, representative standard triangle patterns of the full set P(jk);
of triangle patterns defined by (2.129); that is, a set of representatives
of the quotient set P(jk);/ ~ is given by

[n/2]
PP (jk);/ U{AT(W(J me Sl (2.141)
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Triangle coefficients

We recall (see (2.124)) that the matrix elements of the real orthogonal
binary recoupling matrix

R — crWom O e m(N () (2.142)

are given by the inner product of coupled state vectors:

(TrG)K)jm| T (7K )jm) = Rrmg)w), G ),

() )t
= (ci¥er, >k,j,m;k’,j,m (2.143)
= Y Cr(ymm), nCr(w() mk), s
meC((j)
TG K)jm) = Y. Cr(a()mik),..lim)
meC(j)
= Y (ef) m), (2149)
meC(j) o
T DK )jm) = D Crwi) mik),, im)
mecC()
- ¥ (Cﬁ”)k,, jm).  (2.145)
. 7]’m;m
meC(j)

We now define the triangle coefficient in terms of the pair of standard
triangle patterns Ap(r(;) k), and Az () k), corresponding to the pair of
standard labeled trees T'(w(j) k); and T"(n'(j) k’); by the inner product
(2.143):

{Am(j) K);

Argegiey, ) = (TG K);mlT (7 G)K)jm)

= (i . (2.146)

) kh??m; k/ 7j7m

Thus, the inner product in this result, as well as the binary recoupling
matrix, are vividly presented in terms of the triangle patterns of the form
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(2.129) associated with the fork matrices of a pair of binary trees. Each
triangle coefficient has the explicit definition in terms of SU(2) WCG
coefficients (see (2.87)) given by

{AT(w(j)k)j (wf(j)koj} = {AT’(w’(j)k’)j‘AT(w(j)k)j}
n—1 - ,
= > Tles i ;‘+ﬂWHC" ¥ j?’w" (2.147)
meC(j) i=1

We refer to Ap(r(j)x), and AT,(,r,(j)k/)j, as the left-triangle pattern and
the right-triangle pattern; the interchange of these patterns gives the
same triangle coefficient. Because the number of triangles appearing in
the columns of each of the two triangle patterns of the triangle coefficient
(2.147) is n—1, we refer to the triangle coefficient as a triangle coefficient
of order 2n — 2. The triangle coefficient (2.147) encodes in its notation
exactly the triangles of the forks of the pair of labeled binary trees un-
derlying the triangle patterns entering into its definition; it takes on the
numerical value of a sum over all projection quantum number m of the
products of the SU(2) WCG coefficients associated with these forks.

The columns of a triangle coefficients are always to be obtained
directly from the labeled forks of the labeled binary trees T'(m(j) k);
and T'(7'(j) k’);. This is because not all 3 x (n — 1) matrices in which
each column is an angular momentum triangle originate from a standard
labeled binary tree, and the determination of the subset that has this
property is nontrivial. Thus, triangle coefficients are always regarded as
a notationally convenient way of presenting the fork triangles of a pair of
labeled binary trees; row 3 of a triangle pattern is always the standard
fork root labels (kl,kzg, ooy kpoq) with k,—1 = 7.

Triangle coefficients of order 2n — 2 are very complicated objects, but
are fully defined numerical-valued coefficients (2.147). It might appear
that nothing remains to be done. The fact, however, that these objects
depend only on collections of geometrical objects called triangles and
their interconnections through binary trees suggests a deeper combina-
torial setting than is evident from this preliminary definition in terms of
WCG coeflicients.

Many triangle coefficients are related by phase factors in consequence
of the classical symmetries (1.224) of the SU(2) WCG coefficients. The 7;
exchange operators (2.130), which may now act on both the left-triangle
pattern and the right-triangle pattern give sets of phase-equivalent tri-
angle coefficients, reduce greatly the number of triangle coefficients that
need be considered. The determination of the phase-equivalence classes
of triangle coefficients is simply an adaptation of the ~ equivalent classes
of a single triangle pattern to pairs of triangle patterns, accounting now
for the WCG symmetries (1.224). Thus, we define left-triangle pattern
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and right-triangle exchange operators as follows:

T T s 7’ 7’ T
(l) a%- a;r a#_l all a2, AR an/_l
T; 1 bz bn—l b71r bg s bg—l
kl kz . kn—l ]{31 k‘Q ce kn—l
— (_1)a;'+b;‘—k,;
T T s 7’ 7’ !
a71r b%r a%_l ai  aj Q1
X kl : ‘;fz' Zn—l 03 by _ )
. . / 7 7
1 (3 n—1 1 kf2 n—1
(2.148)
a’ al a’ al al - ar
(r) Iy n—1 1 i, ~1
T; T b3 by I b7 br
i k,‘l k,‘2 kn—l 1 i n—
1 / 7
1 ke n—1 k. k
1 ) n—1
= (1) b -k
T T T . T 7’
a71T a72T ‘e a;rl_l ai b7 , Up_1
% Zl k2 - Zn_l 71T - azf e bg—l
- I ’ 7
1 k2 n—1 1 k; 1

(2.149)

The values that the index i can assume are exactly those described below
(2.130), applied now separately to the left-triangle pattern and the right-
triangle pattern.

The set of triangle coefficients of order 2n — 2 can be partitioned into
~ equivalence classes by application of the exchange operators (2.148)-
(2.149). We prefer now to call each ~ equivalence class of triangle co-
efficients a phase-equivalent class. Before determining the distribution
of the set of triangle coefficients of order 2n — 2 into phase-equivalent
classes, it is convenient to consider how this process is effected for small
values of n. We return to the general problem in Sect.2.2.11.

Examples: Triangle coefficients for n = 2, 3.

It is convenient to set j1 = a,jo = b,j3 = ¢, j4 = d in the following
examples. Moreover, because of our focus on the properties of triangle
coefficients in binary coupling theory, we present these examples in their
entirely, giving the binary trees and triangle patterns, as well.

n = 2 : There is but a single standard labeled binary tree and corre-
sponding triangle pattern, as given by
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a b a
T(ab)j = \/ — ( b ) . (2.150)

There are four triangle coefficients of order 2 corresponding to all
permutations 7,7’ € Sy :

a a

] B -y et
J J a,
a b b a ' '
blap=qal be=3CrilCson =",
il jlg o
b | b | |
a | a =Y Chtichel =1 (2.151)
J J o,

The middle relation is a consequence of the identity of triangle coeffi-
cients under the interchange of left- and right-triangle patterns.

n = 3 : There are two standard labeled binary trees with labels j; =
a,ja2="b,j3=c¢ given by

a b a k

T((abc); k‘)j = %O Cc — ( Z c ) R
j J
b c b a

T'((abe); k); = a \% — ( ]f: k ) .
j J

These two standard labeled triangle patterns, together with all permu-
tations of a, b, c give the 3!2 = 12 labeled triangle patterns. Any of the
twelve can be chosen as the left-triangle pattern and any of the twelve
as the right-triangle pattern, thus giving 144 triangle coefficients. This
set of 144 triangle coefficients is then partitioned into nine equivalence
classes by application of the exchange operators (2.148)-(2.149), which
gives sixteen phase-equivalent triangle coefficients in each of the nine
classes. The representatives of the nine equivalence classes can be ob-
tained as follows: There are three ~ equivalence classes with represen-

(2.152)
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tative triangle patterns given by (2.135):

a k a k b k
b c |, c b ], | c al]. (2.153)
k j k j k j

There are four ~ equivalent patterns in each equivalence class.

We now select any of the three representatives from (2.153) to be
the left-triangle pattern or to be the right-triangle pattern (with k re-
placed by k') to obtain nine equivalence classes of triangle coefficients,
each of which contains sixteen phase-equivalence triangle coefficients by
application of the exchange operators (2.148)-(2.149). But now a new
phenomenon enters, again due to the properties of the WGC coefficients
that enter into the expression of a triangle coefficient in terms of a sum-
mation over 2n — 2 such SU(2) WCG coefficients. We list first these
results and then outline the proof. We have the following three identi-
ties originating from the property that the entries in the first two rows
of the first column in the left-triangle pattern match those in the first
column in the right-triangle pattern, and this gives the three relations:

a k a K

b C b C - 5k7k/7

k J K g

a k a Kk

c b c b = Ok, (2.154)
k J K g

b k b K

c a c a = 5]@7143/.

k J K g

We list the remaining six in terms of the following reference coefficient:

a k b a
\/(2l<: + 1)(2K' + 1) W(abjc; kk') = { b ¢ c Kk } . (2.155)
kK j| kK 3

The notation W (abjc; kk') was introduced by Racah [143]; hence, this
coefficient is called a Racah coefficient. This expression of a Racah co-
efficient in terms of a summation over four WCG coeflicient is, by con-
vention, standard (see Ref. [21] for the notations used here). We discuss
at length below the structure of Racah coefficients. The remaining six
representative triangle coefficients are expressed in terms of the Racah
coefficient by
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a k| b K o

b ¢c| ¢ a = (=) (2k 4 1) (2K + 1) W (abjc; kk'),

A

a k| a K o

b c| ¢ b = (=) M2k 4+ 1) (2K + 1) W (bajc; kk'),

E j| K j

a k| b K ,

c b| c a = (=1)*F0FeTi/(2k + 1) (2K + 1) W (acjb; kk'),

kE j| K j

b k| a K ,

coal bocop = ()RR DRV D W (ehio ),
JI K J

a k| a K o

c b| b ¢ = (=1)@ R/ (2k + 1) (2K + 1) W (cagb; kK'),

k j| K j

b k| a K ,

c al ¢ b = (=1)atbtemd/(2k + 1) (2K + 1) W (bcja; kK').

E j| K j

(2.156)

Proof. The verification of the validity of relations (2.154) and (2.156)
goes as follows: First, each triangle coefficient of order four is expressed
as a summation over the projection quantum numbers of four SU(2)
WCG coefficients as given explicitly in terms of the fork triangles by
(2.147). Relations (2.154) are consequences of the orthogonality rela-
tions (1.145)-(1.146). Relation (2.155) is the definition given by Racah
(see Ref. [21] for the notations used here) of the Racah W-coefficient.
Relations (2.156) are then rearrangements of the order of the four WCG
coefficients in relation (2.155), where the classical symmetries (1.224) are

used to bring the rearrangement into the form that gives these relations.
O

It is important to note that relations (2.156) are not applications of
the exchange relations (2.148)-(2.149) alone. Moreover, we could, with
slight changes of the representatives (2.153) (see (2.157 below), have
placed the definition (2.155) among a representative set of six relations
similar to (2.156). As the representative set of the equivalence classes
stand in (2.156), relation (2.155) is phase-equivalent to the first-listed
triangle coefficient. Which member we choose for the representative of
an equivalence class is, of course, arbitrary.

It is also the case that the last three relations in (2.156) are obtained
from the first three, respectively, by the interchange of the left-triangle
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pattern and the right-triangle pattern, followed by the interchange of
k and k. This gives the following three symmetries of the Racah co-
efficient: W(abjc; kK'k) = W (cbja; kk'), W (bajc; k'k) = W(cajb; kk'),
W (acjb; k'k) = W (bcja; kk'). These symmetries are special cases of more
general symmetries that will be taken up later.

Remarkable simplifications have occurred. The set of (nla,)? =
((6)(2))? = 144 triangle coefficients of order four corresponding to all
possible selections of the left- and right-triangle patterns reduces to 48
that are equal to phase factors or to zero, and 96 that are of the form
(phase factors) x (square-root dimension factors associated with the in-
ternal angular momenta) X (one basic coefficient), the latter being
the Racah coefficient W (abjc; kk') with the six permutations of its ex-
ternal angular momentum parameters a,b,c.) This result itself is quite
striking, but still would be quite complex, since a triangle coefficient of
order four is a summation over four WCG coefficients. The fact that this
complex object can be brought to a comprehensible form is also due to
Racah [143]. The Racah coefficient, in turn, is related to a standard ob-
ject in mathematics, the 4F3 hypergeometric function of unit argument.
Because Racah coefficients are the basic entities out of which all trian-
gle coefficients are built (see the Sixth Fundamental Result below), we
present their properties before returning to the general counting prob-
lem of equivalent classes of general triangle coefficients of order 2n — 2
in Sect.2.2.11.

2.2.8 Racah coefficients

We present the definition of the Racah coefficient in terms of all three
notations used above, the labeled tree diagram, the triangle coefficient
of order four, and as matrix elements of the recoupling matrix:

a b b c
J j

a k b a
— b c c k/ — (R/_(l:llf?[z/c’ a(bC))
k j k! j ’ k,jm;k',j,m
= /(2 + 1)(2k" + 1)W (abjc; kk'). (2.157)

The orthogonal matrices appearing in the recoupling matrix

tr
ab)c; a(be ab)c a(bc
Rt — o () (2.158)
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are the orthogonal matrices with elements given in terms of the WCG
coefficients associated with the respective standard labeled binary trees
by

(ab)e _ a
(CT )k,j,m;aﬂﬁ = Ca ﬁ a+ﬁ Ca+ﬁ v m’
(2.159)
a(be) _ kK ~a kg
(CT' )k',j,m;a,ﬁ,v = 33 o oy

Thus, the explicit expression for the Racah coefficient in terms of four
WCG coeflicients is

vV (2k + 1)(2k" + 1)W (abjc; kk')

/ k/ y
- Z Ca B a+ﬁ Ca+ﬁ ’Cy Zn Cﬁ Y 5-‘1-"1 Cg B+ 731 - (2.160)

(aa ﬁa ’7) < C(av ba C)
a+G4+y=m

As noted several times, the summation over WCG coefficients gives a
numerical value that is independent of m = 5,7 — 1,...,—j. It is also

8)

convenient to denote the elements of the real orthogonal matrix C’ =

U;j) that brings the Kronecker product D4 to Kronecker direct sum form
(see (2.32)) by a slightly modified notation:
oW = ¢3he) (2.161)

where sh(j) denotes the actual bracketing or shape of the angular mo-
menta j assigned to the external points of the tree T.

The summation in (2.160) can be carried out to give

W (abjc; kk') = (—1)* e A(abk) A (kej)) A(ak' §) A (bek!)

X hz (—1)*(h + 1)!
e (h—a—b=Rlh—k—c—jlih—a—K—j)
y 1
(h—=b—c—K)l(a+b+c+j—h)
1

2.162
Gt cr kit b b+t kt kRN (2.162)

where hpin and hApax are defined by

hmin = max{a + b+ k. k+c+ja+k +jb+c+ kY,
(2.163)

hmax = min{a+b+c+ja+c+k+k,b+j+k+k}.
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We refer to the A-factors as delta-triangle coefficients. They are defined
on all triplets of angular momentum labels a, b, ¢ such that the triangle
rule ¢ € (ab) holds:

Afabe) = \/(a—i—b—c)!(a—b—kc)!(—a—i—b—i—c)!' (2160

(a+b+c+1)

The delta-triangle coefficients A(abk), A(kcj)), A(ak’s), A(bck”) oc-
curring in the Racah coefficient (2.162) are intrinsic characteristics of
a Racah coefficient as inherited from the WCG coefficients occurring in
(2.160). Thus, from the definition (ji1 j2) = j1+72, 51 +7d2—1,. .. |71 —Jjal,
we have, for specified (a, b, ¢, j), that

k€ (ab) and k € (cj); k' € (bc) and k' € (aj). (2.165)

It is quite remarkable that Racah was able to carry out the summa-
tion over four WCG coefficients occurring in (2.160) to obtain the one-
parameter summation expression for the W-coefficient given by (2.162).
Since each WCG coefficient is itself a one-parameter summation expres-
sion, the summation in (2.160) is over six parameters. We comment
below in the Remarks on Racah’s method.

Racah coeflicients satisfy the row and column orthogonality relations
given by

> (2K + 1) (2K + )W (abje; kK )W (abjc; kk") = G gor,
k
(2.166)

D 2k +1)(2K + 1)W (abje; Kk )W (abjc; K'K') = 6 -
k/

We prove this relationship and others below in the context of the prop-
erties of recoupling matrices.

It is customary to introduce the so-called 6 — j coefficient in place of
the Racah W-coefficient because of the enhancement of symmetries that
the 6 — j coeflicient exhibits. It is defined by

{ oy }: (1) (abjie; kK. (2.167)

The 6 — j coefficient is then invariant under all permutations of its
columns, and under the interchange of any pair of elements in the top
row with the corresponding elements in the bottom row. The triangles in
the 6 — j coefficient are (abk),(cjk),(ajk’),(cbk’), and the symmetry
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relations preserve these delta-triangles. There are actually 144 symme-
tries of the 6 — j coefficient, or the W-coeflicient, as derived from their
generating function in Sect. 4.6, Chapter 4. All these symmetries can
also be verified directly from the explicit form (2.162).

Remarks.

(a). The summation on the right-hand side of (2.160) is over four
WCG coefficients, each of which is itself a one-parameter summation
expression, this giving rise to a six-parameter summation over factorial
terms. Racah’s method of summation was to locate a term (Iiy) in
this expression and apply the binomial sum rule (1.159), thus “lifting”
the summation to a seven-parameter summation. After repeating this
process four times, a ten-parameter summation expression was reached
in which the factors were organized in such a way that all but one of
the internal summations could be carried out, thus giving (2.162). This
process is given in detail in Ref.[21], but it has never been analyzed
structurally in a way that reveals why it works. Such an analysis might
be quite useful, especially, in view of the relationship of WCG coefficients
and Racah coefficients to hypergeometric series, as we next point out.

(b). The WCG coefficients and Racah coefficients are expressible in
terms of terminating 3F, and 4F3 hypergeometric coefficients, respec-
tively, evaluated at unit argument. These formulas are complicated by
the fact that neither WCG coeflicients nor Racah coefficients start off in
their summation expressions as given by (1.213)-(1.214) and (2.162) with
the first term in the sum being equal to 1, as is the case for terminating
hypergeometric series. Adjustments for this must be made by shifting
the summation indices. But the shift itself depends on the magnitude
of the various denominator factors of the form («; — k)! of which there
are several. Taking this into account leads to the following forms of the
WCG coefficients and Racah coefficients in which a shift factor § occurs
in the parameters of the hypergeometric coefficients:

af —vy
b —a1, —az, —as
:N1<Zﬁ$>3F2 1|, (2.168)
b+ 1, by + 1

where the multiplying factor N7 and the parameters ai,as, a3z have the
following definitions:

cats=otovart( 6 ©, )
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ab c _ (_1\atb+y—4 A(abc)
Nl( >—< D o Tl 6]

[(2¢+ 1)(a 4+ )l(a — )b+ B)!(b — B)!(c+)(c — Y2,
(2.169)

—ay=a+a—9, —aa=b+a+y—0, —a3=c+y—9,

by =6, — 6, by = 65 — 6.

The shift factor ¢ is the minimum value in the sequence
(a+a+b+p,,b—F+c+v,a+a+c+7), (2.170)

and 01 and - are the two quantities remaining in this sequence, in either
order, after striking out the minimum value . The 3F; series (2.168) is
always well-defined: It terminates at the summation index value k =
min(ay, az, as).

The W coefficient has a similar relation to the 4F3 hypergeometric
function of unit argument:

W(abdc;ef):(—l)a”*c*d{g Z ;’; } (2.171)

—a1, —az, —asz, —a4
=N2<a26>4F3 N
¢ f —5—1,by+1,by+1
where the multiplying factor Ny has the following definition:

a b e
N2< c d f >
_(=1)atbrerd=d A(abe)A(ecd)) Alafd) A(bef) (S + 1)!
(a1)!(az)!(az)!(as)!(b1)!(bo)! ’
—a1=a+b+e—9, —ao=c+d+e—9,

(2.172)
—ag=a+d+f—90, —ag=b+c+ f -9,
by =01 — 9, by = dg — 0.
The shift factor ¢ is the minimum value in the sequence
(a+b+c+datct+e+ f,b+d+e+ f), (2.173)

and 1 and o are the two quantities remaining in this sequence, in either
order, after striking out the minimum value §. The 4Fj series (2.171) is



136 CHAPTER 2. COMPOSITE SYSTEMS

always well-defined: It terminates at the summation index value k =
min(aq, as, as, as), before the 0 in the denominator is reached because of
the relation a; > —6 — 1,7 = 1,2,3,4. The 4F5 hypergeometric series is
Saalschiitzian; that is, its parameters satisfy —(a1 +ag +ag +aq) +1 =
—0d1 — 1+ 02 + 02, in consequence of 2(a+b+c+d+e+ f) =+ 01+ da.

If the definition (2.160) of the Racah coefficient is written in terms
of 3F5 and 4 F3 hypergeometric series of unit arguments, the square-root
delta-triangle factors cancel from each side of the relation, so that an in-
tricate identity remains with no square roots, which involves a quadruple
summation over four 3 F5 hypergeometric series, with multiplying factors,
being equal to a Saalschiitzian 4F3 hypergeometric series with multiply-
ing factors. This is the relation that Racah proved. To our knowledge,
the underlying structure of this identity has not been put in the con-
text of hypergeometric function theory, especially from a combinatorial
perspective.

(c). Hypergeometric series in which one or more numerator parame-
ters is a negative integer —n are finite sums that are essentially polyno-
mials, as shown by the following identity:

L1, L2y ...y Tp—1, —N
oy 2 (2.174)
Y1,Y2,---,Yq
_ N @)k(m)r - (@p-)i(=n)i 2" pPy(xiys 2)
—~ (Y1)e(y2)k - (Yg)r k! I1Win
n n p—1 q
o) =30 () # TTeon Lo+ @7
k=0 =1 7=1

where x = (21,22,...,2p-1), Y = (Y1,Y2,...,Yq). Relation (2.174) is
valid for all values of these parameters such that no zeros are introduced
into the denominator. (See Sect.11.5.3, Compendium B.)

(d). A fascinating aspect of the polynomials , P, is that they can have
integral zeros that give rise to zeros of a WCG or Racah coefficient that
would otherwise have no reason to be zero: The polynomial ,F;, may be
viewed as a Diophantine equation that gives what are called nontrivial
zeros of WCG and Racah coefficients. While such zeros are well-known
(see Ref. [113] for a review), this subject of zeros has not been examined
in the context of terminating hypergeometric series, to our knowledge.

We return now to the properties of recoupling matrices and their
relationship to triangle coefficients and Racah coefficients.
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2.2.9 Recoupling matrices for n =3

All 144 recoupling matrices for n = 3 given by

'’ . tr
R;},ljgzr(abc));sh (7’ (abe)) _ C;h(w(abc)) <CZS$1 (7 (abc))> : 71‘,71‘, € S,

(2.176)
can be obtained from the 9 representative triangle coefficients defined by
(2.154) and (2.156). where we now use the shape notation (2.161) for the
enumeration of these recoupling matrices. For example, for w(abc) = bea
and sh = ((00)o), we have sh(m(abc)) = sh(bca) = ((bc)a) = (bc)a, where
we drop the outside parenthesis pair. The representative recoupling ma-
trices are those with elements given by the following relations:

a k a K
(Rg??q (ab)c) R b ¢ =00,
) k,jm;k’,j,m k j K ]
a k a K
(Rrg?crl)wb; (ac)b) — c b C b = 5k k' (2177)
: k., j,m; k' g,m kE j K g 7
b k| b K
(Rg,c:)ﬁa; (bc)a) —J ¢ a c a p=0k;
) k,jm; k', j,m k j K ] 7
k| b K
(R(ab)c; (bc)a) = z (& c a
T’ T k,j,m§ k »J,1 k j k/ ] ’
k K
( plab)e; (ac)b) D A
T, T k,g,m; k', j,m k j k/ ] ’
a k b K
(Réﬂf‘;’b; (bc)a) = { c b| ¢ a } ;o (2178)
k,jm; k', jm kK 31 K 3
bk K
(R(bC)a; (ab)e) D O
T, T k,jm; k' 5m E j | K 4 ’
k K
( R(ac)b; (ab)c) — g b Z C
T, T k,jm; k' ,5,m kE j| K 4 ’
bk 4
( pbea: (ac)b) D A :
T, T k,g,m; k', j,m k j k/ ]
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While the matrix elements of these representative recoupling matrices
are independent of m, this projection quantum number is retained so as
to enumerate all matrix elements for m = 5,5 — 1,...,—j in accordance
with the order of these matrices:

Jmax
> (2§ + 1)Cj(abe) = (2a+1)(2b+1)(2¢ + 1) = N(abe),  (2.179)
J=Jmin
where jpin = min{|a £ b+ ¢|} and jpmax = a + b+ ¢ (see (2.13) and
(2.21)).

Each recoupling matrix R;%l:ﬁ?(abc));Sh (™'(@) s an element of the

group of unitary matrices H(N(abc)), as given by (2.49). For the case
at hand, we have:

H(N@be) = {3 @(Wﬁgw(abe)m,(sh(w(abc))u)® 12j+1>

J=Jmin

‘W}?}}f”(“bc”’j” Sl (b)) ¢ 17 (Nj(abc)} . (2.180)

Accordingly, the recoupling matrix prh:ﬁr(abc));Sh (m(@) has the direct

sum expression given by

jmax
hwabc;hlw’abc hwabc,';h,w’abc,'
REr(ate)) s (v (abe) 3 @<R%,( .99 (' >>J>®12j+1>7
J=Jmin
(2.181)

R;}’lg(abC))J); sh' (' (abe)).5) € U(N,(abc)).

We recall that the CG number N;(abc) is determined by relations (2.37)-

(2.38), where M;(abc) is the number of compositions (11, (2,13) of a+b+
c— j into three nonnegative integer parts such that 0 <1l; < 2a,0 <[y <
2b,0 <3 < 2¢; it is also determined by the multiset (abc).

All 144 reduced recoupling matrices are members of the unitary group

U(Nj(abc)). For example, we have that W:(Falr})f: 3:¢@9)J i the matrix with
nonzero elements given by

(W}?Z)T)/C’j;c(ab)’j = (=) TG . (2.182)

>k,j;knj a
Applied to the Racah coefficient defined by (2.155), we have that

be)

W}?bT),c,j;a( J e U(N;(abe)), (2.183)
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which signifies that the matrix elements given by

(wiegeret9T) = R+ DEF F DW (abjes k) (2.184)
’ Jik'3

are the elements of a real orthogonal matrix of order Nj(abc); that is,
they satisfy the orthogonality relations given by

> (2K + 1) (2K + )W (abjc; kK )W (abjc; kk") = G gor,
k
(2.185)

D 2k +1)(2K + 1)W (abje; kE )W (abjc; K'K') = 6 -
k/

All other nontrivial recoupling matrices give these same relations, with
permutations of a, b, c.

The set of reduced recoupling matrices does not constitute a subgroup
of U(N;(abc)), as noted earlier for the general case. There is, however,
an interesting result originating from relation (2.125). We apply this
relation for n = 3 to the following special case of labeled trees, using the
shape notation above:

b)c;(be)

(be)a;(ac)b b

a a ab)c;(ac
Ryt gloysadt = Rlabitaclt, (2.186)
This relation is expressed in terms of triangle coefficients by
a k b k' b K| a K
Z b ¢ c a c a c b
o k ] k/l j kl/ ] kl ]
a k| a K
=< b c| c b ;. (2.187)
kE j| K

These triangle coefficients are, in turn, related to Racah coefficients by
relations (2.178) and their phase-equivalents. Making the appropriate
substitutions gives the following relation between Racah coefficients:

D (=) 2K 4 1) W (abje; kK" )W (bejas k'K
kl(
= W (abjc; kK'). (2.188)
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This relation is an identity known as Racah’s sum rule:

The trivial relation (2.186) for recoupling matrices expresses the famous
Racah sum rule.

The use of (be)a as the middle factor in relation (2.186) is arbitrary, and
we could just have well used some other shape and permutation, but no
new relations emerge.

2.2.10 Recoupling matrices for n =4

There are (4!(5))? = 14,400 recoupling matrices

R;fz;l?cd);w’(abcd) _ C;(abcd) C;i(abcd)tr’ (2.189)

corresponding to all m,7’ € Sy, and all T,T" € Ty, there being ay = 5
binary trees in the set T4. These are given in Sect. 2.2, and we denote
them in the ordered listed by T1,75,7T5,1Ty,T5. The corresponding stan-
dard labeled trees are given in the shape notation by

T1([(ab)cld), Ta (a[b(cd)]), T5((ab)(cd)),

Ti(al(be)d]), T (al(be)d)), (2.190)
where, for clarity, we have also used [] as a parenthesis pair. Thus,
considering all twenty-four permutations = € Sy of (a, b, ¢, d), there are

120 triangle patterns. There are dy = 18 representative binary trees (and
corresponding triangle patterns) given by (2.141).

Twelve representatives correspond to ¢ = 1 and are given by

aq ob a ki kp

ky oc =Ti([(ab)dd)— | b ¢ d |, (2.191)
ko od ki ke j
J

together with those with external o labels given by the permutations

[(ab)c]d — [(ab)d] c,[(ac)b] d, [(ac)d] b,
[(ad)b] ¢, [(ad)c] b, [(be)a) d, [(be)d] a,
[(bd)a] ¢, [(bd)c] a, [(cd)a] b, [(cd)b] a. (2.192)
There are eight ~ equivalent triangle patterns in each of the twelve

classes with these representatives, giving 96 triangle patterns in all for
t=1.
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Four representatives correspond to ¢ = 2 and are given by

a b ¢ d a ¢ ki

°© 2 =T3((ab)(ed)) — | b d ka |, (2.193)
k‘l kf2 kl k2 ]

J

together together with those with external o labels given by the permu-
tations

(ab)(cd) — (ac)(bd), (ad)(be), (be)(ad), (bd)(ac), (cd)(ab). (2.194)

There are four ~ equivalent triangle patterns in each of the six classes
with these representatives, giving 24 triangle patterns in all for ¢t = 2.

The distribution (2.191)-(2.194) into ~ equivalence classes accounts
for all (12)(8) + (6)(4) = 120 = nla, = (24)(5) = 120 triangle patterns
P(jk); of order 4 (see (2.129)) corresponding to the set of labeled binary
trees {T( () k); | T € Tq,m € Sy}

The left-triangle pattern and the right-triangle pattern in a triangle
coefficient of order 2(4) — 2 = 6 can be any of the 18 representatives
of a ~ equivalence class of triangle patterns of order 4. Thus, there
are (18)(18) = 324 disjoint equivalent classes of triangle coefficients,
representatives of which are given in terms of the representatives of left-
triangle patterns and right-triangle patterns under the ~ operation as
follows:

i). left: 12 of type t = 1, right: 12 of type t = 1;
(ii). left: 12 of type t = 1, right: 6 of type t = 2;
i). left: 6 of type t = 2, right: 12 of type t = 1;

). left: 6 of type t = 2, right: 6 of type t = 2.

Set (i) of representative triangle coefficients contains (12)(8)(12)(8) =
9,216 phase-equivalent triangle coefficients; set (ii) contains (12)(8)(6)(4 )
= 2,304 phase-equivalent triangle coefﬁments set (iii) contains (6)(4)(12)
(8) = 2,304 phase-equivalent triangle coefﬁments and set (iv) contains
(6)(4)(6)(4) = 576 phase-equivalent triangle coefficients. This distri-
bution of triangle coefficients into 324 disjoint phase-equivalent classes
thus accounts for all (4!(5))? = 14,400 triangle coefficients (2.147) cor-
responding to all labeled trees for T, 7" € T4 and 7,7’ € Sy.

The above analysis gives 324 representative triangle coefficients with
six columns to consider, three columns in the left-triangle patterns and
three columns in the right-triangle pattern. If any column in the left-
triangle pattern and any column in the right-triangle pattern have the
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same entries in row 1 and row 2, we say that the two patterns have a
common fork. If the left-triangle pattern and the right-triangle pattern
have a common fork, then it follows from the expression (2.147) of the
triangle coefficient as a summation over a product of six WCG coefficients
that the common forks give the factor

T
{ y } ch G E (2.195)

Thus, whenever the left-triangle pattern and the right-triangle pattern
have a common fork, a triangle coefficient with six columns reduces to a
triangle coefficient with four columns; that is, to a the Kronecker delta
factor dj, ;. times a triangle coefficient of order four.

A pair of the eighteen representative left-triangle patterns enumerated
n (2.191)-(2.194) have a common fork, if and only if the first column
in each pattern is a common fork. This gives (18)(3) = 54 represen-
tative triangle coefficients that reduce to triangle coefficients of lower
order. We are left with 270 triangle coefficients of order 6 to consider.
All other triangle coefficients of order 6 are related to these by phase
factors. Correspondingly, there are 270 recoupling matrices to consider.
Further progress on the classification of triangle coefficients and recou-
pling matrices depends on finding additional elements of structure that
bring deeper insight to the problem.

Such progress can be made by considering further special examples
that suggest a more general conceptual framework. We consider three
examples for n = 4 of recoupling matrices taken from Ref.[21] that
illustrate such possibilities:

It is the simple multiplication property (2.125) of recoupling matrices
that is the basis for relations among triangle coefficients of order 2n — 2.

We need to consider relations such as

ac)(bd);[(ab)cld ac)(bd);[(ac)bld ac)bld;[b(ac)]d
R%,:)FE )il(ab)] :RL}&% )i[(ac)d] RLA,%} [b(ac)]

" Rggyg}d;uba)c} Rgf%ld llab)eld 9 196)

This notation is still too encumbered for such products with many fac-
tors, expecially when matrix elements are taken.

We introduce some abbreviated notations in order to display the re-
lations of interest by the (arbitrary) assignment of integers as follows:

1 = Ti([(ab)c]d), 2=Ti([(ab)d]c), 3 =Ti([(ac)b]d),
4 = Ti([(ba)cld), 5 =Tx(c[a(bd)]), 6= Ts((ab)(cd)),
7 = Ts((ac)(bd)), 8 =Ts((ad)(bc)), 9= Ts((ca)(bd)),
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10 = T(b(ac))d), 11 = Tx(cl(ab)d]), 12 = T ([d(ab)le)
13 = Ts(d[(ab)c]). (2.197)
We then have the following relations from (2.196)-(2.197) and (2.127):

W7;1 — W7;3w3;10w10;4w4;1
— W7;9W9;5W5;11W11;2W2;12W12;13W13;1, (2198)

76 __ 7:371173;1071710;47174;11171;6
WP = WHPW W S A WS 50,

The two distinct expressions for W 7! give the Biedenharn-Elliott identity
(see Ref. [21]) and that for W76 gives Wigner’s [183] definition of the so-
called 9 — j coefficient. Remarkably, as noted above, these results are

expressions of the simple multiplicative property of recoupling matrices
given by (2.125).

The evaluation of the matrix elements occurring in the products
(2.198) is quite tedious. We illustrate, by two examples, how the cal-
culations are effected, and how the triangle coefficients of order 6 reduce
to lower order triangle coefficients of order 4 and 2. The underlying rea-
son for these reductions is, in every instance, that summations can be
effected over subsets of WCG coefficients in the explicit expression of
triangle coefficients of order 6. It is never required to examine explicitly
these sums over WCG coefficients, since it is always evidenced directly
in terms of the triangles patterns that occur in the triangle coeflicient.
There are, however, some subtleties in the standard labelings that occur
and to which careful attention must be paid. This is best illustrated by
an example:

a c b d aao oc

° R ki ob
k1 ko K, d
] J

J

b kio | kio kb
:5k1,k;{ d ke | b d } (2.199)
ke J | ky
d ko b d
:(5]“7]%{ b klo klo ]Cé }
kye j ky g

= 0r, i\ (2ha + 1) (25 + 1) W (dbjhy; k).
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This result shows that when a fork of type col(o o e) is removed by
the orthogonality relation (2.195), which in terms of labeled forks is

expressed by
a b a b
{ \/ \/ }: Ok

k K
(2.200)
a b b a
{ NN }z (1o,
k k

then, the root of the fork must be replaced by o. Indeed, this is the
inverse process to

o \,/O (2.201)

which represents the bifurcation of an external point o into another fork
that is adjoined to the tree. We indicate this property by writing a o
to the right of k1 in the triangle coefficient in (2.199), as illustrated by
col(kjo, kg, j) and col(kjo, b, k), which indicate that these triangles are
of type col(o e @) and col(o o e). The adjacent o to k; does not change its
numerical value; it is only a reminder that this k1, which was previously
a root label, has now become the label o of an external point.

We emphasize again that triangle coefficients are a convenient pre-
sentation of pairs of standard labeled binary tree coefficients, as defined
in terms of generalized WCG coefficients by (2.146)-(2.147). It is the
labeled binary trees that are basic, since we have not solved the inverse
mapping problem of defining a triangle coefficient such that its triangles
always define a pair of standard labeled binary trees.

The evaluation (2.199) is for the factor (W73))y, k, ;- ki k,.j in relation
(2.198). The remaining factors are similarly evaluated:

aQ

310 ke | a b K,
— 5 _ /
= V) by = dlc k d
IR Ry g
= Oy by Oy g (— 1) (2.202)
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a c ba oa
bo ky kA oc
k™ ° d Ry e d
J J
10:4 a b ]{32 b kll ké
= (W )kl,kg,j;k;,k;,j ={ ¢ k d|a c d (2.203)
kv ke g KyOKy, g
a b|b K b oK, | a b
= 5k2,k§ c ki a & = 5k2,k§ { a & c k }
kl kf2 /{i k‘g ki /{2 /{1 kg

= Gy ay/ (261 + 1)(2K + 1) W (bakacs Kk )

bao oa aq ob
k1 oc K} oc
/{2 od k‘é od
J J

b ki ko

4;1 b ki ké
= (W 7 )kl,k’m]’?k’ivkéJ - ]:1 ]:2 ;Z kbi kcé ‘Cj

= 5k1,k;5k2,k;(—1)“+b_kl. (2.204)

Finally, taking matrix elements of the four products in (2.198), and using
the above relations (making the adjustments in the intermediate row and
column indices that are summed over), we obtain:

a c b d aqaq ob

O Q o] ki oc
e |
' J

J
_ ( [jgzc%gbd);[(ab)c}d)k R :{ CCL Z ]Z.; g kcll 1222 }
1k, 53 kb ki ke | Ky Ky
b oK | a b d k| b d
_ (_1)a+ké—k1—k{ a ¢ c k { b kio | ko ké }
A N ke j | ky J

= (~ )T 2k o+ 1)(2K + 1)(2h ) (2K + 1)
W (baklye; K, ky )W (dbjkys kekl).  (2.205)



146 CHAPTER 2. COMPOSITE SYSTEMS

Similar calculations for the second form of W7t in (2.198) give:

a c b d aq ob

O Q o k,i oc
e |
' J

J

a b k
_ ( pllac)(bad);[(ab)cld = d k
(RT37T1 >k1,k2,j§k/1,ké7j { : k ;

ki ke J | K Ky
) ) a ky| b a
= (—D)*RRERNTS b d | d ke (2.206)
UK k| ke Kk

c Kk a c d
X a koo | koo k ko
ki j kK j k

= (~ )T (k4 1)(2K + 1)(2h ) (2K + 1)

.0

x> (2k + 1)W (abld; k; ko)W (cagka; ky k)W (dkje; kk).
k

The B-E identity in the three notations, paired-tree coefficients, triangle
coefficients, and Racah coefficients is expressed by (2.207)-(2.209):

a b b d c a a ko
> k%odawg k%okgcw
k k k J J
d K} K} c
X /{Q\éo c|d wg
J J
a c d b
b wl /{QQ\</O k‘l
K J

2

b a C ]{31
d k‘Q a /{2 o
ke k ki J

b k1
d <\>//z§ :
J

(2.207)
a e d k| Ko d
koo K Ko ¢ | ¢ K
kg kgl Ky

b 1 a b d ko b d
= a ¢ | ¢ Kk { b kio | kio k) } ; (2.208)
Kok | ko K ke § | Ky
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Z(Qk + 1)W (abkd; K} ko)W (cajke; kik)W (dk)jc; kkS)
k

= W (bakye; Ky k)W (dbjky; kakb). (2.209)

Wigner’s notation for the 9 — j coefficient, which occurs in the second
line below, encodes the labeled forks of the pair of binary trees as rows
and columns of a 3 x 3 array enclosed within brackets in the manner
shown. Thus, the 9— j coefficient is defined in terms of the triangle coef-
ficent associated with the left-triangle pattern and right-triangle patterns
shown, multiplied by the square roots of the root labels of the forks. It is
expressed in terms of the matrix elements of the recoupling matrix W76
defined in (2.198) by adjoining the recoupling matrix W%° to the right
of W71, The matrix element calculation gives

a c b d a b ¢ d
O (@] [e] O (@) [e]
{0 S 4 )
J J
a b Kk
= @k + DEK, + D@k + DEK DL ¢ d K
kv ky g
_ 7;6 T:1v571;6
= (W) kiekings = VW) ki ks
a b k|a c K
_ (jof%gbdﬂab)(cd)) =X e d k| b d K
ki,k2,5; k1 ,k5,3 ]{1 k2 j kxi kfé ]
b kio | ko k
Z a+k ki— { d k2 b d }
k kay g ko j
b oK |a b Ko k| ¢ Ko
X a ¢ | c k { c d| d ké}
o k| ko k k ky g

_ \/(21<:1 +1)(2K, + 1)(2ks + 1)(2k) + 1) Y (—1)etk—hah
k

X (2k + 1)W (dbjky; kok)W (bake; k k1 )W (K cid; kkY). (2.210)
The computations given above are very tedious, but the underlying

recoupling matrix multiplication structure (2.198) of such relations is ele-
mentary. Relations between Racah coefficients can be constructed almost
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at will simply by writing out such relations. Summations of products of
Racah coefficients can be obtained that can’t be reduced to a sum over
products of a fewer number, which is the case of the Wigner 9 — j co-
efficient, as will be shown. Such relations are encoded by the shapes of
the trees appearing in the sequence of multiplications of the recoupling
matrices. Let us illustrate this for the cases considered above, including
the Racah sum rule, and comment on their significance afterwards:

1. Racah sum rule:

(a) first path:

(ab)e 2 a(be) S (be)a 2 b(ca)
€ bac) S (ac)b. (2.211)
(b) second path:
(ab)e S clab) 2 (ca)b S (ac)b. (2.212)

2. Biedenharn-Elliott identity:
(a) first path:
(ac)(bd) 2 [(ac)bld S [b(ac)]d
A [(ba)dd S [(ab)d]d. (2.213)

(b) second path:

B

(ac)(bd) S (ca)(bd) 2 cla(bd)] 2 c[(ab)d]
S [(ab)de S [d(ab)le 2 d[(ab)e] S [(ab)dd.  (2.214)
3. Wigner 9 — j coefficient:
(a) first path:
(ac)(bd) 2 [(ac)bld S [b(ac)ld 2 [(ba)dd S [(ab)dd
A (ab)(cd). (2.215)
(b) second path:
[(ab)c]d 3 [a(be)ld 2 a[(be)d] S ald(be)] 2 a[(db)d]
S [(ab)da S [(bd)da. (2.216)
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These sequences of commutation transformations C and association trans-
formations A from one binary tree shape to another encode various paths
whereby the final bracketing scheme can be reached from the initial one
by using only these elementary operations. The corresponding product
of recoupling matrices is then written out directly from these paths. For
example, the application of the two paths (2.211) and (2.212) gives

R(ab)c;(ac)b _ R(ab)c;a(bc) Ra(bc);(bc)aR(bc)a;b(ca) Rb(ca);b(ac) Rb(ac);(ac)b

T, T T, T T T T, 7 T, T T
= Ryl gefiteal pleaitock (2.217)

This relation is just (2.186), rewritten now in terms of recoupling matri-
ces of the form

R;%ljg?(j));shl(w’(j))’ sh(7(j)) < sh’(ﬂ-’(j)), or (2.218)

sh(m(j)) = sh'(x'(§)),

in which the two shapes are related by a commutation or an associa-
tion operation. Exactly the same analysis applies to the B-E identity.
The Wigner 9 — j expression (2.210) is, of course, a definition of this
coefficient, but, just as was the case with the 6 — j coefficient, there are
other ways of writing this coefficient in terms of paths connecting quite
different initial and final shapes. The calculation for the second path
given by (2.216) gives

aq ob baq od
Ky oc K oc _{ pllab)dd;[(bd)cla
{ &‘/Od &/Oa} _<RT1’T1 )kzl,kz,j;ki,kg,j
J J
a ki ko | b K} K , ,
={ b ¢ d|d ¢ a }=(=1)tk-ktk (9919)
kv ke gl Ky OKy
b a ]Cl
X\ @k + D)@k + 12k + D)@K+ 1) d Gk
Ky K, ¢

We must, of course, prove that this is the same 9— j coefficient as defined
by (2.210), which is shown in Sect. 2.3 (see (2.240)).

It is important to be precise about the meaning of commutations and
associations in the above relations: The operations (xy) = (yz) and
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(xy)z = z(xy) are commutations, no matter how intricate z,y, and z
themselves are, as bracketings. For example, (ca)x A c(ax) for z = (bd)
is an association: (ca)(bd) A cla(bd)].

The results for n = 4 above on recoupling matrices demonstrate that
new elements of structure are entering the problem, elements of great
simplicity: Commutations, marked by C, are always accompanied by a
phase-factor change in the associated reoupling matrix, and associations,
marked A, are always accompanied by a Racah coefficient transformation
in the associated recoupling matrix, including possibly a phase-factor.
Because Racah coefficients are not defined as elements of an orthogo-
nal matrix, such transformations are always accompanied by the square
root of a pair of dimension factors. A sequence of transformations as
indicated by expressions such as (2.211) encode completely the trans-
formation between pairs of labeled binary trees, from which the matrix
elements of the product of recoupling matrices can be written out. We
can construct recoupling matrix transformations from one standard la-
beled tree to another almost at will by supplying arbitrary intermediate
recoupling matrices both in form and in number. Before addressing this
property further in the next section, we complete our preliminary results
on the Wigner 9 — j coefficient.

Let j = (j1,72,73,J4) = (a,b,¢,d) in the following relations. Each
recoupling matrix R;h:ﬁr(j)); Sh (' () is an element of the group of unitary

matrices H(N(j)), as given by (2.49). For the case at hand, we have:

Jrmax e
HvG) = 1S @<W$1T1gm>>u>,(sh(m»u)® I2j+1)

J=Jmin

W}?}TISWU))’”; (sh'(='(3)).9) c U(NJ(J))} . (2.220)

Accordingly, the recoupling matrix R;%l:ﬁ?(j)); Sh (' () has the direct sum

expression given by

YL ’ﬂ_,. jmax e N /71_,. .
RO EG) _ 5 @<R%/mm,sh< (J))7J)®12j+1>7 (2.221)

J=Jmin
h(r(§)),7);sh’ (=’ ), .
R;é,u))u),S (7' (3))9) € U(N;(j).

We recall that the CG number N;(j) = Nj(a,b,c,d) is determined by
relation (2.37), where Mj(a,b, ¢,d) is the number of compositions (i1, ls,
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l3,l4) of a + b+ ¢+ d— j into four nonnegative integer parts such that
0<1Il1 <2a,0<1ly<2b0<13<2c0< 14 <2d; it is also determined
by the multiset (a, b, ¢, d).

In particular, we have that the 9 — j coefficient, which is defined
in terms of the elements of the recoupling matrix by relation (2.210)

determines uniquely a real orthogonal matrix W (ac)(bd).55(ab) (cd),j )7, T be-
longing to the group U(N;(abcd)) with rows and columns given by

ac)(bd),j;(ab)(cd),j
(W}’Jz( ),33(ab)( )j)klk2_k,k, (2222)
a b k| a ¢ K
kv ke g oKy OKy,
a b K
= /@ + DK, + )2k t) 2K+ 1) e d K
ki ke j

for all angular momenta such that the six triangle conditions are fulfilled;
otherwise, the elements of the matrix are defined to be 0. Thus, the 9 —j
coefficients satisfy the row and column orthogonality relations given by

D " (2ky + 1)(2K) + 1)(2ka+) (2K + 1) (2.223)
k1, ks
a b K a b K
X Cc d k‘é Cc d k‘é/ = 5kivki/5kévk§/’
/ﬁ k‘Q j kl kf? ]
> (2 + 1)(2Kk] + 1)(2k2+) (2K + 1) (2.224)
K1s kg
a b K a b K
x4 ¢ d K c d ky p =0k kO, k-
ki ky g K kY ]

The 9 — j coefficient inherits its symmetries from its expression in
terms of WCG coefficients, or, equivalently, from its expression in terms
of Racah coeflicients and their symmetries: the 9—j coefficient

a b K
c d k) (2.225)
ki ky g
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is invariant under all even permutations of its rows and columns, under
transposition of the 3 x 3 array, and it is multiplied by the factor

(_1)a+b+c+d+k1 +ko+-k1+E, (2226)
under odd permutations of its rows or columns. Accounting for the sym-

metry under interchange of rows and column, the orthogonality relations
(2.223) and (2.224) are identical.

We turn next to the development of the general properties of recou-
pling matrices building on the elements of structure observed above for
n =4.

2.2.11 Structure of general triangle coefficients and
recoupling matrices

We first consider properties of the general triangle coefficients of order
2n — 2 as defined by relation (2.147), which we repeat in terms of the

shapes sh and sh’ determined by the trees T' € T,, and 7" € T,

{A(Sh(W(j))k)j (Sh'(ﬂ’(j))k’)} - {A(Sh'(ﬂ’(j))k’)j A(Sh(ﬁ(j))k)j}

=Y H Cl b ot e H c ar’ Z: ,EW . (2.227)

meC(j) i=1

The collection of (nla,)? triangle coefficients of order 2n — 2 given
by (2.227) can be organized into classes of phase-equivalent triangle co-
efficients as determined by the exchange operations defined by (2.148)-
(2.149) and from properties (2.139)-(2.141) of left-triangle and right-

triangle patterns: There are 2"~ . 2"~% phase-equivalent triangle coef-
ficients in the class having a representative of the left-triangle pattern

labeled by any of the angular momenta (jr,, jry,-- -, Jjr, )y T € Srep( t),
and a representative the right-triangle pattern labeled by any of the

angular momenta (jr,jx/, ..., Jjx ), 7 € Srep( t'). Altogether there are

(d,)? representatives among the full set of (nla,)? triangle coefficients,
as given by

[n/2] A )
2
— 'Z 2n 'Z 2n t, . (2.228)
t'=1

If the left-triangle and right-triangle patterns in a triangle coefficient
of order 2n — 2 contain a common fork, then the triangle coefficient
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reduces to one of order 2n — 4 in consequence of the relation:

Xz x , xr
y Y — (_1)x+y—k y
k| K k

Thus, the new triangle coefficient of order 2n — 2 is the Kronecker delta
factor oy i, or this factor with a phase, times the triangle coefficient of
order 2n — 4 obtained by striking the pair of columns in (2.229) from
the original. This result follows directly from the right-hand side of
relation (2.227) in which the sum over the projection quantum numbers
of the pair of SU(2) WCG coefficients having the triangles in (2.229)
can be carried out to give (2.229), and this also effects the removal of
the pair of WCG coefficients. We refer to this property as the common
fork reduction rule. A fundamental triangle coefficient defined below in
Sect. 2.3 has no such common fork.

Yy
k:/

The structure of recouping matrices is intrinsically related to the
general operations of commutation and association of symbols, two of
the most basic operations in mathematics. These operations are imple-
mented into the bracketing scheme or shape sh of a tree as follows: Let
x,y, and z denote any bracketing of p,q, and r letters, respectively, in
which the total of p + ¢ + r = n letters are all distinct, and where for a
single letter a, the notation (a) denotes a itself. Then, the operations of
commutation and association of these bracketings are defined by

commutation: (zy) — (yx); (x)(yz) — (yz)z;
association: (x)(yz) — (zy)(2). (2.230)
The importance of these operations for the set of labeled binary trees
in T,, with n external points is the following:

Shape transformation rule between labeled binary trees: There exists a
sequence Ssh(w(j))sh’(w'(j))(a A) of commutations C and associations A

that transforms the labeled shape sh(m(j)) of the external points of a
standard labeled tree T € T,, to the labeled shape sh'(7'(j)) of the external
points of a standard labeled tree T' € T,, :

Sgh(w(j));gh’(ﬂr(j))(ca A): sh(n(j)) — sh'(7'(§)), (2.231)
this result being true for all pairs of tree T, T' € T,,.

Proof. The proof of this result uses the build-up rule (2.72) and induction
on n. Each term in the union (2.72) has the form

Ty  Thk
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in which T, € Ty and T,,_; € T,—x.k = 1,2,...,n — 1 are labeled
trees with a number of external points k and n — k. By the induction
hypothesis, there exist sequences of commutations and associations such
that

Ty Ty T, T,

n
—

where Ty and T,,_j are labeled trees T, € Ty and T,_j € T,_ (for
brevity we omit the labels). Since this result is true for every each k =
1,2,...,n — 1, we obtain a sequence of commutations and associations
giving the stated result (2.231). Since the result is true for n = 2,3, it
is true for arbitrary n. [

The mapping between shapes and permutations of the external labels
of binary trees expressed by (2.231) can be carried one step further.
Repeated application gives:

For each pair of labeled binary trees Th = T(m(j)k); and T}, = T" (7' (§)k');,
the corresponding recoupling matriz can be written as a product of recou-
pling matrices in which each recoupling matrix in the product has an ini-
tial and final shape related by a single commutation operation or by a sin-
gle association operation. We use the abbreviated notations 1 = sh(m(j))

and 1" = sh'(7'(j)). Then, the recoupling matriz R;ll,T, can be written as
b 1/
the following product of recoupling matrices for some positive integer p :

(11) _ p(152) p(23) (p—2;p—1) p(p—1;1")
Ry, = Ry Ry, -+ Ry Rﬁ NG (2.232)

1/

The abbreviated shapes denoted (h;k) in the recoupling matrix R(T}:%
for (h;k) = (1;2),(2;3),...,(p — 2;p — 1), (p — 1; 1) are such that the
shapes h and k are related by either a single commutation or by a single
association of the form (2.230).

This decomposition rule for an arbitrary recoupling matrix leads imme-
diately to the Sixth Fundamental Result of angular momentum theory:

Sixth Fundamental Result: Fach triangle coefficient of order 2n — 2
is either a phase factor times a triangle coefficient of lower order, or it is
a summation over a product of triangle coefficients of order four, each of
the latter having the form (phase factor) x (Racah coefficient) x (square
root of two dimension factors).

This result is one of the most fundamental results of the binary cou-
pling theory of the addition of angular momentum. It elevates the role
of the operations of commutation and association in the algebra and
geometry of recoupling matrices to a basic structural principle.
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Example. It is useful to give a nontrivial example of the reduction that
takes place for a triangle coefficient in which the left-triangle pattern and
the right-triangle pattern are related by an association, which we take
to be (zy)z — x(yz), for x = (ab),y = (ed),x = (ef)g :

(zy)z; x(yz)
RT,T’ i T
’.]7k 7.]

b d f ky g ks
ki ko ks ki ks J

fod g b K K
ky ky Ky ky ks

{acek1k3k4

eckiak‘ékzﬁl}

kio kjo kg | kjo kgo kio
=5k1,k;5k2,k55k3,k3{ koo g ks | g Ky ki }
ko ks g | K, K
]{510 ]{54 k‘QO /ﬁO
= Oky &, Ok, Okes 1, Okes { koo k4o | kho ki }
ky g ks g

K ke ko K,
= Oky kO, k} Ok 1, Okis k4 ko4\</0 ks |k O\yk:g
J J

= 5k1,kg5k2,k§5k4,k15k5,k§ \/(2k‘4 + 1)(2]4% + 1) W(k‘lk‘ijé; k4k‘g) (2.233)

This example illustrates nicely all aspects of the reduction rule that
occurs for an association of the form (xy)z — z(yz), including the con-
vention of writing a o adjacent to a fork label upon removal of that fork
(see (2.201)). Indeed, the pair of labeled binary trees in the coefficient
on the left-hand side of (2.233) with which we began the reduction is
obtained from the pair of binary trees in the coefficient on the right-side
by adjoining the labeled subtrees

o f
a\/ab cvd ) G\<‘/09
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to the o points marked ki, ks, k5, respectively, and changing these o
points to e points (see (2.201)). The root labels of the forks in the result-
ing expanded labeled binary tree are then adjusted, as necessary, so that
they are all standard (this accounts for the Kronecker delta factors). The
process given by (2.233) is, of course, just the inverse of this. This shows
how to go directly from (zy)z — x(yz), for x = (ab),y = (cd), z = (ef)g,
without the necessity of providing all the intermediate steps given in the
example.

2.3 Classification of Recoupling Matrices

As shown in the prevous section, there abounds an unlimited number
of ways of writing a given recoupling matrix in terms of products of
other recoupling matrices. In consequence of the Sixth Fundamental
Result, this result is now expressed in terms of identities between triangle
coefficients of order four, or, equivalently, between Racah coefficients
with adjoined dimension factors and phases. This raises the question of
how to classify such relations, and, indeed, what is meant by the term
“classification,” issues to which we now turn.

Recoupling matrices are matrices of order N(j) = []";(2j; + 1) de-
fined by

Ty yqe . T e tr
FER@)Sh (@) _ oshi-) <st}1 (r (J))> ' (2.234)
sh(r(j))

Here, Cr, is a real orthogonal matrix that brings the Kronecker
product DU (U) to standard Kronecker direct sum form (2.33)-(2.34) for
the coupling scheme corresponding to the labeled binary tree (sh(7(j)) k);,
and C:Sph (™) is a second such real orthogonal matrix for the coupling

scheme corresponding to the labeled binary tree (sh’(7/(j)) k’);. The ma-
trix elements of this recoupling matrix are given in terms of the trian-
gle coefficient defined over the left-triangle pattern A(sh(n(j))k)- and the

right-triangle pattern A (sh' (' G) k), by

h(xG)); h' (= (j . .
(R;T( (3));sh( (J))> = ((sh(7(j)) k), | (sh’(w’(J))k’)j>
k,jsk’,j
= {Bsh(g) 0, [ Ash (@), (2.235)

where the middle term is the bra-ket inner product of the coupled state
vectors |(sh(m(j)) k);) and [(sh’(7’(§)) X))
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We next summarize the principal properties of general recoupling
matrices of order N(j) = [](2j; + 1) in Items 1-4, followed by some
new terminology in Items 5-11 to describe these properties:

1. There are (nla,)? recoupling matrices of order N(j) whose matrix

elements, the triangle coefficients of order 2n — 2, are partitioned
into d2 equivalence classes consisting of phase-equivalent triangle

coefficients, there being 2" t2"~* such phase-equivalent triangle
coefficients in the same class for a left-triangle pattern of type t
and a right-triangle pattern of type t'.

2. We take the representatives of the equivalence classes in Item 1 to
be those having left-triangle patterns and right-triangle patterns

with the external angular momenta j,. indexed by the sets Sp Y (t)
and S, P (¢'), as described in (2.138)-(2.141).

3. The subgroup properties of recoupling matrices are those stated in
relations (2.220)-(2.221), now applied to general j = (j1, j2, - - -, jn)-

4. Each recoupling matrix can be factored into a product such that
each recoupling matrix in the product is that for a pair of labeled
trees whose labeled shapes are related by either a commutation
operation or by an association operation. This gives the result
that the matrix elements of every recoupling matrix can be written
as a summation over a phase factor times a product of triangle
coefficients of order four.

5. A recoupling matrix R;}’lr}?(J))’Sh (™) is called fundamental if the
labeled trees T'((m(j) k); and T'((n'(j) k'), are representatives of
their respective ~ equivalence classes as described in Items 1 and
2, and if, in addition, they contain no common forks; that is, no
labeled forks with triangles of the form col(z y k) and col(z y k") (or
col(yx k')), respectively. The matrix elements of fundamental re-
coupling matrices are necessarily fundamental triangle coefficients;
that is, triangle coefficients in which the left-tree pattern and the
right-tree pattern are those described in Item 2, together with the
property that the left-tree pattern and the right-tree pattern con-
tain no common fork columns.

6. Two labeled forks in a pair of labeled binary trees of order n are
said to be adjacent if the triangles associated with the forks contain
a common symbol. The same terminology is applied to the corre-
sponding triangle coefficient of order 2n — 2. Adjacent forks may or
may not be contiguous columns in the triangle coefficient.

7. The adjacency diagram of a fundamental triangle coefficient is a
labeled graph that has 2n — 2 labeled points and 3n — 3 labeled
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11.
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lines in the Cartesian plane R?, obtained by the following mapping
rule: The labeled points are those of the 2n — 2 distinct triangles,
which are sequences of length three. Fach pair of adjacent trian-
gles is joined by a labeled line, where the label of the line is the one
common to the adjacent triangles. Since there are n — 1 triangle
columns in the left-triangle pattern and in the right-triangle pat-
tern, and adjacent triangles only occur between left-triangle and
right-triangle patterns in a fundamental triangle coefficient, there
are 3n — 3 such labeled lines. Moreover, there are exactly 3 lines
incident on each point. The points of this graph can be placed at
arbitrarily positions in the plane, but it is convenient to organize
the n — 1 points associated with the left-triangle pattern into a top
configuration, and the n—1 points associated with the right-triangle
pattern into a bottom configuration, (see examples (2.237), (2.240),
(2.243) below). Such configurations of points and lines are cubic
graphs, which are defined more precisely in the next chapter.

A path of a fundamental recoupling matrix R;h:ﬁr(j)); sh'(x'(3)) is any

sequence of commutations and associations mapping the left shape
to the right shape:

S

shix(sh’ (w (G A) + sh(m(§)) — sb'(7'(5)). (2.236)

Examples of paths are given in (2.211)-(2.216).

The length of the path Ssh(w(j))-sh’(w(j))(c’ A) is the number of

associations A that occurs in the sequence in Item 8, and is de-
noted Lsh(n(j)),sh'(n'(j))‘ The path of minimal length is denoted

Sshr(j))sh’ () @0d has length Loy ) oh' (v (5))-

A pair of fundamental recoupling matrices is said to be an iso-
metric pair if they possess paths of the same minimal length, this
terminology being also applied to fundamental triangle coefficients.

An isometric pair of recoupling matrices is said to be an isomorphic
pair if the 2n — 2 triangles in each of the corresponding isometric
pair of triangle coefficients can be put into one-to-one correspon-
dence such that the adjacency relations between the 2n—2 triangles
is preserved; that is, an isometric pair of recoupling matrices is iso-
morphic if and only if they have the same adjacency diagram.

Examples. We illustrate the concept of isomorphic pairs of recoupling
coefficients for n = 3,4 :
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n = 3 : There is a single adjacency diagram, as given by

b1 I b2

hy hy
ha\/hs (2.237)

If we give the points in this diagram the labels associated with the re-

(ab)cia(be)

coupling matrix Ry 7 in relation (2.155); that is, the assignment

p1 = (abk), p2 = (kcj); py = (bek'), ph = (ak’j),
ll = k‘, lll = k‘,; h1 = b, h2 = a, h3 = C, h4 = j, (2.238)

then we obtain the adjacency diagram shown. If we select any other

recoupling coefficient, such as Rgl ?C;(ac)b), and make the assignment

p1 = (abk), po = (kcj); py = (ack), ph = (K'bj)
L=k lyb=FK; hy=a, ha=b, hg=c, hay =4,  (2.239)

then we obtain the same adjacency diagram. These two fundamental
recoupling coefficients are isometric and isomorphic. Indeed, for n =
3, all fundamental recoupling coefficients are isometric and isomorphic,
which explains why there is only one Racah coefficient.

n = 4 : The concept of isomorphic pairs of recoupling matrices is nicely
illustrated by the two expressions (2.210) and (2.219) for the 9 — j co-
efficient. The recoupling matrices R(@)(bd):(ab)(cd) apq Rl(ablldi[(bd)cla yre
not only isometric, as shown by the sequences of commutations and as-
sociations (2.215) and (2.216), which are minimal, but also their sets of
triangles can also be put into one-to-one correspondence such that the
adjacency relations are preserved. This latter property is most easily
shown from the following adjacency diagram:

b1 I b2 lo b3

hy hs hs
ha ha (2.240)
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where the point and line labels in these two diagrams for the recoupling
matrix RU@)edl(bd)cla (see (2.219)) and R(*)(bd):(ab)(cd) (50e(2.210)) are:

p1 = (abky), po = (k1 cka), p3 = (k2dj),

Py = (bdk), ph = (ki cks), ps = (kyaj),

ll = ]{31, l2 = kg; ,1 = ]{Ji, lé = ké, (2241)
hlzb, hgza, h3:C, h4:d, h5 :j;

p1 = (acky), po = (k1k2j), p3 = (bdkz),

Py = (cdky), py = (k1 k3 j), ps = (abkl),

L=k, by = ko I = kb, Iy = K, (2.242)
hi=c hy=a, hs = j, ha = d, hs = b.

Thus, the recoupling matrices R%ﬁb%f}d; [@)ela ond Rg%f):ﬁfd);[(ab)@d) are

isomorphic, since they are fundamental, isometric, and have the same
adjacency diagram. This result suggests that isomorphic pairs of recou-
pling matrices define the same angular momentum coefficient, up to a
phase factor. This is pursued, in depth, in the next chapter.

The structural difference between the recoupling matrix Rgiz Cgp(lbd);[(ab)c)d

giving rise to the B-E identity and those recoupling matrices giving rise
to different expressions for the 9 — j coefficient in now made appar-

ent from their distinct adjacency diagrams. The adjacency diagram for
the recoupling matrix recoupling matrix R% C)T(lbd);[(ab)c)d is verified from

(2.206) to be

b1 I b2 b3

l2

hy > hs
ha X\ hs (2.243)

/

vyl Pyl b
with the point-line assignment
p1 = (acky), p2 = (k1kaj), ps = (bdka),
P = (abky), py = (K cky), ps = (k3 dj),
li =k, lo=ke; Iy =Ky, Iy =K, (2.244)
hi =a, ho=c, hg =0, hy = j, hs = d.
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The nonisomorphism of the adjacency diagrams (2.240) and (2.243) for
the 9 — j coefficient and the Biedenharn-Elliott identity is a geometric
realization of the fact that there are exactly two nonisomorphic cubic
graphs on six points. each of which is realized by these two diagrams.
Every fundamental recoupling matrix for the coupling of four angular
momenta has an adjacency diagram that is isomorphic to one of these
two diagrams. We will appeal in the next chapter to the theory of cubic
graphs to show this, as well as to explain the factoring property on the
right-hand side of the B-E identity (2.209). O

Examples can be misleading as well as revealing. The top and bottom
lines in the adjacency diagrams above originating from the left-triangle
patterns and the right-triangle patterns, respectively, do not generalize
in the obvious way as a single line of points with adjoining incident lines.
This is illustrated by the following example from n =6 :

(2.245)
/

P1 I D2 lo p3 I P4 I D5

h1 hy hs\_ he h7
— h2 h3 /
p3

1y
Pl P Iy Py U P

where we have the following definition of points and lines:

p1 = (abky), p2 = (k1 cke), p3 = (k2 dks), ps = (k3 eky),

D5 = (k4 f])a

Py = (acky), py = (ky ky k3), py = (bd k), py = (k3 Ky j),

p5 = (e fky); (2.246)

lh =k, lo = ko, ls = ks, la = ky; 1§ = K1, 15 = ks,
Iy =k, I) = ki;

h‘lzaah2267h3:b7h‘4:d7h‘5:€7h6:j7h7:f'
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The subset of points {p1,p2,ps3,p4,p5} and lines {l,ls,13,14,15} and
the subset of points {p), ph, phs, p), pk} and lines {l1,15,15,1},1} are each
graphs known as trivalent trees; that is, the points and lines associated
with the forks of the left-triangle pattern and the points and lines asso-
ciated with the forks of the right-triangle pattern, each define a trivalent
tree. Moreover, the full graph is a labeled cubic graph on ten points. It
1s this pair of inter-related graph structures that generalizes and allows us
to continue with the analysis of the properties of recoupling coefficients.

General classes of isomorphic fundamental recoupling matrices can be
identified. We introduce the symbol = to denote that two fundamental
recoupling matrices are isomorphic. Then, we have the isomorphism
between fundamental recoupling matrices given by

R;},lj(j;(.]))vs}:l (ﬂ-,(j)) ~ R;]ilfl(‘“]/)ys}l (ﬂ-”(j)7 7_‘_// — 7_‘_/7_[_—1’ (2247)

since the two recoupling matrices are isometric, and the relationship be-
tween the pair of labels sh(m(j)) and sh’(n(j)) is one-to-one with the
relationship between the pair of labels sh((j)) and sh’(7”(j); hence, the
point-to-line relationship in the two adjacency diagrams is preserved.
From the isomorphism given by (2.247), it follows that the set of funda-
mental recoupling matrices given by

R,?—,hf:([:vi/);Sh (W’(j))’ all 7.[_/ c Sn7 all T, T/ c r]rn (2248)

includes all possible nonisomorphic recoupling matrices. This does not
preclude the possibility that there are still isomorphic recoupling matri-
ces in the set (2.248) such as demonstrated for the 9 — j coefficient. It
is also true that

R;}’lj(jl"(.]))vsh (' (3)) o R;}i ;”,(j))§3h(”(j))’ (2249)

since the interchange of left-triangle patterns and right-triangle patterns
simply interchanges the pair of trivalent trees, thus preserving all line-
to-point relationships in the corresponding adjacency diagrams.

We can now state what we mean by the classification of fundamental
recoupling matrices:

Partition the set of fundamental recoupling matrices into equivalence
classes of isomorphic recoupling matrices.

This is a very difficult classification scheme to implement: We have
no algorithm for determining when a pair of fundamental recoupling ma-
trix is isometric, and no algorithm for determining when two isometric
recoupling matrices have the same adjacency diagram; that is, are iso-
morphic. But further progress can still be made by appealing to the
theory of trivalent trees and cubic graphs.



Chapter 3

Binary Trees, Trivalent
Trees, Cubic Graphs, and
Adjacency Diagrams

3.1 Binary Trees and Trivalent Trees

We have given in the last section a mapping of representatives of phase-
equivalent classes of pairs of fundamental (labeled) binary trees associ-
ated with binary angular momentum coupling schemes to what we have
called adjacency diagrams. Underlying this pair mapping is the map-
ping of a single unlabeled binary tree to a subgraph called a trivalent
tree. The rule for this mapping is very simple: We perform the following
operation on each binary tree of order n.

Binary tree — trivalent tree mapping rule: Remove all external o points
and their incident lines from each T' € T,,.

This rule gives a graph containing n — 1 points and n — 2 lines, where
each point has either 1,2, or 3 incident lines. Such a graph is called a
trivalent tree. Their properties and enumeration were already studied
by Cayley [39]. If the configuration of points in the original trivalent
tree is left undisturbed in effecting the mapping, various arrays of ’bent’
lines occur, which we straighten, maintaining the adjacency of the e
points. Trivalent trees that preserve adjacency of points in applying
this rule are taken as equal. Quite generally, two points in a graph are
called adjacent if there is a line joining them, and two graphs are called
isomorphic if their points can be put into one-to-one correspondence such
that the adjacency of points is preserved. The arrangement of the points
may be diagrammed in any manner whatsoever that is convenient for
visual description. Thus, the binary trees given in Sect. 2.2.1 map, under

163
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the binary tree mapping rule, to the following nonisomorphic trivalent
trees, where all points are arranged into diagrams that “grow” from left-
to-right with n. This orientation rule is to obtain agreement with the
adjacency diagrams in Sect.2.3. The number n is the number of points
in the trivalent tree, hence, the parent binary tree belongs to Ty1 :

n=1: °
n=2 — o
n=3 e o o (31)

n=4: — o o {

If T'and T" are isomorphic trivalent trees of order n, we write 7" = T".
We denote the set of nonisomorphic trivalent trees on n points by V,,,
and their number by v, = |V,,|.

The unlabeled trivalent trees having n points for n = 2 — 11 may be
found in Harary [77] and Harary and Palmer [78] (see also Ref. [21]). The
number v, of such trivalent trees is obtained from Table A3 in Harary
by striking from the listed set for p = n all those trees that have four or
more incident lines on any point. The numbers so obtained are:

n‘234567891011

(3.2)
vn‘l 1 2 2 4 6 11 18 37 66

It is important to observe that we are counting unlabeled triva-
lent trees. While we may label the n points of a given trivalent tree by
1,2,...,n to keep account of adjacency, this is followed by the determina-
tion of the equivalence classes (isomorphic) trivalent trees corresponding
to this labeling, and then the labels 1,2, ..., n are removed. This process
is not that of determining the subset of permutations of 1,2,...,n that
give inequivalent labeled trivalent trees in the sense of labeled graphs
defined on p. 108. Our graphs carry labels, but the classification is not
into sets of inequivalent labeled graphs. To keep the distinction clear,
we henceforth use the underline labeled to designate labeled graphs in
the sense of the technical definition.
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Every trivalent tree in the set V,, has the general configuration given
by the following diagram with points labeled by the rules described below
in (3.3)-(3.8):

<'U1h—1 1

V11 V1h-19

V12

—eo- -1

1 2 k v (3.3)
\UQ/ 21

V22 <'U2h,—1 1

Voh—19

The subscript w attached to each symbol v, is a word on the two letters
1 and 2, described in detail in (3.4) below. Each symbol v,, appearing
in this diagram is either a vertex point of degree 3, an end point of
degree 1 from which no lines emanate to the right, or an empty point ()
of degree 0, which is not to appear in the diagram. The points marked
Vw, W € Wp, where Wp, is the set of words of length h on the letters
1 and 2 are distributed such that there are d internal points of degree
3;d+1 external points of degree 1; and 2"+ —2d — 2 empty points. The
collection of 2d 4+ 1 (d > 1) nonempty points is to have the configuration
of a binary tree of order d + 1 (number of external points) that grows
to the right with increasing d. Also, the set of 2d lines incident on this
collection {v,} of 2d + 1 nonempty points contains n —k —2d —1 > 0
additional points (not shown in (3.3)), p of which are to belong to the
d — 1 internal lines (lines between internal points) and ¢ to the d + 1
external lines (lines with an end point), where p+q¢=n—k — 2d — 1.

The subtree of (3.3) from which the k e points 1,2,...,k and as-
sociated k lines to the left of vy are removed, and which includes no
additional points on its internal and external lines, is called the binary
tree skeleton Tyyq1 of the trivalent tree V,,. We write Ty C V,,.

The vertex points vy, in (3.3) are listed by natural page ordering:

0<1<2<1l <1221 <22<111 <112 <121 <

122 < 211 < 212 < 221 < 222 < 1111 < 1112 < 1121 <

1122 < 1211 < 1212 < 1221 < 1222 < 2111 < 2112 <

2121 < 2122 < 2211 < 2212 < 2221 < 2222 < --- (3.4)
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Thus, column m = 0,m = 1,m = 2,...,d in diagram (3.3) use, re-
spectively, the word 0, the words 1 and 2, the words 11, 12, 21, 22,
etc. to index the points v,, where the least word is at the top and
the greatest word at the bottom. We always label the point in col-
umn m = 0 by vg = 0. We denote by W,,, the set of words of length
m on the letters (integers) 1 and 2, so that the cardinality of W,, is
| W,,, | = 2™. The points vy, w € W,,, are those appearing in column
m, where m = 0,1,2,...,h. The notations 1° and 2° denote that the
integers 1 and 2 are repeated s times with s = 0 meaning no occurrence.
Since there are 2™ points appearing in column m of the diagram, there
are 20 +21 +224-... 4 2h = 2P+ 1 such points in the diagram (3.3), but
20+l _ 94 — 2 of them are the empty point, which do not appear in the
diagram. We call the integer h > 1, the height of the binary tree skele-
ton. While many of the points v,, in (3.3) are the empty point, each of
the columns m = 0,1,2,...,h must contain at least one nonempty point
for n > k + 3 to have a binary tree skeleton present. The distribution of
the additional points on the lines of the skeleton T4y C V,, is described
in detail below in (3.8), using the concept of a compound fork

The k£ e points belonging to the horizontal line to the left of vy in
diagram (3.3) define the base line and are called base points.The baseline
parameter k can be any value k > 1 (see (3.1)).

The parameters n,d, and h are inter-related through their domains
of definition, as follows: (i). The domain of definition of h for given d is

h=hh+1,....d (3.5)

in which the least value h of h is the greatest integer h such that 2271 < d.

This result follows from the property that the greatest value h = d occurs
for one nonempty compound fork in each column; the least value h of h
occurs when the compound forks are stacked according to 2° in column
0;2! in column 1;22 in column 2;..., remainder = r < 2% in column h,
which gives the stated value. (ii).The domain of definition of n for given
k > 1 and given d > 1 is easily seen to be

n>2d+k+1. (3.6)

Examples. We repeat from the list of binary trees given in Sect. 2.2.1,
Chapter 2, the binary tree skeletons for d = 1,2 :

(1) : <
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(1,1) : <<

(1,2) : (3.7)

AN

The sequences standing to the left specify the number of forks appearing
in the columns 0,1,...,h — 1 of the binary trees. We have omitted the
base line containing k points in these diagrams to focus on that part
of the diagram (3.3) emanating to the right from the point vy. These
diagrams are binary tree skeletons of a trivalent tree having k base points
and containing d = 1 forks, d = 2 forks, and d = 3 forks, respectively.
We no longer use o to label the end points of a binary tree as done in
Sect. 2.2.1, Chapter 2.

We introduce the concept of a compound fork to describe the points
that are placed on the lines of the skeleton T 4,1 to complete the trivalent
tree graph V,. A compound fork is a simple fork of a binary tree to
which points have been added to the upper and lower branches. Just as
in diagrams in Sect. 2.2.1, Chapter 2, there are four types of compound
forks, which have the following four diagrams:

Tqp1 PoOINts Y1 pOINts .
Vwl end point
’<:. - T 0<: } T p
Vw T Vw2 Yw IR Vw2
T PoOints T PoOints
(3.8)
Tq1 PoOINts Yw1 POINts .
Vwl end point
— " e «—* P

Y T —eend point " T —send point
Yw2 POINtS Yw2 poINts
The distinction in these diagrams is in the labeling of the points, de-

pending on whether the end point of a fork in the binary tree skeleton
is that of another fork or an end point.
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We use the following nomenclature for describing the compound forks
(3.8), the binary tree skeleton, and the full trivalent tree V,,. An internal
line of V,, is a line incident on two (simple) roots of a fork in the binary
tree skeleton, which are points of degree 3; all point belonging to an
internal line are called internal points; these points are .1 and .9
in number, as shown in the compound forks (3.8). An external line
of V,, is a line incident to a root of a fork in the binary tree skeleton
and to an end point; all points belonging to an external line are called
external points; these points are y,1 and y,2 in number, as shown in
the compound forks (3.8). All points v, are called root points of the
binary tree skeleton, and the k points to the left of vy are called base
line points. By convention, the nonnegative integers x1, w2, Ywls Yw?2
in the compound fork diagram (3.8) do not count a point labeled with
a v or an end point; these numbers count the points added to each fork
of the skeleton binary tree, and can be 0. This nomenclature, applied to
the compound forks (3.8), gives the following descriptions:

1. In the first diagram, the upper and lower branches contain x,,; > 0
and x,,0 > 0 internal points, respectively, all added to a fork of the
binary tree skeleton whose lines are incident on fork roots.

2. In the second diagram, the upper branch contains 1,,7 > 0 external
points, all added to a fork of the binary tree skeleton whose upper
line is incident on an end point; the lower branch contains x,,o >
0 internal points, all added to the same fork whose lower line is
incident on a fork root.

3. In the third diagram, the upper branch contains x,,; > 0 internal
points, all added to a fork of the binary tree skeleton, whose upper
line is incident on another fork root; the lower branch contains
yw1 > 0 external points, all added to the same fork whose lower
line is incident on an end point.

4. In the fourth diagram, the upper and lower branches contain y,,; >
0 and y,2 > 0 external points, respectively, all added to a fork of
the binary tree skeleton whose lines are incident on end points.

The description of the full trivalent tree V,, in diagram (3.3) is now
completed by replacing each fork in that diagram by a compound fork in
accordance with the four types (3.8), where the structure of the binary
tree skeleton determines uniquely which of the four compound forks is to
replace each simple fork of the skeleton. We denote by T, . 4 a trivalent
tree containing n total points, k& base line points, and a binary tree
skeleton Tyy1 with d forks, where each simple fork is now replaced by
a compound fork of the appropriate form (3.8). The set of all such
trivalent trees is denoted by 7, ;. 4. By definition, the set 7y, 1, 4 contains
no trivalent tree with an end branch containing more than k — 1 added
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Yw—type points. This is no restriction because a trivalent tree having an
end branch containing k¥’ > k 4+ 1 points (counting now the end point)
can be oriented into a position such that the end branch containing &’
points becomes the base line—such a trivalent tree will be included in
the set 7, 4 of trivalent trees.

The family of linear Diophantine equations that must be solved to
obtain all trivalent trees in the set 7, ; 4 can be formulated. There are
k > 1 base line points, and each trivalent tree T, 1 4 € 7, 14 contains
a binary tree skeleton Ty,1 € Ty that has d forks. Thus, there are
n—2d—k—1 > 0 additional points belonging to the 2d lines constituting
the compound forks as described in diagram (3.8). Let I,, ;. 4 denote the
set of words labeling the root points of internal lines, not including
vp, and let K, ;. 4 denote the set of words labeling the end points of the
external lines. Then, if p > 0 points belong to the internal lines and ¢ > 0
points belong to the external lines, the following Diophantine equations
must hold for the number of points constituting the compound forks:

p+qg = n—-2d—k—-1,
Y ww = p > yw=gq cachy, <k—-1,  (3.9)
wEl, k,q WEE, k.4

where the cardinalities of the sets I, 1, 4 and E,, 4 are
[Lngal =d =1, |Eppal =d+1. (3.10)

We denote the set of solutions of this family of Diophantine equations by
D, .a- Each solution gives a member of the set of trivalent trees 7, 1 4
having a given binary tree Tg41 € Tyyq as its skeleton, and conversely.

Counting formulas for the number of solutions |D,, ;4| of the three

Diophantine relations (3.9) can be given. For the purpose of counting,
we can rewrite these relations in the simplified form given by

p+q = n—2d—k—1,
$1+$2+"'+$d—1 = p’ (311)
y1+y2+--+yir1 = ¢, eachy; <k-—1
Thus, the sequence (z1,z2,...,24—1) is a composition of p into d — 1
nonnegative parts. The number of such compositions is given by the
binomial coefficient g
p+a—
, d>2. 3.12
P15 0 s
Similarly, the sequence (y1,y2,...,¥Yq4+1) is @ composition of ¢ into d +

1 nonnegative parts, where now each part must satisfy the restriction
y; < k — 1. The counting of such restricted compositions has already
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been encountered in the discussion of the values of the Clebsch-Gordan
numbers for the coupling of equal angular momenta, as described in
Sect. 2.1.3, Chapter 2.

The set (2.38) of compositions LL;(j) transcribes in terms of the present
notation to the following set:

L1 (d41)(k—1)—g (5(k—1),...,5(k = 1))

0<y;, <k—-1,i=1,...,d+1,
, (3.13
Y1 +y2+ ...+ Yir1 =¢q ( )

- {y - (917927 cee 7yd+1)

where the sequence (3(k —1),...,3(k — 1)) is 3(k — 1) repeated d + 1

2
times. The parameter transformation from (2.38) to (3.13) is given by
n=d+1, jmin = 0 for d odd, jmin = %(k: — 1) for d even,
Jmax = %(d+1)(k_1)7 q = Jmaz — J, (314)
Ld+1)(k—1), dodd
=0,1,..., ¢max, gmax = 2( 7 7
C=55d e { $d(k —1), d even.

If the CG numbers have already been calculated by some method, then
the cardinality of the set (3.13) is given by relation (2.36):

jnlax
> Na(k =1, 5= 1) =g,
h=jmax—q
ln,k,q = ‘L%(d—',-l)(k:—l)—q (%(k - 1)7 P %(k - 1)) ‘ (315)

We have two methods for determining the CG coefficients that enter
into (3.15). The first method described by relation (2.18), Chapter 2
generates the multiset

<%(k - 1)’ T %(k - 1)> = {Ok()? 1k17 .- '7hkha sy (Qmax)kqmax} s

kp = Np(3(k—1),...,5(k—1)). (3.16)
The second method uses the n—fold product of Schur functions given by
]xnax
H8(2_] 0) (21, 22) Z N;(§) s2j,0) (21, 22),
] ]m\n
5(20,0) (%1, 22) Z Z0teee 0 =0,1/2,1,...  (3.17)

a=—a
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to generate the CG numbers C;(j) (see (11.286)-(11.287)), Compendium
B). These Schur functions for n = 2 are also obtained directly from
the D%(Z) matrices as given by TrD*(diag(z1, z2)). The transcription of
notation (3.14) needs, of course, to be effected in (3.17) to obtain the
CG numbers in (3.15).

The number of elements in the solution set D, ; 4 of Diophantine
equations (3.9) is given by

+d—2
| Dkl = > (p g )zn,k,q, d>2. (3.18)
p+q=n—2d—k—1

?(2;) skeleton binary trees to include, we obtain the
following formula for the cardinality of the set 7, 1 4 :

1 2d
| T kal = a1 ( d)\ﬂ)n,k,d E (3.19)

The construction of the trivalent trees is the set 7, ;. 4 for small val-
ues of d can be carried out directly by solving the set of Diophantine
equations (3.9). We illustrate this by two examples:

Since there are dl

Examples. For d = 2, we have the following two binary tree skeletons,
where we also use the notations in relations (3.9) to denote the number
of points that belong to the internal and external lines:

Y11 _e
U1

€1 Al

Y12 @ Y21 (320)

Y2 X2
V2

Y22

We consider the trivalent trees in the set 719 3 2. Thus, 2 points are to be
adjoined as the base line to the left of each vertex vy in each diagram.
This leaves 2 points to be distributed onto the one internal line and three
external lines in all possible ways. This gives the following Diophantine
relations for the respective binary tree skeletons in (3.20):

P+q=2; x1=p; Y2 +y11 +y12 = q, each y,, < 2,
(3.21)
p+q=2; x2=p; y1 + Y21 + y22 = ¢, each y,, < 2.
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The solution set of each Diophantine relation (3.21) is

D10,3,2 = {(07 27 070)7 (0707 27 0)7 (0707 07 2)7 (0707 ]-7 ]-)7 (07 ]-707 ]-)7
(0,1,1,0), (1,1,0,0), (1,0,1,0), (1,0,0,1), (2,0,0,0)} , (3.22)

Thus, we obtain

{(z1,y2,v11,912)} = D10 32, {(x2,y1,Y21,%22)} = D132 (3.23)

While the numerical sequences in these two sets are equal, the corre-
sponding trivalent trees are not: their shapes are different. There are
twenty trivalent trees in the set 703 2.

We consider also the trivalent trees in the set 7g 2 2. Thus, 2 points are
to be adjoined as the base line to left of each vertex vy in each diagram
(3.20). This leaves 2 points to be distributed onto the one internal line
and three external lines in all possible ways. This gives the Diophantine
relations (3.21) in which the restriction in the second relation is now
Yw < 1. The solution set of each of the Diophantine relations is

Dy 22 ={(0,0,1,1)(0,1,0,1),(0,1,1,0)

(1,1,0,0)(1,0,1,0),(1,0,0,1),(2,0,0,0) } , (3.24)
Thus, we obtain
{(z1, 92,911, v12) } = Do22, {(72,y1,¥21,¥22)} = Do 22. (3.25)
There are fourteen trivalent trees in the set 79 9 9. O

The set 7,, 1, q contains all possible nonisomorphic trivalent trees con-
taining a total of n points such that the base line contains k points and
the skeleton binary tree contains d forks. But the set 7,, 1, 4 also contains,
in general, a number of isomorphic trivalent trees.

3.2 Nonisomorphic Trivalent Trees

It is useful to give examples of some sets of nonisomorphic trivalent trees
before considering the general case:

Examples. For d = 0, the diagram (3.3) reduces to a trivalent tree with
n =k + 1 points on a line:

Ton-10 = o .- o0 (3.26)

1 2 n-1

For n = 2, 3, this is the only trivalent tree.
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For d = 1, diagram (3.3) reduces to the following diagram, which has
n=k+y1+y2+3:

7;c+y1 +y2+3,k,1 —

11 points

"

Yo s end point

12 points

end point

The conditions 0 < y; < k—1, 0 < yg < k— 1 are imposed in order
to satisfy the base line rule that no end line can contain more than &
points. This example illustrates the occurrence of isomorphic trivalent
trees. The operation of reflection through the horizonal line containing
the vertex (root) wg clearly preserves adjacency: Only those trivalent
trees in diagram (3.27) for which, say, y1 > y2 can be nonisomorphic.
But there are still adjacency preserving operations that must be effected
should y; = k—1 in order to conclude that we have found all nonisomor-
phic trivalent trees for d = 1. The first is a counterclockwise rigid-body
rotation by 120° (first adjust the angles between the three lines in (3.27)
to be 120°) about the point vy, which brings the upper end line to the hor-
izontal base line position, followed by a reflection through the horizontal
line containing the new base line, which also has k points. These two op-
erations leave the trivalent tree (3.27) invariant. Should also yo = k — 1,
we rotate counterclockwise by 240° about the point vy to bring the lower
end line to the horizontal position base line position, and find that the
trivalent tree (3.27) again remains invariant. Thus, these operations do
not reduce the number of nonisomorphic trivalent trees. We conclude
that each member of the family of trivalent trees in diagram (3.27) is
nonisomorphic for all pairs (y1,y2) for which the condition y; > ys is
fulfilled; and all nonisomorphic trivalent trees for d = 1 are so obtained.

d

We introduce the notation [n, k,d] to denote a complete set of non-
isomorphic trivalent trees containing n points with k& base line points
and d forks in the skeleton binary tree. Complete means that every
trivalent tree in the set 7, j 4 is isomorphic to a trivalent tree in the set
n, k,d|, and there are no isomorphisms between trivalent trees in the set
n, k,d]. The examples above then give the following families of complete
nonisomorphic trivalent trees:
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[n7n_]—70] = 7;1,11—1,07 |[n7n_]—70]| = ]-7 n227
(3.28)
y1+y2=n—k-—3,
[nvkv 1] = {77@+y1+y2+3,k,1 0<y, <y <k-—1 } 5

k>1,n>k+3.

The second relation in (3.28) shows that (y1,y2) is a partition of n —
k — 3 into two nonnegative parts with each part < k — 1. It follows
that the complete set of nonisomorphic trivalent trees [n, k, 1] is not only
determined by the elements of the set D, . 1, it is also determined by the

restricted set of partitions (see Sect. 11.1.1, Compendium B) given by
[n, k,1] = Par(2,k,n — k — 3). (3.29)
Thus, the cardinality of [n, k, 1] is given by
| [n,k, 1] | =p(2,k,n — k —3), (3.30)

where the coefficient p(2, k,n — k — 3) is obtained from the expansion of
the Gaussian polynomial:

k 1—2)(1 1) =D P2k )t (3.31)

[k+2}_(1—ﬁ“x1—ﬁﬂ) %
t s=0

It is always the case that [n,k,d] C 7, 4, but it is, in general, non-
trivial to sort out a complete set of nonisomorphic trivalent trees [n, k, d]
from 7, ;. 4. This is because a trivalent tree can be presented in many
configurations of points and lines. Picturesquely, a trivalent tree may be
viewed as a collection of solid balls (points) joined by flexible, unbreak-
able threads (lines); any entanglement of this object preserves adjacency
of points. This is why we present trivalent trees in a standard config-
uration given by diagrams (3.3) and (3.8) with the order relation on
sites given by (3.4), where the general rule for drawing such pictures
of trivalent trees is that the points of degree 3—the vertices (roots) of
the compound forks (3.8)— should always be aligned in vertical columns
0,1,...,h, and in the word order (3.4). This requires that the points
belonging to each compound fork (3.8) be compressed in their spacing.
We refer to this as local scaling. This is a convenience of description; it
is irrelevant for the point-line relations in the graph. While we are not
always careful to make this adjustment in all diagrams, it is essential
for applying the local reflections described below. We assume without
notice that such minor adjustments are effected.
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Symmetries of figures in the plane have an important role in the
determination of nonisomorphic trivalent trees. It is clear that overall
rotations, translations, reflections through any line, scaling, and general
entanglement, as described above, all preserve adjacency of points and
give isomorphic trivalent trees. All symmetries described here refer to
the standard configuration (3.3) with compound forks given by (3.8),
where we use local scalings within a compound fork (3.8) to bring a
pair of trivalent trees into coincidence through a symmetry operation.
Trivalent trees whose points and lines are brought into coincidence by
such operations are take to be equal. In a standard configuration, the
base line is placed horizontally and to the left of the underlying binary
tree skeleton.

There are two types of reflections that are important for sorting out
the nonisomorphic trivalent trees in the set 7, 1, 4.

The first type of reflection operation is called a global reflection and
denoted by 7,,. It is an active reflection of all point and lines of the entire
trivalent tree T, 1.4 € Tp k,q through the horizontal line containing the
vertex point v,,. There is such a global reflection operation 7, for each
vertex contained in T, ;. 4; that is, one for each word w assigned to the
root of a compound fork, or what is the same thing, to the root of the
fork of the binary tree skeleton of T, ;. 4. Accordingly, there are d such
reflection operations 7,,. These reflection operations all give isomorphic
trivalent trees. We denote these types of isomorphisms by =, and refer
to the trivalent trees in an equivalence class in the quotient set 7y, 1, 4/ =~
as being T—equivalent. The number of equivalence classes in the quo-
tient set 7,, 1 a4/ =, is given by the Wedderburn-Etherington numbers,
as presented below.

The second type of reflection operation is called a local reflection and
denoted by o,. It is defined as follows. Let T, denote the subtrivalent
tree consisting of all points and lines of T}, ;4 € 7y kq for which the
vertex (root) point v, serves as root. The trivalent tree T,, thus has
as its binary tree skeleton all points and lines that emerge from the
root v, by the bifurcation process corresponding to the subbinary tree
of the binary tree skeleton of T}, 1 4 € 7, 4. The local reflection oy, is
an active reflection of all point and lines of T, through the horizontal
line containing the vertex point v,; all other points and lines of T}, 1 4
are to remain unchanged. There is such a local reflection operation oy,
for each compound fork contained in T, j 4; that is, one for each word
w assigned to the root of a compound fork; that is, to the root of the
fork of the binary tree skeleton of T, 1 4. Accordingly, there are d such
local reflection operations o,,. These local reflection operations all give
isomorphic trivalent trees. We denote these types of isomorphisms by 22,
and refer to the trivalent trees in an equivalence class in the quotient set
T k,d/ =o as being o—equivalent. In particular, o9 = 79 is the reflection
of all points of T}, ;. 4 through the horizontal line containing the base line.
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The global and local reflection operations 7,, and o, that can be
applied to a given T,, ;. 4 depend on the fork structure of the binary tree
skeleton of T, ;. 4. Thus, the sets of global and local reflection operators
may be defined by

Snkd={Tw|w €Fpra}, Ryrd={ow|weFpial, (3.32)

where I, ;. 4 is the set of words located at the roots of the forks in the
binary tree skeleton of a given binary tree T}, ;. 4 € 7, 1 4. Thus, we have
the cardinality of sets given by

|Snkal = |Rokal =|Fnral =d. (3.33)

The reflections operations 7, and o,, do not exhaust all operations
that need to be considered in isolating the nonisomorphic trivalent trees
in the set 7,, ;. 4. This is because some of these sets can contain trivalent
trees that have end branches containing exactly k points. Such a trivalent
tree can then be rotated by a rigid-body rotation and translated such
that this end branch is horizontal with all of its k points to the left of
the point vy of the transformed trivalent tree. Further individual local
rotations of subtrivalent trees T}, and local reflections can then be applied
to bring the transformed trivalent tree to the standard form (3.3); that
is, to a trivalent tree in the set 7,, ;. 4. Such operations must be effected on
every end branch containing k points of each trivalent tree T}, 1. 4 € 7y, 1 q
to determine the nonisomorphic trivalent trees in 7, j 4. We refer to these
kinds of operations as ) equivalences, but do not specify the details of
such operations. The isomorphism of two {2—equivalent trivalent trees
is denoted by =q .

We have introduced three operations =, %,, and =g above that give
isomorphisms = between trivalent trees. We could dispense with the =
isomorphisms, since all trivalent trees obtain from a given one by a single
= reflection operation can also be obtained by a sequential application of
ow reflections. Nonetheless, it is sometimes convenient to use 7 reflections
in place of the more basic o, reflections.

The ) isomorphisms, while vague in their definition, are very impor-
tant. It is useful to illustrate this operation:

Example: An () equivalence of trivalent trees:

(3.34)

The isomorphism of these two trivalent trees is shown as follows: By
a rigid-body counterclockwise rotation of the left-hand figure about the
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point vy (not marked) the uppermost branch is brought to horizontal
position. This gives the trivalent tree on the left below:

.Al\\ ~o e (3.35)

By local rotations of branches, the configuration on the left is brought
to the configuration on the right. Application of the reflection operation
To = 09 to the trivalent tree on the right in (3.35) now gives the trivalent
tree on the right in (3.34). But no reflection operation can bring the two
trivalent trees in (3.84) into coincidence. O

Trivalent trees that are =g isomorphic in consequence of an end
branch that contains the same number of points k as the base line are
the most difficult to recognize. Such trivalent trees require a rigid-body
rotation, rotations of individual end branches, and reflection operations
of the form o, to bring them to the standard form (3.3). The defin-
ing characteristic of an =g isomorphism is that it contains a rigid-body
rotation that transforms an end branch containing k points into a new
horizontal base line containing k& points. Such isomorphisms must be
considered in every set 7, ;4 in which some trivalent trees have end
branches containing k£ points.

The € operations are applicable only to those trivalent trees in 7, 1 4
that admit k£ points on an end branch. Thus, we have two domains of
definition of n to consider:

2d+k+1 < n<2d+ 2k —1, no end branch contains k£ points,
(3.36)
n > 2d+ 2k, some end branches contain k points.

These inequalities must hold because the base line and binary tree skele-
ton already contain 2d + k + 1 points. If all the extra n — 2d — k — 1
points are placed on a single one of the d + 1 end branches, then for
n < 2d 4+ 2k — 1 there are k — 24+ 1 = k — 1 points on the end branch,
while for n > 2d 4 2k there are k — 1 4+ 1 = k points on the end branch.

Examples (See (3.20)-(3.25) for notations). It is useful to illustrate the
effect of =g equivalences for n > 2d+2k. The set of trivalent trees 71932
contains seven nonisomorphic trivalent trees:

[107 3> 2] = {TIO(Oa 27 0) 0)> TlO (Oa 07 2> 0)> TlO (Oa 07 1> 1)> TlO (07 1> 17 0)7
Ti0(1,1,0,0), Tio(1,0,1,0), T10(2,0,0,0)}, (3.37)

where the notation Tig(z1,y2,y11,y12) denotes a trivalent tree corre-
sponding to the indicated sequences {(z1, Y2, y11,¥y12)}, which is a subset
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of the ten solutions (3.22) of the Diophantine equations (3.21). This re-
sult follows from the fact that the trivalent trees Tio(x1,y2, Y11, ¥12) and
T'(y1, x2, Y21, y22) corresponding to the solution sets (3.22) and (3.23) are
reflection-equivalent by the reflection operation og. While the numerical
sequences in (3.22) and (3.23) are the same, the shapes T" and 7" of the
trivalent trees are different. Application of the local reflection operation
o1 to the remaining three trivalent trees T10(1,0,0,1),710(0,1,0,1), and
T10(0,0,0,2) corresponding to the solution set (3.22) gives the following
reflection equivalences: Ti0(1,0,0,1) =, T10(1,0,1,0),T10(0,1,0,1) =,
T10((0,1,1,0),770(0,0,0,2) =, T10(1,0,0,2,0). This gives the set (3.37)
above, which contains only nonisomorphic trivalent trees. We still must
examine the trivalent trees with end branches containing k& = 3 points,
which are T7¢(0,2,0,0),719(0,0,2,0),770(0,0,0,2). All possible Q2—type
operations map this subset into itself. Thus, the seven nonisomorphic
trivalent trees in the set (3.37) is not reduced by the Q operations. The
set [10, 3, 2] of trivalent trees (3.22) is complete; the trivalent trees in the
set have been chosen to have the property yi11 > yi2.

The set of trivalent trees 7y o contains four nonisomorphic trivalent
trees:

[97 2) 2] = {T9(0> 07 1> 1)? Tg(l, 1> 07 0)7 T9(17 0) 17 0)7 T9 (2> 07 0) 0)} (338)

This result follows by application of the same oy and o; reflection op-
erations as in the example 719 3 2 above, which gives the following two =,
isomorphisms: Ty(1,0,0,1) =, Ty(1,0,1,0),75(0,1,0,1) =, Ty(0,1,1,0).
These reflection-equivalent isomorphisms reduce the set of fourteen triva-
lent trees having the parameters (3.24) to the four trivalent trees in
[9,2,2] given by (3.38), and one more given by T5(0,1,1,0). This extra
one cannot be transformed into a trivalent tree in the set [9,2,2] by a
reflection operation. But from the example (3.34) above, we have that
Ty(0;1,1,0) =q Ty(0;0,1,1), so that all of [9,2,2] is correctly given by
(3.38). The set [9,2,2] of nonisomorphic trivalent trees (3.38) is com-
plete, but it requires an ) operation to effect the reduction of the set
7922 to [9,2,2]. The trivalent trees in this set [9, 2, 2] have been chosen
to have the property y11 > y12 and x1 > yo.

It is an important feature, exhibited by these examples, 71032 and
79,22, that once these sets have been reduced to the trivalent trees of
different shapes corresponding to the solution sets (3.22) and (3.23) of
the Diophantine relations (3.21), then the only o, operations that can be
applied are those corresponding to reflections of a pair of end branches,
since all other reflection operations change the shape of the trivalent tree.
This is a general feature, as developed below. O

It is useful to present the general case for the set of nonisomorphic
trivalent trees for [n, k, 2], which has 2 forks in the binary tree skeleton.
There are two classes of trivalent trees to consider corresponding to the
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two binary tree skeletons. These are given by the diagrams:

(3.39)

Here we have introduced a simplified notation in place of the general word
notation: The integer parameters k, a, b, c,d next to the lines denote the
number of e points that belong to the line, not counting the roots of the
forks nor the end points (see (3.20)). Thus, the total number of points
in the trivalent trees (3.39) is

n=k+a+b+c+d+5, (3.40)
where the integers k, a, b, ¢, d must satisfy the restrictions
£k>1,,6a>20,0<b0<k—-1,0<c<k—-1,0<d<k—-1. (3.41)

The set 7;, ;. 2 of trivalent trees is obtained by enumerating all parameters
a, b, ¢, d such that conditions (3.41) are satisfied for given n and k. (Note
that d in the above relations is not the number of forks in (3.39), which is
fixed at 2). The Diophantine relations that must be satisfied (see (3.11))
are given by

a+qg = n—k—52>0,
(3.42)
btct+d = ¢>0,0<b<k-1,0<c<k-10<d<k—1.

The number of trivalent trees in 7, j, » has already been given by relation
(3.19) in which we set the fork parameter d = 2. Our purpose here in
not a rediscussion of that result, but rather directed toward finding the
parameters a, b, ¢, d that characterize a complete subset [n, k, 2| C 7, 12
of nonisomorphic trivalent trees.

Application of the reflection operation og to the trivalent tree on
the right in (3.39) shows that it is reflection-equivalent to the trivalent
tree on the left. Application of the local reflection operator o; to the
trivalent tree on the right preserves its shape, and also shows that it is
always possible to choose ¢ > d in the set of trivalent trees [n, k,2]. Any
possible further restrictions can only occur in the case where one or more
of the parameters b, ¢, d is equal to k — 1, in which case at least one end
branch contains k points, the number of points in the base line.

We introduce the notation (as in the [10,3,2] and [9,2,2] examples
above)
T.(a,b,c,d), a+b+c+d=n—Fk—5, (3.43)
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for the trivalent tree on the left-hand side in (3.39). Then, we obtain
the following trivalent trees in the complete nonisomorphic set [n, k, 2]
of trivalent trees, where the restrictions on the nonnegative parameters
a,b, c,d depend on the relation between n and k :

[n’k>2] :{Tn(a,b,c,d)|0§a+b+c—|—d§k—2,czd},
fork+5<n<2k+3. (3.44)

[TL,]{,‘,2] :{Tn(a,b,c,d)|a—|—b—|—c—|—d2k—l,ch},
forn > 2k + 4. (3.45)

In the set [n, k, 2] defined by (3.44), no end branch can contain k points,
while in the set [n,k, 2| defined by (3.45), at least one end branch can
contain k points (see(3.36)).

There are no reflection operations that can be applied to the sets
of trivalent trees defined by (3.44) and (3.45) to reduce the number
of trivalent trees in these sets, since oy is the only shape preserving
reflection operation. Any further restrictions on the parameters a, b, ¢, d
can only come from €2 isomorphisms, which only apply to the set (3.45)
when one or more of the parameters b, ¢, d is equal to k — 1, so that there
are end branches containing k points. It is not difficult to verify the
following isomorphisms, where n > 2k + 4 :

b = k—1:Ty(a,k—1,¢,d) Zq Th(a,k—1,¢,d),
c > dyatc+d=n—2k—4 (3.46)
¢c = k—1:Ty(a,bk—1,d) =q Ty(a,d, k—1,b),

k-1 > dat+btd=n—2k—4 (3.47)
d = k—1:Ty(a,b,c,k—1)=q Ty(a,c,k—1,b),
c > k—1l,a+b+c=n—-2k—4 (3.48)

The self-isomorphism (3.46) effects no conditions on the parameters
b,c,d; the isomorphism (3.47) implies it is always possible to choose
b > d, and the isomorphism (3.48), together with T),(a,b,c,k — 1) =,
Tn(a,b,k — 1,c), implies it is always possible to choose b > ¢. We con-
clude that the parameters a, b, c,d in the complete set of trivalent trees
[n, k,2] defined by (3.45) can always be chosen such that

c>d, all cases; b>d, ifc=k—1; b>c, ifd=k—1. (3.49)

The examples given for [10,3,2] and [9,2,2], which both fall with the
general case (3.45), validate the conditions (3.49).

Further information on the determination of a complete nonisomor-
phic set [n,k,d] C 7, i, 4 can be obtained from the Diophantine relations



3.2. NONISOMORPHIC TRIVALENT TREES 181

~

(3.9) by application of the =, and =g operations to all the elements
of 7, ,4- We require more notation to elucidate these steps. We first
introduce the composition

P = (p07p17 cee 7ph—1)7p0 - ]-7 (350)

where p,,, denotes the number of forks in column m in the binary tree
skeleton of the trivalent tree (3.3) with compound forks given by (3.8),
for each m = 0,1,...,h — 1 (all points occurring in column A in (3.3)
are end points). The complete specification of such a trivalent tree then
requires also the occupation numbers {x,} and {y,} of the compound
forks giving the number of points belonging to the various lines of the
binary tree skeleton, as detailed in (3.8). These occupation numbers are
denoted by the notation (see (3.9)):

(xy), x={zw|welira}l, y ={yw|w €Eypa}. (3.51)

The notation Ti 1.a(X; y) completely specifies each binary tree Ti ka(XY)
€ 1y k.a-

Example. The following example for d = 3 illustrates the above nota-
tions:

1,2
Tr(z,k,:g(ﬂfbﬂas91173/1273/2173/22) =

Y11

(3.52)

Table 3.1 on page 183 lists all eighteen nonisomorphic trivalent trees of
order 9 in terms of the above notations. The thirty-seven nonisomorphic
trivalent trees of order 10 in the subsets [10, k, d] can be constructed by
the same methods. These calculations give the following results, where
the number in parentheses () following [10, k, d] is the number of trivalent
trees in that set:

[10,9,0](1)
[10,3,1](1),[10, 4, 1)(2), [10,5, 1](2),
[10,6,1)(1),[10, 7, 1](1); (3.53)
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[10,3,2](7), [10, 4, 2)(4), [10, 5, 2](2);
[10,1,3](5),[10, 2, 3](7), [10, 3, 3](3);
[10,1,4](1).

With more effort, the detailed structure T} , ,(x;y) of each nonisomor-
phic trivalent tree in each of the above subsets can also be given.

We next show how the general counting formula (3.19) can be refined
by taking advantage of the 7, global reflection operations. These for-
mulas utilize the Wedderburn-Etherington numbers. The Wedderburn-
Etherington number b4, is the number of binary trees in the quotient
set defined by Tgy1/ =, where T4y; is the set of binary trees of order
d + 1, which always contains d forks. The numbers b4, enter into a
relation or the form (3.19) in place of the Catalan numbers because the
reflection operations 7, can just as well be applied to the trivalent tree
skeleton of each trivalent tree in 7, j, 4 first, and then the distributions of
points corresponding to the solutions of the Diophantine equations (3.9)
is effected on just a set of representative binary trees of the equivalence
classes in the quotient set Tyi1/ =, .

The recurrence relations for the Wedderburn-Etherington numbers
are given by

p—1
b2p—1 = § bsb2p—s—la
s=1

(3.54)
p—1
b, +1
b2p = stpr—s+ < p2 >7
s=1

where p > 2, and, by definition, by = by = by = 1. We refer to Comtet
[44, p.55] and Stanley [163, pp.245, 278, Vol. 2] for their derivation
and references to the original literature. The first few Wedderburn-
Etherington numbers are given by

d‘0123456789

bd+1‘1 11 2 3 6 11 23 46 98

We next define the quotient set C, . 4 by

Cnid = Tna/ =r, (3.55)
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Table 3.1. The [9, k, d] Nonisomorphic Trivalent Trees.*

subset 9] Xy

[9,8,0] : 0 -— =

9,3,1] (1) (2,1)

[9>47 1] (1) (3? 1)
(1) (L 1)

[9>57 1] (1) (1?0)

[9>67 1] (1) (0?0)

[9,1,2] (1,1) (2;0,0,0)

9,2, 2] (1,1) (2;0,0,0)
(1,1) (1;0,1,0)
(1,1) (1;1,0,0)
(1,1) (0;0,1,1)

9,3,2] (1,1) (1;0,0,0)
(1,1) (0;0,1,0)
(1,1) (0;1,0,0)

[9,4,2] : (1,1) (0;0,0,0)

[9,1,3] : (1,2) (1,0;0,0,0,0)

[9,2,3] : (1,2) (0,0;0,0,0,0)
(1,1,1) (0,0;0,0,0,0;1,1,0%)

* The first entry [9,8,0] is the trivalent tree (3.26) with no forks;
the entries under [9, k, 2] are of the form given by the left-most diagram
(3.39); and the first two under [9,k,3] of the form of diagram (3.52).
Addition of all trivalent trees in the listed sets [9, k, d] gives the eighteen
nonisomorphic trivalent trees of order 9 (see (3.2)). The explicit trivalent
trees corresponding to the members of these sets are easily read off in
terms of the notation TTI: k. 4(X;y) from the listed sequences p and the

occupation numbers (x;y).
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and denote a set of representative trivalent trees of the equivalence classes
Cn k,a by R k,q- Since one trivalent tree is selected from each equivalence
class, we have that | Ry, 4| = bg+1. The Diophantine relations (3.9) are
now solved just for each representative trivalent tree R, 1 4 € Ry k,q- The
number of such solutions is obtained from relation (3.19) by replacing the
multiplicative Catalan number by the Wedderburn-Etheringon number,
which gives

bnk,d = bat1|Dn k. dl (3.56)

as the number of trivalent trees in the set 7, 4 that are 7 —inequivalent.
(This does not take into account o,,—type operations. For example, for
710,32 and 7929, this is just the reduction, respectively, from twenty
trivalent trees to ten trivalent trees, and from fourteen to seven.)

3.2.1 Shape labels of binary trees

The notation TTI: k. 4(x:y) fully specifies a trivalent tree in the set 7, 1 4.

But additional parameters that specify the shape of the binary tree skele-
ton of 7, 1, ¢ are needed for further classification into nonisomorphic sub-
sets. For this purpose, we introduce the concept of a fork vector. Recall
that the positive integer p,, of the composition p = (po,pi,.--,Pr-1)
defined by (3.50) gives the number of forks in column m of the binary
tree skeleton of height h. We now go one step further and define the dis-
tribution of forks in the binary tree by the following rule: A 1 is assigned
to each position v,, where a fork occurs, and a 0 to every other point,
where all 2™ points in each column m = 0,1,...,h — 1 are included in
this assignment, but not column A in (3.3), which is all 0's :

column m contains p,, 1's and 2™ — p,,, 0's, m =0,1,... h—1. (3.57)

The collection of 1’s and 0’1 obtained by this rule are now arranged in
a row vector obtained by using the order rule (3.4) to place a 1 in each
position w where a fork v, occurs, and 0 at every other place. This
vector is called the fork vector fr of the binary tree skeleton T'; it is of

length 2" — 1.

Examples. The definition of a fork vector fr of a binary tree T' is made
clear from the following set of eight binary trees corresponding to the
composition p = (1,1,2,1) :

— (1;1,0;1,1,0,0;1,0,0,0,0,0,0,0)
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— (1;1,0;1,1,0,0;0,1,0,0,0,0,0,0)

— (1;1,0;1,1,0,0;0,0,1,0,0,0,0,0)

— (1;1,0;1,1,0,0;0,0,0,1,0,0,0,0)

(3.58)

- (1;0,1;0,0,1,1;0,0,0,0,1,0,0,0)

- (1;0,1;0,0,1,1;0,0,0,0,0,1,0,0)

— (1;0,1;0,0,1,1;0,0,0,0,0,0,1,0)

— (1;0,1;0,0,1,1;0,0,0,0,0,0,0,1)

The fork vector fr uniquely determines the shape of the binary tree
T, including the composition p. We now modify the notation T}: k. Jxy)
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to T::Tk 4X:y), T € Tgyq. The new notation enumerates all trivalent trees

in the set 7,, , 4, but now in a manner that admits the application of the
local reflection operations o, to effect further classification into noniso-
morphic subsets.

The incidence matriz Ig, is the h x (2" — 1) matrix of 0's and 1’s
having row sums given by the parts of the fork vector fr and column
sums by the parts of the composition p, as illustrated by the following
examples:

Examples. The fork vectors, respectively, of the four binary trees
Tl,TQ,Tg,T4 in (37) are le = (1),fT2 = (1; 1,0),fT3 = (1;0,1),fT4 =
(1;1,1) with corresponding incidence matrices as follows:

1 00
]Ile = (1)7 ]Isz == < O 1 0 >, (3-59)

100 100
L, = <o 0 1)) Hfu:<o 1 1)‘ O

Since the fork vector fr, T € T4y fully determines the incidence matrix,
we make no use of the latter.

A representative trivalent tree R, ;4 € Ry pa (see (3.56)) is fully
characterized by the fork vector fr,T" = R, ;4 € Tgqq1 of the binary
tree skeleton and the occupation parameters (x;y) : The fork vector fr
specifies the shape of the binary root skeleton and the composition p;
and the occupation parameters (x;y) specify the distribution of points
onto the internal and external lines of the binary tree skeleton. Thus,
the notation

Rg:k:,d(x?Y)a T eRnka- (3.60)

fully specifies each trivalent tree in the set of representatives R, j 4.

We summarize the present status of the classification problem of triva-
lent trees in 7, 1, ¢ into nonisomporhic trivalent trees:

Construction of complete sets of nonisomorphic trivalent trees:
(1) Select a set of representative trivalent trees R,  q from the equivalence
classes Cp k.q (3.55), as described above. (i) Describe each representative
Ry, 1d € Ry k,a by the detailed notation Ry, q = Rf:hd(x; ), T € Ry kd-
(iii) Apply to each Rffk 4(X3y) the subset of reflection operators o, that
preserve its shape, and use the resulting pairs of reflection-equivalent re-
lations to identify a set ﬁn,hd C Ry k,a of trivalent trees, such that each
trivalent tree in ﬁmk,d s characterized by the property that no pair of
trivalent trees in the set is reflection-equivalent. (iv) Obtain a complete



3.2. NONISOMORPHIC TRIVALENT TREES 187

set [n, k,d] C ﬁnk,d of nonisomorphic trivalent trees by taking into ac-
count, as necessary, for n > 2d + 2k, all =q isomorphic trivalent trees.

More details for implementing step (iii) are available. Step (i) classi-
fies trivalent trees into a set R, ;4 of representatives of the equivalence
classes C, 1, 4; step (ii) takes into account the shape of each of the binary
tree skeletons T of the representative trivalent trees in R,, ;. 4 by assign-
ing a unique fork vector fr to each, and a distribution (x;y) € Dy, 4 q
of solution points onto the lines of the binary tree skeletons. But no
additional constraints are placed on the distribution (x;y). Thus, each
trivalent tree Ry, i 4 € Rykq is fully labeled by Ry 4 = Rf;hd(x; y)

and, in step (iii), we exercise the freedom of assigning restricted solution
points x;y € D, j, 4 to the trivalent tree

Rg:k:,d(x? Y) € Rukd (3.61)

by application of the relevant local reflection operations. It is this free-
dom that we next implement.

Relations (2.74)-(2.81), Chapter 2, enumerate the number cq11(t) of
binary trees having ¢ forks (type t) for which both end points are external,
which we call free forks. = These numbers are related to the Catalan
numbers aq41 by

[(d+1)/2]
age1 = Y car1(t). (3.62)

t=1

Since ag4q counts all binary trees with d forks, all binary trees skele-
tons that are distributed among the bg41 representatives trivalent trees
in Ry rq are accounted for, as described in the preceding paragraph:
Each such binary tree skeleton has cg41(t) forks of type t for some
t € {1,2,...,[(d + 1)/2]. (Different members of R, ;4 can have the
same number cyy1(t) of forks of type t.) We now select a trivalent tree
Ryra= ff:k’d(x; y), identify the type t to which it belongs, enumerate

the ¢ free fork roots of the ¢ binary tree skeleton by vy, , Vs, - - - , Un,, and
the corresponding local reflection operators by oy, , 0., - - - , Ow,. The ap-
plication of these ¢t shape-preserving local reflection operators to the set
of all trivalent trees

szT,k,d(x§Y)7 (x3y) € Dy pg (3.63)

corresponding to the solution set D, ;¢ of the Diophantine relations
(3.9)-(3.10) allows us to choose exactly the subset with the property

REL ((X5Y), Y = Yuzs 1 =1,2,.. .t (3.64)
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This gives a set of trivalent trees that we denote by

Rik,d € R k,d- (3.65)
If there are no 2—type isomorphisms among the trivalent trees in the

set ﬁmk,d, then this set is the subset of nonisomorphic trivalent trees
contained in 7, j 4. Thus, we have from (3.36) that

|, kyd]| = |Rppal, 2d+k+1<2d+2k—1,
(3.66)
|[n.k,d]| < |Ropal n>2d+ 2k

A counting formula in the second instance, where () operations neces-
sarily enter, appears to be quite dlfﬁcult As examples, we have the

following: The steps leading to the set Rn k,d is illustrated for Tlo 3,2 by
[10,3,2] = RlO 3.2 given by (3.37). It is also the case that the set R9,272 is
given by R9,272 ={[9,2,2],79(0,1,1,0)}, where [9, 2, 2] is given by (3.38),
and where Ty(0, 1, 1,0) is the trivalent tree given by the left-hand side of

(3.34); it can only be removed from 7%9,272 by an Q—type isomorphism
to obtain the set of nonisomorphic trivalent trees [9, 2, 2].

Counting formulas can be given for the following related problems.
Let Bgp(p) denote the set of binary trees in the subset of Tqi; con-
taining d forks in which the number of forks in column m is given by
the m—th part p,, of the composition p = (pg,p1,...,ph—1) - d;m =
0,1,2,...,h — 1. Then, since these parts must satisfy the conditions
1<pm <2pm_1,m=1,2,....,h—1;pg = 1, there are

h—1
Bano) | = [] <2pm—1> (3.67)

m=1 Pm

trivalent trees in the set By ,(p). It follows from this result that the
Catalan number agy1; = |Tgy1 | is obtained as the sum:

> ST () e (7)o

h=h pkd m=1

where h is defined by (3.5). We encounter again a solvable problem
of counting the number of compositions of a given positive integer into
d positive parts, where there are restrictions on each of the parts (see
Sect. 11.1.1, Compendium B). The results (3.67)-(3.68) are, of course,
valid for binary trees, in general, independently of their occurrence as
skeletons of trivalent trees.
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3.3 Cubic Graphs Associated with Pairs of
Trivalent Trees

We have seen in relations (2.237)-(2.246) how pairs of trivalent trees lead
to adjacency diagrams. We examine this structure again in the context
of unlabeled trivalent trees. Let V,,,V,! € V,, be any pair of trivalent
trees of order n. Adjoin n + 2 lines that go between the two trivalent
trees such that the resulting graph contains only points of degree 3. This
is always possible, since the d + 2 points of degree 1 and n — 2d — 2
points of degree 2 belonging to V,, can always be matched with the d’ + 2
points of degree 1 and n — 2d’ — 2 points of degree 2 belonging to V'n by
exactly 2(d+2)+ (n—2d—2) =2(d'+2)+ (n —2d' — 2) = n+2 joining
lines such that every point in the conjoined graph has degree 3. We call
such a conjoining of trivalent trees graph a regular union of V,, and V..
Each possible regular union of V;, and V! gives a new graph containing
2n points and 2(n — 1) +n + 2 = 3n lines, with each point of degree 3.
Such a graph is called a cubic graph. There are, of course, many regular
unions of two given trivalent trees V,, and V., each of which gives a cubic
graph. We denote by C(V,,, V) the set of all cubic graphs obtained by
all possible regular unions of a pair of trivalent trees V,,,V,! € V,, and an
element of this set by C(V,,, V) € C(V,,, V).

Examples. It is useful to look at the number of regular unions for
n=23,4:

1. n = 2 : There is but a single trivalent tree, which is e—e, and the
conjoining by four lines going between two such trivalent trees gives
uniquely the cubic graph with diagram:

o~ (3.69)

There is only one cubic graph for n = 2, and it is characterized by the
property that each of its points is adjacent to each of the remaining
three points. Shown is the planar R? diagram and the corresponding
tetrahedral diagram in R3. There is only one cubic graph on four points,
which accounts for there being only one Racah coefficient.

2. n = 3 : There is but a single trivalent tree, which is e—e—e  and the
conjoining by five lines going between two such trivalent trees gives five
cubic graphs with the following diagrams:
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12

(3.70)

1

q p
X = X
But applying the criterion that two graphs are isomorphic if there is a
one-to-one correspondence between their points that preserves adjacency,
we find that there are only two nonisomorphic cubic graphs on six points.
The equivalences shown are evident from the diagrams, except for that
between the first and third one in (3.70). This equivalence is shown by
labeling the points in the first one by 1,2, 3 from left-to-right across the
top horizontal line and by 4,5,6 from left-to-right across the bottom
horizontal line, and labeling the points in the third one by 1,5,6 from
left-to-right across the top horizontal line and by 2, 3,4 from left-to-right

across the bottom horizontal line. The two nonequlvalent planar cubic
graphs on six points can also be presented as diagrams in R3 :

I

a (3.71)

1

(3.72)

Thus, only two nonisomorphic cubic graphs can arise in the coupling of
four angular momenta, the first one being the geometrical cubic graph
presentation of the Wigner 9 — j coefficient; the second that of the B-E
identity.

The basis for identifying the cubic graph (3.72) with the B-E identity
can be given on purely geometrical grounds by presenting this cubic
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graph in the following form in which it has been partitioned into two
subgraphs joined by three dotted lines:

MK e

The diagram on the right is obtained from the regular union of trivalent
trees on the left by cutting the three --- lines and joining the ends together
to form a point ¢, which is shown as two points on the right of the equal
sign. The diagram on the right is then the product of two tetrahedra
in which the two diamond points are to be identified as the same point.
(We write the product as simple juxtaposition, but will subsequently
need to refine the concept of product in Sect. 3.4.2.) This is the content
of the right-hand side of the B-E identity as expressed in the three forms
(2.207)-(2.209), where the point ¢ receives the same label (bk; k5). This
extra triangle does not appear in the left-hand side of any of the forms
(2.207)-(2.209); its appearance in the B-E identity may be attributed to
the multiplication properties of recoupling matrices, which is the source
of the B-E identity, as noted earlier. This geometrical property of the
joining of a pair of trivalent trees into a cubic graph for n = 3 is the
fundamental reason for the existence of the B-E identity, and for the
existence of only one Wigner 9 — j coefficient.

3. n =4 : The trivalent trees in V4 are

e o o o ;—< (3.74)

Since the pairing is independent of order of the trivalent trees, there are
three paired sets of trivalent trees. Each pair is joined by six lines in all
possible ways such that the degree of each point is three, thus obtaining a
large collection of cubic graphs. But each cubic graph in this collection
is isomorphic to one in the following set of five, each one in this set
originating from the pairing of the left-most trivalent tree in (3.74) with
itself:

— (3.75)
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Several of the isomorphisms between cubic graphs of order eight are
illustrated by
/ /

D1 ]32 1.?3 P4 D4 2.94 2.91 b2 P3 D2 p1 Dy

~ ~

(R

& A4 A 4 )
Py Dh F R N S S N R S S )
(3.76)

The first isomorphism shows that the cubic graph obtained by the regular
union of the separate pair of inequivalent trivalent trees (3.74) can be
isomorphic to a cubic graph obtained by the regular union of the left-
most trivalent tree with itself.

It is known from graph theory that the five cubic graphs on eight
points given by (3.75) constitute all such cubic graphs. It turns out
that all cubic graphs on four, six, and eight points arise in the binary
theory of the coupling of angular momenta, but this property fails for
ten points. Not all cubic graphs containing 2n points can be obtained
by the regular union of two trivalent trees of order n by n + 2 lines (see
(3.87) below). We require more detailed analysis of this property, as
well as the properties of those cubic graphs that do occur and give rise
to the factoring of the associated fundamental triangle coefficients such
as occurs for the B-E identity. We return to this below, but let us first
note some geometrical aspects of the coupling of three and four angular
momenta.

The geometrical content of the Racah sum rule, the B-E identity, and
the Wigner 9 — j coefficient can be described in terms of cubic graphs,
but the labels associated with the vertices of the cubic graphs must be
assigned in accordance with the rules already set forth. This point needs
further discussion. We have chosen in relation (2.155) to associate the
Racah coefficient with a special pair of standard labeled binary trees and
the corresponding fundamental triangle coefficient of order four:

a b b c
%\</o cl a \y (3.77)
J j

a k| b a
=3 b c| c K §y=+(2k+1)2K +1)W (abjc; kK.
k ik j

We have earlier remarked that a tetrahedron has the unique property
that each of its points is adjacent to every other point. This property can
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be realized by assigning four arbitrary triangles, say, (abc), (dec), (dbf),
(aef), each of which shares exactly one entry with each of the other
triangles, to any four distinct points and joining by lines each pair of
points that shares a common letter. But the only labelings of cubic
graphs that we allow in the treatment of angular momentum are those
that arise from the standard labeling of a pair of binary trees of order 2—
there are four external points to be assigned angular momentum labels,
since the two internal points and the roots have the standard ki, ko, j
and k7,k),j assignment. If we keep the order of the parts in each of
(abc), (dec), (dbf), (aef) fixed, then there is no assignment of these tri-
angles to the pair of standard labeled binary trees that gives the coupling
rules for three angular momenta. By design, all standard labelings leave
invariant the set of eigenvalue relations associated with the coupling
scheme. Thus, extra conditions are imposed on the structure of angular
momentum triangles that label the vertices of the tetrahedron. Exactly
these same restrictions apply to the associated fundamental triangle co-
efficients with four columns of angular momentum triangles—they are al-
ways read off the pair of labeled binary trees by the stated rule (2.126), as
illustrated by the examples (2.127). It is, of course, the case that if per-
mutations among the parts of the four triangles (abc), (dec), (dbf), (aef),
are allowed, then they can always be brought to the form of two distinct
angular momentum coupling schemes. In our usage, it is always the
coupling schemes themselves that determine the relations between the
angular momentum triangles, and, most significantly, the adjacency of
points in the corresponding labeled cubic graph. It is useful to discuss
these rules in relation to the Racah coefficient.

The assignment of a tetrahedron to a Racah coefficient is made on
the basis of relation (2.155), which is (3.77) above, with phase factors in
accordance with the properties of the triangle coefficient of order four as
presented in (2.155)-(2.156):

(abk)  (kej)

(3.78)

o
.0 o
Ao o

<. W
—

(bek')  (ak'j)

Given the point assignment p; = (abk),ps = (kcj),py = (bck’),ph =
(ak'j) in terms of the angular momentum quantum numbers a, b, ¢, j, k, K,
as read off the pair of binary trees in (3.77), the fundamental triangle co-
efficient of order four is assigned exactly the labels shown. This provides
the labeling of the four points of the tetrahedron on the left. We can
think of this relation as providing a symbolic identity between the labeled
tetrahedron and the fundamental triangle coefficient, as shown. But now
we can apply all six permutations of the three angular momenta a, b, ¢
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labeling the external points to obtain signed labeled tetrahedra. For ex-
ample, the interchange of a and b in (3.78) gives the signed tetrahedron:

(bak)  (kcj) (abk)  (kcj)

= (—1)etbF (3.79)

(ack”) (bk'j) (ack) (bk'j)

The interchange of the top and bottom labels in (3.78) is also admitted:

(abk) (kcj) (bck') (ak'j)

= (3.80)

(bek') (ak's) (abk) (kej)

The general rule is: A labeled (possibly signed) tetrahedron is a sym-
bolic graphical presentation of the numerical-valued triangle coefficient
of order 4 corresponding to a standard labeled pair of binary trees, each
of order 2. The content of such relations is exactly the same as their
triangle coefficient presentation, no more and no less.

The entire content of angular momentum recoupling theory can be
expressed by symbolic relations between signed tetrahedra, as defined
above. We illustrate this by writing relations (2.185),(2.187),(2.208),
and (2.210) for the orthogonality relations, the Racah sum rule, the
Biedenharn-Elliott identity, and the Wigner 9 — j coefficient as symbolic
rules for composing tetrahedra:

1. Orthogonality relations: :

q1 q2 q1 q2

> = O (3.81)

k

vl Py pf ph

where all the triangles ¢; have a part equal to the summation pa-
rameter k£ and are given in terms of angular momentum quantum
numbers by ¢; = (abk), g2 = (kcj); and the ’free’ triangles are given

by p} = (bek'), phy = (ak'j), p{ = (bck”), p = (ak”j).
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2. Racah sum rule:
P Py @ 7 P P
> = (3.82)
k
a1 a@ D ph Py ph

where all the triangles ¢; have a part equal to the summation pa-
rameter k and are given by in terms of angular momentum quantum
numbers: ¢q; = (bck), g2 = (kaj); and the free triangles are given by

Py = (abk’), ph = (K'¢j), p = (ack”),ply = (K"bj).
. Biedenharn-Elliott identity:

b1 q1 Ps3 P4 Q2 g3

2.

k
D2 q2 q2 g3 D5 Deé
p3 p* m P4 D3 P4 I3
q p @
[ ) L
P2 ps p* D6 P2 D5 D6
(3.83)

where all the triangles ¢; have a part equal to the summation pa-
rameter k and are given by ¢1 = (akak),q2 = (kidk),q3 = (ckj);
the free triangle p; by p1 = (bdks),p2 = (abk}),ps = (cakyi),ps =
(k1k2j),ps = (Kickb), pe = (dkbj); and the new, created triangle in
the middle term only by p* = (bk1k}). Expression (3.83) conceals
the fact that the B-E identity has a row-column matrix element
form similar to the Racah sum rule. This is because of the reduc-
tions that take place in consequence of Kronecker delta factors.
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4. Wigner 9 — j defining relation:

b1 bsa P2 q3 43 q2
k
q1 q2 P3 q1 P5 De
p3 D4 b1
_ (3.84)
D2 DPe y4s3

where all the triangles ¢; contain a part equal to the summation pa-
rameter k and are given by ¢1 = (bk1k), g2 = (kdj), qs = (k}ck); and

the p; by p1 = (bdka),p2 = (abky), p3 = (caky),ps = (kikaj), ps =
(cdky),pe = (k1kbj).

There are denumerably infinitely many such relations between recou-
pling coefficients of the sort given above. We will eventually understand
in the next chapter on generating functions that all such relations are
expressions between integers because all recoupling coefficients are in-
tegers times square-root factors, and all such square-root factors either
get squared or can be canceled from the two sides of relations between re-
coupling coefficients, leaving behind integer relationships. In particular,
this is true for the expressions of recoupling coefficients in terms of the
basic 6 — j coefficients. The “tetrahedral integers” constitute, in some
sense, a “basis.” Angular momentum theory is about the properties of
integers in which Diophantine theory eventually gets entangled.

Adjacency properties of triangles have a vital role in the structure
of relations between recoupling coefficients. In expressing a recoupling
coefficient in terms of labeled tetrahedra, we connect only the four points
with six lines within each of the individual tetrahedra. No lines go be-
tween different tetrahedra. This is the content of the symbolic represen-
tation (3.83) of the relation (2.208) for the B-E identity. In particular,
all g—triangle labeling points have a part equal to the summation index
in the above examples and are adjacent, but only those belonging to a
given tetrahedron are connected. The other triangles that label points
that belong to different tetrahedra under the summation may likewise
be adjacent, but they are not connected.
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The symbolic identity

*

3 P4 D1 p3 P D P4
(3.85)
D2 D5 D6 D2 ps p* D6

is crucial in the B-E identity. Relation (3.85) is rather remarkable in that
it shows that a labeled cubic graph on six points can be constructed from
the product of two labeled tetrahedra and a point p* that appears as a
virtual point, where we use the term virtual to describe a point or triangle
that appears in one side of a relation between labeled cubic graphs, but
not in the other. It is an intrinsic property of the cubic graph on the left
in (3.85).

From the viewpoint of angular momentum theory, the factorizing
property of the particular cubic graph in (3.85) is a consequence of
the simple relation between orthogonal recoupling matrices expressed
by relation (2.125), as implemented through the matrix elements of this
identity in relations (2.196)-(2.198), and using properties of triangle co-
efficients. The virtual triangle made its appearance automatically in the
process of taking matrix elements. But there is nothing special about
this procedure, which implies that we can expect virtual triangles to
enter in many relations between recoupling coefficients.

A general property of all relations between recoupling coefficients is
that there must be conservation of free triangles and of the adjacency of
these triangles. This phrase is intended to mean that the free triangles
and their adjacency in the left- and right-hand sides of an identity be-
tween two cubic graphs be invariant (the same); “free” applies to those
triangles not containing a summation index that are not virtual triangles,
where we observe that virtual triangles come in identical pairs, should
they appear. This property of such relations must be true or the rela-
tion is self-contradictory. It is interesting how this property comes about
under a summation over labeled tetrahedra, as in the above examples.
It is directly verified that when two triangles are free and adjacent in
a given tetrahedron, they are adjacent in both sides of the identity. If
they belong to different tetrahedra, the adjacent or non-adjacent prop-
erty is verified by comparison of the triangles, and is carried forward to
the other side of the relation. The transitive property of adjacent points
belonging to different tetrahedra can also be important. Adjacency of
triangles is reflective, but it is not, in general, transitive. But there can
be subsets of triangles that are transitive. For example, in the expression
for the Wigner 9 — j coefficient, we have p; = p4,p1 = q1 = po implies
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p1 = p2 and p1 = ¢» = ps implies p; = ps in the left-hand side, which
accounts for the three lines adjacent to p; in the cubic graph symbol for
the 9 — j coefficient. Similarly, in the expression for the B-E identity,
we have p; = pa2,p1 = g2 = p4 implies p1 = py and p; = g2 = pg implies
p1 = pe in the left-hand side, which accounts for the three lines adjacent
to p1 in the cubic graph symbol of the B-E identity.

We next address the general relationship between pairs of unlabeled
nonisomorphic trivalent trees and unlabeled cubic graphs. We have de-
fined on p.189 the notion of the regular union of two trivalent trees
Vo, Vi € V, of order n : all points of degree 1 and 2 of belonging to
the separate trivalent trees are joined together to obtain a graph hav-
ing 2n points and 3n lines such that each point of the composite graph
has degree 3. Each such joining gives a cubic graph, and the set of all
such cubic graphs is denoted C(V;,,V,!). The required n + 2 joining lines
always exists, as shown in the first paragraph of this section. Unfortu-
nately, the regular union of two trivalent trees, one in the set of complete
nonisomorphic [n, k,d], the other in [n, k', d'], does not, in general, give
a set of nonisomorphic cubic graphs: The identification of a set of noni-
somorphic cubic graphs with 2n points is not resolved. The set of cubic
graphs C(V,,, V) does contain all cubic graphs that can arise in recou-
pling matrices associated with the binary coupling of angular momenta,
but further refinement of the structure of the set C(V,,, V) is needed to
determine the nonisomorphic cubic graphs contained therein, a task to
which we next turn.

3.4 Cubic Graphs

As an abstract graph, a cubic graph may be defined as follows:

A cubic graph Cs, of order 2n is a collection of 2n distinct points p;,i =
1,2,...,2n, and 3n lines l;,j = 1,2,...,3n, such that three lines are
incident on each point, there being exactly one line going between each
pair of points.

Cubic graphs can be presented in various forms for visualizing their
properties: A collection of points in Cartesian R? space; a collection
of points (planar graphs) in Cartesian R? space; and as arrangements
of triangles as columns in a matrix having 3 rows and 3n columns (see
Sect. 3.4.3). The previous definitions of adjacency of points and of iso-
morphic graphs apply also to cubic graphs:

1. Two points in a cubic graph are adjacent if there exists a line inci-
dent on each point.

2. Two cubic graphs are isomorphic if there exists a one-to-one corre-
spondence between their points that preserves adjacency.
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We introduce the following notations for the sets of cubic graphs of
order 2n encountered:

Cy, = {all nonisomorphic cubic graphs of order 2n},

Chn = {CVu,V))|Vy € [n,k,d], V, € n, K d]} (3.86)

)

Examples. It is useful to illustrate some unusual planar cubic graphs:

1. A cubic graph with one line joining two (noncubic) subgraphs:
b

(3.87)

This cubic graph on ten points is a member of Cyg, but not of Cs 5;
it cannot be assembled from two trivalent trees of order five joined
by seven lines, because, by symmetry one of the joining lines must
be b, and if this line is removed, there is no end point of degree
1 in either of the two disjoint subgraphs that remains to serve as
base point of a trivalent tree. This illustrates the property: Not all
cubic graphs of order 2n are contained in C,, ,,.

2. The following cubic graph on sixteen points factors into four cubic
subgraphs of order four:

(3.88)
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We can cut the lines ko, k), k4, k) and join together smoothly (no
new e point) the end points ks and k) and those of k4 and £ thus
obtaining a product of two cubic subgraphs on eight points. This
procedure can be repeated on each of these subgraphs in the prod-
uct thus obtaining the product of the four tetrahedra shown on the
right-hand side having the shared vertical line labels shown. This
planar cubic graph of order sixteen generalizes in the obvious way to
arbitrarily many subunits containing the four e points shown, with
pairs of points on two concentric circles. Thus, there are denumer-
ably infinitely many cubic graphs that can be viewed as factoring
into cubic subgraphs under the cutting and joining of lines. None
of these cubic graphs belongs to C,, ,,. They do not occur in angular
momentum binary recoupling theory. This is proved below in the
Yutsis factoring theorem for cubic graphs in the set C,, ,, by showing
that the line labels in the product on the right-hand side of (3.88)
cannot occur in cubic graphs belonging to the set C,, ,,.

These examples illustrate the subtleties of the role of general cubic
graphs in the binary recoupling theory of angular momenta. The first
example (3.87) shows that a cubic graph may fail to be in the set C,, ,,
because the lines joining subgraphs do have the required properties; the
second example (3.88) fails, as shown below, because the structure of the
factors is incompatible with a cubic graph belonging to C,, ,,. The cutting
and joining of lines and the associated factoring of cubic graphs in the set
C,,,» is an important refinement for determining the subset C,, ,, C Cy,
of nonisomorphic cubic graphs that occur in binary recoupling theory of
angular momenta.

3.4.1 Factoring properties of cubic graphs

A significant property of cubic graphs for the classification of recoupling
matrices is the following:

Yutsis factoring theorem for cubic graphs (sufficiency version). If
a cubic graph is constituted of two subgraphs joined by two or three lines,
and each of the subgraphs contains at least three points, then this cubic
graph factors into two cubic graphs of lower order by the cut and join of
lines. In the case of two lines labeled by k and k', there is a Kronecker
delta contraction Oy 1 that gives two disjoint cubic graphs that share the
common line labeled k. In the case of three lines labeled by k, q, k', a new
virtual point p* = (kqk') is created that gives two disjoint cubic graphs
that share the common point p*, provided the cut and join produces mo
loops (a line that closes on the same point) or double lines (two lines
between the same point).
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Proof. We give the proof by examples, since it is clear that the illustrated
properties generalize. The two cubic graph with diagrams given by the
first and second lines of (3.89) below illustrate this factoring. Note, how-
ever, that the cutting of the three lines in the first graph gives a double
line; these lines cannot be cut and rejoined to obtain a pair of cubic
graphs. Moreover, the graph on the third line shows that a cubic graph
with four joining lines can also be partitioned into two cubic subgraphs
by the cut and join operation.

Examples. Partitioning of cubic graphs into cubic subgraphs by cutting
and rejoining of lines:

k
= Opw "
——
k p*
L 2 [ )
(3.89)
k1
kg ki Kk
= 1) J
]{53 J k1,k29ks,ks4
ks k3

k4

If one, or both, of the cubic subgraphs that occurs in the factoring the-
orem is itself constituted of two subgraphs joined by two or three lines,
then the factoring process can be continued. The cubic graph on the
left in the third line of (3.89) has 2 - 12 = 24 points and 3 - 12 = 36
lines, while each of the two cubic subgraphs on the right has 2 -6 = 12
points and 3 - 6 = 18 lines. (Each right-angle line incident on a pair of
e points represents the same smooth line, with no points of the graph.)
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The number of points and lines is conserved in these factorings for pairs
of cut lines that are rejoined into lines, as in the first and third examples
in (3.89), two lines are replace by two lines, one each in the two disjoint
cubic subgraphs. But when three cut lines are joined into a point, as in
the second example, the number of points is increased by two because a
single new virtual point has been created, and it belongs to each of the
two disjoint cubic subgraphs—points are not conserved in this process.

O

Application of the Yutsis factoring theorem to the five nonisomorphic
cubic graphs on eight points given by (3.75) gives the following: The first
one in the top row factors into a product of two tetrahedra, the second
into the product of three tetrahedra, and the third into a tetrahedra
times a cubic graph on six points, the cubic graph on six points being
the one that corresponds to the Wigner 9—j coefficient. Thus, these three
nonisomorphic cubic graphs give no coefficients not already encountered
in the binary coupling of four angular momenta or less. The Yutsis
factoring theorem, as stated, does not apply to the two cubic graphs
given in the second row of (3.75), but it is the case that these two cubic
graphs cannot be factored (see 3.90 below) by cut and join operations.
These two give rise to two 12 — j coefficients. We have not yet proved
this, nor have we yet given a definition of a 3n — j coefficient, results we
supply below. The factoring theorem is due to the Yutsis et al. [192, 193]
school and repeated in the present notation in Ref. [21].

We have discussed in some detail how binary recoupling theory leads
to cubic graphs in the sets C,, ,,n > 2. These cubic graphs are always
obtained from a pair of binary trees which present the coupling of n+ 1
angular momenta j1,75 + 2,...,j,+1 to a final angular momentum j, as
exhibited in the standard labeling of two binary trees without common
forks, as explained in detail in Chapter 2. It is convenient to refer to
these cubic graphs as being of angular momentum type. We denote this
set of cubic graphs by G(T,7”). Only cubic graphs G(T,T") € G(T,T")
of angular momentum type can occur in the binary recoupling theory
of angular momenta, including those associated with the cubic graphs
that occur in a factoring. The five nonisomorphic cubic graphs on eight
points given by (3.75) are all obtained from the regular union of a pair
of trivalent trees of order 4, which all are members of G(T,T"), where
T,T' are binary trees of order five. The three in the top line factor into
products of the required angular momentum type, while the two in the
bottom line cannot be factored: they correspond to two 12— j coefficients,
as noted above. Being of angular momentum type (including factors)
severely restricts the cubic graphs that can arise in binary recoupling
theory for n > 5.

The results discussed above pose the following question: Given a
cubic graph (), ,, € C,, ,, that is the regular union of two trivalent trees of
order n, what are the conditions that it factor into a product of two cubic
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subgraphs C,., € C,., and U, € C; 5, by the cut and join process such
that each subgraph is of angular momentum type? This is a paramount
question that we next address.

We first observe that each cubic graph G, 4, s € Ca), satisfies:

The cut and join of lines in a cubic graph Gp 4,5 € Copn can effect a
product into two cubic graphs Co. € Cop. and Cos € Coy, if and only if
Gpq,rs has the form presented by the diagram:

2r—op 25 —p

Coars = points 3p + 2q lines points (3.90)
3r+gq 3s+4¢q
points points

The diagram on the right represents two subgraphs joined by t = 3p+2q >
2 lines, the first containing 2r —p > 3 points and 3r + q lines, the second
2s — p > 3 points and 3s + q lines, where p and q are some pair of
nonnegative integers, not both 0, and we require the graphs concealed in
the boxes to have exactly three lines incident on each point (degree 3).

Proof. Suppose there are t > 2 joining lines. Then, since every positive
integer t > 2 can be written in the form ¢ = 3p 4 2¢ for some pair of
nonnegative integers p and ¢, we can collect the lines together into p
subsets of three lines and ¢ subsets of two lines. After cutting all the ¢
lines, each identified subset of three lines is joined to a point, thereby
creating p new pairs of points, each of degree 3; each identified subset
of two lines is joined smoothly to a line, thus preserving the number 2q
of lines. One set of p points of degree three goes back into the left-hand
box and one set into the right-hand box, thus increasing the number of
points of degree three in each box to 2r and 2s, respectively; similarly, ¢
lines go back into each of the boxes, thus decreasing the number of lines
by g. Thus, the number of points and lines is 2r and 3r in the left-hand
box, and 2s and 3s in the right-hand box, each point being of degree 3.
Thus, diagram (3.90) is necessary; it is clearly sufficient. O

We can also derive conditions for a cubic graph to be realized as a
regular union of two trivalent trees. Consider the following diagram:

t 1

L, R,
Cn,n = a1 a2 as a (391)
L., L R,
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This diagram presents a cubic graph C,, ;, in terms of points and lines that
taken together constitute a cubic graph that belongs to the regular union
Cy,,n of any pair of trivalent trees in the set V,,. This is proved below,
after defining the symbols in diagram (3.91), where we use the language
of angular momentum adjacency diagrams to describe the collection of
points and lines. The nomenclature a k—line, a k’'—line, and a j—line
refers to lines in the adjacency diagram that are labeled, respectively,
by ki, ka,...,kn—1, in the upper trivalent tree, by ki, k5, ..., k], _; in the
lower trivalent tree, and by ji,j2,...,Jn+1,J for the n 4 2 joining lines.

Diagram (3.91) has the following description:

1. The top trivalent tree is the union of a left and right subgraph
denoted L, and R, that are joined by a number ¢ of k—lines.

(a) The subgraph LL,, consists of u points 1, ls, ..., [, and a number
t + = of k—lines.
(b) The subgraph R, consists of v points r1,72,...,7, and a num-

ber t + y of k—lines.

2. The bottom trivalent tree is the union of a left and right subgraph
denoted L, and R;, that are joined by a number ¢ of k'—lines.

a) The subgraph L., consists of v/ points 1,1, ...,l’, and a num-
g u 1,2 u
ber t' + x’ of k' —lines.
/ . ) o /
) g0y -
(b) The subgraph R,, consists of v’ points r}, 7, ry, and a num

ber t' + ¢’ of k'—lines.

3. The lines joining these four subgraphs are the following:

!
u’

/
v’

aj j—lines join L, and L ,, a2 j—lines join L,, and R
a3 j—lines join R, and L!,, a4 j—lines join R, and R],. (3.92)
The total number of j—lines in (3.91) is
a1 +ag +as+ag =n-+ 2. (3.93)
4. The parameters u,v,t,z,y;u’,v',t,2’,9y' entering into the defini-
tions in Items 1 and 2 are nonnegative integers that satisfy the
following conditions:

utv=mn, v+ =n, (3.94)
t+x+y=n-—1, t’—i—x’—i—y’zn—l,tEl, t’zl;
c+a'>1, x>0 220, y+y >1,y>0, ¢ >0. (3.95)

These conditions are necessary and sufficient for a regular union of
two trivalent trees of order n to give a cubic graph (3.91) that has
2n points, 3n lines, with each point of degree 3.
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5. The vertical line partitioning the cubic graph into the left sets of
points L, and L, and the right sets of points R, and R, is called
the channel line; it contains three channels, the upper one called
the k—channel, the middle one called the j—channel, and the lower
one called the k’—channel. There are t lines going through the
k—channel, ¢ lines going through the k' —channel, and as3 = as+as
lines going through the j—channel. The total number of lines going
through these three channels is t+as3+t' = 3p+2q. The channel line
is not part of the cubic graph C,, ,; it is placed in the diagram over
the graph to account for the left-right partitioning of the adjacency
diagram into subgraphs and joining lines.

We can now provide the proof of the result above, which we state as
follows:

The graph, denoted Cy,,, in diagram (3.91), which satisfies all the prop-
erties set forth in Items 1-5, is a cubic graph obtained by the regular
union of two trivalent trees in the set V,, where the joining lines can be
any of the compositions of nonnegative integers (ay,as,az,as) = n+2;
that is Cy, , € Cy, . Bvery cubic graph Cy, ,, € C,,,, has this structure.

Proof. The proof is given by showing that the sets of points R, and

L., can be transfered in diagram (3.91) in such a way as required in the
definition of a regular union, as shown in the following picture:

L ! R l L ! R i
Cpn = as a4 = ~ 304
aj as I 1
Lul t/ T R,UI T Lul7 R,UI

The two diagrams in this picture are obtained by the following two trans-
fers of sets of points in C,,,, defined by (3.91) and Items 1-5. First,
subgraph R, in diagram (3.91) is shifted to the left-hand side of the ver-
tical channel line to the position shown in the left-most diagram in (3.96).
This shift of R, carries all ¢ k—lines joining R, and L,;, and all a4 j—lines
joining R, and ]R;),, to the new positions shown in the left-most diagram,
leaving the other subgraphs and lines unchanged; in particular, the up-
per channel is now closed, and the middle channel gains a4 new j—lines.
Second, the subgraph L, , in the left-most diagram (3.96) is shifted to the
right-hand side of the vertical channel line to the new position shown.

This shift carries all ¢ k'—lines joining L, and R,,, and all a3 j—lines
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joining L., and R,, to the new positions shown, leaving the other sub-
graphs and lines on the left-hand side unchanged; in particular, the lower
channel is now closed, and the middle channel gains a; + a3 new j—lines.
The final result of these two positional shifts of subgraphs and lines is
the right-hand diagram in (3.96). But this is just the configuration of
points for the joining of two trivalent trees in V,,, since the subgraphs
L, and R,, joined by ¢ k—lines, and the subgraphs L., R,,, joined by
t' k' —lines, constitute the top and bottom trivalent trees, respectively.
Moreover, the number of j—lines is a1 + as + ag + a4 = n + 2. Since
the two shifts of subgraphs and the “dragging along” of lines is just a
reconfiguration of the subgraphs and points in (3.91) that preserves all
features of the graph from which we started, diagram (3.91) is that of
a cubic graph Cj, , € C,, . Since the entire procedure just described is
reversible, every cubic graph C, ,, € C,, ,, can be presented as a diagram
of the form (3.91). O

Examples. By a slight rearrangement of points and lines, the cubic
graph (3.88) can be presented as the following diagram:

Cig =

.~ e (3.97)

(The bent lines in this diagram are smooth lines containing no e points.)
Comparing this diagram with (3.91), we obtain the parameter values
given by n =8;p=0,g=2u=v=1u =v =4;a1 = 2,a3 = 0,a3 =
0,a4 = 2;t =t = 2,a03 = 0; hence, a1 +as +az+az = 4;t+asg +t' = 4.
Since the condition a; + a2 + asg + a3 = n + 2 is violated, the cubic
graph (3.88) cannot be presented as the joining of two trivalent trees of
order 8—it cannot occur in the addition of n+42 = 10 angular momenta.
Similarly, it can be shown that the third cubic graph in (3.89) cannot
be presented as the joining of two trivalent trees of order 12—it cannot
occur in the addition of n 4+ 2 = 14 angular momenta. O

The results obtained above on trivalent trees and cubic graphs can
now be used to derive conditions under which a cubic graph C, , can
be presented as two cubic subgraphs C,, € C,, and U5 € C, s joined
by 3p + 2¢q lines. These conditions come in the form of a family of
Diophantine relations that must be satisfied. Thus, we can prove the
following result:

Under the cut and join operations of the 3p+ 2q joining lines in diagram
(3.90), applied now to C,, p, each cubic graph C,, ,, € C,,,, factors into a
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cubic graph C,., € C,., and a cubic graph Cs s € Cy 5 :
Chpm=Crp x Cs g, (3.98)
where the positive integral parameters n,r,s,p,q satisfy the relations
n=r+s—-p=>3,2r>p+3,2s>p+3,p+q=>1 (3.99)
In addition, the nonnegative parameters (ay, az,as,a4),t,x,y,t', ',y en-
tering into the regular union of the two trivalent trees in the left-most

diagram (3.96), which is an alternative presentation of the same diagram
(8.90), must satisfy the Diophantine relations (3.100)-(3.102) below.

Proof. The following relations are just a systematic reassembly of condi-
tions set forth in Items 1-5 in the description of the subgraphs and lines
in diagram (3.91), which, via diagram (3.96), express diagram (3.90) as
a regular union of two trivalent trees:

1. Tt follows from (3.99) that the integers n,r, s, p, q satisfy:
r>2s8>2\r—s <n-3,
p=r+s—n,p+q>1. (3.100)
2. The composition (aj,as,as,as) of nonnegative integers satisfies:

a1 +ag+ag+ag=n-+2. (3.101)

3. The parameters t,z,y,t', ',y satisfy:

t+t = (3p+2q) — (a2 + a3),
t+x+y = n—1,
t'+2'+y = n-1, (3.102)
t+t' +xz+2" = (Br+q) — (a1 + a2+ a3),
t+t +y+y = (3s+q)— (az+ a3+ ayq).

The method of solving the Diophantine relations (3.100)-(3.102) is by
the following four steps, where n > 3 is specified: (i) Any pair of inte-
gers (1, s) satisfying (3.100) is selected; (ii) p is defined from step (i) as
given by (3.101), and ¢ is selected to satisfy p + ¢ > 1; (iii) any com-
position (a1, as,as, as) satisfying (3.101) is selected; (iii) all solutions in
nonnegative integers of relations (3.102) are constructed, using the se-
lected values of the parameters from (i), (ii), and (iii). The family of all
such solutions obtained in this way gives a factoring of cubic graphs of
the form (3.98). O
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The five linear relations are not independent, but they are always
compatible—relations (3.102) presents the conditions in the most sym-
metric form. It will also be noticed that no use has been made in (3.98)-
(3.102) of the conditions u+v = u’'+v" = n. These are restrictions on the
internal structure of the three cubic graphs entering into relation (3.98)
that have not yet been enforced.

The factoring property C), ,, = C;., x Cs ¢ is, however, too general for
the coupling of angular momenta: all cubic graphs in this relation must
be of angular momentum type G(T,T"). The requirement of being of
angular momentum type places severe restrictions on these three cubic
graphs. It is useful to illustrate the occurrence of a cubic graph that is
not of angular momentum type and one that is, both of which factor.
(We have introduced x between the factors in the above relations and
below to keep the factors clear; it is a generic separation symbol with no
specific properties.)

Example 1. A factoring not of angular momentum type occurs for
n=5p=q=1r=2s=4:

y2
k3
b1 ky b2 ko b3
. ko f
bs
a b c d
/
Py
e k‘é g
P k?/1 p/2 k’é P3 ,
ky pg
(3.103)
b1 D2 *
. + °
@l ki, | d b f
= 5]%7]4;2 X k2 Py g
e 3
- - /
e . vy k2 pl & P
V41 p

The factoring illustrated in this diagram is the result of the cut of the
five lines ko, d, b, ¢,k and join of d,b, ¢ to form the virtual point p*, and
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then the smooth join of the lines &, k2, which are now identified as the
same line and introduces the factor g x,. It is quite easy to read off
the second cubic graph in the second line of (3.103) directly from the
left-hand side of the relation. It is, however, the case that this graph is
isomorphic to the second one in the top row of (3.75), as shown by the
adjacency of points in the following two diagrams:

P p ps b5 P° D5 P5 D3
p o PY

Pl = (3.104)

Py s s e Py Py ph

The parameters (3.91) of the graphs in (3.103) are:
L,: u=2t=1zx=1,a; =1,a9 =2;

L;L’ : U, = ].,t, = 17$, = Oaa’l = 1,@3 = 1a

(3.105)

Ry: v=3t=1y=2,a3=1,a4=3:
R,: v =4t=1,4y =3,a0 =1, a.

v
These parameters satisfy the Diophantine relations (3.100)-(3.102), in-
cluding u +v =1u+v' = n.

The diagram on the left in (3.103) with parameters (3.105) cannot be
realized as a member of G(T,T"), despite the factoring property: The
joining lines a, b, ¢, d, e, f, g of external angular momenta going between
the pair of trivalent trees of order five on the left must all remain join-
ing lines of the factored trivalent trees on the right, and this is clearly
violated by the virtual point p* The cubic graph (3.103) factors, but it
is not of angular momentum type.

Example 2. A factoring of angular momentum type occurs for n =
5p =1, = 0,r = 2,s = 4. These parameters also satisfy the Dio-
phantine relations (3.100)-(3.102). The structure of Cy, ,, is now assured
because we start with a pair of binary trees with no common forks. The
three joining lines have the proper form to be cut and joined into a single
point p* of the proper form. We give all the details of the continued fac-
toring because it is a nice representative of the methods advanced here,
using binary trees and the associated triangle coefficients:
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FN d c a
o~ J ké s
P3
ps Ky py Ky ph K p
b5 f, P4 P3 kg P2 D1
- Z s
= Ony ! b5 d 7\ ¢
ps ki py Py Ky phy K P
*
b5 .k4 yz 1.73 ko 2 P2, P1
= 5k3,ké f k?’ X d I kl X k2 a (3106)
[ &

/ / /

s K, p) 3 ky  ph ps K p

The set of factors Ca9 X C3 3, as well as Ca 2 x (C22 x C22) are all seen
to be of angular momentum type. Points in this diagram are labeled by

p1 = (abky), pa = (k1 cka), p3 = (kadks), ps = (k3 eka),

ps = (ks f7),05 = (k20 KY); py = (ack)), ph = (ky ky ks),

Py = (bdk), py = (ks k} j), p5 = (e f K. (3.107)
This symbolic identity (3.106), of course, implies relations between the

various corresponding fundamental triangle coefficients by the rules given
in Sect. 2.2.11, Chapter 2.
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Further refinements of the family of Diophantine relations (3.100)-
(3.102) requires that we enforce the requirement that C,, and C; in
(3.98) be of angular momentum type, which we now consider. The gen-
eral situation for the cut and join of the 3p + 2¢ lines lines may be
described by the following diagram:

t k—lines
az+ag j—lines ———— 5 3p 4 2¢ total lines  (3.108)
t' k'—lines

The 3p+2q = t + as + a3z + t’ lines must be cut and joined in a way that
effects a factoring into the product C, , x Cs s, where each of these cubic
graphs is of angular momentum type.

It is useful to examine first the special case t = t/ = 1 : There are
3p + 2g — 2 join lines of j—type. For p 4+ q > 2, there are at least
p + 2 j—type join lines. Thus, for p > 1, at least three j—lines must
be joined, which is prohibited. If p = 0, there are at least two j—lines
that must be joined. This is also prohibited: The smooth join of two
j—lines into a line introduces a Kronecker delta factor on the labels of
the two j—lines, which identifies two j—lines as having identical labels,
and this creates a double line in either C,, or Css. We conclude that
it is necessary that p + ¢ < 1 to obtain a factoring into cubic graphs of
angular momentum type.

It is, of course, possible to make a cut for which ¢t +t' > 2, as diagram
(3.104) shows: the result for t = ¢’ = 1 is too restrictive, unless proved
otherwise.

A general result obtained by considering each case is the following:

Under the cut of the 3p + 2q join lines in (3.108), those lines with the
following properties cannot be joined: three lines with j—labels to a point;
pairs of j—lines smoothly to a line; pairs of k—lines smoothly to a line;
pairs of k'—lines smoothly to a line; a k—line and a k'—line smoothly to
a line; and lines that create loops (a line that joins a point to itself) or
double lines (two lines that join the same pair of points).

These ancillary conditions imply that the only possible matchings in
diagram (3.108) are those that give g smooth joins of a k—line and a
k’'—lines, and those that give p joins to a virtual point p* of a k—line,
a k’—line, and a j—line. By adding the number of k—lines, j—lines,
and k'— lines that appear in the cut and join, we obtain the relations
t=t'=p+qandas+a3z=p.

These conditions on the cut and join of lines are now used in relations
(3.101)-(3.102) to obtain a refined version of those Diophantine equations
given by
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1. The positive integers n,r, s and nonnegative integers p, q satisfy:
T2278227|T_8| S’I’L—3,

p=r+s—n,p+q>1. (3.109)
2. The composition (a1, as,as, as) of nonnegative integers satisfies:
a1 +as+ag+ag =n-+2, a9 +ag =p. (3.110)
3. The parameters t,z,y,t', 2,y satisfy
t=t'=q
t+y=n—1-(p+aq),
P+y =n—-1-(p+q), (3.111)

r+2' =3r—3p+q) —ay,
y+y =3s—@Bp+q) —as

The last four relations are always compatible in consequence of the
first relation and of n =r + s — p.

Relations (3.110) still do not take into account the requirements
that C,, and Css be cubic graphs of angular momentum type; that
is, Cyr,Cs s € G(T,T"). These conditions are the following: When the
q lines obtained by the smooth joining of the ¢ pairs consisting of a
k—line and a k’—line and the p points obtained by the joining of three
lines to a virtual point containing a k—line, a j—line, and a k'—line are
all adjoined to the subgraph {Lu,L'u,}, and separately to the subgraph
{R,, R}, the cubic graphs Cr, and C, ¢ of angular momentum type
must be created. These requirements impose further conditions on the
parameters. In particular, it must be the case that a1 +2p+ ¢ =1r + 2,
so that the number of lines joining the upper trivalent tree and the lower
trivalent tree in C,, is r + 2, with a similar result a4 +2p + ¢ = s + 2
for C . This result and (3.110) now gives p 4+ ¢ = 1. This proves:

Every cubic graph C,, € G(T,T") of angular momentum type that fac-
tors into a product Cp, = C,, x Css of cubic graphs C,, and Cj g,
each of angular momentum type, has parameter values that satisfy the
following family of Diophantine relations:

Two-line case (p=0,¢=1):
n=r+s>4,r>2 s>2,
agzagzo, a1+a4:n—i—2,
z4+y=2+y =n-2,
z+a =3r—a;—1, y+y =3s—as— 1. (3.112)
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Three-line case (p =1, ¢=0):
n=r+s—1>3,r>2,s>2,
as+az3=1, a; +a4=n+1,
r+y=a+y =n-2,
r+a2' =3r—a; -3, y+y =3s—a4— 3. (3.113)

The Yutsis factoring theorem is also necessary for cubic graphs of angular
momentum type (necessary version).

The general family of Diophantine relations (3.100)-(3.102) is invari-
ant under the interchange of the primed and unprimed parameters, and
under the simultaneous interchange of the parts of the three pairs of
parameters (r,s), (a1,a4), (a2,a3). The first operation interchanges the
upper and lower trivalent trees in Cp, p,C; ., Css; the second the sub-
graphs to the left and right of the 3p + 2¢ joining lines. These symmery
operations give isomorphic cubic graphs. These results carry over to
relations (3.112) and (3.113).

3.4.2 Join properties of cubic graphs

The factoring of cubic graphs obtained by the cut and join of two or three
lines depends entirely on the local configuration of points and lines. The
three possible local pictures have the following diagrams:

P2k D3 p D2
———— — ~—
:5k,k’ .. ]{;Xk
', k' Y] ./
P2 D3 S Y)
pPL P2 P3 pr p* P2 P3
3 0*
i ; - x o (3.114)
/ / / / ./ ) / *
P1 P2 D3 pP1 P2 p* Dy
pPL P2 P3 p1 P2 p* p3
/ / / / ’ e} /
P1 Dy D3 P P P2 D3

The diagram on the right is the result of the cut and join operation
on the diagram to the left. The symbol --- denotes that the points and



214 CHAPTER 3. GRAPHS AND ADJACENCY DIAGRAMS

lines to the right and left of the depicted local configuration complete
the picture to a full cubic graph.

The joins in these diagrams are of different types: The first is a
smooth-line join, and the two three-line joins are of a down-diagonal
type and an up-diagonal type as represented by the diagrams:

’_%_‘ and f (3.115)

The neutral x symbol in (3.114) needs to be refined: We introduce the
wedge symbol A to denote the cut and smooth-line join of two lines; the
join symbol V, to denote the cut and join of three lines to a point in
the down-diagonal case; and the join symbol V* to denote the cut and
join of three lines to a point in the up-diagonal case. The joins down-
diagonal three-line join V, and the up-diagonal three-line join V* are also
distinguished by the positions of the two virtual points created.

A characteristic of the x = A operation in the first diagram in (3.114)
is: it is immediately preceded and immediately followed by a three-line
join. But such three-line joins have the property:

A three-line cut is not allowed in the pair of contiguous three-line joins
to a two-line join; such a cut creates a double line. Only the two-line cut
and join is allowed.

A full cubic graph C,, ,, of which (3.114) is just a local part may exhibit
several two-line or three-line joins. We require further nomenclature for
their description. With each cubic graph C,,, € C,, ,, we associate a
sequence consisting of all the two-line joins, the down-diagonal three-
line joins, and the up-diagonal three-line joins, ordered in the sequence
as read from left-to-right across the upper horizontal line. We call this
sequence the characteristic join sequence of C,, ,,. The characteristic join
sequence of C,, ,,, in turn, uniquely determines a maximal product of cubic

graphs of the form [];* C,, which is obtained by the cut and join of every
two-line join and every allowed three-line join in its characteristic join
sequence. We define two cubic graphs C,,, and C,’w, both in C,,,, to
be sequentially isomorphic if their characteristic join sequences are the
same; otherwise, sequentially nonisomorphic.

The characteristic join sequence of a cubic graph may be presented
as a word in the three-letter alphabet N, L, R defined in terms of the
line-join operations by making the mappings

A= N,V,— L V*— R, (3.116)

where the mapping of each join subsequence V, A V* — A and, corre-
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spondingly, LN R — N take into account that three-line cuts of the 3-line
joins that always precede and follow a two-line join are not allowed.

It is useful to illustrate these concepts. For this purpose, we introduce
the following space-saving notations:

— oy (3.117)

Example 1. There are two nonisomorphic cubic graphs on six points.
They can be taken to be those in diagram (3.83) and (3.84). The first
one has the maximal factors given by

= W V. W (3.118)

The second one is V, given by (3.117); it has no two-line or three-line joins
and is the Wigner 9 — j symmetric cubic graph (3.84). The characteristic
join sequence of (3.18) is V, — L.

Example 2. There are five nonisomorphic cubic graphs on eight points.
They can be taken to be those in diagram (3.75). Three have the maximal
factor cubic graphs as follows:

- WAW,
= WvVv*V.

The remaining two are given by the following symmetric cubic graphs:

U = > |, X = : (3.120)

The characteristic join sequences of the cubic graphs (3.119) and the
corresponding words are given, respectively, by

Ve NV = A— N, V,V,+— LL, V*— R. (3.121)
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The two cubic graphs in (3.120) that do not factor may be regarded as
corresponding to the empty word (). All five cubic graphs are of angular
momentum type, since each can be realized in terms of a pair of standard
labeled binary trees, as can each of the factors in the maximal factorings
(3.119) (see Ref.[21, Vol.9]). Sequentially nonisomorphic cubic graphs
on eight points are nonisomorphic; there are two 12 — j coefficients.

O

The determination of a set of nonisomorphic cubic graphs on ten
points is more complicated; it is the first case where features representa-
tive of many of the complex relations between general cubic graphs and
cubic graphs of angular momentum type appear, so it is worth examining
in some detail.

There are nineteen nonisomorphic cubic graphs on ten points (Ko-
rflage [93, p.53] and Harary [77]. Two members of the set Cio can
be chosen to be the cubic graph given by (3.87) and the one given by
(3.103), where we now replace the second factor by the isomorphic cubic
graph (3.104) and remove all labels, since they serve no purpose here.
These two cubic graphs, which are not of angular momentum type, il-
lustrate the nontrivial nature of the problem of determining whether a
given cubic graph belongs to the set G(T,T").

Additional features of cubic graphs that must be taken into account
are the following:

(i). The isomorphism of a pair of cubic graphs may or may not pre-
serve its 3p + 2q join-line structure. This is illustrated by examples
(3.76),(3.104), and (3.123)-(3.124) below.

(ii). The balance of points between the number 2n of points in Cy,
and the number of points 2¢ that appear in the factors Cy; of any
product relation for C,, ,, must satisfy the relation

> m=n+h, (3.122)
t

where h is the number of V operations (either type) that appears
in the factored product, ny = |Cyy| is the number of cubic graphs
on 2t points that occurs in the factoring, which is h + 1, and the
summation is over all such factor. This relation must hold because
the A operation does not change the number of points, and the V
operation (either type) increases the number of points by two.

We can now assemble maximal join diagrams of the form (3.118) and
(3.119) to realize a set of eighteen nonisomorphic cubic graphs of order
ten, example (3.87) excepted, by implementing the following build-up
rule, which is a summary of properties of products developed above.
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Build-up rule:

1. Form all products A, V,,V* of lower order cubic graphs of order
(number of factors) f =1,2,...,2h + 1, where h is the number of
join operations V (either type) in the product, such that the balance
of products relation (3.122) is satisfied.

2. Insert parenthesis pairs (A (B (C --- (X (Y Z)))) - --) into each such
product, and read off the characteristic join sequence.

3. Take into account the symmetry that interchanges the upper and
lower trivalent trees (and reverses the slopes of the join lines), the
left-right reflection symmetry through any vertical line, and the
symmetry that interchanges factors in any parenthesis pair, for ex-
ample, (Y Z) = (ZY),(X (Y Z2)) = (Y Z)X),..., and keep only
those with the standard parenthesis pairs in Item 2 that have char-
acteristic join sequences that are nonisomorphic. (Such parenthesis
pair bracketings are called commutative, and their number is given
by the Wedderburn-Etherington numbers—see Comtet [44, p. 54].)

4. Replace each subsequence V, A V* appearing in the characteristic
join sequence by A +— N to account for the special feature (3.121)
of all two-line joins.

5. Reverse the direction of the factor process in relations (3.114) to
obtain the (unique) cubic graph represented by the factors obtained
in Items 1-4; if the cubic graph so obtained contains a two-line or
three-line join, continue the factor process until a maximal factoring
is effected, where we note that the maximal factoring of each cubic
graph in the set C,,,, gives a unique characteristic join sequence.

We implement the build-up rule to obtain a set of eighteen noniso-
morphic cubic graphs on ten points, each of which factors. For this, we
require two additional cubic graphs on eight points that are not already
listed in Example 2 above:

pLD2 P3P Ph 1_?’2 1_?{; P1
Y = K ~ ; (3.123)
®
Py vy Py Dy P2 D3 DPa Dy
p1 P2 P3P P2 D3 D4 Dy
Z = o > : (3.124)
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The eighteen nonisomorphic cubic graphs may be chosen to be those
given by the notation U, V., W, X, Y, Z by the following maximal factors:

] — WAV

2 =/ ’
S - WV, U,
= WV, X,

p
]
p
]

=WV, Z,

(3.125)

= W AW AW,

= WV, (W Vv V),

= WV, (W V*2),

= W Ve (W V. (WVe W),
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= WV, (W V. (W VW),

= W V. (W V(W Vv, W)).

This leaves the following five nonisomorphic cubic graphs that do not
factor on two or three lines:

SRR =X
=calle. =Rt

Sequentially nonisomorpic cubic graphs are nonisomorphic, and the cubic
graphs in (3.126) determine five 15 — j coefficients.

Three of the nonisomorphic cubic graphs on ten points are not of
angular momentum type G(T',T"). These three are the one-line join given
by (3.87) and the fifth and sixth one in the collection of thirteen give by
(3.125). To verify this fully, it is necessary to show that each of the five
cubic graphs given by (3.126) can be realized as the standard labeling of
a pair of binary trees selected from

Q

(3.127)

Q,

0—0—040 — =T

such that the pair of binary trees contains no common forks.



220 CHAPTER 3. GRAPHS AND ADJACENCY DIAGRAMS

It is quite interesting that all members of the class of nonisomorphic
cubic graphs that factor into a product of A + 1 tetrahedral W —factors
can be given. The class is determined by the set of corresponding charac-
teristic join sequences for which the words of length h in the two letters
L and R have certain symmetry properties (see (3.122) for the definition
of h), as follows:

Select any cubic graph that factors into h 4+ 1 tetrahedra and determine
its corresponding word w of length h. Determine the set of words with the
following properties: (i) w is in the set; (ii) the reversal of every word
in the set is in the set; and (iii) each word obtained by interchanging L
and R in every word in the set is in the set. This collection of words
uniquely determines a family of isomorphic cubic graphs with the required
factoring properties. A word not in the set with w is then selected, and
a second class of isomorphic cubic graphs is constructed. This process is
continued in the standard way to partition the set of all cubic graphs in
question into disjoint equivalence classes. Then, any set of representa-
tives of these equivalence classes gives a complete set of nonisomorphic
cubic graphs that factor into a product of h + 1 tetrahedral W —factors.

Example. The last three in the list (3.125) corresponding, respectively,
to the words LLL, LLR, LRL are nonisomorphic cubic graphs for which
a generalized B-E identity holds. This is because the five cubic graphs
corresponding to the words RRR; RRL, LRR, RLL; RLR are isomorphic
to the original three; hence, we have the word isomorphisms given by

RRR= LLL; RRL> LRR= RLL = LLR; RLR~ LRL. O (3.128)

When applied to cubic graphs of angular momentum type, so that the
product into h+1 W-factors gives the product of h+1 Racah coefficients
(with adjoined dimension and phase factors), each member of the family
of relations described above generalizes the B-E identity (3.83).

The build-up rule is a guide for constructing nonisomorphic cubic
graphs, but it is not yet an algorithm. For example, the selection of the
additional cubic graphs on 2n points (Y and Z in (3.123)-(3.124) for
n = 4) in going to the next higher level 2n + 2 has not been given. The
property that the class of characteristic join sequences corresponding to
the set of words having the symmetries in the letters N, R, L defined
above, and in Item 3, are an isomorphic set is a powerful tool. But to
effect this, even at the next level of twelve points, is nontrivial. It has
not been attempted. Alternative constructive methods should also be
developed, keeping the approach fully under the purview of combinatorial
methods.

Alternative approaches

Abstract triangles (abc) of symbols with a # b # ¢ have a vital role in
the theory of cubic graphs from the point of view of angular momentum
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theory. The points of a cubic graph can always be represented by a
collection of 2n such triangles p; = {a;b;¢;},i = 1,2,...,2n, with the
property that each of the three parts of the triangle is shared by exactly
one other triangle. Lines incident on points triangles) are then defined
by the pairs of triangles that share a common letter. This gives a total
of 3n lines with three lines incident on each point; that is, a cubic graph.
Each selection of such triangles gives a unique cubic graph. All cubic
graphs of order 2n can be constructed in this manner, but many cubic
graphs obtained in this manner are isomorphic. We address this problem
in the next section.

3.4.3 Cubic graph matrices

The enumeration of the full set of cubic graphs on 2n points can be
approached by using matrix arrays similar to the fundamental trian-
gle coefficients of order 2n. Thus, we consider a 3 X 2n matrix of 6n
indeterminates = = (x1,x2,...,23,) and y = (y1,¥2,...,Ys3,) that are
distributed among the rows and columns of the matrix by certain rules
given below. We denote such an array by Asyxon(z;y), refer to the inde-
terminates as coordinates, and call the three coordinates in each column
the internal coordinates of a point. Thus, a matrix array Asxon(z;y)
consists of 2n points, p1, po, . .., Pon, as read from left-to-right across the
columns; and each point (column) p; has three distinct internal coordi-
nates, which can be interpreted as generic points in Cartesian 3—space
R3, or as triples of labels of planar points, but with no significance as
Cartesian coordinates in R2. The rules for the distribution of the 6n co-
ordinates x = (r1,22,...,x3,) and y = (y1,Y2,---,Y3n) into the matrix
Asxon(x;y) are called adjacency conditions, and are as follows:

(1). Adjacency conditions: Let the three internal coordinates of a given
column of Ao, (x;y) be denoted by (24, 2p, 2¢), where each compo-
nent is selected from the 6n coordinates z = (x1,x9,...,23,) and
y = (y1,Y2,---,Y3n) by the following rules:

(i). All three subscripts a, b, ¢ of the internal coordinates (zq, 2p, 2¢)
are distinct.

(ii). Subscript a appears in col(zq, 25, 2¢) and in exactly one other
column, distinct from col(zq, 2p, 2¢); subscript b appears in
col(zq, 2p, 2¢), and in exactly one other column, distinct from
col(zq, 2p, 2¢), and distinct from the second column in which a
appears; and subscript ¢ appears in col(z,, 2p, 2¢) and in exactly
one other column, distinct from col(zq, 2, 2¢), and distinct from
the second column in which a appears and from the second
column in which b appears. These relations between columns
are to hold for each of the 2n columns of Aszyxon(z;y).
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We introduce the following notation for these matrix arrays:
Asyon(z;y) = {all matrix arrays satisfying conditions (1)}. (3.129)

We call each matrix in this set a cubic graph matriz. Each cubic graph
matrix maps to a cubic graph whose points p;, : = 1,2,...,2n, are pre-
sented as the columns of the matrix (3.129) with incident lines given by
the coordinates that share a common subscript. Conversely, each cubic
graph whose points are presented by 3-tuples of points satisfying the
adjacency rules with incident lines given by the 3-tuples that share a
common subscript maps to a cubic graph matrix (3.129). This bijection,
however, does not differentiate between isomorphic cubic graphs.

Permutations may be used to reduce the number of cubic graph ma-
trices Agxon(x;y) that give nonisomorphic cubic graphs. The following
three permutation groups leave the adjacency conditions invariant:

S3(2n) = S3x S3x---x S3 (2n times),
Son = standard permutation group on 1,2, ..., 2n, (3.130)
Se = interchange of symbols x and y.

The action of each p € S5(2n) (direct product group) on each Asyo, (z;y)
€ Asxon(x;y) is defined to be a permutation of the three row entries
in each of its columns, while the action of each m € Sy, is defined to
be a permutation of the 2n columns themselves. Thus, we have that
| S3(2n) | = 3!(2n)! and | Soy, | = (2n)!.

The action of these invariance groups can be used to bring each cubic
matrix Asxon(z;y) € Agxan(x;y) to the following form:

1 Y3 Ys - -Yon—1 Yiy Yis " Yizns  Yizn
Azyon(@iy) = | T2 T4 e - T Yio  Yis 0 Yo Yirn |
I3 X5 X7 - T2n4+l T2n42 L2p43 " L3n Y3n
(3.131)
where the entry y;,, ., in row 3 and column 2n has subscript iz,41 = 3n,
and the remaining subscripts i1, 12, ..., %2, are a permutation of the 2n
integers in the set Hy, = {1,2,4,...,2n—2,2n,2n+1,2n+2,...,3n—1}
such that following three conditions hold:

(i). Adjacency conditions (1i) and (1ii) are preserved.

(ii). The column subscripts {i1,i2}, {i3,4}, ..., {i2n—2,i2,} are disjoint
2—subsets of Hy,, such that i1 < is,i3 < i4,...,0l9p_1 < 19p.

(iii). The set of integer subscripts i1, 42, . .., i2,, which are permutations
of the integers in the set Hy,, must preserve the adjacency condi-
tions (i), the 2-subset conditions (ii), and yield nonisomorphic cubic
graph matrices.
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The term nonisomorphic cubic graph matrices designates that the set
of cubic graphs with their 2n points presented as the columns of the set
of cubic graph matrices are nonisomorphic. We can now prove:

Each cubic graph matriz Asxon(z;y) € Asxon(x;y) is isomorphic to a
cubic graph matriz in the set of cubic graph matrices A%, ., (x;y) de-

fined by (3.181) and conditions (i)-(ii1); A%, (x;y) is a complete set of
nonisomorphic cubic matrices.

Examples. It is useful to see some examples of cubic graph matrices
before proceeding to the proof.

n = 2 : The following cubic graph matrix represents the tetrahedron
(3.69):
1 Y3 Y1 Y2
T2 Ty Y4 Y5 | . (3.132)
r3 Ts Te Ye

n = 3 : The following two cubic graph matrices represent the two noni-
somorphic cubic graphs (3.83)-(3.84) on six points:

1 Ys Ys Y2 Y4 Y1 1 Ys Ys Y1 Y2 Y4
T2 T4 Te Yo Ys Y ) T2 T4 T Yo Ys Yt
xr3 Ts X7 Tg T9 Y9 xr3 x5 X7 Tg T9 Y9

(3.133)
n = 4 : The following five cubic graph matrices represent the five noni-
somorphic cubic graphs (3.75) on eight points:

1 Ys Ys Yr Yr Y2  Ys Ys
T2 T4 Te T8 Y4 Y10 Y11 Y9 )
xr3 x5 X7 T9 T10 Ti1 Ti2 Y12

1 Ys Ys Yr Y Y2 Ys+  Ye
T2 T4 Te T8 Ys Yo Y11 Y9
r3 Ty XLy T9 T10 T11 T12 Y12

r3 Iy X7 T9 T10 T11 T12 Y12

1 Ys Ys Y7 Y2 Y4 Ys Y1
T2 T4 Te T8 Ys Yo Y11 Y9
r3 Ty XLy T9 T10 T11 T12 Y12

1 Ys Ys Yr Y Ys Y2 Yi
T2 T4 Te T8 Ys Y10 Y11 Y9
r3 Ty Ly T9 T10 T11 T12 Y12

Y S

T1 Y3 Ys Yr Y1 Ys  Ys Y2
Ty Ty Te T Y4 Yo Yii Yo |, (3.134)
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The cubic graph (3.87) is represented by the cubic graph matrix:

1 Ys Ys Yr Yo Y1 Ys Y2 Ys Y8
T2 T4 Te T8 T10 Y14 Y12 Y13 Yo Y11
xr3 Ty X7 T9 T11 T12 T13 Ti4 Ti15 Yis

p1 P2 D3 P4
— 3 1 , (3.135)
Pe b7 Py ps
where p; denotes column ¢ = 1,...,10 of the matrix. O

Proof that A%, (x;y) is a complete set of nonisomorphic cubic graph
matrices. We first show that the permutation operations (3.130) can
be used to bring every cubic graph matrix Asxon(z;y) to the form
A5, 5, (x;y) in which the indices 41,49, ..., i2,4+1 have not yet been spec-
ified, except that they must be a permutation of the integers in the set
{Hay,,3n}. Let ni,ng, ng, ng denote the number of columns, respectively,
containing three z’s, two 2’s and one y, two 3's and one z, three y's.
Then, since the number of z’s and the number of 3/'s is equal, we have
that 3nq 4+ 2ns + ng = ny + 2n3 + 3ng = 3n. Since adjacency is preserved
by the interchange of x’s and 1's, we must have ny = ny4, ny = ng, hence,
n1 4+ no = n. But, since an x; can only share the subscript ¢ with y;, the
adjacency conditions imply that ny = 1 and ny = n — 1. But each of the
(2n)! arrangements of the columns and the 3! arrangements of the three
coordinates of a point give a trivial isomorphism (such rearrangements
of coordinates leave the point-to-line relation trivially invariant). Thus,
the columns of each Asya,(x;y) can be brought to the form in which
columns 1 through 2n have the column with three x’s occuring as col-
umn 1, followed by the n— 1 columns containing two z’s, followed by the
n — 1 columns containing one x, followed by the column containing the
three 3's, where the coordinate assignment within each column is still
not specified . But, again by application of permutations in the group
S3(2n), we can bring the z’s to the positions shown in (3.131), and this
is a trivial isomorphism. Thus, by some permutation 7w € Ss,,, each cubic
graph matrix Asxon(z;y) can be brought to a form in which the z; occur
in the positions shown in (3.131). This still leaves open the assignment
of the subscripts of the y;, for all ¢ = 1,2,...,3n. Without exception,
every cubic graph on 2n points has a subgraph of the form

b1 D2 D2 Pn—1 DPn

e o e -+ e o (3.136)
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This implies that we can choose the entries in row 1 of columns 2
through n — 1 of each Asyon(2;y) to be y3,ys, -+, yan—_1, since the first
n columns correspond to a subgraph of the form (3.136). We conclude
that the subscripts of the entries y;,, yi,, ..., ¥i,,,, must be a permuta-
tion of {1,2,4,...,2n — 2,2n,2n + 1,...,3n} such that those in each
column are distinct (condition (1i), p.221). But, again by application
of permutations in S3(2n) that leave the first n columns unchanged, the
subscript entries in rows 1 and 2 in columns n + 1,n + 2,...,2n can
be brought to the form in which the following conditions are satisfied:
’L1 < ZQ,Z3 < ’L4, . Zgn 3 < Zgn 2,2271 1 < ZQn < Z2n+1, where Yirnin 1S
the entry in row 3 and column 2n, since all permutations that effect this
ordering are trivial isomorphisms. The choice of the entry y;,,,, in row 3
and column 2n to have subscript i2,,+1 = 3n assigns the last two columns
a common subscript, hence, a line incident on each of the points in the
corresponding cubic graph. But there is always the freedom, in any cu-
bic graph, of choosing any two points to have a common incident line
without restricting the remaining point-line relationships. Correspond-
ingly, there is no restriction in realizing all nonisomorphic cubic graph
matrices by making the choice i9,+1; = 3n in (3.131). Thus, the integer
3n can be omitted from further consideration, and the subscripts of the
entries y;,, Yi,, - - - , Yi,,, can chosen to be the 2—subsets of Hy,, given by

1 < ig, i3 < i4, o1 < ign; 1 <ig <o <1op_1. (3.137)

Condition (iii) is imposed to ensure that no isomorphic cubic graphs are
admitted into the collection of cubic graph matrices of the form (3.131).
These conditions are, however, very difficult to implement, since this re-
quires that the set of cubic graph matrices corresponding to all solutions
that satisfy condition (i) and (ii) be partitioned into equivalence classes
of nonisomorphic cubic matrices. Completeness of the set A3, ,, (x;y),
with condition (iii) enforced, follows because every cubic graph matrix
in the set (3.129) is isomorphic to one in this set, and, by definition, the
set (3.129) includes all possible cubic graphs. O

The necessity of enforcing condition (iii)—the set of cubic graph ma-
trices A%, o, (z;y) must contain only nonismorphic matrices—is already
illustrated by the tetrahedron; it can also be represented by

1 Ys Y1 Y2
Ta T4 Y5 Y4 |- (3.138)
T3 Ts Te Ye

This cubic graph matrix satisfies conditions (i) and (ii), and is isomorphic
to the one given by (3.132).

Conditions (ii) in (3.131) need to be restricted further to determine
a set of nonisomorphic cubic graphs, which is the purpose of condition
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(iii). The situation is similar to that involved in the concept of match-
ings, where the 2—subset conditions (ii) are further augmented by the
requirement that iy < i3 < .-+ < i2,—1 (see Brualdi and Ryser [34,
p.318] and Sect. 4.1 of the next chapter). While there must exist a set
of permutations of the set of integers in the set Hy,, that give exactly a
set Ao, (z;y) of nonisomorphic cubic graphs, such permutations of Ha,,
must not only respect the adjacency conditions, they must also account
for isomorphisms. This procedure can always be effected by comput-
ing the full set of indices {11, 72, ...,42,} that satisfy conditions (i) and
(ii) and selecting a subset of nonisomorphic cubic matrices by partition-
ing this set into equivalence classes of isomorphic cubic matrices—those
that preserve adjacency of points. This is very difficult to implement
algebraically, especially as a statement of conditions on the set of indices
{i1,12,...,12,}. Of course, given such a set of nonisomorphic cubic graph
matrices, the corresponding set of nonisomorphic cubic graphs is read off
the matrix by assigning the columns to be the points of the graph.

Cubic graph matrices can be adapted by appropriate notational ad-
justments to the set G(T,T") of cubic graphs of angular momentum type.
In this case, the cubic graph matrix A%, o, (z;y) has for its columns ex-
actly the columns of the fundamental triangle coefficient of order 2n,
which itself is read off the pair of binary trees of order n 4+ 1 without
common forks—now seen to be nontrivial conditions—corresponding to
a given coupling scheme. Many of the properties of such triangle coeffi-
cients can be transcribed to cubic graph matrices of angular momentum

type.

3.4.4 Labeled cubic graphs

It is quite interesting that the counting formula giving the number of
labeled cubic graphs on 2n points is known. We recall the definition of a
labeled cubic graph on 2n points. We assign to the points of a given cubic
graph the integers 1,2,...,2n in all possible (2n)! ways. Two such cubic
graphs with such permuted labels are then defined to be isomorphic if the
adjacency of the points is preserved (Harary and Palmer [78]); otherwise,
they are nonisomorphic (see Sect.2.2.2 for an example of labeled forks).
We denote the set of nonisomorphic labeled cubic graphs by LC,,,, and
the cardinality by

Lon =| LCay | - (3.139)

A formula giving the number Ly, has been derived by Read [146], and
a rederivation of that result, using the principle of inclusion-exclusion,
has been given by Chen and Louck [42]. The formula for Lo, can be put
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in the form

Loy = , 14
2n = g ; =) (3.140)

where the quantity A; is independent of n. It is given by

S :2i—2j .
3 (—1) (—1)%(2i + 2k — 1)!!
A== . 3.141
b Z j! Z 3k k(20 — 25 — k)! ( )
§=0 k=0
Thus, in evaluating Lso,, the quantities A;,7 = 0,1,2,..., can be eval-

uated separately, and then used back in (3.140). For example, we find
that

Ay = (DN =1,4;=—1,A4, =2, A3 = 58/3,
(3.142)
Ly = 1,Ly=0,Ly=1,Lg = 70.

That A; is independent of n suggests that this number has a combina-
torial interpretation beyond the context of cubic graphs.

The enumeration of the set of labeled graphs is often taken as the
starting point for the enumeration of unlabeled graphs by application
of Polya’s enumeration theorem (see Harary and Palmer [78]). In the
case of cubic graphs on six points, the relationship is the following. We
label the points of the nonisomorphic cubic graphs (3.84) and (3.83) as
follows:

1 2 3 1 2 3

(3.143)

i 5 6 4 5 6
Then, because of the symmetries of these cubic graphs, the following
permutations of (1,2,3,4,5) give all the isomorphic labeled cubic graphs,
respectively:

1. The labelings given y (1,2,3,4,5,6), (1, ,3, 6,5,4),
17275747376 7 76734 1747 727 7 b 174737675727
1,4,5,2,3,6), 1&&&32 1,6,3,2,5,4), (1,6,3,4,5,2).

(1,6,5,2,3,4),(1,6,5,4,3 2) and all six cychc permutations of each
of these permutations, give altogether seventy-two labeled cubic
graphs that are isomorphic to the first labeled cubic graph in (3.143).
Thus, there are 720/72 = 10 nonisomorphic labeled cubic graphs
corresponding to the first cubic graph in (3.143).

2. The labelings given by (1,2,3,4,5,6),(1,2,6,5,4,3), and all six
cyclic permutations of each of these permutations, give altogether
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twelve labeled cubic graphs that are isomorphic to the second labeled
cubic graph in (3.143). Thus, there are 720/12 = 60 nonisomorphic
labeled cubic graphs corresponding to the second cubic graph in
(3.143).

Thus, the number of nonisomorphic labeled cubic graphs is 10 + 60 =
70, in agreement with Read’s formula. The implementation of Polya’s
enumeration theorem, or other methods, to obtain a formula for | Cs, |
remains unsolved to our knowledge.

3.4.5 Summary and unsolved problems

A principal method of this monograph for obtaining recoupling coeffi-
cients is the use of pairs of standard labeled binary trees that share no
common fork and of the corresponding fundamental triangle coefficients.
These objects, in turn, define cubic graphs of angular momentum type.
It can now be recognized that the property “no common fork” is nontriv-
ial to implement: it is equivalent to fulfilling the adjacency conditions
stated at the beginning of Sect. 3.4.3. The methods developed in Chapter
2 are now supplemented by those of this chapter by effecting the factor-
ing of each cubic graph of angular momentum type that has a two-line
join or a three-line join into maximal factors. This can be carried out
for all such pairs of binary trees with no common fork, thus expressing
all fundamental triangle coefficients as maximal factored forms. For all
those that do not factor, there is the deeper problem of relating each
such fundamental triangle coefficient to one that is associated with a
set of nonisomorphic cubic graphs. It is the latter nonisomorphic cubic
graphs of angular momentum type that define the so-called 3n — j coeffi-
cients. It is for this reason that the study of cubic graphs and the subset
of cubic graphs of angular momentum type is important. Some of the
properties of these two classes of cubic graphs have been presented, but
the structural details that identify, in general, the subset that is of an-
gular momentum type is still to be found. In the context of cubic graph
matrices, these issues may be viewed as a combinatorial problem of dis-
tinguishing between distributions of subscript indices in a 3 X 3n matrix.
The discovery of structural principles that allow such an identification
of cubic graphs of angular momentum type is one of the most impor-
tant unsolved problems in angular momentum theory, as are counting
formulas for their number (and the number of cubic graphs, as well).



Chapter 4

Generating Functions in
Angular Momentum
Theory

In the three previous chapters, we have developed the rich interplay be-
tween angular momentum theory and combinatorics in the setting of
binary trees, trivalent trees, and cubic graphs. This is a very intricate
relationship in which the binary coupling theory of angular momentum
selects its own pathway into these mathematical subjects by utilizing
pairs of binary and trivalent trees, culminating in the study of the prop-
erties of a subset of all cubic graphs of 2n points, namely, those that can
be realized as the joining of pairs of trivalent trees. It seems unlikely
that such a subset of cubic graphs would be studied on its own were
it not for this relationship to angular momentum theory, which itself
may be regarded as the study of the properties of copies of the group
SU(2). But the inter-relations do not stop here. Physics demands ex-
plicit formulas for its complex entities before the subject is complete;
combinatorics affords the possibility for understanding the structure of
complex relationships through the concept of generating functions. It is
here that again the binary coupling theory of angular momentum and
combinatorics continue their relationship. The purpose of this chapter
is to set this forth in some detail. New concepts entering these develop-
ments include that of a double Pfaffian, the skew-symmetric matrix of a
binary tree coupling scheme, and triangle monomials, as well as MacMa-
hon’s Master Theorem in its general form given by (1.255) in Chapter 1.
We repeat it for easy reference:

T2 _tZ thZD (4.1)

= akp
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in which Z = (zij)1<ij<n is an arbitrary matrix of commuting inde-
terminates, and the Dzﬁ(Z) are SU(n) solid harmonics defined over
these indeterminates. Schwinger’s Master Theorem (1.252) follows from
this relation by setting Z = XY and using the multiplication property
(1.245); MacMahon'’s relation (1.254) follows from Schwinger’s result by
setting X = diag(z1, z2,...,Ty).

4.1 Pfaffians and Double Pfaffians

Schwinger [160] observed that the calculation of 3n — j coefficients in-
volves taking the square root /(I — AB), where A and B are skew-
symmetric (antisymmetric) matrices of order n, but the procedure is
rather obscure. The appropriate concepts for taking the square root v/A
of a skew-symmetric matrix A and of /(I — AB) is that of a Pfaffian

and a double Pfaffian, which we denote by Pf(A) and Pf(A, B). Since
det A = 0 for skew-symmetric matrices of odd order, we define the Pfaf-
fian only for matrices of even order 2n, but the double Pfaffian is defined
for matrices A and B of all orders n > 2. The definitions use the concept
of a matching of the set of integers {1,2,...,2n} (see Brualdi and Ryser
[34, p. 318] for definitions and references to the literature, and Chen and
Louck [40] for further references and the relation to unitary group the-
ory). A matching of the set of integers {1,2,...,2n} is an unordered set
of n disjoint 2—subsets given by

Loy, = {{41,02}, {is, 4}, .., {ion—1,%2n}}, (4.2)

where the notation is standardized by choosing
1 < g, 13 < gy ... Gop_1 < dop; 11 < i3 < -+ < lop_1. (4.3)
The cardinality of the set Iy, is [Io, | = (2n — 1)!! = (1)(3) --- (2n — 1).

The definition of the Pfaffian is given in terms of the matchings of
{1,2,...,2n} by

Pf(A) = Z g(ih 2, .. 7i2n)ai17i2ais7i4 R O P P (4'4)
all matchings of
{1,....2n}
where £(i1, 12, ...,172,) is the sign of the permutation (iy,i2,...,42,).

We standardize the form of the elements in a skew-symmetric matrix
A of order n by writing the elements in row ¢ and column j that are above
the diagonal of 0's as a;j,% < j; hence, the element in row ¢ and column
J below the diagonal is a;; = —aj;,7 > j. We abbreviate this convention
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of indexing the elements of a skew-symmetric matrix A = —A” by the
notation:

A= (aij)1§i<j§n . (45)
Examples. The Pfaffians of skew-symmetric matrices of order 2 and
4 are obtained from the single 2—set matching {{1,2}} of the set {1, 2},
and the three 2—set matchings of the set {1, 2,3,4% given by the three

sets of 2—sets {{172}7{374}}a{{173}7{274} ;{{174 7{273}} :
n=1: Pf(A) = a2, (46)
n=2: Pf(A) = a12a34 — A13024 + a14a93. [

For the definition of the double Pfaffian, we need the set of all subsets
of {1,2,...,n} of even length. We denote the set of all such subsets of
1,2,...,n} by the notation Iy, and a 2k—subset member of this set by
i1,12,...,%9%} € lox. The notation for the 2k—subset {i,ia,...,i9} is
standardized by writing 11 < i9 < --- < 19;. For example, there are three
2-sets of {1,2,3} given by Iy = {{1,2},{1,3},{2,3}}. The definition of
the double Pfaffian for two skew-symmetric matrices A and B of order
n may be given in terms of a summation over ordinary Pfaffians:

Pf(A) B) - 1 + Z Z Pf(Ai177:27""7:2k)Pf(Bi17i2,n~7i2k)‘ (4'7)
k>1 {i1,ia,...,i2x }Elax

The skew-symmetric matrix A;, ;, . i,., With i1 < ig < --- <'ig of order
2k is obtained by selecting its elements from a subset of elements {a;;}
of the skew-symmetric matrix A given by (4.5) and placing them in row
r and column s by the following rule:

(A ) = i, each pair 1 <r < s < 2k. (4.8)

i17i27"'7i2k

The elements of the skew-matrix B are similarly defined.

7:177:27"'7i2k

Examples. The details of the construction of the double Pfaffian for
n = 3,4 are as follows: The standardized subsets of {1,2,3} of even
length are Iy = {{1,2},{1,3},{2,3}}, while those of {1,2,3,4} are Iy =
{{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}} and I, = {{1,2,3,4}}. Forn =
3, there is only one £ = 1 term in (4.7), which is followed by a sum
over the three terms corresponding to the three subsets in Iy, which are
a12b12, a13b13, aszbas. For n = 4, the kK = 1 term in (47) gives the sum of
the six terms a;,;,b;,i, corresponding to the standard matchings, while
the k = 2 term gives a product of the order 2 Pfaffian in (4.6) and the
same term with the letter a replaced by b. Thus, we obtain for n = 2
and n = 3, respectively, the double Pfaffians:
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Pf(A, B) = Pf(B, A) = 1 + a12b12 + a13b13 + az3bas, (4.9)
Pf(A, B) = Pf(B, A) =14 a12b12 + a13b13 + a14b14
+ag3bas + ag4boy + azsbsg (4.10)
+ (a12a34 — a13a24 + a23a14)(b12034 — b13bag + ba3bia). U

The general relations of determinants of skew-symmetric matrices
A, B to Pfaffians are given by

det A = (Pf(A))?, (4.11)

det(I — AB) = (Pf(A, B))?, Pf(A, B) = Pf(B, A). (4.12)

It turns out that the double Pfaffian is, in fact, the Pfaffian of a skew-
symmetric matrix of order 2n, which is given by

det(I — AB) :Pf< _AI _]B > = (Pf(A,B))*, n>1.  (4.13)

(Private communication from John Stembridge as noted in Chen and
Louck [40]). These relations can be verified by direct expansion for the
cases n = 1,2, 3.

Pfaffians have a very important role in the theory of generating func-
tions for all of the fundamental triangle coefficients. This is because a
skew-symmetric matrix, hence, a Pfaffian, can be associated with each
standard labeled binary tree, then a double Pfaffian with each pair of
such binary trees without common forks, hence, with each fundamental
triangle coefficient.

4.2 The Skew-Symmetric Matrix of a Standard
Labeled Binary Tree

A skew-symmetric matrix A of order n 4+ 2 can be associated with each
binary tree T' € T,,11. Each element a;; of the matrix A depends on the
binary tree 7, a permutation m = (71, 79,...,Tpt1) € Sp41 of a stan-
dard labeling (u1, ug, ..., un+1) of the n+1 external o points, and on the
indeterminates xj; that belong to a 3 x n matrix X = (2g)1<k<3,1<i<n;
each a;; is a monomial in the xy;. (See Sect. 2.2, pp. 101-102, for examples
of the shape of a binary tree and the corresponding external o points to
which the standard labeling (u1, ..., up+1) is assigned). Each element a;;
is labeled by the shape of T, filled in with the parts of the permutation
7, and the variables (indeterminates) X—the a;; do not depend on the
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dummy variables (uq,...,up+1), only on the permutation thereof). We
introduce the following notation for the matrix A and its elements:

It is useful to illustrate this notation for the skew-symmetric matrix
of a binary tree before giving the rules for its determination:

Example. n +1 = 3 : shy = ((00)o), m(u1,uz,uz) = (Ur,, Uy, Ur,) =
(UQ,U,3,U1),7T = (7T1,7T2,7T3) = (2>37 1)7ShT(7T) = ((71-171-2)71-3)) = ((23)1) :

0 a1 a13  a14
—ai2 0 a3 a4
A= Apsn(X) = —ays —ass 0 asy |° (4.15)

—a14 —ag4 —azs 0
in which each a;; = a;;(X) is a monomial in the indeterminate elements

x;; of a 2 x 3 matrix
11 T12
X = T91 T29 . (4.16)

31 T32

The explicit monomials x;; are given by

(12 = —T21T23 (13 = —T11T21 (14 = T2]
a3 = 31 (24 = T21722 (4.17)
az4 = T11712 O

It is the rules for obtaining the elements of this matrix for the general
3 x n case (4.14) in terms of the structure of a binary tree of order n+ 1
and general shape that are developed in this section.

The rules for writing out the elements of the skew-symmetric matrix
A= AshT(w) (X) for a given tree T' € T,, 11 are quite intricate; they utilize

still another set of indeterminates assigned to the forks of a binary tree,
which carry the full structure of the binary tree, but these indeterminates
are generating function variables and do not appear in the final result

for AShT () (X) .

We begin with a binary tree 7' € T,1; and consider the standard
labeled binary tree T'(7(j) k);, where for n + 1 angular momenta, we
have k = (kla ko,..., kn—l)?ﬂ-(j) = (jﬂ'lvjﬂm s >j7l'n+1)77T S Sn—‘,—l- We
now introduce new generic labels in the spirit of the u,v notation in
Sect. 2.2.2, because the labels required need not be angular momentum
labels; they need only reflect the structure of the underlying standard
labeled binary tree. The adjustments of notation are: Replace each j; by
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zi,t=1,2,...,n+1;each k; by w;, : =1,2,...,n—1; and j by w,, and
write z = (21, 22,...,2p+1) and w = (wy,wa, ..., w,). We also consider
all permutations 7(z). The standard labeled binary tree T'(7(j) k) ;, under
this renaming of parameters, is now denoted by T'(w(z) w),T € T, 1.

We next take the unusual step, motivated by the work of Schwinger
[160], of writing each root symbol w;,i = 1,2,...,n, of the i—th fork as
a linear combination of the symbols that appear at the end points of the
fork. There are four cases to consider, as given below (2.85), Chapter 2:

Uio\/vi Uj
— Vs LWy = ToUy + X150, (4.18)

W; Wi

where the labels u; and v; are, respectively, the labels of the points that
occur in the i—th fork in the standard labeled tree T'(7(z) w) :

1. For (¢,¢) = (o0, 0), the labels u; and v; are both external z—labels.

2. For (0,0) = (e,0), the label u; is an internal w—label, and v; is an
external z—label.

3. For (¢,0) = (o, ), the label u; is an external z—label, and v; is an
internal w—label.

4. For (¢0,0) = (e, ), the labels u; and v; are both internal w—labels.

The important point is that for a given standard labeled binary tree
T(m(z)w), the labels of the i—th fork are uniquely assigned and fall
into one of these four classes, so that the labels u; and v; are uniquely
identified in terms of the parts of z and w. Since there are n such forks,
we have n such relations of the form (4.18):

w1 = T21U1 + 1101,

Wo = T2Ug + L1202,

(4.19)

Wy, = Toply + T1pUn-

In these relations, the z;;,1 <4 < 2,1 < j < n are taken as the elements
in row ¢ and column j of a matrix Xsy,,, which constitutes rows 1 and 2 of
an extended 3 x n matrix X = (x;;)1<i<3,1<j<n Of indeterminates—this
extension is used in (4.21) below. The pairs (u;,v;),i = 1,2,...,n, in
these relations consist of 7+ 1 symbols z; and n symbols w;. (See (2.81)
with n replaced by n 4+ 1 and examples (2.83).) The assignment of the
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z; and w; to a standard labeled binary tree is such that the first relation
in (4.19) always gives w; in terms of a pair (u,v1) of z—symbols, and
in all relations above the i—th relation, w; = z9;u; + x1;v;, only those
w; with j < ¢ occur in the right-hand side of (4.19). This distribution of
the n symbols w;, ¢ = 1,2,...,n, among the variables on the right-hand
side of (4.19) allows each w; to be expressed as a linear combination of
the zj, 1 = 1,2,...,n, with coefficients M;;(X2x,) that are monomials
in the 2n indeterminates Xoy,, = (xij)lgigzlgjgn :

wi =Y M;j(Xaun)z. (4.20)
J
The structure of relations (4.19)-(4.20) is uniquely determined by

the underlying binary tree T, and this leads to the following rule for
associating a unique skew-symmetric matrix with each binary tree T' €

Thyr:

Skew-symmetric matrix of a binary tree. The skew-symmetric ma-
triz Ash/r(w) (X) of a standard labeled binary tree T'(m(z) w) is determined

by equating coefficients of det(z;, z;) in the following relation:

n
Z a;jdet(z;, zj) = Z xg; det(uj, vj) + det(wy, 2n41)
1<i<j<n+1 j=1

- Z (AShT(W)(X)) _det(2;,2;). (4.21)

1<i<j<n41 Y
This gives uniquely the elements a;; of

A=Ag, (X). (4.22)

)

Relation (4.21) is called the generating function for the skew-
symmetric matrix of a binary tree. It is useful to review how the structure
of relations (4.19)-(4.20) leads to the determination of A from (4.21): The
2n indeterminates (uj,v;),j = 1,2,...,n, are identified, for each stan-
dard labeled tree T'(7(z) w) in terms of the n indeterminates z1, ..., z,
by the rules (1)-(4) following (4.18); the extra indeterminates x3; (row
3 of X)) mark these terms; the quantity w,, is defined by the last expres-
sion in (4.19); and each w; has the form (4.20) that can be substituted
into the middle term in (4.21), whenever a w; occurs. Thus, there are
(n+1)(n+2)/2 terms det(z;, z;) in the left-most and middle expressions
in relation (4.21). This leads to the right-most expression in (4.21), in
which the elements of the matrix AshT(n) (X) are independent of all vari-

ables z; and w;, but still encode the shape of the tree and the permutation
7. The examples below illustrate the implementation of relation (4.21).
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Examples:

n+1=2:
=l ° %2 . shr(m) =(12),
w1 S wr =121 2z

Z Qi det(zi, Zj) = I3 det(ul, Ul) + det(wl, Zg)
1<i<j<3

= I3 det(zl, 22) + X921 det(zl, 23) + 11 det(ZQ, 23);

0 r31  T21
A= A(1 2) (X) = —I31 0 11 . (4.23)
—x91 —x11 0

n+1=3:
shy(m) = ((12)3);

Z1 0, z9
wy = T2121 + T1122,
w1 23
W = T2W1 + L1223
w2

= X22%2121 + X22%1122 + X1223;

Z Qi det(zi,zj)

1<i<j<4
u1,v1) + 32 det(uz, vo) + det(wo, 24)
21, 21) + x3e det(wy, z3) + det(wa, 24)

= 3 det(
= w3 det(
= x31 det(z1, 22) + x21232 det(21, 23) + To1 o0 det(21, 24)
+x11232 det(za, 23) + x11200 det(29, 24) + w12 det (23, 24);

0 31 T21T32 T21X22
. _ —x31 0 11232 X11T22
A=Aq@zsX)= —T21T32 —T11T32 0 T12 (4.24)

—T21T22 —T11T22 —T12 0
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n+1=4:
shr(m) = ((31)(42));
z3 21 Z4 z2 w1 = X2123 + 1121,
W9 = X2224 + T12%2,
w1 w2

W3 = Ta3W1 + T13W2

w
3 = T11T2321 + T12T1322

+x21T2323 + X13T2224;

Z aij det(zz-, Zj)
1<i<j<5
= w31 det(z3, 21) + w32 det(zy, 22) + w33 det (w1, we) + det(ws, 25)
= X11T12%33 det(zl, ZQ) — 31 det(zl, 23) + Z11T22233 det(zl, 24)
+2x112923 det(zl, Z5) — 1222133 det(ZQ, 23) — 39 det(ZQ, 24)
+x19w13 det (22, 25) + To1T20ws3 det(23, 24) + 21223 det(z3, 25)
+x 13702 det (24, 25);

(4.25)
a12 = 11212733 Q13 = —T31 14 = T11222733 Q15 = T11L23
a23 = —T12X21T33 A24 = —T32 a25 = T12713

a34 = T21222T33 435 = T21TL23
Q45 = T13T22

where these are the elements above the diagonal of the skew-symmetric
matrix A = AShT(ﬂ') (X) = A((g 1)(4 2))(X)

It is not necessary to calculate the elements of Ay, - () (X) for every

T € Spa1, since these can be obtained by a rearrangement of the elements
of AshT(w)(€)7 e=(12---n+1):

(At (X)) (At (@) ., 1<i<j<n+1,

i?j U 77r_7‘
(4.26)

(Ash, @), Ly lSisntL

i

(AShT(”)(X))i,nH
The skew-symmetric matrix Agy, () (X) of a standard labeled binary

tree T'(mw(z) w) occurs in the generating functions for coupled wave func-
tions given below in Sect. 4.4.
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4.3 'Triangle Monomials

The definition of a triangle monomial associated with a standard labeled
binary tree is an essential step in developing generating functions.

Let (a,b,c) be a triangle of quantum numbers (a,b,c), and let
(z,y,z) be three indeterminates. The elementary triangle monomial
D@ q.b,c)(7,y, 2) is defined by

(I)(a,b,c) ($7 Y, Z) = {abc}—1xb+c—aya+c—bza+b—c7 (427)

where {abc} is v/2¢ + 1 times the d—triangle coefficient A(abc) defined
by (2.164):

2c+D(b+c—a)latc—b)lla+b-rc) 1/2‘

(a+b+c+1)! (4.28)

{abc} =

These monomials satisfy the following orthogonality relations in the inner
product ( , ):

((D<al7b/7cl>’ (I)(GJLC)) = (5a/7a5b/,b(5€/7c(a +b+c+ 1)!/(20 + 1). (4.29)

Using the definition (4.27) of an elementary triangle monomial, we
now define the triangle monomial associated with a standard labeled
binary tree T'(jk); of order n + 1, where now

j = (j17j27 s ajn+1)? k= (klak% .. -,kn—l), (430)

by taking the product of all elementary triangle monomials over the n
triangles that label the n forks of the standard labeled binary tree. This
gives a triangle monomial for each binary tree 7' € T,4; :

Prgr), (X) = H D a4, i k) (T105 T2, T34), (4.31)
i1

where (a;, b;, k;) are the labels of the i—th fork in the standard labeled
tree T'(jk);, as defined in detail in relations (2.84)-(2.87), with n replaced
by n + 1. These triangle monomials satisfy the orthogonality relations
given by

a; +b; + ki + 1)!
2k; +1 ’

(®7/Gx),» Pr(n), ) = 017,17 Ok H ( (4.32)
=1
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4.4 Generating Functions for Coupled Wave
Functions

The defining relation (4.21) for the skew-symmetric matrix associated
with a standard labeled binary tree T'(w(j) k);,T € Ty41, can be written
in matrix form (trnow denotes transposition):

Z x3; det(ug, v;) + det(wp, 2n41) = a:Aytr,
i=1
A= AShT(w)(X)’ Z2i = COl(Q?i,yi),’i =12,...,n4+1, (433)

T = (.1‘1,.1‘2, s axn—f—l)a ytr = COl(y1>y27 s >yn+1)-

The abstract relation (2.116) for the coupled state vectors |T'(7(j) k) jm)
is realized in terms of coupled spinor wave functions for n + 1 angular
momenta as

n+1

Uiy kym (@ 0) = > CrnGmykym L] Piom: (@i 4i)s
m =1

Z,j’i"l‘mi yh—n’h
Py, (i i) = L : i=1,2,...,n+1,
o 21,4 V(i +mi) (i — my)!

in which now the standard labeled tree T'(7(j) k), has j and k ex-

tended to n + 1 angular momenta as given by (4.30), and also m =
(m1,ma,...,mpi1). The coefficients Cr(r(jm)k),, are the generalized

WCG coefficients defined by the product (2.115), extended to n.

Schwinger’s generating function for the coupled spinor wave functions
(4.34) is given by

exp (z A, (X) ytr) = D 210, (X)
Jk,j
XY (=1 Py (@1, Yn k1) () ), (25 9)- (4.35)

The summation in this formal generating relation is over the denu-
merably infinite set of values j, k,j for which the WCG coefficients in
(4.34) are defined, as explained in detail in (2.89)-(2.91). The proof of
Schwinger’s result is by exponentiating relation (4.34), and using the
definition of the triangle monomials.
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We also have from relations (1.252)-(1.253) that the exponential in
(4.35) is given by

oo o 8
exp (a: AShT(w) (X) ytr) — z;] %;k —j&DZﬁ (AshT(n) (X)) —5@ .
=V «,
(4.36)

Using this relation in (4.35) gives the relation between DP—functions of
argument AShT () (X) and triangle monomials as follows:

D% (s (X)) = (CIP 7 Criatama Priayio, (X), (437)
k

where the relations between parameters are given by

az’:jm"i_mmaﬁi:jm_mm 1=1,2,...,n+1;

Qpi2 =J—m, Bpi2 =j+m; (4.38)
n+2 n+2

p= Zai = Zﬁz’ =J1+Jo+ -+ Jng1 + -
=1 =1

Relation (4.37) gives directly the Van der Waerden form for the pre-
sentation of the SU(2) WCG coefficients. Thus, for n = 1, the skew-
symmetric matrix of order 3 is given by (4.23). For this case, there is
no summation over k in the right-hand side of (4.37), since k1 = j and
there is no kg; the right-hand side reduces to

(=17 Ch 2 1Py ey (T115 T21, 231), (4.39)
since Cr(j, my joma); m = Cimammam. The direct substitution of the skew-
symmetric matrix A = A(9)(X) of order 3 into (1.243) for the SU(3)
solid harmonics gives an expression that is a multiple of the triangle
monomial 2737 7 gl T2 17277 This monomial cancels from each
side of relation (4.37) for n = 1, leaving behind the following formula for
the SU(2) WCG coefficients:

P L —1 b21
Chitin= Gvam Y C0Z wan)

BeM'(a,)

o = (jl +m17j2 +m27j - m)J/B = (]1 - ml7j2 - m27j +m)
The set of 3 x 3 matrix arrays M/(«, ) is the subset of ME, 4(c, 8),p =
J1 + jo + j, with diagonal elements b; = 0. This result is just Van
der Waerden’s form (1.213) (when written conventionally) of the WCG

coefficients, now written in terms of the redundant summation over all
elements of the matrix array M'(a, 3) (put ko = b12 in (1.214)).



4.5. RECOUPLING COEFFICIENTS 241

4.5 Generating Functions for Recoupling
Coefficients

MacMahon’s Master Theorem in the form (4.1) and relation (4.37) above
for the U,4; solid harmonics defined on the skew-symmetric matrix
AShT(ﬂ) (X) of a standard labeled binary tree T'(w(j)k); can now be

used to obtain generating function for all recoupling coefficients for the
binary coupling of n 4+ 1 angular momenta. For economy of notation, we
write

A=Ag (X)), A=Ay (X)), (4.41)

)

Then, setting t =1 and Z = AA’ in (4.1) and using (4.7) for the double
Pfaffian, we obtain the relation:

1 o0 /
(Pf(A, A2 det( I AA Z Y Dhs(ADE 54,
' p=

a,BEp
(4.42)
where we have used the multiplication property (1.245) and the trans-
position symmetry property (1.250) to obtain

D5 o (AA) = ) " (=1)P Dy, 5(A)DE 5(A). (4.43)
Brp

We next use relation (4.31) to obtain the following form of (4.42):

[ee]

1 1 o
(Pf(A, A2 det(I — AA) — (=P > @i+t

p=0

J,d
JitjettJny1+j=p

h(r(i))sh’ (=
XD Or(agiyi), ( (I)T’(w’(j)k/)j(X)<Rs (r(3)):sh'(r u)))
k, k’

(4.44)
kj;k'j '
In obtaining this result, we have used the inner product relation

(1 ), m (@, 9) s Yoy, o (2,9) = (T(w(§) k)5 | T (7' (§) K);)

_ (cih(”(j”c;}} (w’(j))tr) _ < RSN ssh (n'(j)))  (445)
kj;k'j kj;k’

These relations are discussed in detail in Chapter 2. We have also used
the property that the inner product is independent of m, which intro-
duces the factor (2 + 1)~!, since m has been summed over. Moreover,
the relations between the «;, 3; and the j;, m; and j, m are invertible so
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that the summation over all o, 5 F p can be replaced by the summation
over all j, j, m, which gives the slightly modified form:

)Jl+ +iny1+]

1 1
(PF(A,A))?  det(l = AA’VHJ;; ERCTESY

AR (4.46)
X D151, (X) P (G ), (X) (R;;?OD sh'(x (m) .
kjk'j

The summation is over the denumerably many sets of angular momentum
quantum numbers j, k,k’, j such that all triangle relations are satisfied
among the triangles (a; b; k;), (a b} k!) associated with the forks of the

2

standard labeled binary trees T'(w(j) k); and T'(n’'(j) k');, T, T" € Ty 41.
The form (4.46) is useful for comparing with a second expansion (4.53)
below that gives the recoupling coefficients themselves.

The reciprocal of the double Pfaffian in (4.46) can be expanded in a
second way, using
Pf(A, A" =1+ G(X, X", (4.47)

where G(X, X') is a polynomial with integral coefficients in the elements
of the 3 x (n + 1) matrices X and X', as described in detail in Sect. 4.2,
and determined by (1+ G(X, X’))? = det(I — AA’), where A and A’ are
given by (4.41). We now effect the following expansion:

1

(PHA, A)? =(1+G(X, X))

=1+ Z P(p+1)(G(X, X")P.  (4.48)

But each G(X, X’) in this result is a sum of monomial terms of the form

h
G(X,X') = Gy(X, X), (4.49)
q=1

where each G4(X, X') is a monomial in the variables z;; and 332], multi-

plied by an integer, and h is the number of distinct monomials occurring
in the double Pfaffian Pf(A, A") = 1+ G(X, X’). Thus, using the multi-
nomial expansion theorem, we obtain

GX XY= > < pe > (4.50)

P1,P2:-- Pp

p1+p2+-+prn=p
X (G1(X, X)) (Go(X, X))P> - (Gr(X, X))Pr
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But, since each G¢(X,X’) is a monomial in the variables z;; and ;,
multiplied by an integer, it must be the case that

(G1L(X, X))PH (G2 (X, X)) -+ (G (X, X)) (4.51)
n
_ 11(7117,)172,...,17;,, H(l.li)bi"l‘ki_ai (x%)aﬁki—bi (x?)i)ai"l‘bi_ki
=1
n
« H / b’—i—k —al, x/Qi)a;-l-k:;—b;(xéi)a;—i-b;—k:;’

=1

where I}gf?pz,,,,,ph is an integer. The triangles (a;b; k;) and (a} b} k])
are those read off the t—th forks of the standard labeled binary trees
T(n(j)k); and T'(n'(j)K');,T,T" € Tpy1. Relation (4.51) giving the
product of powers of the G¢(X,X’) in terms of the triangle monomi-
als (without normalizing factors) must hold because of the orthogonality

of the triangle monomials.

Because of the monomial property of each G4(X, X’) in (4.51), the
product of the powers of these monomials must give 6n linear relations
of the following form, where each of the Ly, L}, is a linear combination
of the p1,p2, ..., pn with coeflicients 0 or 1.

Ly1i(p1,p2,---,pn) = bi + ki — a;
Lai(p1,p2,---,pn) = ai + ki — by,
L3i(p1,p2s -, pn) = ai +b; — ki ; (4.52)
Ly (p1.p2, - - - pn) = by + ki — a;
Ly;(p1,p2, - - - pn) = aj + ki — b},
Lsi(p1,p2s---,pn) = a; + b, — k.

The effect of different orderings of the factors in (4.51) is to permute
the p1,po,...,pn in these relations. Relations (4.52) are quite signif-
icant: The solutions for the p; in terms of an independent subset of
{p1,p2,...,pn}, and in terms of the 3n quantum numbers consisting of
the angular momentum quantum numbers j, the intermediate angular
momentum quantum numbers k, k’, and the total angular momentum
7 determine the form of the recoupling matrices. These relations must
always be solvable because of the form of the expansion (4.44). This is
illustrated by the examples below in Sect. 4.6.

We next substitute (4.51) into (4.50), and the resulting relation back
into (4.48), to obtain the following expression for the expansion of the
reciprocal of the double Pfaffian:
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1

m =(1+GX, X)) 2=1+

restricted

OID SIS SRNRCSIZVRY (R -

k,k’, 1 P1,P2;--Pp
3 Jp= p1t+p2+--+pr=p

n

X H(l:li)bi‘i‘ki_ai (x2i)ai+k’i_bi (.’E3Z‘)ai+bi_ki
b +k!—a [ W ] Py
x L) R ) R (4.53)

The summation is over the denumerably many sets of angular momentum
quantum numbers j, k,k’, j such that all triangle relations are satisfied
among the triangles (a; b; k;), (a} b} k}) associated with the forks of the
standard labeled binary trees T'(7(j) k); and T"(7'(j) k');, T, T" € Tp41.
The summation over the p; is a finite summation that is restricted in
a way that takes into account all of the linear relations (4.52). It is
important to take the summation in (4.53) in this manner because it is
the coefficients of the triangle monomials having the same set of triangles
that are to be compared between (4.53) and (4.46).

The equating of the coefficients of like triangle monomials in (4.46)
and (4.53) now gives the matrix elements of the recoupling matrix:

. . hrG)): h/ ' (j
(T(()K); | T (7 G K);) = (R;T(, @)ish' “”) (4.54)
kjk'j

1 Jittgneiti
_ T H\/ 9%k; + 1)(2K, + 1) Alay by ki) A(d, b k)
J

restricted restricted

p
x Z Z (_1)p(p + 1) ( P1,P2,---,Ph > I}g}:,)pz,---,ph'

P1,P2,--:Ph
p1+p2+-+pr=p

We have used the relation {abc} = +/2c+ 1A(abc) (compare (4.28)
and (2.164)). We recall also that the d—triangle factors A(a; b; k;) and
A(al b; k‘;) are known in terms of the angular momentum quantum num-
bers ji1, 2, .-, Jn+1, the intermediate angular momentum quantum num-
bers, k1, ko, ..., kn—1; Kk}, kS, ...,k _;, and the total angular momentum
g These d—triangle factors contain all the triangles coming from the
forks of the associated pair of labeled binary trees; they assure in (4.54)
that all triangles are carried over to the matrix elements of the associated
recoupling matrix.
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We conclude:

The matriz elements of each recoupling matriz are given by an inte-
ger multiplied by the d—triangle factors determined by the forks of the
pair of binary trees that define the two coupling schemes and the dimen-
sitonal factors associated with the angular momenta labeling the roots of
the forks. The integer itself is a restricted sum over multinomial coeffi-
cients, weighted by an integral factor that depends on the skew-symmetric
matrices associated with each binary tree.

This integer property can be very useful in the development of algorithms
for the calculation of 3n — j coefficients (see Wei [175]).

There is no direct reference in (4.54) to Racah coefficients or to cubic
graphs. Since the matrix elements of each nontrivial recoupling ma-
trix can also be expressed in terms of Racah coefficients, the generating
function gives an entirely different expression of the fundamental triangle
coefficients.

Relation (4.54) depends on the explicit construction of the skew-
symmetric matrices in (4.41) and the matrices of indeterminates X and
X', as illustrated by (4.15) and(4.23)-(4.25), which, in turn, determine

the integral weight factor I](f ?p%,,,,ph. Since we only have a recursive
method for the generation of the matrices X and X', these weight factors
have not been determined. It is useful to see how the preceding method
works for 6 — j and 9 — j coefficients, and how it compares to published
results.

4.6 Special Cases of the Generating Function

The methods developed above are illustrated in this section for n + 1 =
2,3,4. To avoid excessive use of the prime ' and for comparison with
earlier results, we introduce the notations B = A’ and Y = X’ for the
the second skew-symmetric matrix in (4.41):

A=Ay (X), B=Ag () (4.55)

(m) 77(7')
n 4+ 1 = 2 : This case corresponds to the triangle coefficient given by
(2.151), so that we must find (T'(ab); | T'(ab);) = 1. There are no inter-
mediate angular momenta for this case so that the symbols k and k' are
empty, and the summation over these quantum numbers does not occur
in the general formulas above. From (4.9), (4.23), and (4.48), we obtain
the following relations:

Pf(A, B) = 1+ z11y11 + T21921 + 3131, (4.56)
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1
PIAB)? 1)( P, (457
(Pf(A, B)) + Z Pp+ D(zuyn +za1ya + z1y31)7, (4.57)

(11911 + T21Y21 + T31Y31)°

_ b
= > <b—i—j—a,a+j—b,a+b—j) (4.58)

a,b,j

a+b+jy=p
b+j—a at+j—b a+b—j b+j—a a+j—b a+b—j
X (3711) (33 1) (3731) (Z/n) (y21) (Z/31) .

The restriction relations (4.52) give uniquely py = b+ j —a,p2 = a +
j—b,p3 =a+b—j, so that there is no summation over p in (4.54) and

Iﬁﬁ’?pm = 1. Thus, we obtain

ab ab)t ab); (ab
(T(ab); | T(ab);) = (CFVCEI™T)j = REF@ =1 (4.59)
o . N\ 2 a+b+]
=(a+b+j+1)(Aaby)) <b+j—a,a—|—j—b,a+b—j>’

The 3 — j coefficient is unity (the Wigner coefficients (4.40) are more
properly called 3 — jm coefficients).

n+1 =3 : The generating function (4.46) for n = 2 (in an equivalent
form) is often called the Schwinger-Bargmann (Bargmann [8]) generating
function for the 6 —j coeflicients. Historically, it is an important result in
angular momentum theory because it was the first derivation giving the
Racah coefficients directly in the form (2.162) without the necessity of
summing over WCG coefficients, as carried out by Racah. Regge [147]
also found this formula from the generating function and pointed out
the 144 symmetries of the 6 — j coefficient, which were overlooked by
Schwinger. We give the derivation in some detail, because it confirms
the details of relations (4.46) and (4.54), based on the double Pfaffian.
This derivation starts with the pair of binary trees given by (2.157) and
arrives at the same result:

a b b c
J J

a k| b a
_ b ¢ c K _ (Rggngc’ a(bc)) ' '
E j|kK j ’ kg kg
=/(2k + 1) (2K + L)W (abjc; kk'). (4.60)
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The two skew-symmetric matrices that enter the double Pfaffian are

0 31 T21T32 T21X22
A— —T31 0 T11732  T11222 : (4.61)
—T21T32 —X11732 0 T12
—T21T22 —T11T22 —T12 0
0 Y21Y32  Y11Y32 Y22
B— | Y2y 0 Y31 Yoy | (4.62)
—Y11Y32 Y31 0 Y11Y12

—Yo2  —Yi2Y21 —Y11Y12 0

The result for B is obtained by application of the method of Sect. 4.2.

The double Pfaffian is given by (4.10). Because of the identities
a13024 = Q23014 = T21732711T22 and bigzboy = b12b3s = Y11Y3212Y21,
the double Pfaffian reduces to

Pf(A, B) = 14+ 211732y31 + T21T22Y22 + T12Y11Y12 + T31Y21Y32
+x11T22Y12Y21 + T21T32Y11Y32 + T31T12Y22Y31- (4.63)

The p—th power of this double Pfaffian is expressed in terms of the
unnormalized triangle monomials (4.31) (the triangle factors have been
divided out in (4.64)) corresponding to the pair of labeled binary trees
in (4.60) by

estricted
CESOIEED Y P )
P1,P2,P3,P4,P5,P6, P71

P1,P2:--> P7

pr+pst-Apr=p
o Pranemn), X)Pr((apepr), (V)
{abkH)"({kecjb)t({bck'}) " ({ak' jH™H
The restriction conditions (4.52) are
pr+ps=—a+b+k,pp+ps=a—-b+k ps+pr=a+b—k
pst+pr=—k+ct+j,p2+ps=k—c+j,p1+ps=k+c—j;
ps+ps=—-bt+c+k , prt+ps=k—c+k.pr+pr=b+c—Fk,;
p3+ps=—a+k +jpptpr=a—k+j pitps=a+k —j;
(4.65)

(4.64)

These restriction conditions can be solved for the p; as follows:
p=p—(a+k +j),pp=p—0+c+k),
ps=p—(a+b+k),pr=p—(k+c+7), (4.66)
ps=b+j+k+k —pps=a+tct+k+k —p,
pr=a+bt+c+j—p.
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These relations identify the unknown multiplying factor in (4.53) as
Igf?p27,,,,p7 = 1. Thus, we obtain from (4.54) the result:

a b b c
J J

a k b a
= b c| ¢ kK }= (Rg?bT),C; a(bc)) o
k j| K 3 ’ k.jsk'j

(T(((ab)o)k); | T'((albe))k');)
= (=1)2FbFTeti /(2K + 1) (2K + 1) A(abk) A(kc)) A(bek!) A(ak’j)

restricted P
<Y Creen( )
zp: b1,P2,P3,P4,P5,P6, P71

= /(2k + 1)(2K" + 1) W (abjc; kE'), (4.67)

where the p; are defined by (4.66). Accounting for the introduction of the
parameter p, this result is in complete agreement with (2.162). It is quite
remarkable that the generating function method effects the summation
over all WCG coefficients in (2.160).

n+ 1 = 4 : The generating function (4.46) for n + 1 = 4 (in an
equivalent form) is often called the Bargmann-Wu generating function
for the 9 — j coefficients (Bargmann [8], Wu [188]), but it is implicit
in Schwinger’s work. We give the rederivation in some detail, because
it again confirms the details of relations (4.46) and (4.54) based on the
double Pfaffian. We recall from (2.210) that we have obtained Wigner’s
9 — j coefficient in the following form:

a ¢ b d a b ¢ d

O (o) ) O (o) ()
e S [

J J

a b k a c¢ K
= c d ko c d k)
ki ko j Ky Ky

Rac)(bd);(ab)(cd)

- T, T ) L L
’ ki ks jiki ks g

= (T((ac)(bd) kik2); | T((ab)(bd) k1k2);))
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a b Kk
= @+ DEK D)@k + DEB DL e d K
ki ke j

_ \/(2k1 1)K+ 1)(2ky + 1)(2R + 1) 3 (—1)HhRi
k

x (2K + 1YW (dbjky; kek)W (bake; K, k)W (K, cjd; kk)).  (4.68)

The two skew-symmetric matrices A = A(q3)(24)) (X), 7" = (1324),
and B = A((12)(34)) (Y), e = (1234), that enter the double Pfaffian are

0 21722733 —x31 12721733 T21%23
—T21222733 0 —T11722%33 32 13722
A= 31 1122733 0 11212733 T11223 s
—T12221733 —x32 —T11712%33 0 12713
—T21%23 —T13T22 —T11%23 —T12713 0
(4.69)
0 —Y31 Y21Y22933  Y12921Y33  Y21Y23
Y31 0 Y11Y22Y33  Y11Y12Y33 Y1123
B = | —Y21y22y33 —Y11Y22Y33 0 Y32 Y13Y22
—Y12Y21Y33  —Y11Y12Y33 —Y32 0 Y12Y13
—Y21Y23 —Y11Y23 —Y13Y22  —Y12Y13 0
(4.70)

Since B corresponds to the identity permutation e = (1234) (one-line
notation) and m = (3142), hence, 711_1 = 2,772_1 = 4,713_1 = 3,774_1 =3,
application of (4.26) gives B from (4.25), after changing the x;; to v;;.
Similarly, A is obtained from B in (4.70).

The double Pfaffian is obtained from relation (4.6) to be

PHA,B) =1+ Y agby (4.71)
1<i<j<5

+(a12a34 — a13a24 + azzais)(biabzs — bi3bay + bazbiy

+(a12a35 — a13azs + azzais)(biabss — bi3bas + basbis

+(ai2a45 — a14025 + azqars)(b12bys — biabas + bagbys

( )

(

~— — — ~—

+(a13a45 — a14a35 + azaais)(bi3bas — b1abss + b3abis
+(a23a45 — azaass + aszaags)(bagbas — baabss + bgabas).

However, the family of relations as follows allows for a substantial sim-
plification of the double Pfaffian:
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12034 = —023014, b13b2s = bazbi4, a12a35 = —ag3ais,
b13bas = bagbis, a12a45 = ar4a2s, brabas = basbis, (4.72)
14035 = 34015, b13bss = b1abss, aszass = —azsazs,

ba3bas = basbss.

The double Pfaffian reduces to

Pf(A,B) =1+ Z aijbij — ai3a24b12b34 (4.73)
1<i<j<5

—a13a25b12b35 + a24a15012045 + a13a45b34b15 — a24a35b34025.
This gives

G(X,Y) (4.74)
= T12713Y12Y13 T T11223Y13Y22 + T11T12T33Y32
+213T22Y11Y23 + T21223Y21Y23 + T21T22T33Y31
+T32Y11Y12Y33 + T31Y21Y22Y33 — T3132Y31Y32
—T11722T33Y11Y22Y33 + T12T13T31Y21Y23Y32 + T21T23T32Y12Y13Y31
—T13T22731Y13Y22Y31 + T12T21T33Y12Y21Y33 — T11223L32Y11Y23Y32 -

We denote the fifteen terms in this expression by G1(X,Y), G2(X,Y),
...,G15(X,Y) as read from left-to-right. While the ordering is arbitrary,
this ordering of terms allows for easy comparison with the expression for
the 9 — j coefficient obtained below with the one presented in the Drake
Handbook %53]. (Different orderings correspond to a redistribution of
parameters.

The generating function of the 9— j coefficients for the pair of labeled
binary trees given by (4.68) is obtained from (4.44):

1 1 1
(Pf(A,B))?  det(I —AB) ~ (1+G(X,Y))?
(_1)a+b+c+d+j
=1+ ) 241

a,b,c,j
k1 k2, k1 k)

XPr((ae) (bd) ki ka); (X ) PT((ab)(bd) K, k1), (V)

% ( Rlac)(bd);(ab)(cd)

e (4.75)

)k1k2j;k;kgj'
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Relation (4.54) now gives the following form of these recoupling coeffi-

cients:

(7

bd); (ab)(cd))

b ki
dk:g

k1ks g k1 ks g

a ¢ K
bod K,
Bioky o

a b

V(2 1)K + D)2k + DK+ 1) e d
k1 ko

(4.76)

k/
Ky 3
J

= (—1)@HbrerdtIA (aeky ) A(bdkg ) A (k1 ko f) A (abk)) A(edkb) A (K, kg
1 2 12

restricted

P1:P2s:+ P15

p1t+-+pis=p

XZ Z (—1)PH(p+1) < php%’f.wpm > (4.77)

where ¢ = pg + p1g + p13 + p15. The restricted summation is over all

pP1,pP2,---

teen conditions are satisfied:

p2 +p3 +pro+p1s = —a+c+ky,
Ps + D6 +p12 +puu=a—c+ky,
ps + po + p11 + p13 = a+c— ky;
p1+p3+pi1+pu=-—b+d+ ke,
P4+ pe + pro +p13 = b —d+ ko,
pr+ Do +pi2+pis =b+d— ky;
p1+pa+p11+p13 = —k1+ k2 + 7,
p2 +ps +p12 +p1s = k1 — k2 + 7,
p3 + pe +pro +p1a = k1 + k2 — J;

pa+p7+p1o+pis = —a+b+ ki,
ps+ps+pu+pu=a—b+Fk,
pe + Py + P12 + P13 =a+b— ki;
P14+ p7+ P12 +puu = —c+d+ kK,

, P15 in the multinomial coefficient such that the following eigh-

(4.78)
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P2+ ps+ pio +p13 = ¢ — d + kb,
p3+po +p11+pis = c+d — kj;
P14 p2 + P12+ pi3 = —k + k5 + 4,
pa+ps+pu+pis =k — ks + 4,
p7r+ P8+ pro+pia=Fk +ky—j.

These relations may be reduced in a variety of ways; different reductions
give different expressions of the 9 — j coefficient. We effect the reduction
in a manner that gives the final form (4.85) below (Wu’s form), which
also demonstrates their consistency. Adding the relations corresponding
to a given triangle gives the six relations:

p1+pat+pr=p—(a+c+k),
p2+ps+ps=p— (b+d+ka),
p7+ps+po=p— (k1 + k2 +37), (4.79)
pr+p2+p3=p—(a+b+k),
pa+ps+ps=p—(c+d+k),
p3 +pe +po = p— (ki + ky + 7).

These conditions may be written in the form of a 3 x 3 matrix array with
fixed row and column sums:

Pr P2 p3\ p—ti
Pa  Ps Pe | p—l2, (4.80)
pr ps py/) P13

p—tap—1lsp—ts
where the ¢; are the sums of quantum numbers of the six triangles
(abky), (cdkb), (kik57), (acky), (bdka), (k1kej) associated with the two la-

beled binary trees in (4.68), and also are the row and column sums of
the quantum numbers in the symbol in (4.68) for the 9 — j coefficient:

tir=a+b+ k), to=c+d+ kb, t3 =k + ke + 7,
(4.81)
ty=a+c+ky, ts=b+d+ ke, teg =k + kb + J.

Each set of p1, po, ..., pg that satisfies the row-column sum conditions
in the matrix (4.80) determines a compatible system (4.78) for the set
of p1g,p11,...,p15 that satisfies the relations:
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P10 + P15 = —p +p1 + S1,P11 +P1a = —p + pa2 + S2,

P12 + P13 = —p + Pp3 + 533

p12 +pia = —p+ps+81,p10+p13=—p+ps+ss5 (4.82)
P11+ P15 = —P + Pe + Se;

P11 +p13 = —p+p7r + 87,p12 + P15 = —p + Ps + S8,

D10 + P14 = —p + Py + S9;

si=btct+ki+k,so=a+d+k +kys3=a+b+kh+],
sy=a+d+ky+khyss=b+c+ko+kbse=c+d+k|+7,
s;r=a+c+ky+j,ss=b+d+ky+j,s9 =k +ke+ k| + K.

(4.83)

These relations can be solved for any five of the pig, p11,-..,p15 in terms
of the remaining one. For example, if we choose pi5 = s to be the
arbitrary parameter, then we have

P10 = —S—p+p1+S1, P11 =—5—pP+ P+ S,

P12 = —8 — P+ pg + Sg, (4.84)

P13 =S+ P5 —P1— 51+ 85, P14 = S+ P2 — P + 52 — S6,

P15 = 8.

We thus arrive at the following expression for the Wigner 9—j coefficient:

a b Kk
¢ d K (4.85)
ki ke
— Aacky)A(bidks) Ak ko) A(abk A (cdk A (K K)
-1 Piotpi1+pi2 1 p
sz: ; %2:( ) (p+)<p17p2 ’

where p1 = (p1,p2, .- .,p9) and p2 = (p10, P11, - - -, P15). The summations
in (4.85) are implemented as follows: For each set of quantum num-

bers a,b,c,d, j, ki1, k2, k], kb, appearing in the 9— j coefficient symbol and
satisfying the triangle conditions

<a0k1>7 <bdk2>7 <k1 k2 .7>7 (aka? <Cdké>7 <k£ kéj>7 (486)
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we select any nonnegative integer p such that the following two conditions
are met:

p Z max(t17t27t37t47t57t6)7 (487)
p < min(py + s1,p2 + s2,...,D9 + S9),

where t1,ta,...,ts are defined by (4.81) and s1, s2, ..., sg are defined by
(4.83). Then, the summations over p; and py are over all nonnegative
compositions of p such the row-column conditions in (4.80) are satisfied.
The summation over p is then over the finite set of all p satisfying (4.87).
The phase in (4.85) is obtained from that in (4.77), using relations (4.80)
and (4.82), as follows: The identity

(_1)a+b+c+d+j(—1)p+p9+p10+P13+p15 — (_1)plo+p11+p12 (488)

is a consequence of
(_1)p+p9+p1o+p13+p15(_1)p1o+p11+p12 — (_1)p+p9+(p12+p13)+(p11+p15)

— (_1)p+p9+p3+p6+33+56 — (_1)83+86—t6 — (_1)a+b+6+d+j'

Relation (4.85) is exactly that of Wu [188], as interpreted in the Drake
Handbook [53] (see the discussion below).

Quite remarkably, just as the generating function for the 6 — j coeffi-
cient gives the sum over four WCG coefficients in terms of the product of
0—triangles (and associated dimension factors), multiplied by an integer
that is a restricted sum of multinomial coefficients of order seven, so also
does the generating function for the 9 — j coefficient give the sum over
three Racah coefficients in terms of the product of d—triangles (and as-
sociated dimension factors), multiplied by an integer that is a restricted
sum of multinomial coefficients of order fifteen.

It is by no means a simple task to reduce the form (4.54) to a more
manageable form, as illustrated by the intricacies of the special cases
given above. What has been achieved, however, is a universal form (see
Refs. [122, 123]) based on the combinatorial concepts of pairs of labeled
binary trees, the uniform notation of triangle coefficients, the MacMahon
master theorem, the double Pfaffian, and the skew-symmetric matrix of
a binary tree, all of which exhibit the remarkable similarity of structure
of the 6 — j and 9— j coefficients, as expressed by a restricted summation
of integral weighted multinomial coefficients.

The indeterminates that appear in the 3 x n matrix X and the 3 xn
matrix Y = X' in the generating relation (4.46), and in the matrix ele-
ments of the recoupling matrix in (4.54), are related to the triangles of
the pair of binary trees through their occurrence in the triangle monomi-
als in (4.53). This suggests a relationship with the cubic graph matrices
Asxon(x;y) introduced in Sect. 3.4.3 of Chapter 3. We illustrate this in
the next section for the 6 — j and 9 — j coefficients.
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4.6.1 Cubic graph geometry of the 6 —j and 9 —j
coefficients

The double Pfaffian of the tetrahedron

We make the following identification of indeterminates x;; and y;; that
occur in the skew-symmetric matrix A and B in relations (4.61) and
(4.62) with the variables x; and y; in a cubic graph matrix (see (3.138)):

11 T12 Y11 Y12 Y1 Ys IT5 T1

( T2l T2 Y21 Y22 > = ( Ys Y4 T4 I3 ) . (4.89)
T31 T32 Y31 Y32 Te Y2 Y3 T2

This association is made from the pair of binary trees in (4 67), which

corresponds to ©1 = y1 = a, T2 = Yo = J, 13 = Y3 = k', x4 = ys =

¢, T5 =ys = b.xg = yg = k. The double Pfafﬁan (4.63) is glven in terms

of the x; and y; variables in the cubic graph matrix (4.89) by

1+G(z,y) =1+ Vs + Ey, (4.90)

where V3 is called a vertex function and E4 an edge function, as explained
below, and given by

V3 = y1y2y3 + T3Yays + T125Y6 + T2x4 T, (4.91)
Ey = x1y1T4Ys + 22Y225Y5 + T3Y326Ye- (4.92)

The tetrahedron corresponding to the double Pfaffian (4.90)-(4.92) is
obtained from the columns of the cubic graph matrix (4.89) as follows,
where the lines of a pair of adjacent points are labeled by the internal
coordinates that share a common index:

(y1y526)

(4.93)

(z12322) (7574y3)
We give below a rule for reading the vertex function V3 and the edge
function F,4 directly off this labeled tetrahedron.

The expansion of (1 + V4 + F3)~2 then gives the 6 — j coefficient as
the coefficient multiplying the triangle monomials, just as obtained in
(4.67) from the double Pfaffian in terms of the X, Y variables.
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The double Pfaffian of the 9 — j cubic graph

We make the following identification of indeterminates x;; and y;; that
occur in the skew-symmetric matrix A and B in relations (4.69) and
(4.70) with the variables x; and y; in a cubic graph matrix (see p.221)):

Tl T2 T13 Y1 Y12 Y13 T2 Ts Y3 Y2 Y1 I3
To1 22 X23 Y21 Y22 Y23 | = | X1 T4 Y6 Y5 Y4 T7 |.
T3l T32 T33 Y31 Y32 Y33 T3 Te Yo Ys Y1 T

(4.94)
This association is made from the pair of binary trees in (4.68), which
corresponds to x1 = Yy = ¢, X2 = Yy = a, x3 = Y3 = k1, T4 = yg =
d, x5 = ys = b, 16 = Yo = ko, 7 = yr = kj, 13 = yg = k}, X9 = yo = J.
The double Pfaffian is now obtained from (4.74) in terms of the z; and
y; variables in the cubic graph matrix (4.94) as

1+G(z,y) =1 + y1y37528 + YayeT2r8 + YrYoTals
+ Y2Y3T4T7 + YsY6T1TT + YsY9T1T4
+  y1y2w6T9 + YaysT3Te — Yrysr3re  (4.95)
—  X2Y2%4Y4T9Y9 + TIY3T5Y5T7Y7
+  T1Y1T6Y6T8Y8 — T3Y3T4Y4L-Y8
+  T1Y1T5Ys5T9Y9 — T2Y2T6Y6T7Y7T-

The cubic graph corresponding to the this double Pfaffian is obtained
from the columns of the cubic graph matrix (4.94) as follows, where the
lines of a pair of adjacent points are labeled by the internal coordinates
that share a common index:

(Yy1yay7)

(xox123) (x524706)
(4.96)
z3Y3 T5Ys
(y3Y6Y9) (Yy2y5Y8)

The expansion of (1 + G(z,y))~? then gives the 9 — j coefficient as
the coefficient multiplying the triangle monomials, just as obtained in
(4.75)-(4.85) from the double Pfaffian in terms of the X,Y variables.
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We have the following general result from the preceding sections on
double Pfaffians and the skew-symmetric matrix of a binary tree:

A double Pfaffian can be associated with every cubic graph G(T,T") of
angular momentum type.

The question arises: Can the double Pfaffian associated with a pair of
labeled binary trees be read off directly from its associated cubic graph?
Such rules for the 6 — j coefficient and the 9 — j coeflicient are stated
directly from the cubic graph by Biedenharn et al. [16] and in the Drake
Handbook [53]. The rules below were found empirically from the results
given by Bargmann [8] and Wu [188] prior to the discovery of the double
Pfaffian, and, for the 9—j coefficients, the cited rule is given in a modified
version of the double Pfaffian.

The rule for the tetrahedron (4.93) is very simple:

The tetrahedron rule: The vertex function V3 and the edge function Ej
then have the following geometrical significance: First, we interchange
the x; and y; coordinates labeling the points of the tetrahedron. Then,
we have the following rules for obtaining the double Pfaffian:

V3 : Multiply together the coordinates of each vertex and sum over
all four vertices.

FE4 : Multiply together the coordinates of all pairs of disjoint edges
and sum over all the three pairs of edges.

Disjoint edges of a cubic graph are defined to be edges having no common
vertex. These rules give the forms (4.90)-(4.92).

The 9 — j cubic graph rule: The Drake Handbook version replaces the
double Pfaffian (4.95) by the following form:

L4+ H(z,y) =1 - Vi + B, (4.97)

where the vertex function V4 and the edge function Ejg are defined by

Vi = Y1Y2T6X9 + Y1Y3T5T8 + Y2yY3xalr
+YaYsT3T9 + YaYeT2Ts + YsYeT1T7 (4.98)
FY7YsT3TE + Y7YoT2xs + YsY9T1T4;
T1Y1 T2Y2 T3Y3
FEg = det ( TaYs TsYs Tele > . (4.99)
Tryr T8Ys ToYy

These functions have the following interpretation in terms of the labeled
cubic graph (4.96). Interchange the symbols x and y in the cubic graph
(4.96), and then define:
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V4 vertex function: multiply together all the coordinates of each pair
of adjacent vertices, divide out the coordinates with a common subscript,
and sum over all nine such pairs.

FEg edge function: multiply together the edge coordinates correspond-
ing to any three edges having no common vertex, there being nine such
combinations, and add the nine together with 4+ signs to give the deter-
minant (4.99).

Except for signs, the expression (4.97) is the same as that for the double
Pfaffian (4.95) ( These latter signs are uniquely determined from the
definition of the double Pfaffian and the skew-symmetric matrices A and
B.) However, the signs in the different expressions compensate, and the
expansion of (1 + H(z,y))? and (1 + G(z,y))~2 work out to the same
final form (4.85) for the 9 — j coeflicient.

The answer to the question posed above is unsettled: We do not
know the general rule for reading the double Pfaffian from the associated
labeled cubic graph. Such a rule would be a unifying result of some
importance.

The indeterminates x3;,ys;,7 = 1,2,...,9 in relation (4.94) can be
realized in many ways in terms of a cubic graph matrix, the only re-
quirement being that the subscript placement encodes the triangles of
the associated cubic graph. In Biedenharn et al. [16], the following vari-
ables are used:

i1 12 T13 Y11 Y12 Y13 T2 Ys Y3 Y2 Y1 Te
( T21 X222 T23 Y21 Y22 Y23 ) = < 1 X9 T4 Tg Y9 I7 ) .

31 32 T33 Y31 Y32 Y33 r3 Ys T5 Yo Y1 Y5
(4.100)

Regrettably, several errors were made in Sect. 2.4 of Ref.[16]: Rather
than giving the detailed corrections, we note only that relation (16) for
the 9 — j coefficients is corrected by interchanging the triangle sums t3
and t4, and taking into account the equality of the two notations as
follows for the 9 — j coefficient:

g2 Js a b K
Jo Js Ja p=9q ¢ d Ky o (4.101)
Jr Je Js ki ke Js

We aso note that the number of free parameters in the summation
(4.85) for the 9 — j coefficient is four, there being two free parameters
in (4.80). It is possible to reduce this number to three as shown by
Yutsis and Bandzaitis [193], but caution must be exercised, since such
reductions can obscure the combinatorial origins of the 3n—j coefficients.

We also take this opportunity to point out that the form for the
9 — j coefficient given by relation (3.326) in Biedenharn and Louck [21]



4.7. CONCLUDING REMARKS 259

contains two errors: The repeated factor (a +d+h+1—2)! should occur
only once; and the factor (b+ f —a — j + x + z)! should be replaced by
(b+j—a— f+x+ 2)! Moreover, in Vol.9, on p.473, a line should be
removed from one of the cubic graphs, and on p.476, the second cubic
graph diagram should be replaced by the second one in relations (3.126).

Symmetries

The symmetries of the WCG coefficients and the 6 — j coefficients are
discussed in Sect. 1.4, Chapter 1, and in a comprehensive manner in Ref.
[21]. In particular, it is the rotation-inversions that transform the regu-
lar tetrahedron into itself (the group Ty in point-group terminology) that
give rise to 24 permutations in Sy of 1,2, 3,4,5,6 that leave the 6 — j co-
efficient invariant. In terms of the labeling of the tetrahedron in (4.93),
these are the twenty-four permutations that leave the edge function Ey
and vertex function V3 invariant upon setting x; = y;,7 = 1,2....,6. This
set consists of those permutations of the pairs (14)(36)(25) among them-
selves, together with no permutations of the entries within each pair, or
of the entries in any two of the pairs (four permutations, including the
identity). This invariance group also has the second interpretation as the
set of permutations induced on the subscripts 1,2,...,6 by the twenty-
four permutations of the four 3—sets of unordered (all orders equal)
integers Ay = {1,2,3}, Ay = {3,4,5},As = {1,5,6},A4 = {2,4,6},
where we standardize the notation by writing 1 <2 <3 <4 <5 < 6.
For example, the interchange of A; and Ay induces the permutation
(1,2,3,4,5,6) — (5,4,3,2,1,6). The additional symmetries that involve
linear combinations of angular momentum labels giving a total of 144
symmetries of the 6 — j coefficient have no such geometrical interpreta-
tion. In general, a 3n — j coefficient (n > 2) has the (2n)! symmetries
corresponding to the permutations of its 2n triangles in the form (4.54)
(the second interpretation above), and further symmetries are unknown.
The triangle symmetries are closely related to the choices of the p; that
solve relations %4.52); they are built into the structure of the cubic graph
matrices (3.131).

4.7 Concluding Remarks on Angular
Momentum Theory

We have attempted to place the quantum theory of angular momentum
within the mathematical framework of combinatorial mathematics in a
natural way. One of the most striking features is that the abstract enti-
ties of combinatorics become the quantities that label the mathematical
functions that arise, as we have demonstrated numerous times, beginning
with pairs of labeled binary trees without common forks, and following
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the natural evolving pathways. The unifying concepts of a recoupling
matrix and of a fundamental triangle coefficient are principal examples.

Complementary approaches to the methods presented here can be
found in the publications of many others, for example, Judd [85, 86] and
Judd and Lister [87].

The are many unsolved problems. While many results have been
presented in an algorithmic form, these forms are often too unruly for
the derivation of fully explicit algebraic formulas. Unsolved problems
include the following;:

1. Enumeration of a complete set of nonisomorphic trivalent trees of
order n and an associated counting formula.

2. Enumeration of a complete set of nonisomorphic cubic graphs on
2n points and an associated counting formula.

3. Enumeration of a complete set of nonisomorphic cubic graphs on
2n points of angular momentum type and an associated counting
formula.

4. Presentation of a more tractable method of obtaining the skew-
symmetric matrix of a binary tree.

5. Determination of the multiplying integers Il(f ,)pg,...,ph in the universal
form of recoupling coefficients.

6. Exposition of a geometric basis for the relationship between cubic
graphs and double Pfaffians.

7. Development of a general theory of triangles and graphs.

8. Development of a more comprehensive theory of paths associated
with recoupling matrices.

We turn next to the development for the general unitary group U(n)
of some aspects of U(2) presented in the first four chapters. But the goal
is far more modest, since a theory of recoupling coefficients in the sense
of 3n — j coefficients is mostly unknown. The theory of the unitary irre-
ducible representations themselves, and of the analog of the U(2) WCG
coefficients (one Kronecker product of irreducible representations), is al-
ready rich in structure. The proliferation of multiplicities for more than
a single Kronecker product is overwhelming. Combinatorial objects that
make their appearance and have a very prominent role include: semistan-
dard Young tableaux, Gelfand-Tsetlin patterns, Littlewood-Richardson
numbers, Sylvester’s identity and the complete homogeneous symmet-
ric functions, shift-operators, and operator-valued polynomials as tensor
operators.



Chapter 5

The D)‘—Polynomials: Form

5.1 Overview

Chapter 5 through Chapter 9 of this monograph develop the generaliza-
tion of the SU(2) D7 —polynomials that occur in angular momentum the-
ory to the general unitary group U(n), indeed, the general linear group
GL(n, C). These chapters draw freely from the subject matter presented
in Compendiums A and B, where summaries of various mathematical
concepts are given, so as not to interfere with the flow of the applica-
tions of these notions in the chapters. The notations and properties
of partitions, semistandard Young-Weyl tableaux, and Gelfand-Tsetlin
patterns presented in Sects.11.1-11.3, Compendium B, should be con-
sulted before reading this chapter. Section 10.6 in Compendium A on
inner products is also quite important. The structure of the U(2) solid
harmonics in Sect. 1.7, Chapter 1 is the model for generalization.

One of the principal objectives of Chapters 5-8 is to develop the prop-
erties of a class of matrices, labeled by partitions A € Par,, and denoted
by D*(Z), whose dimension is equal to Dim\, the Weyl dimension for-
mula. These matrices are functions of n? variables (zij)1<i,j<n, which,
for the most part, may be considered to be indeterminates. The ele-
ments of the matrix are functions of the form D%C(Z ), ¢ € I, where
I is an indexing set that enumerate rows r and columns c of the ma-
trix. These may be chosen to be either ordered pairs of semistandard
Young-Weyl (SSYW) tableaux of shape A, or ordered pairs of triangular
Gelfand-Tsetlin (GT) patterns of shape A (or by other schemes). We
choose to denote the elements of this matrix by double GT patterns of
shape A, rather that the equivalent sets of double SSY W tableaux of
shape A. We use several different ways of displaying this pair of pat-
terns, depending on the context. Since the partition A € Par,, is usually

261
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specified, it is useful to show this label separately from the remaining
n — 1 rows of the triangular GT patterns that accompany the partition
A. We use the following three notations to serve various needs:

D(TS\L )(Z):D(S‘l

In the first symbol, the upper pattern ( n);,) is inverted over the lower

2 ) (2) = Dhw(Z).  (5.1)

pattern (2‘1) so that the common partition is exhibited only once, but
this inversion carries no other informational content, and is often re-
ferred to in normal (uninverted) form (see (5.6)). The center symbol is
useful, for clarity, in certain specializations of the patterns m and m’
that are encountered. The final symbol is patterned after that used for
the D7—polynomials of angular momentum theory and exhibits most
clearly the parallel structures. In each of these symbols, we employ the
convention:

m € G) means < Ti\l > € Gy, (5.2)

where G denotes the set of all GT patterns corresponding to the choice
of all subpatterns m (see Sect.11.3, Compendium B). The third nota-
tion, which separates the n — 1 rows of partitions in the symbols m
and m’ from the parent partition A, is the simplest notation, and more
in accord with the general indexing scheme D;\@ but can be deceptive.
We use the lexicographic order relation on such patterns given in Com-
pendium B to write out or visualize the elements of the matrix, with m
denoting rows and m’ denoting columns. It is the custom in the physics
literature, which we shall follow, to enumerate the rows and columns in
decreasing order from the greatest pattern to the least pattern as read
from top-to-bottom down the rows and left-to-right across the columns.
The polynomials denoted by (5.1) are called D*—polynomials, and the

corresponding matrices are called D*—matrices.

In order to have some insight into the nature of the D*—polynomials
and the corresponding matrices, we collect together here in this Overview
many of their main properties, and either give the proofs or indicate
where the proof of a given property can be found.

Let Z = (Zij)lgi,jgn be a set of n? variables or indeterminates, and
A= (aij)1§¢,j§n a corresponding set of n? nonnegative integers. The
Maclaurin polynomials defined by

ZA n szl;j
— 5.3

1,j=1
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are basic to our presentation of the properties of D*—polynomials. The
polynomials (5.3) are orthogonal in the inner product (, ), this inner
product being defined and discussed in Sect. 1.3.1, Chapter 1:

(z4,2%) = 5(A,B)A H ai;, (5.4)
,j=1

where we sometimes write the Kronecker delta in the form §(A, B) for

complex entities such as the arrays A and B. The polynomials Z4 are
also homogeneous of degree

n
o = E a;; in the variables
Jj=1
Z; = (Zﬂ,zig, PN ,Zm) in row 7 of Z;
(5.5)
n
a;- = E a;; in the variables
i=1
20 = (215,294, -+, %nj) in column j of Z.

The D*—polynomials are invertible real linear transformations of the
Z4 polynomials that preserve their homogeneity properties in the rows
and columns of 7 :

m/ m/ 7A
D(A)(Z): > C(A)(A)I, (5.6)
m AeM a,a’) m )

mxn(

where, for given double GT patterns ( 2‘1 ) and ( n%;) of the same shape

(partition) A F p, the compositions a F p and o/ + p are the weights of
the lower and upper patterns:

a:(al,...,an):W<;;>, a':(ag,...,a;)zvv(A). (5.7)

The summation in (5.6) is over all matrix arrays A = (ai;),; j<n Of
o) defined by

n><n(

M 1 =a;,1=1,...,n ‘
ol Zz 1‘%3—0‘ J=1.

These are just the conditions of homogeneity given by (5.5), the total de-
gree being the nonnegative integer p. If the partition A € Par,, is selected

nonnegative integer exponents in the set M2

(5.8)
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n (5.6), then p = |[A| = Ay + A2 4 - -- + A, whereas if the nonnegative
integer p is selected, then A - p. The partition A and the nonnegative in-
teger p stand in this relationship throughout this monograph, even when
not noted.

The transformation (5.6) is invertible because we require the transfor-
mation coefficients C' ( B\ ) (A) to be the elements of a real orthogonal
m

matrix, up to multiplying factors as described below in (5.13)-(5.14).
The inversion is given by

2 ———c| A Jp| A @)
| |
AFp mom/ €G i (a,a’) M()\)A m m
each Ae MV (a,d), (5.9)

where G (a, ') is the set of double GT patterns of weight (o, ') and
shape A, and the quantity M () is an invariant normalizing factor defined
by

H)\ i) /1'2' -(n — 1)IDim); (5.10)
=1

DimA= [ h—X +]—2/1'2‘ (n—1)L. (5.11)
1<i<j<n

The factor DimA is the Weyl dimension formula that gives the number
of GT patterns (and SSYW tableau) in the set G, of all GT patterns of
shape .

The orthogonality and normalization of the D*—polynomials is ex-
pressed for all pairs A\, \" € Par,(p) by

(D ( X > (2), D( §Y ) (Z)) = S Oy Oa e M(N). (5.12)

m m//

The normalization of the D*—polynomials to the factor M ()) is made
so that the D*—matrices give the unit matrix when evaluated at Z =
I, : D’(I,) = Ipjy,- From the orthogonality relations (5.4) for the
Maclaurin monomials Z4 /Al, it follows that the orthogonality relations

for the D*—polynomials are expressed in terms of the C'—coefficients for
all pairs A\, \' € Par,(p) by

m' m"
> a8 wn( ¥ ) -snsen 61
"
)

AeM? | (a,0f m m

nxn
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where the new transformation coefficients are defined by

R( Z% ) (4) = mc ( Z% ) (4). (5.14)

The orthogonality relation (5.4) applied to (5.9) then also gives

> > R(TK >(A)R< N >(B):5(A,B),
)

AFp mm/ €Gy(a,af m m

for all pairs A, B e MY (a,d). (5.15)

The orthogonality relations (5.13) and ( 5.15) depend on two distinct
indexing sets: The set that appears in (5.13) is ME («, /), which con-
tains all n X n matrix arrays A of prescribed row and column sums, as
given by the weights a and o’ of the lower and upper GT patterns of
shape \; and the set that appears in (5.15) is the set of all GT patterns of
shape A\, which is denoted by G (a, '), having « as the prescribed weight
of the lower pattern and o’ as that of the upper pattern, these weights
being held fixed as A runs over all compositions of p. For the enumeration
of the second set, the Kostka number K (), a) that gives the number of

GT patterns ( 2‘1 ) of weight « is required. Thus, the two indexing sets

are MV (a,a’) and Uypp, Gy(a, '), which are, respectively, of cardi-
nality [M; ., (a,a’)| and 37y, [Gx(a,a’)]. If desired, the R—quantities
defined by (5.14) can first be partitioned into subsets of all partitions
A of the nonnegative integer p, followed by the set of all patterns hav-
ing prescribed weights o and o/. These patterns can then be assembled
P n(a,@’)| with rows enumerated by

into a square matrix of order |M
the matrix arrays A in the set ME_  («,a’) and columns enumerated by
the GT patterns in the set Uy, Gy (,@’). The “squareness” of this real
orthogonal matrix then requires that

S KMN K\ o) =M, (o,0)). (5.16)

nxn
AbFp

This is a famous relation known as the Robinson, Schensted, Knuth iden-
tity, and proved combinatorially by Knuth [91]. The above interpretation
of this identity was pointed out in Ref. [118]. This is a classical example
in combinatorics where closed formulas for neither the Kostka numbers
K (A, @) nor the number of matrix arrays ME (a, ') are known, but a

relation between them exists.
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It is, of course, possible to calculate all the numbers in (5.16) by
the highly inefficient method of enumerating all GT patterns of shape
A (see Sect.11.3 in Compendium B) and then determining the weight

a = (a1,q9,...,ay) from the formula
J j—1
%'szz’j—Zmu_l,j:1,2,...,n, (5.17)
i=1 i=1
where a; = my; and (A1, A2, ..., A\n) = (M1n, Man, . .., m1y). The full set

of GT patterns, DimA in number, is then listed, and the multiplicity of
a given weight « recorded. This is the Kosta number K (A, «). The list
is then expanded to include all A F p, and from the expanded list the
number of occurrences of a given pair («,a’) is counted, which is the

number [MP_(«,a/)].

There are many orthogonal transformations between the polynomials
ZA/A! and some set of D*—polynomials that might be considered. Our

interest in this monograph is in a very specific family of D*—polynomials
for which the orthogonal transformation is completely specified, and
which endows these polynomials with many special properties. Accord-
ingly, we state at the outset a set of relations that fully defines these
polynomials, although the verification of some of these properties is intri-
cate. These details are deferred to Chapters 6-9. The description of the

transformation C*—coefficients in the definition of the D*—polynomials
is a major objective.

Relation (5.6) can also be formulated as a relationship between matri-
ces of dimension DimA : The lower GT patterns (7’7\1) € G enumerate the
rows, and the upper GT patterns (m)‘) € () enumerate the columns of a

matrix D*(Z), as well as those of a matrix C*(A). For the explicit enu-
meration of the elements of such matrices, we need to order the set of GT
patterns corresponding to a given shape )\, so that the D*—polynomials
and the C*—coefficients can be entered into the matrix in a specified
manner. For this, we first associate with each GT pattern (2‘1) (see

Sect. 11.3) the sequence of length n(n — 1)/2 obtained by placing rows
n—1,n—2,...,2,1 in a single row sequence R)(m) defined as follows:

Ryx(m) = (M1n—1,M2n-1,Mn_1n—1; -.. ;M12,M22;M11). (5.18)
We then use the lexicographic order that
Ry(m) > Ry(m'), (5.19)

if and only if the first nonzero entry in the difference sequence Ry(m) —
Ry(m') is positive. In one-to-one correspondence with the ordering
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(5.19), we also write

A A . .
( m > > ( ! > , if and only if Ry(m) > Ry(m'). (5.20)
This order relation is a complete order relation; it is regarded simply as

a convenient way for placing the D*—polynomials into a matrix and has
no deeper significance here.

The rows and columns of the matrix D*(Z) are indexed by the lower
and upper GT patterns, respectively, of the polynomials (5.6), where
the rows are ordered left-to-right as read across the columns from the
greatest to the least pattern, and the columns are ordered top-to-bottom
down the rows by the greatest to the least pattern. The elements of the

matrix C*(A) of coefficients in (5.6) are indexed in the same way. But
now it is necessary to defined the C*—coefficients in (5.6) for all weights
a,a’ € Wy, where W, denotes the set of all weights of the set of GT pat-
terns Gy. The Maclaurin polynomials Z4 JA! are defined for all matrices
of exponents A = (a;j)1<i j<n having nonnegative elements a;;. In partic-
ular, they are defined for all weights «a, @’ € Wy. We accordingly define
the C*—coefficients in the linear transformation for all A corresponding
to all o,/ € W), by

C ( n)/\L ) (4) = C ( TK ) (A), forAe MP_ (a,d),

(5.21)

nxXn

a#W<A> or 0/75W<)\/>.
m m

This definition of the C*—coefficients for all A having row and columns
sums corresponding to all weights o, o/ € W, allows relation (5.6) to be
written in the form

m m' 7A
D()\)(Z): > C(A)(A)I, (5.22)

m AeMP

nxn

m/
C’( A ) (A) = 0, forAe Ml (a,d), a,a € Wy,
m
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where the set M”

nxn

is defined by the union

M, = |J M. (ad). (5.23)

nxn nxn
a,a’ €Wy,

Relation (5.22) can now be written in the concise matrix form:

A _ Z_A A
DNZ)= > T O, (5.24)
AeM?

nxn

where the elements of the matrix C*(A) are defined by

(CA(A)) =C ( \ ) (A), each A € MP__ . (5.25)

Thus, in the matrix form (5.24), the monomial term Z4/A! appears as a

scalar multiplier of the numerical-valued matrix C*(A). By design, the
matrix elements of relation (5.24) give back relation (5.6) in consequence
of definition (5.21).

A combinatorial interpretation of the elements of the matrices C*(A)

would place the definition of the D*—matrix in a purely combinatorial
context. Such an interpretation can be given in terms of digraphs as we
show in Chapter 6. But, now, in the spirit of the present chapter, we
continue with the basic definitions and form of results.

5.2 Defining Relations for the D*—Polynomials

The Kronecker product (see Sect. 10.5, Compendium A) D (Z)® D (Z)
of two D*—polynomials is a well-defined matrix polynomial (matrix with
polynomial elements). In particular, for the partitions A = (0") and
A = (10"71), we require that D")(Z) = Iy, and DA (2) = Z.
The defining relation for the general D*—polynomials is taken to be the
following:

n
Y @ DM (2) = R} (Z ® DA(Z)) (RMT, (5.26)
=1
where e; is the unit row vector of length n with 1 as part 7 and 0 as all
other parts, each 7 = 1,2, ...,n. Thus, the partition A\+e, has A\, shifted
upward by 1, the other parts remaining unchanged. Should A+e, violate
the conditions of being a partition, the corresponding D¢ —polynomial
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is to be omitted from the left-hand side. The real orthogonal matrix R*

(not to be confused with C*(A)) is a matrix that is fully defined in
Sects. (6.1)-(6.4) of Chapter 6.

Relation (5.26) can be viewed as a recurrence relation: If we take the
elements of the real orthogonal matrix R* as known for all A\ € Par,,, and
the matrix D*(Z) as known for all partitions A I p, then this relation

determines the elements of each matrix DM (Z) (see (5.36) below). The
procedure can then be repeated to generate the elements of each matrix

D> tertes (7)), ete. The elements of the D*—polynomials for A - p + 1
are uniquely determined in terms of those for A I p. Since they are given

by D) (Z) = IDimy for p = 0, the iteration procedure is fully defined.

It is useful to motivate definition (5.26). It turns out (Chapter 9) that
the specialization of the matrix Z to a unitary matrix Z = U € U(n)

gives an irreducible unitary matrix representation D*(U) of U(n) :

DNUNDMNU) = DMU'U), each pairU’,U € U(n),
(5.27)

DMNUY) = (D’\(U))T.

It is also the case that the Kronecker product of two irreducible uni-
tary representations of U(n) is completely reducible into a direct sum of
such irreducible unitary representations by a real orthogonal similarity
transformation:

CHI(DHU) @ DY U)(CHNT =) e, DNU),  (5.28)
A

where u, v, A\ € Par,, the nonnegative integers cf‘w are the Littlewood-

Richardson [104] numbers, and C*¥) is a real orthogonal matrix of di-
mension

Dim C**) = Dim uDimv = » _ ¢;), Dim. (5.29)
A

Relation (5.26) is just the specialization of (5.28) to the partition p =
(10"~1) with the replacement of v by A and U by Z. We have taken (5.26)

as a definition, and the proof that it uniquely defines the D*—polynomials
does not depend, of course, on this motivation.

We next give the form of elements of the matrix R* that enter into
the defining relation (5.26), together with their orthogonality relations;
they are numerical coefficients given by the bra-ket matrix elements of a
fundamental tensor operator, which, in turn, are simple functions defined



270 CHAPTER 5. THE D*—-POLYNOMIALS: FORM

over diagraphs. A direct proof of the orthogonality relations follows
from Sylvester’s identity. These results are proved in Chapter 6. Using
these results, we then list below a number of explicit relations for the
D*—polynomials implied by the defining relation (5.26). The elements

of the real orthogonal matrix R* are given by

t’iT

A+er A
R m) :< m’ m > (5.30)

In this relation, the matrix R* is of dimension nDim\ with rows and
columns enumerated as follows:

rows: (1,m'),7=1,2,...,n;m' € Gy,e_,
(5.31)
columns: (i,m),i =1,2,...,n;m € Gy.

That this real orthogonal matrix is square is assured by the identity:

nDimA =Y Dim(A+e,). (5.32)

=1

As remarked above, the bra-ket coefficients in the right-hand side of
(5.30) are fully defined in Chapter 6, but, here the important property is
the orthogonality relations for the rows and columns of the R —matrix
given, respectively, by

Z Z <)\+€p ip Ti\l>< )\;—l//eq— t’iT T)I\l> - 5p7'5m’,m”7
i=1 meGy
(5.33)
Z Z <)\n—2/167 Lir 2\1 >< )\7—7://67 Lir ﬂ)’\Ll> = 0ij0m,m-

T=1m"€Gxyie,

We now prove the following four identities, which become explicit
when the numerical objects, expressed as the bra-ket matrix elements,

<)\—i—e.,
m/

appearing in the identities are specified. The first relation gives the

action of all the z;; on the D*—polynomials, and the second gives their
recursive definition, which uniquely determines them:

t’iT

A > (5.34)
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1. Action of z; :

ZZJD<}\1 )(Z) = Z Z < )\;//er

A
m
T=1m" ,m" €Gxyie,
Ate,
X < "

: %>D<A?g>wy (5.35)

tiT

tir
2. Raising recurrence relation:
m///
A+ eT
RERITIE o R

1,7=1m,m’ €Gx
% A+ €r
m"

’LT

3 >
~——

/

tir
m

3. Action of 0/0z;; :
/
0 M(X)

D - (5.37)
8Zij ( ) Tz:lm” mge:@u er M()\ N 67—)

)\ — €r )\ )\ — €r
X m’ m m!"
4. Lowering recurrence relation:

D< Anj”eT ) Z Z — 67 (5.38)

i,j=1mm’eG,
m/
W A AN p () (2).
m e/ 9z m

m///
it )‘,>D<)\—67)(Z).
m//

1T

T
th,

A—er
m m///

Proof. Relation (5.35) is the matrix element version of (5.26); rela-
tion (5.36) is the result of transferring the orthogonal matrices R* and

(RMT in (5.26) to the right-hand side and taking matrix elements; re-
lation (5.37) is obtained from (5.35) by using the Hermitian conjugate

relation (z;;)T = 9/0z;; for the inner product (, ); and (5.38) is obtained
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from (5.37) by using the orthogonality relations in their conjugated form,
where the conjugate coefficients are given by

A—e; AN/ A
m/ m /~ \ m

since the coefficients are real. O

t;fT tir

A > , (5.39)

The unit tensor operator coefficient for A = (0") is given by (see
Chapter 6, especially the examples in Sect. 6.2)

(&

Thus, starting with

(00) > — 6,y cachT =1,2,...,n. (5.40)

t’iT

(0)
D| 0" | (2)=1, (5.41)

(0)
we calculate from (5.36) that D10""")(Z) = Z; that is,

D ( 15n—1 > (Z) = 2, (5.42)

1

where the GT patterns denoted by 7 and j are the unique patterns whose
weights are the unit row vectors W( ! gn_l) = ey, W( ! [])."_1) = e;. Using
this result back in (5.36), and the assumed known values of the coeffi-
cients (5.34), we construct the polynomial for partitions (2,0"!) and
(1,1,072), then, from these, the polynomials for (3,0"71),(2,1,07"2),
(1,1,1,073),... . Thus, the raising recurrence relation (5.36) deter-

mines uniquely the general D*(Z) and C*(A) matrices in (5.24). For
completeness, we have given the conjugate relations as well.

If the D*—polynomials are known by iteration of either (5.36), or
their derivatives by iteration of (5.37), or by some other means, then the

C*(A)—coefficients are also obtained from the inner product:

/

m A m
zZAD| X | (2] = <a%> Dl X (2) o
= C n; (A). (5.43)

m
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That relations (5.35)-(5.37) and (5.36)-(5.38)) are conjugate relations
is put more in evidence by using the normalized D*—polynomials:

D ( 751 > (Z) = %D ( 7:% ) (Z). (5.44)

Thus, we obtain the following matrix element expressions:

(f) ( Anl//; ) (Z), 25D ( 752’ ) (Z)) (5.45)
ME\;(J;;T) < A;:”eT % >< A;:”g 72/ >;

(f) ( AZ/;T > (2), %f) ( :{ > (Z)> (5.46)
soer e el ) Ot 8 )

M\ —e;
Re-expressing these two results in terms of the D*—polynomials then
gives agreement with relations (5.35)-(5.38).

t’iT th

T
th,

The procedure above places the entire burden for the determination
of the D*—polynomials on knowledge of the family of R*—coefficients
(5.30). Given these coefficients, it is, of course, not easy to effect the
general iteration of any of relations (5.35)-(5.38). We develop in Chap-
ter 7 more effective means for doing this. The t;; unit tensor operator
appearing in the coefficient (5.30) may be interpreted as a shift or trans-
fer of the GT pattern ( 7:‘1 ) to the new pattern ()‘;?T). The algebra of
these fundamental shift operators is basic to our approach. This algebra

is developed in Chapter 6, where they are defined combinatorially as
discrete functions over arc digraphs.

The following list gives a number of properties of the D*—polynomials.
Either the proof of each item is given or it is indicated where it is to be
found. Ultimately, these properties are all consequences of the basic re-
lations (5.26), (5.35)-(5.38), and the coefficients (5.30). These properties

suggest that the matrices D*(Z) be called matriz Schur functions:
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. Transpositional symmetry:

(@) = D",
(5.47)
()" = .

The first property follows from (5.26) by replacing Z by Z7T, fol-
lowed by transposing the resulting relation. The second relation
follows from the first and (5.24). A second proof is given by (7.12),
Chapter 7.

. Diagonal property: For each weight o € W, we have

m/
D( A )(diag(wl,wg,...,wn)) = Omm ] ag? - apn,
m

(5.48)

m/
C’( A )(diag(al,ag,"-,an)) = Ommailag!--- !,
m

where Z and A are the diagonal matrices Z = diag(zy,zo,...,x,)
and A = diag(aq,9,...,q,). These results are proved directly
from (5.6) by specializaling to Z = diag(z1,zo,...,x,) and using

the relation \
D*(In) = Ipim)s (5.49)

which is a consequence of the multiplication property given by the
next Item.

Multiplication property:
DMNX)DMY) = DMN(XY), for arbitrary X,Y. (5.50)

This property is fundamental. It follows from the fact that the it-
eration of relation (5.26) is independent of properties of Z : It is
the partitions that are generated by the iteration. The multiplica-
tion property must hold for arbitrary X,Y. An independent proof
is given in Sect. 5.2.1.

. Kronecker product: Let p,v € Par,. Then, the following identity

holds:
Cw)(DH(Z) ® D¥(Z))(C#¥)) Z @CW DNZ),  (5.51)
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where C(*) is a real orthogonal matrix of dimension given by
(5.29). We leave the summation over A unspecified; it is determined
by the values that A can assume for given u,v in the Littlewood-
Richardson numbers c;\w, which are discussed in Sects. 11.3.6-11.3.8,

Compendium B. The form (5.51) already follows from that of (5.28),
since the properties of the Kronecker product D#(U) @ D¥(U) ex-
tend to those of DH(Z) ® D¥(Z) by the argument in Item 3. The

determination of a real orthogonal matrix C*¥) that effects the
transformation of the Kronecker product of two D—polynomials to
a direct sum of D— polynomials is another matter; it is difficult.
Various aspects of the problem are addressed in Sect. 6.7, Chapter
6, and its relation to tensor operators is presented in Chapter 9.

5. Group property: If Z € GL(n,C), the matrices D(Z) are irre-
ducible representations of GL(n,C). If specialized still further to
Z = U € U(n), and multiplied by appropriate integer powers of
detU, all inequivalent, irreducible, unitary representations of the
unitary group U(n) are obtained. If Z is specialized to belong
to any matrix group, continuous or finite, representations of that
group are obtained. Indeed, this applies as well to any multiplica-
tive matrix algebra. This representation property is a consequence
of the multiplication property given in Item 3 above.

6. Trace functions: Define T)\(Z) = trace D*(Z). Then, these func-
tions satisfy, in consequence of the Kronecker product relation (5.51),
the identity:

TuW(Z2)T,(2) =, Ta(Z). (5.52)
A

This result is a consequence of the fact that the Kronecker product
in Item 4 is brought to a direct sum by a similarity transformation,

and the detailed form of the real orthogonal matrix C*") is not
needed.

7. Schur functions: The polynomials T)(Z) are not symmetric func-
tions in the variables z;;, but if Z is specialized to the diagonal
matrix, Z = diag(z1,x2,...,x,), then, by the diagonal property
in Item 2, they become symmetric functions in these variables, in
which case, we have the relation to Schur functions given by

sx(z) = Th(diag(z1, z2, ..., xn)). (5.53)

The Kronecker product relation in Item 4 then gives

su(@)sy(@) =) cp, salx). (5.54)
A
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It is interesting that relation (5.29) for the Weyl dimension, rela-
tion (5.51) for the Kronecker product reduction, relation (5.52) for the
trace functions, and relation (5.54) for the Schur functions all stand in
the abstract relationship between partitions u, v, A € Par, that may be
symbolized by

pRy R ) Hepy, (5.55)
A

where R denotes the “relationship” between the left- and right-hand
sides of this expression. Of course, it is the Kronecker product relation
that is the master relation which gives all the others by an appropriate
operation. Nonetheless, the question arises as to why the other three
cannot be iterated in the fashion of the Kronecker product in the man-
ner of (5.26) to arrive at formulas giving Dim A\, T)\(Z), ex(z). It is the
properties of the relation R that determines the answer. In the cases at
hand, it is only the similarity relation in the Kronecker product for which
R is reversible: The operations that lead to the other relations destroy
the reversibility; that is, it is not possible to invert relations (5.29) for
the Weyl dimension, nor (5.52) for the trace functions, nor (5.54) for the
Schur functions.

We continue our list of properties of the D*—polynomials with the
reduction (subduction) relation that shows how the D*—polynomials,

@ € Par,_1, are obtained from the D*—polynomials, A € Par,, and with
a discussion of the form of an induction method for the construction of
the D*—polynomials that uses the D*—polynomials:

(i). Reduction (subduction) relation. Let Zn_1 = (2i5)1<; j<, 1 de-

note the submatrix of order n — 1 obtained from the matrix Z,, =
(2ij)1<; j<n Of order n by striking row n and column n. The matrix

Aj,_1 is similarly defined in terms of A,, = (a;;)
have the direct sum relations:

-1 0O
(7)) = ez

p=A

1<ij<n - Then, we

(5.56)
o ( Ag—l (; ) _ Z @ CH(Ap_1).

p=A

The notation u < A denotes any partition v € Par,,_; whose parts
falls between those of A € Par,, : A1 > pu1 > Ao > g > -+ >
An—1 = Hn—1 = An (see Sect.11.3, Compendium B). This is just
the statement of the explicit way in which Weyl’s group-subgroup
rule is implemented into the definition of the D*—polynomials.
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(ii). Induction relation. The D*—polynomials, A € Par,, can be ob-
tained from a summation over products of D¥—polynomials, p €
Par,_1 at level n — 1, and certain monomials in the n variables
Zn = (Zn1,2n2s -+, Znn) from row n of Z,, and in the n variables
z" = (21n, 220, - - - » Zn—1,n) from column n. The terms in each prod-
uct in the summations are multiplied by appropriate numerical
coefficients and summed over the partitions p and the power ex-
ponents of the variables z, and z" such that the homogeneity
properties of the D*—polynomials in the rows and columns of Z,
are fulfilled. It is clear from (5.6) that such a recurrence rela-
tion can be obtained simply by factoring off from Z4/A! the factor
ZA (AN, Al = (%ij)1<i j<n_1 @nd expanding this factor in terms
of the DF—polynomials at level n — 1 by using (5.9). We de-
fer this derivation to Sect.7.3.2, Chapter 7, where some special
D*—polynomials are also derived.

5.2.1 Another proof of the multiplication rule

A proof the multiplication rule (5.50) of the D*—matrices
DMNX)DMY) = DM(XY), X,Y arbitrary n x n matrices  (5.57)
was given in Item 3, using the defining relation (5.26). Here we give a
second proof. In Sect. 1.6.3 of Chapter 1, we gave a combinatorial proof
of the multiplication for the special DP—polynomials corresponding to
partitions (p0"~!) with one part nonzero. This result and existence of
a real orthogonal matrix C that reduces repeated Kronecker products of
this type is all that is needed for the general case. Thus, the following
two relations hold, where the reduction is into a matrix direct sum of ca\

repeated identical block matrices along the diagonal for each A F |¢| =
g1+ q2 + -+ + qm, where g is the composition ¢ = (¢1,¢2, ..., Gm) :

C(D"(X)®D®(X)®---®@DI"(X))CT = > @c; DNX),
Ak al
(5.58)
C(D"(Y)@D®(Y)® @D (Y)CT = > @c DNY).
Ak al

Multiplying these two relations together and using the multiplication
properties of Kronecker products and the direct sum gives

C(D®(XY)® D2(XY)® - ® DI(XY))CT

=Y @ DNX)DNY)= ) @ DMNXY), (5.59)
A1l Atlq]
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which implies DN(X)D*(Y') = D*(XY'). Since relation (5.59) is true for
every composition ¢ of nonnegative integers into m parts for each m > 2,
all partitions A € Par,, can be obtained: The multiplication rule (1.245)

for partition (p0"~!) extends to every partition \ € Par,,.

5.3 The D*—Polynomials Over [ x n Variables

Let A € Par; and (A 0"7!) € Par,. If we set all variables in the matrix
Ly = Zipxn inrows [+1,1+2,...,n to zero, we are left with a matrix Z;y,,
of In variables. Moreover, the D*—polynomials defined by relation (5.6)
are zero unless the partition A\ € Par,, has the form (A0"~!),\ € Par;.
Conversely, if we choose the partition in the D*—polynomial to be of the
form (X, 0"7!), A € Par; and choose the partitions in rows I,141,...,n of
the lower pattern to be maximal, that is, mj = (A, 0",k =n —1,n —
2,...,1, then the polynomial is independent of the variables in the matrix
Znxn that appear in rows [ + 1,1+ 2,...,n, hence, these variables can
be set to 0. We denote (see 5.1 for alternative notation) the polynomials
obtained by either of these operations by

/

D< o ( A0 l >(Z) -D Anigxl (), (5.60)

where A € Par;, and it is to be understood from the notation that the
matrix of indeterminates Z is [ x n : Z = (z;;) 1<i<i1<j<n- There are no
constraints, other than betweenness, in the pair of GTz patterns

n—1
< A > and < A 0, > , A € Pary. (5.61)
m m

The pair of SSYW tableaux corresponding to these patterns are both
of shape A € Par;, the first one being filled-in by the standard rule
with 1’s,2’s,...,l's, the second with 1’s,2s, ..., n’s. The number of such
double GT patterns and of the number of SSYW tableau for given A €
Par; is the product of Weyl dimensions given by

Dim\ Dim(\ 0"7%). (5.62)

Many of the properties of the D*—polynomials defined over n? vari-

ables given in the preceding sections carry over directly to the restricted
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D*—polynomials defined over [ x n commuting indeterminates, where
now we write:

Il n Il n
=T11I1 =7 Ar=111] (e (5.63)
i=1j5=1 i=1j5=1

We list some of these properties that are self-explanatory:

1. Relation to Maclaurin polynomials:

(310 Y
:AGM%;(Q’Q,)C< o A (,)n l >(A)%l. (5.64)

2. Inversion:

Zoy DR —
Al M (X 0n—1) Al
AFp mEGx(a),m’EG(A On_z)(a’)
A A0 A Aot
(ol Jn (029 )@,

each A € M7 (a,a). (5.65)

IxXn
3. Orthogonality relations for Maclaurin and D—polynomials:

(z4,ZP) = Al5(A, B). (5.66)

(" @0 ) @)

= S O M(X O™, (5.67)

4. Orthogonality relations for transformation coefficients:
Ao
R0 )@

N M()\lon—l)A!C< m ‘ ! on | >(A); (5.68)
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S v )@

AeM7,  (a,a’)

A
xR( m

> > r( |00 )@

Abp meGa(a), M EG, gn-1)(a)

xR<mw Onl>wy:&ABy (5.70)

by On—l
m!" > (A) = (5m,m”5m m'"; (5.69)

5. Transposition property:
On l T 20— l
D(m( )@)_D<7n (m)wy (5.71)

The identity M (A\) = M (X 0"~!) between measure factors also holds.

5.4 Vector Space Aspects

The D*—polynomials are an orthogonal basis of a vector space of poly-
nomials. We next itemize the properties of the vector spaces that are
relevant to the D*—polynomials defined over the [ x n commuting in-
determinates (2;;)1<i<i, 1<j<n, which are arranged in an [ x n matrix Z
with row ¢ and column j given, respectively, by

zi = (21,22, %in),
(5.72)
o= (25,22, 25)-
We introduce the following vector spaces:
1. Vector space of homogeneous polynomials of total degree p :
set of polynomials homogeneous of
Plpxn = { degree p in the [ X n indeterminates . (5.73)

Z = (zij)i<i<ii<j<n
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2. Vector space of homogeneous polynomials of fixed degree in the
row vectors z; and column vectors 27 of Z : Let a = (g, ag, ..., )
and o = (o), d,...,a,) be nonnegative compositions of p into !
and n parts, respectively: a € Ci(p),a’ € C,(p). The subspace of
polynomials PP («,a’) of the vector space PF, . is defined by

set of polynomials homogeneous of

degree «; in the z; = (231, 2i2, - - -, Zin),
Plpxn(a,o/) =<{ each? = 1,2,...,1; and of degree a;
in the 27 = (215, 225, - - -, 215),

each j =1,2,...,n
(5.74)
A polynomial in the space P; (a,q’) is denoted by Pf,, (a, )
with values PP, (a,a/)(Z).

IXn

We have given two orthonormal bases of the space Py (a,a) : the

normalized Maclaurin monomials and the normalized D*—polynomials
in [ x n variables that are homogeneous of degree a and o' in the row
and column vectors of Z. These bases are described by

ZA
Bl nlasa) = {\/Z AeM (o, ’)}, (5.75)
fon( /) = U len (576)
AEPar;(p)

where Par;(p ) is the set of partitions A - p into not more than [ nonzero
parts, and len(a, ') is the set of all orthonormal D*—polynomials in
the [ X n indeterminates Z :

Bi\ (e, @) (5.77)

:{ M1 _ZD()\ Ao,n—l>(z) m € Gy(a), )}'
(A 0n=) m

m' € G()\ On—l)(a/
The dimension of the space PP («,«’) is given by the cardinalities of
various sets as follows:

Dlmplxn( ) |Ml><n( )| |Bl><n(a’a/)|
-3 Bl = S KO@KOC D). 61

AFp AbFp
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A polynomial in the space PP, is denoted Pl with values P\ (Z).
This space is then given by the direct sum of perpendicular subspaces as

follows:
Pla= Y @ Pl 579
a€Ci(p), o’ €Cy(p)

The dimension of the space PP, is given by the cardinalities of various

IxXn
sets as follows:

l —1
DimP?. ( n+p > (5.80)
p
=YY M) = Y DimADm (0" )
Abp aeCi(p),a’€Cy(p) Abp

The vector space Pf‘xn of polynomials has the following general prop-
erty: Let P} (Z) be an arbitrary polynomial in this space. Then, the
following polynomials are also in the vector space Pf‘xn :

P (XZ) and P, (ZY), (5.81)

for each [ x [ matrix X and each n x n matrix Y. Moreover, for each
A € Pary, no subspace of Pf‘xn has the property (5.81); that is,

The space of polynomials P[\Xn 1s tnvariant and irreducible with respect
to the action of left and right matrix transformations of its variables.

This property is a standard application of Schur’s lemma (Sect. 10.7.2,
Compendium A)

The left and right transformation properties of the D—polynomials
are as follows:

D ( ; Aﬂg,n_l ) (xT2) (5.82)
- m% D :5 (X)D ( nj AW?,n_l ) (Z);

D ( 21 AW?:H ) (ZY) (5.83)
-y o[ o A0

m"€Gy gn-1, m” "
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The results of this subsection are, of course, valid for | = n. The
results for the [ x n D—polynomials do not require independent verifi-
cation: They follow from the n x n relations by the complementarity of
zeros of the Z variables and those of the discrete A variables.

5.5 Fundamental Structural Relations and
Principal Objectives

5.5.1 Structural relations

We summarize in this section the three most significant structural prop-
erties of the D*—matrices in n? variables z;; and of the C*—matrices

in n? integral variables ai;, together with some remarks on remaining
objectives. The objects of interest are the matrices:

DNZ)= ) fo? C*(A), each X € Par,, (5.84)
Aemr, T
CMNA) = (ZA, DA(Z)) = (002" DN2)| (5.85)

where we have extended the inner product (,) in the obvious way to a
matrix. Then, we have the following properties:

1. Multiplication of D*—matrices:
DMNX)DM(Y) = DMXY), for arbitrary X and Y. (5.86)

2. Multiplication of C*—matrices:

A B = Y { ¢ }c (), for arbitrary A, B € M?,

AB
CeMy,.,
(5.87)
3. Kronecker product similarity equivalence:
DM(Z) ® D¥(Z Z @cy, DMNZ (5.88)

The proof of the multiplication property of the D*—matrices has
already been given. The proof of the multiplication property of the
C*—matrices is a direct consequence of this multiplication property of
functions, and of the transformation and orthogonality property of the
Maclaurin monomials. The structural form of the Kronecker product
has also been proved, but it remains to determine the transformation
coefficients that effect the explicit reduction in the general case.
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5.5.2 Principal objectives and tasks

In this chapter, we have given the form and demonstrated the uniqueness
of the D*—polynomials and the C*—coefficients based on the defining
relation (5.26); it remains to give the fundamental tensor operator co-
efficients in relation (5.36). Also, we must give explicit methods for

determining the C*—coefficients, hence, the D*—polynomials. We carry
this out in several chapters, as follows:

1. Chapter 6: The coefficients (5.30) are derived, using diagraphs. It is
proved that these coefficients effect the reduction of the Kronecker
product Z ® D(Z). A combinatorial result, Sylvester’s identity,
is a basic result for this derivation. The reduction of the general
Kronecker product of a D*-polynomial and a DY —polynomal into
a direct sum of D*—polynomial is considered from several points
of view, including operator-valued D*—polynomials.

2. Chapter 7: The structure of the D*—polynomials is examined with
a focus on a complete derivation of the CG coeflicients associated

with the totally symmetric D® Onfl)—polynomials, and on an asso-
ciated recurrence formula for the general D*—polynomials and the

general C*—coefficients. The case for partitions with two nonzero
parts is also solved completely.

3. Chapter 8: The D*—polynomials are presented as the simultaneous
eigenvectors of a complete set of commuting Hermitian differential
operators. This is a Lie algebraic characterization, but realized here
in terms of the more fundamentatl algebra of a set of shift operators
t;- introduced in Chapter 6. These shift operators, which are re-
lated to digraphs, are the basic combinatorial objects in the theory
of the D*—polynomials, and, indeed, in the theory of irreducible
tensor operators.

4. Chapter 9: The theory of irreducible tensor operators is developed
from the viewpoint of the role of the fundamental tensor (shift)
operators, reduced matrix elements, and coupling theory. The role
of the Littlewood-Richardson numbers is examined critically and
from several viewpoints.



Chapter 6

Operator Actions in
Abstract Hilbert Space

6.1 Introductory Remarks

The unifying structure underlying this work is the set of fundamental
shift operators {t;; |i,7 = 1,2,...n} out of which we shall build almost
all other mathematical objects of interest in this monograph. These
operators and the related sets of orthogonal coefficients

(R/\)(T,m/)(i,m) - < )\7—;’67 7?1 >v (6.1)

which effect the reduction of the direct product

tiT

R (Z ® D*(Z)) (RMT = zn: @ DM (2). (6.2)

=1

are basic to our methods for constructing the polynomials

D ( b\ > (2). (6.3)

m

Following Gelfand and Tsetlin [62], we assume, as given, a separable
model Hilbert space with the following structure:

o0
H= Z Z ©Hy, Hy L Hy, \# X, no repetitions, (6.4)
p=0 \ePar,(p)

285
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where each subspace Hy, A\ € Par,(p) possesses an orthonormal basis
with vectors enumerated by GT patterns and denoted in the Dirac bra-
ket notation by

B) = {‘ 7?\1 > ‘misaGT pattern}. (6.5)

In what follows in this chapter, an explicit realization of such a Hilbert
space is not required. The entire structure can be regarded as a formal
set of rules for constructing a set of coefficients whose various properties
can be explicitly verified.

A fundamental shift operator t;; is a mapping of the subspace Hy C H
to the subspace Hy;.. C H:

tir : Hy — Hyje., each i =1,2,...,n, (6.6)

where Hyy. = 0, if A + e, is not a partition. It is this shift property
on an arbitrary vector subspace Hy, A € Par,, from which we derive the
term fundamental shift operator.

After giving examples for n = 1,2,3, the general mapping t;; and
its relation to diagraphs is presented in Sect.6.3 by giving the explicit
operator action on the basis B). That these are the coefficients (6.1)

that reduce the Kronecker product Z ® D*(Z) to the direct sum form
(6.2) is proved in Sect. 6.4.

6.2 Action of Fundamental Shift Operators

We uniformly express partitions as A = (mq 5, M2 p, ..., My ), and coef-
ficients in the notations of the so-called partial hooks: p;; = m; ; +7 — 1.
(It is also convenient not to clutter the following relations with numbers.)

Examples:
n=1:

tiAr) = A+ 1), ¢\ =\ — 1), t4]0) = 0.

n=2
A1 )\2> p11—p22+1‘ A +1 )\2>
t11 =/ )
mi1 D12 — P22 mi1 +1
; AL Ao > o p—pu | M+l A >
2 mii P12 — P22 mii ’
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A1 A2 P11 —pi2+1 A1 A1
t12 =\ ;
P22 — P12 mi +1
. A1 A2 >  p2—pu | M A1 >
22 mii P22 — P12 mi1 ’
i 2>: P11 — P22 ‘ A —1 >\2>
1 P12 —p22 — 1 mipi—1 /7
o 2>_ p12—p11—1‘ Ar—1 >\2>
21 p12 —p22 — 1 mi1 ’
i A1 A2 >__ P11 — P12 ‘ A1 A —1 >
12 P22 — p12 — 1 my—1 /)’
o )\2>: p22—p11—1‘ A1 )\2—1>
22 p22 —p12 — 1 mi1
n=3:
Al A2 A3
t11 miz Mo >
mi
AM+1 Ay A3
(p12—p2s+1) plz—pss-i-l)(pls—pzz) p11—p22+1
- (p12—p22+1 P13 p23)(p13 p33) \/ P12—pP22 mi2 + 1 m22 >
mi1 + 1
AM+1 Ay A3
[ (P22—p23+1)(P22—p3z+1)(P13—P12) /p11—pia+l
\/ (P22 —p124+1) (P13 —p23) (P13 —P33) \/ P22—P12 miz Moz + 1 >’
mi + 1

A1 A2 A3
to1 mi2 Ma23 >

mii

(p12—p23+1)(pP12—ps3+1) (P13 —p22) \/pm—pu

(p12—p22+1)(1013—pzs)(pm—pss) P12—pP22 mi2 + 1 m22

mii
A+l A )\3>

A+l X )\3>

+ (p22—p2s+1) (P22 —pss+1) (P13 —pi2) \/pzz—pu myg Moo + 1

(p22—p12+1)(P13—p23) (P13 —Pss3) P22—P12
mii
A1 A2 )\3 A1+1 Ao )\3
(P13—P12)(P13—P22)
t31 M1z M2 > (p13—p23)(p13—p33) mi2 M22 ?
mi1 mi1
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At A2 A3
t12 mi2 Mo2 >

mi1

mi9 + 1 mo9

mi + 1
A A+ 1 Ag >

_ (P12—P13+1)(P12—P33+1)(P23—P22)\/p11-p22+1

A A+ 1 Ag
(p12—p22+1)(p23—pls)(p23—P33) P12—P22 >

_\/(Pzz—P13+1)(P22—P33+1)(P23—Plz)\/pn—pm-i—l

mio m 1
(pzz—p12+1)(p23 —p13)(P23—p33) P22—P12 12 22 +

mi1 + 1

A1 A2 A3
too mi2 M22 >

mii

mi9 + 1 mo9
mi1

A1 Ag+1 )\3>

\/(Pm Pp13+1)(P12—p33+1)(P2s—p22) /piz—pu
(p12—p22+1) (P23 —p13) (P23 —Ps3) Di2—P22

A A +1 )\3>

miz Mmoo + 1
mii

+ (P22 P13+1)(P22—p33+1)(P2s—p12) /pe2—pu
p22 pi2+1 (p23—p13)(p23—p33) P22—P12

A1 A2 A3 M e +1 X3
t32 mi2 M22 > = \/gzz:%ggzz:ﬁig mi2 M22 > :
mii

At A2 A3
t13 m12 M22 >

mi1

_ (P12—P13+1)(P12—P23+1)(P33—P22)\/p11-p22+1

m 1
(p12—p22+1)(p33 —p13)(p33—p23) P12—pP22 12 + m22

mi1 +1
)\1 )\2 )\34‘1 >

A A )\3—1—1>

mi2 Mmoo + 1
mi; + 1

4 (P22—p13+1) (P22 —p23+1)(P3s—p12) /p11—pia+1
(pzz—p12+1)(p33 —p13)(P33—p23) P22—P12
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A1 A2 A3
tog mi2 M23 >

mii
A1 A A3 +1
= _\/(plz—p13+1)(1012—p23+1)(p33—p22) P12—P11 +1
(p12—p22+1) (P33 —p13) (Pss—Dpas) P12—p22 mi2 ma2
mii
A A A3 +1
[ (p22—p13+1) (P22 —p2s+1)(pss—pi2) [p22—pu1
\/ (p22—p12+1) (P33 —p13) (P3z—p2s3) \/pzz—pu miz Moz + 1 > ’
mi1
Al A2 A3 A A A3+1
_ /[ (pss—pi2)(pss—p22)
t33 miz ma22 > o (p3s—p13) (P33 —p2s) mi2 M2z > ’
miy miy

Conjugate action:

A1 A2 A3
tL mi2 M22 >

mi1

AM—1 A Ag
_ \/( (p12—p2s) (P12—ps3) (P13 —p22—1) \/ P11—P22 miy — 1 Mmoo >

p12—p22)(p13—p23—1)(p13—p33—1) Pr2—p22—1
mi1 — 1
AM—1 X A
(P22 —p23) (P22 —pas) (P13 —p12—1) P11—Pi2
— mig Moo — 1
\/(p22—plz)(p13—p23—1)(p13—p33—1) p22—pi12—1 12 22 ?
mi1 — 1

A1 A2 A3
t§1 miz Ma2 >

mi1

AM—1 A A3
(p12—p22)(p13—p23—1)(p13—p33—1) Pr2—pP22—1 >

_ \/ (p12—p23) (p12—pss) (P13 —p22—1) \/p12_p11_1 mis — 1 Mmoo
mi1
)\1 —1 )\2 )\3 >

(P22 —p23) (P22 —pas) (P13 —p12—1) P22—p1—1
mig Moo — 1
+\/(p22—P12)(P13—P23_1)(P13—P33—1) DP22—p12—1 12 71822
mi1

A1 A2 )\3 AM—1 A )\3
T _ (P13—p12—1)(p13—p22—1) X
3 mi2 Ma2 > =\ (prs—pas—1)(p1s—pas—T) mi2 M99 >,

mii mii
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A1 A2 A3
tb mi2 M2 >

mi1

mi2 — 1 mao

(p12—p13)(p12—p33)(p23 —p22—1) \/ P11 —P22

A A —1 Ag
TV (p12—p22) (P25 —p13—1)(p2s—pss—1) |/ Pr2—paa—1 >

mi1 — 1
Al A2—1 A3
_\/( (pzz—p13)(p22—p33)(p23—p12—1) \/ P11 —Pi2 ™19 Moy — 1 > ,

p22—pi2)(P23—p13—1) (P23 —p33—1) \/ paa—p12—1
mi1 — 1

Al A2 A3
t;Q miz2 M2 >

mii

(p12—p13) (P12—ps3) (P23 —p22—1) \/pm—pu—l

- (P12 —p22)(P23 —Pis —1)(1023 —Pp33— 1) Pr2—pP22—1

A A—1 A3
mi2 — 1 mao >

mii
Al A —1 A3

+\/( (p22—p13) (P22 —p33) (P23 —p12—1) \/pgg—pu—l Mmis Mag — 1 > 7

p22—pi2)(P23—p13—1) (P23 —p3z—1) \/ pea—p12—1

Al A2 A3 Al A —1 A3
23— 12_]- 23— 22_]-
t‘:rm 2 maz > - \/2523—513—132523—533—13 Mz M22 > ;

mi1

A A2 A3
t13 mi2 M2 >

mii

mi2 — 1 mao

- (P12 —p22)(P33 —Pi3 —1)(1033 —Pp23— 1) Pr2—p22—1

Al A2 A3 —1
(p12_p13)(p12_pQS)(pSS_pQQ_l) \/ P11 —P22 >

m11—1
A1 A2 A3—1

+\/( (p22—p13) (p22—p23) (P3z—p12—1) \/ P11—DPi2 mig Mas — 1 > ,

pzz—p1z)(p33—p13—1)(p33 —p23—1) P22—p12—1
mi1 — 1
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A A2 A3
t$3 mi M2 >

mi1

mi2 — 1 mag

(p12—p13) (P12 —P23) (Pss—p22—1) \/pm—pu—l

A A A3—1
"V (pr2—p22)(pss—p13—1)(pss—p2s—1) \/ pra—paa—1 >

Al A A3 —1

(P22—p13) (P22 —p23) (P33 —pi2—1) P22—p11—1

— mig Mmoo — 1
(p22—p12)(p33—p13—1)(p33—p23—1) p22—pi12—1 12 22 ’

mii

Al A2 A3 N de A1
t£3 mig M99 > = (p3z—p12—1)(p3z—p22—1) >

= mio2 M
(p33—p13—1)(P3s—p23—1) 12 2
mi1 mi1

0

Each fundamental shift operator ¢;; is defined by giving its explicit
action on the basis B) of each subspace H) C H. The form of this action
is

tiT

tir

T)';>: Z <)\7—7:/67

m’EGpreT

" >' A > (6.7)

In the bra-ket notation for the coefficient in this expression, ( 2‘1 ) is called
the initial GT pattern and (’\:j*) the final GT pattern.
For a given shift operator t;-, the collection of all possible final pat-

terns can be identified more precisely. We first define a triangular pattern
of n rows containing only (/s and 1's by

er
[
ATy, Tit1, oo Ta1,T) = | ¢ , (6.8)
er
(0)i—1
where 1 <71, < kfor k=1,i+1,...,n—1; the symbol e, denotes a unit

row matrix of length k with 1 in position 7 and 0 elsewhere; and (0);—1
denotes a triangular array of zeros with ¢ — 1 rows. The length of a row
matrix e, in the pattern (6.8) can always be identified by the row of the
GT pattern in which it occurs. We call a triangular pattern of 0's and 1’s
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of the form (6.8) a triangular shift pattern. For example, such a triangular
shift pattern is given forn =5,i =2, =213 =1,y =3,7 =2 by

01 000
00 1 0
A(2,1,3,2) = 10 0 . (6.9)
0 1
0

We define A;(7) to be the set of all triangular shift patterns in which
rows 1 through 7 — 1 contain all 0/s, a single 1 occurs at any position in
row ¢; at any position in row 74 1, ..., at any position in row n — 1; at
fixed position 7 in row n; and at position 1 for i =1 :

7; =1,2,...,7; each
j=1d4,i+1,...,n—1

Ai(r) = {A(n, Tidtls--sTne1,T) }, (6.10)

for each i =1,2,...,n — 1, where also A, (7) is defined by

An(r) = {( (oe)Tn_l )} (6.11)

The cardinality of the set A;(7) is given by
IA(T)=m=D/GE-1), i=1,2,...,n. (6.12)
Example. For n = 3, the following sets of triangular shift patterns

correspond to the shifts of the GT patterns for the fundamental shift
operators t11,%t21,%31 :

1
100 100
A2<1>:{< Lo )( 01 )} (613)
0 0
100
Agmz{( 00 )} .
0

Triangular shift patterns are the basic objects from which certain di-
rected graphs, called arc digraphs, are constructed in Sect. 6.3.
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Relation (6.7) can now be expressed more precisely as

2= 5 (8w 22 ) o

5. €0, (7)
It is also convenient to define the shift operator Ts_, each 0, € A;(7) by

()] 2(a)es) e

Relation (6.14) is now written as

n)= X

57— EA«; (T)

tiT tiT

T Lir

-

tiT

A > . (6.16)

A characteristic of the coefficient

() o

in which the final pattern is expressed in terms of the shift d, € A;(7)
of the initial pattern, is the following: If the final GT pattern does
not satisfy betweenness, that is, is nonlexical, then the coefficient is
zero, by definition. But, in fact, the coefficient itself carries this zero
because a linear factor under the radical becomes zero exactly at the
“boundary” where the betweenness conditions are violated. For example,
the coefficient

A >,5T € Ai(r), (6.17)

tir

A1 Ao A3 +1 A A2 A3
< mig + 1 mag | t13 mi2 M2 > (6.18)
mi +1 miq

_ 2 —p13+1)(p12 —pas+1)(p33 —p22) [p11—pa2+1
(P12 — p22 + 1)(p33 — p13) (P33 — p23) P12 — P22
is zero at mia = my3 (p12 = p13—1) and at may = mas (p22 = ps33), which,
for given lexical initial GT pattern, are exactly the boundary values at

which the final GT patterns becomes nonlexical, that is, betweenness is
violated. This feature is general.

We are now in position to define the general coefficient in (6.14),
where it is now convenient to set 7 = 7,. The coefficient is given by a
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product of factors that reflect its dependence on pairs of contiguous rows
in the GT pattern (2‘1) :

A

m

A
<< m ) +A(Ti,7}'+1,...,7‘n)
= HATz—uTz(pl—l;pl); (619)

n
=1

tiTn

Ar_ i m(P-iip) = S(m-1 — 1)

1/2
l -1
% H pTl—l,l—l - p],l + 1 H pTL,l - pk’,l—l
i Dl — Pyl T Progi-1 — Pei-1+1 ’
'757'1 k;éT[,1
fori+1<1<m; (6.20)
- 11/2
i—1
(pn,i - pk,i—l)
k=1

Ai,ﬂ',;(pi—l; pz) = : )

(2
H (Prii — Pji)
L 7n ]
for | = ¢, in which case 7,1 =1i. (6.21)

In these relations, we have p; = (p1,;,D2,5, - - - ,p] j).d=1,2,...,n,where
the p; ; are the so-called partial hooks Jeﬁned n terms of the entries of

GT pattern (m) by pi; = mi; + j — i. The symbol S(i — j) denotes the
sign of ¢+ — j with S(0) = 1, and, by definition, the factor (6.21) is 1 for
1= 1.

The action of the Hermitian conjugate operators tL is similarly given:

A > (6.22)
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where the coefficients are defined as follows:

<<%>—A(n,ml,...,fn) %>

=146 .~ (PP (6.23)
=1

n

1Tn

Al (pe1spl) = S(mie1 — 1)

1/2
Lop TR = p 1
Ti—1,-1  Fj, 7,0l — Pkl-1"
x H —p.—1 H — ’
P Pl — Pyl vy Priil—1 7 Pkl-1
JF£T k#T1
fori+1<1<m; (6.24)
_ ~11/2
i—1
I Grs—prii—1)
k=1
AZT,TI. (Pi-1;Pi) = - ;
[[®ni—pii—1
j=1
| J#£T J

for | =, in which case 7,_; =1i. (6.25)
For ¢ = 1, by definition, the factor (6.25) is 1.

The above relations define completely the action of the fundamental
shift operators t;; in the Hilbert space H. While presented here in an
ad hoc fashion, we demonstrate below the fundamental origin of these
operators in terms of diagraphs and prove their basic properties.

6.3 Arc Digraph Interpretation of
the Fundamental Shift Operators

Each expression (6.20) and (6.21) for A, ;(px—1, Pk) for each pair p,o =
1,2,...,k has a simple interpretation in terms of a labeled arc digraph
Gr(p,0),k > 2. We begin with a graph Gg(p, o) having labeled points
and lines as follows:



296 CHAPTER 6. OPERATOR ACTIONS IN HILBERT SPACE

1. The 2k — 1 labeled points P of the graph are given by

P:{331)3327'--7$k—1>y17y27"'7yk}' (626)

2. The 2(2k—3) edges E, , of the graph for selected p,o € {1,2,...,k}
and p < k are the ordered pairs of points given by

(a:p,m),(yg,a:i), 1=1,2,...,k—1;1 # p; }
Epo = : . . (627
P { (xp7yj)7(y07yj) .]21727"'7]{:;]7&0- ( )

The 2(k — 1) edges of the graph Ej, of the graph for selected
o €{1,2,...,k} are the ordered pairs of points given by

:1,22,...,@—_1; } (6.28)

The arc digraph C_jk(p, o) is now obtained by assigning an arrow to each
edge of the graph, where the direction of the arrow for each defined edge
is given by

Ty — Tiy Tp = Yjs Yo — Yjs Yo — Ti- (6.29)

Examples: The following diagrams illustrate these rules for three of
the nine cases for £ = 3. The points x, and y, are represented by a e

and points x;,7 # p, and y;,j # 0, by ao:

—

Gs(1,1) = W Y2 Y3
Z Z2

I'e N

Gy(1,2) = W1 Y2 Y3

I T2
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& o o h

I T2

g

The relationship of the set {ék(p,a) | p,o = 1,2,...,k} of k% arc

diagraphs to the properties of the set of triangular shift patterns A;(7)
originates from the contiguous rows k — 1 and k in A;(7), which has as

shifts the pair of row matrices e, = e,(;k) of length k and e, = ef)k_l) of
length k£ — 1 as depicted by
eg_k) — 0 0 0 1 0 0
eg“_l): 0 0 1 0 0
(6.30)

The 1 in the top row is in position ¢, and the 1 in the bottom row is in po-
sition p, where for p = k only 0 appears. In the digraph Gi(p,7),k > 2,
each 0 is represented by a point o, each 1 by a point e, and a directed arc
goes from each e point to each o point. The points of the arc digraph are
then labeled as described above. Thus, the general labeled arc digraph

Gy, (p, o) has the following picture:

n 3 yk—l\ Yk
Qj‘k_Qj Qj‘k_l
— — (6.31)

All lines are directed from e to o. For p = k, the e point labeled by z,
in the bottom is absent; all lines flow out of the single e point in the top
TOW.

We now associate a function A,,(z;y),z = (21,22,...,Tk-1),

y = (y1,92,.-.,yx) with the labeled arc digraph Gi(p,o),k > 2 by the
following rules:

1. The edge (z,,y;) is assigned the linear factor z, — y; + 1,

2. The edge (x,, ;) is assigned the linear factor x, — z; + 1,
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3. The edge (y,,x;) is assigned the linear factor y, — z;,

4. The edge (ys,y;) is assigned the linear factor y, — y;. (6.32)
These factors apply for each 1 = 1,2,...,k — 1 with ¢ # p, and each j =
1,2,...,k with j # 0. The last rule assembles these factors, as follows:
The factors associated with the edges going between rows are called
numerator factors and are multiplied together to form the numerator
N, (z;y). The factors associated with the edges going within each row
are called denominator factors and are multiplied together to form the
denominator D, ,(z;y). The function A, ;(z;y) is then defined by

o (73y)
Apolzsy) = S(p—o0) 352——657&5 . (6.33)
P,0\ V)
P —y; + 15 Yo — X
= S(p— 14 J g
(p U) :]l_Jl: Yo — Y5 [Jl: Tp — T4 + 1’
Jj#o i#p
forp<k-—1,
A . - S(k— k,a($§y) 4
k,a’(ma y) - ( U) Dk: (xy) (63 )
k
= Stk-o) ][] $i)/H
j#o
for p <k,

where S(p — o) =sign of (p — o) (=1 for p = o).

The shifts ¢ — 2 —e,,y — y — e, in (6.33)-(6.34) give the conjugate
functions:

k
Yo — Xj —
Al (x3y) = S(p—o0) H H , (6.35)
j=1 y] -1 i=1 — L
j#cr i7p
for p <k-—-1;
k 1
AL,U@;y) = Sk-o) —x;—1 /H —y; — 1),
= J#cf

for p < k. (6.36)
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The signs of the linear factors appearing under the radical in relations
(6.33)-(6.36) are important. In the applications of these relations to
be made, row k is always identified with the partial hooks associated
with the partition occurring in row k of a GT pattern, and row k£ — 1
with the partial hooks associated with the partition occurring in row
k —1, so that y; = Djk = mj7k+]€—j,j =12,....k % = pip—1 =
mik—1 +k—1—144=1,2,...,k — 1. The betweenness conditions on
these two contiguous rows of a GT pattern regulate the signs of the
linear factors in (6.33)-(6.36). As written, some factors are negative,
some are positive, and some can be zero for certain GT patterns, but the
product of factors is, however, always positive: The number of negative
factors in the numerator always equals the number of negative factors in
the denominator. Careful accounting of negative factors is necessary to

avoid errors. The complex number v/—1 is not to be introduced.

Examples: We list below the application of the rules (6.31)-(6.32) to
the functions defined above for all arc digraphs for n = 2,3 :

— *———O —
Ga(L1) = /yz Ava(m;y) = /Bt
x1

— O —
Ga(2,1) = yI\_ ¥ Aga(myy) = /2=

T
L — o _
Go(1,2) = i Y2 Arp(ziy) = — mlyTy;rl
x1
- ) Z
G2(2,2)=y1 Agp(aiy) = /=1
x1
= Y1 Y2 Y3 (1 —y2+1) (1 —ys+1) (y1—x2)
G3(1,1) = Ar(wy) = \/ (z1—22+1)(y1—y2)(y1—ys3)

z1 T2



300 CHAPTER 6. OPERATOR ACTIONS IN HILBERT SPACE

Gs(1,2) = Us Ava(esy) = = R e
T Z2

G (1,3) = Ars(zy) = — (1—y1+1) (@1 —y2+1) (ys—2)

35 y1 ys A3y (z1—2241)(y3—y1) (Y3 —y2)
1o T2

Gy(2,1) = y@g Ao (wy) =/ Brtet Nt —s)
T Z2

Gs(22)= b Aaa(iy) =\ S
X1 xI9

G3(2,3) = Yy~ B s Apglasy) = -/ Lutlauet Junor)
I i)
G(3.1) = Yo A co) — i) (g —wa)
3(3,1) y1 ys Asa(z;y) (y1—y2)(y1—ys)
X1 xI9
= © —21)(Y2—%2
TP B N P = =
z1 Z2
Gs(3,3) = Y2 ys Asz(ziy) = \/%
:1?10 xI9

O
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6.4 Algebra of the Fundamental Shift Operators

In this section, we develop some preliminary properties of the algebra
of the set of fundamental shift operators T = {t;> | i,7 = 1,2,...,n},
but a more complete discussion must await developments in the theory
of tensor operators in Chapter 9. For now, these operators are linear
operators over the field of complex numbers on the model Hilbert space
H, and their products are to be regarded as mappings H — H with
action determined by repeated use of the defining relations (6.7) and
(6.19)-(6.21)

One sees rather easily from the explicit results for n = 1, 2, 3 that the
product t;;t;, is not a fundamental shift operator in the set T, but rather
is a mapping Hy — H)ic, +e,. However, t”t] and tJr tir are mappings
of Hy — H),, each A € Par,. Three significant properties of product

actions of fundamental shift operators are the following (verified directly
forn=2,3):

1. Commutivity of shift operators with the same 7 :

[tir,tir] =0, [t t] ] =0. (6.37)

177 °)T

This property is a consequence of the identity
A A
m > =Ts Ty, m > (6.38)

( ; > + 47 +6'T> , each 0- € Ai(7), 7 € Aj(7).

T5. Ty,

= (factor)

The proof of this property is by direct verification. Summing this
relation over all 6, € A;(7) and 8. € Aj(7) gives the desired result,
using relation (6.16)

2. Column orthogonality: The basic relation is the operator inner
product property expressed by

Z t tir = 0; 41 (6.39)

where 1 is the identity operator on H. Taking matrix elements of
this relation, we obtain the column orthogonality relations:

Z Z <A+e7 77/F\L/>

T=1m"€Gxte,
A

Ate,
x m’ m

T

JT

> = i j0mm. (6.40)



302 CHAPTER 6. OPERATOR ACTIONS IN HILBERT SPACE

3. Row orthogonality: The basic relation is the operator completeness
property expressed by

Zt”tz , = 0r,N (6.41)
where N, is defined by its action on each subspace H) C H :
N,H) =0, if and only if t{ Hy =0,i=12, . n (6.42)
This relation, in turn, implies the row orthogonality relations:

ZZ<)\+67 T)r\L>

i=1 meG,
A

A+e
X < m,,P m > = 07 pOrm/ - (6.43)

Proof. The proof of the basic relation (6.40) is by induction on n, using
the matrix elements given by relations (6.19)-(6.25). For the purpose of

z'T

tip

this proof, we now write t;, as tl(-f), etc. to make the role of n explicit.
Relation (6.19) gives

A

H >

m

A+ e,
< K+ €p ‘tz(:)
wtep

/
m/

m

= Apr(z5y) < ¢t

" > . (6.44)

in which now the indeterminates x and y are given by the partial hooks:

33:(,ul—|—n—2,,u2+n—3,...,,un_1),
(6.45)
y=MN+n—1LX +n—2,...,7,).

The factor A, (z;y) is exactly the function (6.33)-(6.34) defined on the

labeled arc digraph G, (p, 7). The factorization property (6.44) of the
matrix elements of a fundamental shift operator at level n into the prod-
uct A, (x;y) times a fundamental shift operator at level n — 1 is one of
the basic properties of fundamental shift operators. The induction proof
proceeds as follows. We assume that relation (6.40) is true at level n—1;
that is, for n replaced by n — 1. The relation is true for n — 1 = 1,2, as
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verified from the explicit relations given above. Then, the orthogonality
relations (6.40) are true at level n, if and only if

Z APT(JJ; y)AUT(x; y) = 5p,cr> (646)

=1

where o/ = z + 7V — egn_l), (n=1) _ 0,...,0).

The validity of (6.46) is a consequence of Sylvester’s identity, which is
discussed in Sect. 11.7, Compendium B; it is implemented in the present
case as follows: We substitute from (6.33)-(6.34) the explicit expressions
for A, (2';y) and Ay (x;y) into the left-hand side of relation (6.43). For
o # p, hence, x, = v, + 1,7, = 2, — 1,2} = 2;,i # 0, p, relation (6.46)
is the following:

n n n
Viaetor Y. [L e =a) [ [Tt =) =0, (@a1)
T=1 i=1 j=1
i#o,p J#T
the summation to 0 being a direct consequence of Sylvester’s identity.
For o = p, hence, 2} = z;, and p < n, we find

n

> (Apr(59))° (6.48)

T=1
n—1
n
Yr — T4

) (CRTRE | S
_J=1 i#p _
= — =1.

H(l‘p —x; + 1) =1 ($p —Yr + 1) H(?JT - yj)

iZp j#r

To show that the sum is 1, we rewrite the summation term 7 = 1 to
T = n by setting x, + 1 = y,41, extending the summation from 7 =1
to 7 = n + 1 and subtracting out the 7 = n + 1 term. This gives for the
summation term in (6.48) the result:

n—1 n—1
[Ty ==z JJ@ —ai+1)
n+1l i=1 i=1
-> :j’; P . (6.49)
B | (R | (CPRS 7R

=1 J=1
J#T
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The first term is 0 by Sylvester’s relation for n + 1, and the second term
is the reciprocal of the multiplying factor in front of the summation in
(6.48), which proves the relation. For p = n, the above proof is modified
to

1
L

(y - xz)
= 1. (6.50)
(Yr —y5)

D (Anr(m;y) 2::

::n:j

S
i
Lok

The “trick” of extending the summation to n+1 in (6.48) because of the
occurrence of an extra T—dependent factor arising in the denominator is
used several times in subsequent proofs, sometimes without comment.

The proof of (6.43) is again by induction on n, following the proof of
(6.40), where we need now to show that

ZApT(x - €E)n_1);y) Apcr(x - e,(on—l);y)

=00, T,0=1,2,... 0. (6.51)

The proof of this relation, using Sylvester’s identity, is similar to the
proof of (6.46). O

The orthogonal coefficients

< A e,
m/
are combinatorial objects defined fully as functions on labeled arc di-
graphs. It is these explicit coefficients that are the elements (5.30)-(5.31)

of the real orthogonal matrix R* that is used to define the D*—matrices
n (5.26).

T

A > (6.52)

m

6.5 Abstract Hilbert Space and D*—Polynomials

The purpose of this section is to relate the inner product (, ) of polyno-
mials, such as (5.12), to an inner product in the abstract Hilbert space
H, defined by (6.4), in which the fundamental tensor operators t;, act.
In physics, it is the custom to use orthonormalized bra-ket basis vectors
in order to have some semblance of a uniform convention in presenting
the action of operators acting in the spaces spanned by such bra-ket basis

vectors. Because one of the important properties of the D*—polynomials



6.5. HILBERT SPACE AND D*—~POLYNOMIALS 305

is their relationship to representation theory of groups, they have not
been normalized to unity, but rather to the invariant factor M (\) de-

fined by (5.10)-(5.11), which gives D*(I,,) = Iy, For the purposes of
this section, it is convenient to normalize the D*—polynomials to unity
in the inner product (5.12) by multiplying by (M (X))~1/2 :

DNZ) = (M(\)"Y2DNZ). (6.53)

The D*—polynomials carry two sets of labels, the lower GT pattern
and the upper GT pattern (;‘1) and (n);,), each of which enumerates ab-

stract basis vectors ‘ % > and ‘ n),;, > in the Hilbert space H defined by
(6.4). What is needed to encode the same information in the abstract
vector spaces as is encoded in the polynomial vector spaces spanned by

the orthonormal vectors ﬁf‘nm(Z ) is a tensor product of spaces H such

that each subspace H) in (6.4) shares the same partition A € Par,,. For
this analog, we introduce the concept of a diagonal tensor product space:
The diagonal tensor product space of H is denoted Hy = H ®4 H; it is
defined to be the direct sum of vector spaces given by

[ee]
Hi=H®,H=Y Y @ (H\e4H)), (6.54)
p=0 XelPar, (p)

where H) ®, H), is defined to be the finite-dimensional vector space of
dimension (Dim\)? with orthonormal basis

m' \
B,®;B) = ‘ A >=‘ m>®d
m

A
m

/>'m,m’eGA . (6.55)

This is a subspace of the tensor operator space H ® H introduced in
Sect. 10.5, Compendium A, which is obtained by restricting the basis
B, ® By to partitions ' = A\, which is the meaning of the symbol ®4.
Such diagonal tensor operator spaces are linear vector spaces that have
all the characteristics of the parent general tensor product space.

The correspondence between normalized D*—polynomials and ab-
stract bra-ket basis vectors given by

D n; (Z) — ‘ n; > (6.56)

!/
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is to satisfy the inner product rule:

n /

m
)\ — 6m//’m6m/u’m/ .

m

(6.57)

In this section, we extend this relation to general matrix elements of
polynomials in the elements z;; of Z in the left-hand side.

m/// m/ m
D| X |@,D| » |2 :<)\

m’ m m

1

We first have the following transcription of relations (5.35) and (5.37)
for the matrix elements of z;; and 9/0z;; on a normalized D*—polynomial:

n /

m'” m/ m m

Dl pn | (2),z;D| X |(2) :< w0 A >, (6.58)
m/ m m” m

R m/// 8 X m/ m/// m/

Dl n |@,s=D| X | @) | =( n |05 X ), (659
" azij " J
m m m m

where we have defined new “ coordinates” and “derivatives” in the space
H ®4 H by

0ij = Mé{f (Z(tiﬂ' ®qg th)> Mgﬁﬂ; (6.60)
T=1
0l = Mop'” (Z@T ®d t})) M (6.61)
T=1

In these relations, the quantity Mop is an operator in H) with eigenvalue
given by the invariant factor M(\) defined by (5.10) for an arbitrary

vector in H); that is,
m/ m/
A > =MN\)| A > , (6.62)

m m

Mop

with the obvious definition of the action of the diagonal operators Mé{f

and Mo_ﬁﬂ.
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By definition, ordinary indeterminates (coordinates) z;; and zx; com-
mute. Since the following relation holds for arbitrary matrix elements,

n / "

[ m [ m m m’
D 1% (Z),ZklzijD A (Z) = < 12 leai]’ A >,
m// m m// m
(6.63)
it follows also that the coordinates 0;; and 6j; commute:
[0i5,0/] =0, all 4,5,k 1l =1,2,...,n. (6.64)

Similarly, all the conjugates Hjj and HL commute.

The matrix elements in both sides of relation (6.58) are 0 unless p
has the form y = A+ e, 7 = 1,2,...,n. We write this relation in the
stated form to show the general equality over all matrix elements in the
respective inner product spaces. Similarly, in relation (6.59), we have
= X\ — e, for a nonzero relation.

To summarize: The diagonal tensor operator space (6.54) is the ab-
stract analogy to the polynomial space:

P:i > aP (6.65)

p=0 \ePar, (p)

where each subspace Py, A € Par,(p) is the space of polynomials relative
to the inner product (, ) with the orthonormal basis given by

Py = {D ( A > (2) ‘ m,m’ are GT patterns} . (6.66)

m

Relations (6.58)-(6.59) transfer matrix elements in the polynomial space
P to matrix elements in the abstract Hilbert space H ®4 H according to
the mappings

0
zij = bij, 0zij -~ 9;[]' : (6.67)
Because the coordinates {z; | i,j =1,2,...,n} are commuting, so are

the {0;; | 7,7 =1,2,...,n}, as well as the set of conjugates. The poly-
nomial space P is an explicit model of the abstract Hilbert space Hg.

Relations (5.58)-(6.59) generalize to the following expression relating
matrix elements in polynomial space P to matrix elements in the abstract
Hilbert space Hy = H ®4 H :
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m' 9 m’
m

m' 07
m/
A > , (6.68)

m

m///
=( nu
m//

where P(Z, 8%) is an arbitrary polynomial in the variables z;; and 0/0z;,
and P(0,0") is the same polynomial in the © = (0i)1<i,j<n and of =

(0f)1<i<n-

P(©, 00

Toward our goal of giving as many properties of the complicated

C*(A)—coefficients as possible, we give their expression as the following
matrix elements in the abstract Hilbert space H, as follows from (5.22)

and (6.68):
(0)
0" > . (6.69)

(0)

C ﬂ; (A) = M()\)<T;l o4

Since the action of each fundamental unit tensor operator appearing in
the definition (6.60) of ;; is fully defined on the Hilbert space H, relation

(6.69) gives uniquely the matrix elements of C*(A). This relation is used
in Chapter 7 to give this evaluation.

6.6 Shift Operator Polynomials

We have not yet made any use of the commutation property [tir,t;r| =
0,i,7=1,2,...,n, of the fundamental shift operators. This commuta-
tion property is significant because powers of complex linear combina-
tions such as

(thlT—l-ZQtQT-i-'-' —I-Zntm-)k,k =0,1,..., (670)

can be expanded in the usual way by the multinomial theorem. This
property allows us to construct polynomials in the fundamental shift
operators that have well-defined transformation properties under linear
transformations. Such operator-valued polynomials are the basis of the
tensor operator theory developed in Chapter 9. It is, however, useful to
carry out some preliminary developments here to illustrate this aspect
of the fundamental shift operators. Operator-valued polynomials in the
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fundamental shift operators ¢;; turn out to play a role similar to that of
the commuting z;; in the theory of the D*—polynomials.

In analogy with the matrix Z with elements z;;, we arrange the el-

ements of the set {t;; | i,7 = 1,2,...,n} into an n X n matrix T as
follows:
tin tiz - lin
to1 taa -+ lon
T=| T Tl (6.71)
tnl tn2 o tnn

For each matrix array of nonnegative integers A = (a;;)1<i j<n, the power
T4 of T is defined by the ordered product:

n n n
e | S I I (6.72)
1=1 =1 1=1

in which the powers of the elements in column 1 appear to the right,
followed by the powers of the elements in column 2, ..., followed by
the powers of elements in column n. Because the components t;,,7 =
1,2,...,n appearing in each column 7; of T' mutually commute, the shift
operators in each product [, t%", 7 € {1,2,...,n}, can be permuted
to any order without changing 7. Thus, these operator-valued polyno-
mials are the analogues of the Maclaurin polynomials Z4. Under a left
transformation of 1" by an arbitrary n x n matrix Z of indeterminates,
we have that

T — ZT = (ZTy, ZTy, ..., ZT,), (6.73)

so that only commuting components ¢;; occurring in the same column
of T are mixed; hence, an arbitrary polynomial

TA
P(T) =) _C(4) T (6.74)
A

has an unambiguous meaning under arbitrary left transformations: P(T")
— P(ZT).

The above relations can be applied to the D*—polynomials given by
(5.6) to obtain operator-valued polynomials. We introduce a capital
letter notation for operator-valued D—polynomials, as follows:

I I
pla|m= Y cfla]@
M AEM? (W, A) M

TA
A (6.75)
where A € Parp,p = Ay + Ag + -+ Ay, and M and I' denote lower
and upper GT patterns, and W = W (1) € Wy and A = W(R) € W,y
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denote the weights of the lower and upper GT patterns. The notations I'
and A for the upper GT pattern and its weight anticipate a special role
for these patterns in the theory of tensor operators in Chapter 9: The
weight A of the GT pattern (/1}) is denoted A = (A1, Ag, ..., A,), where
A; is the total shift Ar = > | a;; associated with the product term
ton ... t52 2 from column 7 in the ordered product T4. Thus, column
7 in the matrix array A2, (W, A) has sum A, while row i still has sum

given by the weight W; of the lower GT pattern. From the point of view

r
of GT patterns, both A and W are weights. The coefficients C ( A ) (A)
M

are exactly those in (5.6).

The operator-valued polynomials (6.75) have the following matrix
transformation property under left transformations by an arbitrary ma-
trix Z :

DMNzT) = DM Z)DMNT). (6.76)
Such left transformations of T'— ZT mix commuting elements of T' oc-
curring in a given column as shown in (6.73), and therefore satisfy the
standard transformation rule (6.76). But right transformations 7' — T'Z
mix the noncommuting elements of T' occurring in a given row: Right
transformations of the operator-valued polynomials (6.75) do not trans-
form by right multiplication of D*(T) by D™(Z). These are important
properties in the theory of tensor operators given in Chapter 9.

The operator-valued polynomials (6.75) act in the Gelfand-Tsetlin
model Hilbert space H defined by (6.4) through the action of the t;; on
the basis By of Hy C H, as described in detail in Sects.6.1-6.5. Thus,

we have the action given by

D A/E (T) % > (6.77)
S ()l 2] ),

in which I', M € Gy, and A = W(%) € W, is the shift-weight of the GT
pattern I'. The coefficients

<A;,A ‘D ]\g (T)‘ %> (6.78)

in this relation are completely determined by the shift action of the
fundamental shift operators ¢;; described in the sections above. These
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matrix elements are important for the theory of tensor operators con-
sidered in Chapter 9. They also enter into an alternative form of the
coefficients in relation (6.79) below. But these relationships must await
further developments in Chapter 7 and 8.

There is another important relation involving the operator-valued
polynomials (6.75) that originates from relation (6.68). We choose the

polynomial P(Z,0/8Z) in (6.68) to be the D*—polynomial and obtain:

R m/// M/ R m/
D| A+A | (2),D| A |(Z)D| X |(2)
m// M m
(6.79)
m/// M/ m/
:<)\+A DI A |J(©)] A >,eachA€WA,
m// M m

in which the pattern M’ is any GT pattern of weight A € W,. We
summarize the definitions of quantities in this result:

\”;’H Ma 2, 650

m
1/2 —1/2

=1

The operator-valued D*—polynomials in the right-hand side of (6.79)
are defined by

M M
D A |©®= > C| A
M AeM?  (W,A) M

nxn

@A

I (6.82)

where O is the n x n matrix of commuting operators (see (6.67))

011 O - Oip
Oo1 O --- 0Oy

o= , (6.83)
91'11 9112 o Hnn

and ©4 is the product (see (6.63)) given by

o4 = H 07 (6.84)

1,j=1



312 CHAPTER 6. OPERATOR ACTIONS IN HILBERT SPACE

Since the action of the fundamental tensor operators is completely de-
fined in the right-hand side of (6.79), the matrix elements on the left
are known. But this inner product is just that encountered in reducing
the Kronecker product DM(Z) ® D*(Z) into a direct sum of irreducible
representations. We consider this next.

6.7 Kronecker Product Reduction and
Operator-valued Polynomials

The Kronecker product of a D*—matrix and a D*—matrix is orthog-
onally equivalent to the direct sum of D2 —matrices, and a real or-

thogonal matrix C'AY of dimension DimA Dim\ effects the complete
reduction:

o (DA(Z) ® DA(Z)) ( ) Z & TADMA(Z),  (6.85)

where this result uses the fact that every Littlewood-Richardson number
can be written in the form c?‘\f\A for some weight A € W, (see relation
11.161, Compendium B). For this reason, we often refer to A as a shift-
weight. The coefficient cf‘\'f\A is defined to be zero if D**2(Z) is not in

the Kronecker product D*(Z) ® D*(Z). Relation (6.85) also implies

DMN2Z)® DNZ) = (¢ )T <Z@&+AD*+A(Z)> CAN . (6.86)

It is required that the orthogonal matrix CAY) in (6.85) should effect
completely the reduction of the Kronecker product; that is, the direct
sum on the right-hand side contains one and the same matrix DA2(Z),
repeated a number of times equal to the Littlewood-Richardson number,
as expressed by the block diagonal form:

o™ (DNzye DX (2)) (¢00)'

. DA-}-A(z)
= - . (6.87)
D>\+A(Z)
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The repetition of the same irreducible D—matrix in the Kronecker prod-
uct was already encountered in Sects. 2.1.1-2.1.3, Chapter 2 in the cou-
pling theory of angular momenta, but did not occur until a three-fold
Kronecker product was considered, whereas here the multiplicity of a
given DATA _polynomial occurs at the basic level of the Kronecker prod-
uct itself. For the general coupling of n angular momenta, the CG
numbers give the multiplicity of occurrence; here, it is the Littlewood-
Richardson numbers that play this role at the very beginning.

Each parenthesis pair () in (6.87) contains cj\\J;\A diagonal blocks, each

block consisting of the same matrix D™ (Z); and there is such a block,
for given partitions A and A for which the Littlewood-Richardson number
is nonzero. For standardization, we also order the blocks in the matrix
(6.87) from the least partition to the greatest partition in accordance
with lexicographic order on the set of partitions in Par,; that is A > X,
if and only if the first nonzero entry in the difference A — )\’ is positive.
The consistency of matrix dimensions on each side of relation (6.87) is
assured by the identity

DimA DimA = ) ¢ Dim(A + A). (6.88)
A

We refer to the organization of the direct sum in (6.87) from the least
to greatest value of A + A as the standard Kronecker direct sum.

It is important to fix precisely the notation in the reduction relation

(6.87). We denote the elements of the real orthogonal matrix CAA by
the following notation:

() () 0y~ KA :f) <J\A4> (2)] o (6:89)

where these labels have the following significance:

1. Rows of C®Y) : These are the pairs of labels ( k, ()‘+A)> that index

m/
the hierarchal order of the rows of the block diagonal matrix on the
right in (6.87): the partitions in the set

A+ A € {Par, | A € Wy and c}52 # 0} (6.90)

index the block of repeated D2 —matrices enclosed by paren-
theses () , ordered lexicographically; k indexes the blocks k =

1,2,...,6?\\—&A that contain the identical DA*2(Z) matrices; and
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the GT patterns m’ € Gy, a index the elements of each matrix

DMA(Z) in row m’. These GT patterns themselves are ordered
lexicographically, as given by (5.18)-(5.20).

2. Columns of C Y : These are the pairs of GT pattern (M, m) that
index the rows (M, m) of the Kronecker product:

M’ m’
(DA(Z)®DA(Z))(M’m);(M,’m/):D ]\A4 (Z)D :@ (2).
(6.91)

We give explictly the orthogonality relations for the elements of the
rows and columns, respectively, of the orthogonal matrix C' (AN

Zee|Co) G G e (o) () ()

= 5]{:/7]{: 5m//’m/7 (692)
C)\+A
A+ A\ /A A A+A\ /AN /A
> e () () (o) o |G ) ()
= Gy 601 M - (6.93)

The matrix elements of relation (6.87) are given in terms of the above
conventions and notations by the following expression:

M m
Y G ALY AN [ A 2D X | (2)
m/ M) \m
M,m;M'’' m/' M m
n
AEAN AN/ A m
N [ [ | LT puur PP

m

Similarly, if the orthogonal matrices in (6.87) are moved to the right-
hand side, the following matrix element expression results:
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M/ m/
Dl A @D x | (2
M m

A+A

a0

n

N P G IR

m

This relation, in turn, gives the following result for the inner product
(6.79) with initial and final normalized D—polynomials:

N m/// M/ R m/
<D<A+A)(Z),D< A )(Z)D( ) )<z>)
m’ M m

m/// M/ m//
= < A+A | D A ) A >
m’ M m

I a0 C)]

A+ A\ /A A
x Cl, K - > <M’> (m”)] ,each A € Wy, (6.96)

where we have repeated the identity with (6.79). This is a key relation
for determining the various sets of real orthogonal matrices that can
effect the reduction of the Kronecker product to the standard Kronecker
direct sum. It is called the factorization lemma.

The right-hand side of relation (6.87) is given by the Kronecker direct
sum defined by

KESY =36 (Iys @ DA(2)). (6.97)
A

It follows that every real orthogonal matrix SV of the form

A
A
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commutes with the Kronecker direct sum; that is,
AX AX
SUN AN — (AN g, (6.99)

The matrix S ()‘I /\A) is of order equal to the Littlewood-Richardson number

ci‘\t\A, and is itself a real orthogonal matrix. (It could be unitary, but we

can choose all matrices to be real, as the defining relations for the D—
polynomials show.) Property (6.99) of Kronecker product reduction is
completely analogous to that for the coupling of n angular momenta, as
expressed by (2.44):

If CAY s g real orthogonal matriz that effects the reduction of the Kro-
necker product DM(Z)® D(Z) to the Kronecker direct sum KG(BA N then
the real orthogonal matriz RN defined by

RAXN — gAN (AN (6.100)

effects exactly the same reduction.

We use the term coupling scheme to describe a given real orthogo-
nal similarity transformation that effects the reduction of the Kronecker

product DA(Z) ® D*(Z) to the standard Kronecker direct sum. Thus,

given two coupling schemes CA* and R Y| the matrix SN defined
by

SO = RO (o0 A))T (6.101)

is the recoupling matrixz for these two coupling schemes.

The Clebsch-Gordan coefficients of the unitary group U(n) (GL(n,C))
are defined in this monograph to be the elements of a real orthogonal
matrix that completely reduces the Kronecker product to Kronecker di-
rect sum form, as shown in (6.85)-(6.87). Thus, each set of Clebsch-
Gordan (CG) coefficients satisfies relation (6.96), where the left-hand
side is known. But there are nondenumerably infinite many solutions to
this relation, since, given any solution C*Y | then RAY = §ANC(AN

is also a solution, where S(’\I ﬁ in (6.98) is an arbitrary real orthogonal

matrix of order ci‘\'&A. A set of CG coefficients is determined only up

to arbitrary real orthogonal transformations in multiplicity space, which
is a real vector space of dimension equal to the Littlewood-Richardson
number.

But this freedom in the definition of CG coefficients overlooks the
possibility that there might exist a set of such coefficients whose prop-
erties are so “natural” that this “canonical” set is to be preferred over
all others. For example, in the case of the binary addition of n angular
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momenta, the degeneracy of the multiplicity space is “broken” by the
existence of the intermediate angular momenta. Perhaps there are prop-
erties of the Lie algebra of the unitary group such that when two copies
are considered, as in the addition of angular momenta, there are “inter-
mediate” sets of operators in the Lie algebra that give a complete set
of commuting Hermitian operators that determine a preferred coupling
scheme. Such coupling schemes have been considered by Racah [145] for
SU(3), but have not proved very successful. But there may exist still
other natural schemes.

A natural structure for selecting a preferred set of CG coefficients that
suggests itself is the properties of the Littlewood-Richardson numbers,
since the dimensions of the multiplicity spaces are determined by these
numbers; perhaps, it is within this family of multiplicity spaces that mul-
tiplicity breaking principles reside. This is the idea developed extensively
in numerous collaborations with Biedenharn. The viewpoint we adopt
of the Littlewood-Richardson numbers is that they are to be considered
as functions Iy A defined over the set of all partitions A € Par,; hence,
we write

B =Iaa(h). (6.102)

It is known that the range of these functions is given by
Inn(N) €{0,1,2,...,K(A,A)}, (6.103)

where K (A, A) is the Kostka number. We can ask for the set of all
partitions such that the Littlewood-Richardson function Iy A takes on
the constant value L :

]P’A,A(L) = {)\ € Par, ‘ IA,A()\) = L},
(6.104)
Le{0,1,2,...,K(\, A}

The sets of partitions Py A(L) are called “level sets.” For some such
values of L, the level set Py a(L) might be empty, but if the level sets
satisfy the strong inclusion relations

Paa(0) CPaa(l) C - CPya(K(A,A)), (6.105)

there exists a natural orthogonal matrix that brings the Kronecker prod-
uct DM (Z) ® D(Z) to the standard Kronecker direct sum. Even if some
set equalities occur in (6.105), there are still reasonable choices that can
be made.

The geometry of the level sets Iy A(L) is a key element in the problem

of the reducing the Kronecker product D*(Z) ® D*(Z) to the standard
Kronecker product direct sum. Since the Littlewood-Richardson num-
bers are well-studied objects (Macdonald [126], Stanley [163]), it may
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be possible to give a purely combinatorial formulation of the multiplic-
ity problem. (We develop and cite numerous properties of Littlewood-
Richardson numbers in Sects. 11.3.7-11.3.8, Compendium B and also
in Sect. 9.6, Chapter 9.) A natural setting for considering Littlewood-
Richardson is in the theory of tensor operators (initiated by Racah [144]
for the group SU(2)), where they have a basic connection to the concept
of null space. We develop this in Chapter 9 for U(n). Tensor operators
are important objects in many physical applications, and it is essential
to know their relationship to CG coefficients.

We summarize the main results of this chapter:

A model separable Hilbert space H is introduced that has the mini-
mal structure need to encode the full structure of the D*—polynomials.
These polynomials are then unambiguously defined by the action of a
set of fundamental shift operators. The action of each of these oper-
ators is defined combinatorially by arc digraphs, which give the rules
for computing their matrix elements on an orthonormal basis of the
Hilbert space H. This culminates naturally in an expression that gives
the C*—coefficients, which express the D*—polynomials in terms of
the Maclaurin polynomials, as the matrix elements of operator-valued
Maclaurin polynomials in the fundamental shift operators.

Operator-valued D*—polynomials now become the key objects for
the study of the reduction of the Kronecker product D(Z) ® D(Z)

into a fully reduced Kronecker direct sum ) 5 @cj‘\";\A DMA(Z). The
result is the factorization lemma that relates the inner product of these
three D—polynomials to the matrix elements of the operator-valued
DA —polynomials, and then, in turn, to the CG coefficients, which are
the elements in an orthogonal matrix the effects the reduction of the
Kronecker product itself.

The remaining chapters of this monograph fill in some of the rich
(and complex) details of the above inter-related notions: Hilbert space—
fundamental operator actions—operator-valued D —polynomials—Kro-
necker products—factorization lemma—Clebsch-Gordan coefficients—
tensor operators.

6.8 More on Explicit Operator Actions

It is convenient for later use to introduce the renormalized basic shift
operators s;; defined by

sir = Mojy tir Mop/”. (6.106)
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The action of these operators on the basis By of H) defined by (6.5) is
then given by

A M()\ + 67) A
ir = ——— tir 6.107
ol m) ey m (6107
1/2
o Pkn — Pmn A
= n + 1 I tir .
(p )gpkn_pfn_l m>
k’;éT

We then have also the following relations for the Hermitian conjugate:

—1/2 1/2
sty = Mop "] M, (6.108)
with action given by
FlAN M) A
1/2
n
Pkn — Prn + 1 + A >
- Fkn — Prn T - A ]
b [[1 Pkn — Prn Tm

k:;éf

We list the following results for the action of the shift operators s;;
and their conjugates in the Hilbert space Hy for n = 2,3 :

n=2.

S11

A1 A2 ) = (prz+ D (p11 —=p22+1) | Ay +1 /\2>
i p12 —p22 +1 mi + 1 ’

A Ao >_\/(p12+1)(p12—l)11) ’ A1 Ao >’

S21 ‘
mil p12 —p22 +1 mi

S12

A Ao >:_ (p22 + 1)(p11 — p12 + 1) ’ Ao Ae+1 >
ma p22 —p12+1 mu +1 ’

A1 A2 >_\/(p22+1)(p22—p11) ’ A1 A2+ 1 >;

$22 ‘
mil p22 —p12 +1 mi1
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> P12(P11 — P22) (p11 — p22) ‘ A —1 )Xo >
P12 — P22 mi — 1 ’
> p12(p12 —p11 — 1) ‘ AM—1 o >
P12 — P22 mii ’
st A1 A2 > p22(p11 —p12) | Ay Aa—1 >
12 mi1 Pas — P12 mi; — 1 ’

A A p22(p22 —pu — 1) ‘)\1 Az —1 >
P22 — P12 mi .

A1 A2

S11 ’ mi1

A1 A2

mi1

mi1

n=3:
11 Almé2m2>;3 ) — (p13 + 1)(p12 — p23 + 1) (p12 — paz + 1)(p13 — p22)
mi1 (p12 — p22 + 1)(p13 — p2s + 1)(p13 — pss + 1)
— A1+1 A A3
priu P22+ 1 mi2 + 1 ma2
P12 — P22 mi1 + 1
[ (p13 + 1)(p22 — p23 + 1)(p22 — pss + 1)(p13 — p12)
(p22 — p12 + 1)(p13 — p2s + 1)(p13 — p3z + 1)
_ AM+1 Ao A3
w PPt L AT AT,
D22 — P12 mi1 + 1
A1 Az Az > _ [ (p1s + D)(p12 = p23 + 1)(p12 — p3z + 1) (P13 — p22)
521 miz Ma2 =
mi1 (p12 — p22 + 1)(p13 — p23 + 1)(p13 — p33 + 1)
— AM+1 A A3
X4/ Pz 7 pu mi2 + 1 ma2
P12 — p22 mi1 + 1
I (p13 + 1)(p22 — P23 + 1) (p22 — p33 + 1)(p13 — p12)
(p22 — p12 + 1)(p13 — p23 + 1) (p13 — p33 + 1)
— A1+1 A2 A3
«. P22 " Pu Mia Mas + 1 ,
D22 — P12 mi1 +1
A1 A2 A3 1 — _ A1+1 A s
san e m > _ (P13 +1)(p13 — p12)(p13 — p22) ’ R > ;
mi1 (p13 —p2s + 1)(p13 —p3z + 1) mi1
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S12

miz m
7172111 2 (p12 — p22 + 1)(p2s — p13 + 1)(p23 — pas + 1)
y [p11 —p22 + 1

P12 — P22

_ (p23 + 1)(p22 — p13 + 1)(p22 — paz + 1)(p23 — p12)
(p22 — p12 + 1)(p2s — p1s + 1)(p23 — p3s + 1)

» [p11 —p12 +1
P22 — P12

A1 A2 As > _ _\/(p23 + 1)(p12 — p1s + 1)(p12 — p33 + 1)(p2s — p22)

At Az Ag > _ _\/(p23 +1)(p12 — p13 + 1)(p12 — p33 + 1)(p2s — p22)

mi2 + 1 mas
mi1 + 1

Al A2 +1 )\3>

miz2 maz2 + 1
mi1 + 1

A A2+ 1 A3 >

s mi2 m
2 o (p12 — p22 + 1)(p2s — p13 + 1)(p23 — pas + 1)

mi1
% /P12 — P11
P12 — P22

I (p23 + 1)(p22 — p13 + 1)(p22 — paz + 1)(p23 — p12)
(p22 — p12 + 1)(p2s — p1s + 1)(p23 — p3s + 1)

% [ P22 — P11
P22 — P12

At Az Ag >_\/(p23+1)(p23—p12)(;023—p22) ‘ At Azt 1A >

miz2 + 1 mao
mi1 + 1

A A2+ 1 A3 >

mi2 ma2 + 1
mi1 + 1

Al A2 41 )\3>

83 miz m miz m
22 7172111 » (P23 — p13 + 1)(p23 — p33 + 1) ;7%11 2
13 Alml/\;m;\; > _ (p33 + 1) (p12 — p13 + 1) (p12 — p23 + 1) (p3z — p22)
mi1 ' (p12 — p22 + 1)(pss — p13 + 1)(p3z — p2s + 1)

mi2 + 1 ma2
mi1 + 1

y [p11 —p22 +1
P12 — P22

+\/(p33 + 1)(p22 — p13 + 1)(p22 — p23 + 1)(p33 — p12)

A1 A2 A3 +1 >

(p22 — p12 + 1)(pss — p1s + 1)(p3s — p2s + 1)

[p11 —p12 +1
P22 — P12

mi2 ma2 + 1
mi1 +1

A1 A2 A3+1 >
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523

/\1m1;\2m22\3 > _ (p33 + 1)(p12 — p13 + 1) (p12 — p23 + 1) (p33 — p22)
(p12 — p22 + 1)(p3s — p13 + 1) (p33 — p23 + 1)

mi1
« [P12 — P11
P12 — P22

_\/(p33 + 1)(p22 — p13 + 1)(p22 — p23 + 1)(p3s — p12)

mi2 + 1 mas
mi1 + 1

A1 A2 A3 +1 >

(p22 — p12 + 1)(p3s — p1s + 1)(p33 — p2s + 1)
o P22 = P11
P22 — D12

At e A >_\/(p33—|—1)(p33—p12)(p33—p22) ’ At A2 Az +1 >

mi2 maz2 + 1
mi1 + 1

A1 A2 >\5+1>

S3: mi2 M22 miz Ma2
3 mi1 (P33 — p13 + 1)(p3s — p23 + 1) mi1
of >‘1m1>;2m2>;3 > _ | p13(p12 — pas)(p12 — p33)(p1s — paz — 1)
H mii (p12 — p22) (P13 — p23) (P13 — P33)
— A —1 A2 A3
o, P11 P22 mis — 1 Mo
p12 —p22 — 1 mi —
_ p13(p22 — p23) (P22 — p33) (P13 — p12 — 1)
(p22 — p12) (P13 — p23) (P13 — P33)
— AM—1 Xo A3
«, P P12 Mi2 Mas — 1 7
p22 —pi2 — 1 mi1 — 1
of Almym;; > _ | p13(p12 — pas)(p12 — ps3)(p1s — paz — 1)
2 mi1 (p12 — p22) (P13 — p23) (P13 — P33)
pi2 —pu —1 ‘ )‘177; 1 2m>\3 >
12
p12 —p22 — 1 2
n p13(p22 — p23) (P22 — p33) (P13 — p12 — 1)
(p22 - p12)(p13 - p23)(p13 - p33)
p22 —p11 — 1 ‘ )\177;1m>\2 A3 >
S —— 12 M2z — )
p22 —p12 — 1 mi1
A1 AQ Ag Al -1 >\2 AB
t _ p13(P13—p12—1)(P13—p22—1) .
531 m%ﬂlﬂzz > o \/ (p13—p23)(P13—P33) ’ m%ﬂlﬂzz > ’
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i
S12

Alml)‘22m2>‘23 > __ |p2s (p12 — p13) (P12 — p33) (P23 — p22 — 1)
(p12 — p22)(p23 — p13) (P23 — P33)

mi1
— A A2—1 A3
«, PP mis — 1 mas
pi2 —p22 — 1 mi — 1
[ p23(p22 — p13)(p22 — ps3) (P23 — p12 — 1)
(p22 - p12)(p23 - p13)(p23 - P33)

« P11 — P12
V pa2 —p12 — 1

mi2 maz — 1
mi1 — 1

A1 A2—1 A3 >

i
S22

A1 Az Ag > B \/pzs(plz — p13)(p12 — p33)(pes — p22 — 1)

mi2 M22

mi1 (P12 — p22)(p23 — p13) (P23 — P33)
prz—pii—1] A A—1 A3
SEe——— mi2 — 1 ma2
P12 — P22 — 1 mii1

p23(p22 — p13)(p22 — p33)(p23 — p12 — 1)
+
(p22 — p12)(p23 — p13) (P23 — p33)
p22_p11_1’)\1 Ao —1 )\3>

miz2 maz — 1
p22 —pi2 — 1 mi1

i
S32

Al A2 Ag >_\/p23(p23—p12—1)(P23—p22—1) ’ At Az —1 Ag >

mig M22 mi2 M22
mi1 (p23 - p13)(p23 - p33) mii

i
513

Alml);m;; > _ pa3(p12 — p13)(p12 — p23)(pss — p22 — 1)
(p12 — pzz)(p33 - P13)(P33 — p23)

mi1
y | pi1 — p22
p12 — p22 — 1
4 p33(p22 — p13) (P22 — p23) (P33 — p12 — 1)
(p22 — p12) (P33 — p13) (P33 — P23)

« [ pi1 — pi2
p22 —p12 — 1

miz2 — 1 ma2
mi1 — 1

A1 A2 A3—1 >

A A2 A3 —1
miz2 ma2 — 1 ,

’ITL11—1
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+
Sa3

A1 A2 As > _ _\/pss(pm — p13)(p12 — p23)(pas — p22 — 1)

mi2 M22
mii (p12 — p22)(p33 — p13) (P33 — p23)

P12 — P11 — 1 )\1 )\2 Ag -1
- T miz2 — 1 ma2
P12 — P22 — 1 mi1

| p23(p22 — p13) (P22 — p23) (P33 — p12 — 1)
(pzz - p12)(P33 - p13)(P33 — p23)
P22 —p11 — 1 A1 A2 As—1
- 4 mi2 M22 — 1 3
p22 —p12 — 1 mi1

s At Az Ag >_\/P33(p33—]312—1)(p33—p22—1)‘/\1 Az /\3_1>
33 .

mi2 M22 miz2 ma22
mii (p33 - p13)(;033 - p23) mi1




Chapter 7

The D)‘—Polynomials:
Structure

In this chapter, we derive explicit expressions for the C*—coefficients
that occur in the expansion of the D*—polynomials in terms of Maclaurin
polynomials, for the CG coefficients that reduce the Kronecker product
of two D*—polynomials, and for their interrelations. The relationship

of the D*—polynomials with the representations and Lie algebra of the
general linear group is a major aspect of these polynomials, one that we
present in Chapter 8. The operator methods of the last section have a
major role, and most results have a combinatorial basis.

7.1 Combinatorial Formula for the C*(A)
Matrices

In the first method of determining the D*—polynomials, we use relation
(6.69), Chapter 6:

!/

m m/ (0)
cl X | = M()\)<)\ ‘@A on>

m m (0)
m/ (0)

= ()\)< A 0" > (7.1)
m (0)

in which A € Par,(p),A e ME (o, ), = W()‘),ﬁ = W()‘)

nxn m m’

H (Z(tiT ®dtj7')> |

ij=1 \r=1

325
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We bring (7.1) to a more manageable form by defining the n? opera-
tors o;; as follows:

n

Oij = Z(tiT ®d th), 1,7 =1,2,...,n. (7.2)

=1

These n? operators mutually commute (see (6.64)), so that the factors in
szzl ag;j may be arranged in any of p!/A! different ways. The funda-
mental shift operators in the summation in (7.2) corresponding to differ-
ent 7 do not commute; different orders of the o;; in the power product
can lead to different expressions for the C*—coefficients. We consider
them all by writing

n

azj = N 3 ... . . . .
H O-Z] - 0-7‘17.717 0-742]20-21]17 (73)
1,j=1

where (iq,i2,...,1p) is a permutation of (1%1,2%,... n%), since A €
MP . (a, B) requires that the row index 1 appears a; times, 2 appears o
times, ..., n appears oy, times; similarly, (ji, j2,...,Jp) is a permutation

of (1%1,2% ... nf). We use these two permutation groups to classify
the sequences (7.3), as we next describe.

Let A, and Ag denote the sets of sequences defined by
Ay = {m(1%,2%,....n%) | 1€ Sy}, ot p,
(7.4)
Ag = {m(1P,2% . nP)|me Spt, B F p,
where the action of 7 € S, is to permute the parts of the sequences;
hence, there are p!/a! distinct sequences in the set A, and p!/3! distinct

sequences in the set Ag. We refer to the sets of sequences A, and Ag as
being of type a and of type (.

We also require the direct product of the symmetric groups S,,,% =
1,2,...,n:

S =S4, X Sa, X -+ X S, . (7.5)
This subgroup of S, then has the property
p(1%,2%2 . n%) = (191,29 ... n%), (7.6)

for each p € S Thus, S¢ C S, is the isotropy group (also called lit-
tle group) of S, that fixes the sequence (1%*,2%?,...,n%") € A,. More
generally, if we choose the sequence (i1,12,...,17,) to be

(’il,ig,... ,’ip) = 7T(1a1,2a2,... ,na") €Ay, mEe Sp, (77)
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then this sequence has the property

(mpm™h) (i1si2, .. ip) = (i1, 425 . ., ip). (7.8)
Thus, the m—conjugated group , mS%m~! C Sp, is the isotropy group
that fixes the sequence (i1,i2,...,1y) = w(1%,29, ..., n%").

Next, consider the action of S on the set Ag. For this, we write each
sequence in Ag in the form

(b1, b, - .., bp) (7.9)
= (bll,blg,. .. ,blal; . ;bil,biQ, e 7biai§ .. .;bnl,bng, e ,bnan).

The i—th symmetric group S,, in the direct product group S, permutes
the parts of the i—th subsequence (b;1, bj2, . . . , bia, ) in the sequence (7.9),
leaving the other parts unchanged, this holding for each i = 1,2,... n.
Accordingly, the action of the group S* on the set Ag gives another
sequence in the set Ag; this is also the case for each m € S),. Thus, the

action of the isotropy group mS%m~! on the set Ag is to give a subset
A, g(m, p) of sequences in Ag defined by

Aq,p(m, p) (7.10)
={lj1, 92, - Jplwyp = (7Tp7'('_1) (b1,b2,...,b,) € Ag|p e S}

In summary, we have the following result for the C*— coefficients:

m
cl A | @) =mm (7.11)
m
X Z < tipr “biyntin (00) >
TEL(1*1,2 2 ... nrn)
A o
X m/ JpTp " thTQtlel (0) )

where the sequences in this relation satisfy the following conditions:

1. The sequence (i1,%2,...,1ip) is any sequence in the set A,.

2. The sequence (ji,j2, - -, Jp) i any sequence in the subset A, g(7, p)
C Aﬁ.

3. The summation is over all T = (11,72, ...,Tp) that are elements of

the set L(17,2%2 ... n) of lattice permutations of type ).
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Proof. Items 1 and 2 summarize the results proved in (7.2)-(7.10), but we

must still account for the property asserted in Item 3. The summation

over 7 in (7.11) was, before simplification to the asserted form, given

by Y > iy But the matrix elements between the initial
n

Tp=1"

vector ‘ (00) > and final vectors

A A
and , ) are zero unless
m m

the shift (0") — e, + e, + -+ + e, effected by the action of the right
subproduct t;, 7, - -ti,nti,r, of t; 7 - tintir is a partition for each
k =1,2,...,p. But the sequence e, + e, +--- + e, is a partition if
and only if the sequence (71,72, ...,7;) contains a number of 1's at least
as great as the number of 2's, a number of 2’'s at least as great as the
number of 3's,---, a number k — 1’s at least as great as the number
of k’'s. (Since the entries in e, + e, + - -+ e, sum to k, there is no
k+1 in the sequence.) A sequence 7 = (71,72, ..., T,) such that each left
subsequence (11, 72,...,7k), k = 1,2,...,p, has these properties is called
a lattice permutation of type \ (see Sect. 11.3.6, Compendium B). O

Relation (7.11) is quite a nice result, fully combinatorial in its struc-
ture. It is, of course, fully defined, since the action of each fundamental
tensor operators on the initial Hilbert space Hgy.-:1 is well-defined. We
have considered the various forms of the C*—coefficients corresponding
to all sequences (i1,%2,...,9p) € A, to so as to include the rich vari-
ety of ways is which they can be expressed, since the various sequences
give rise to different expressions of one and the same coefficient. It is,
however, nontrivial to implement relation (7.11) to obtain fully explicit
coefficients. We use this in the remaining sections to obtain various
special results.

The interchange of the role of the sets of sequences A, and Ag in
(7.4)-(7.11) leads to the transpositional symmetry expressed by

C ( n; > (A) = C( T/ > (AT). (7.12)

Even if the 7—sequence is a lattice permutation of type A, a term in
the summation in (7.11) can give 0 because a GT pattern that violates
the betweenness conditions can result from the action of the product of
fundamental shift operators, as illustrated by the following example:

Example: n = 4,p = 7.\ = (4,2,1,0), 0 = (2,2,1,2), (i1.i2,...,i7) =
(1,1,2,2,3,4,4),7 = (1,1,2,3,2,3,4) : We have that

4210 0000
410 000
2 0

tyataztaatastootintin
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in consequence of the action of the operator togtooti1t11 effecting the
2110

211

shift on |(0),) to the vector 39 > that violates the betweenness

2
conditions. O

The simplest of the family of D*—polynomials occurs for partitions

having only one nonzero part. The C*—coefficients for A = (p0"~!) can
be obtained by specializing (7.11). Thus, we prove next the following

relation: N
Z
D J(2)=v/alB > - (7.14)

AeMy ., (a,5)

where o = W (? ?7:_1) and 3 = W (" On_l). We see immediately from

m
(7.11) that the only term in the summation that can “lift” the partition
(0,0,---,0) to the partition (p,0,...,0) is the one corresponding to the
single term 71 = 75 = --- = 7, = 1, all other terms between the initial
vector and final vector giving zero. This property leads to the following

result, where we use M (p 0"~ 1) = p! :

!/

m n—1
Clp ot |(4) = p!<p 0
m

n—1
x<p;,

where we have used

P On—l
m

and similarly for the second factor.

?(?) > — Jalgl, (7.15)

n
[

=1

o" !

7.2 Reduction of the Kronecker Product
Dr(Z) @ DNZ)

In this section, we derive the CG coefficients that reduce the Kronecker
product DP(Z) ® D*(Z) to standard Kronecker direct sum form. The
Littlewood-Richardson numbers are either 0 or 1 for this case, and the
CG coefficients are unique up to a sign. We use the factorization lemma
(6.96), which reads as follows for the case at hand, where we can now
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drop the multiplicity index k :

(7) o4
Dl p ot | (©®)=Vay > 0 (7.17)
() AeME,,., ()
m'” (7) m/
SUOCSLEY
VA e [Co) 0 )G g
[ )] e

Thus, the rows and columns of the real orthogonal matrix C® 0""'):X

that reduces the direct product
n—1 n—1 T 6
c A (pr(z)@ DN(Z)) (€W 0N =S @D M(2) (7.19)
é

are given by

T el € | G 1 69 B

The notation (” 8;371) in (7.18) designates the unique GT pattern with
weight o, as illustrated by

p 0 0 O p= a1+ oo + a3+ oy,

a 0 0 a=a;+ az+ as,
b 0 ' b= ap + as, (7.21)
Cc Cc = (1,

in which o = (a1, a9, a3, ) can be an arbitrary composition of p. More-
over, the summation in the right-hand side of (7.19) is over all shift-
weights 0 € W, gn—1) such that A + 4§ is a partition. By definition, the

CG coefficients (7.20) are also zero unless A + ¢ is a partition.

Relation (7.18) is a fully explicit relation for determining the CG
coefficients. The strategy is the following: Relation (7.18) is first spe-
cialized to the initial and final upper GT patterns m’ and m'”’ being
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. . /A — — m! = \;
maximal, which means each m;, =m;, ., =---=m;, 1 = \;, for each

1 =1,2,n—1, and similarly for m’”’. Then, this relation is further special-
ized to the initial and final lower GT patterns m and m” being maximal.
The second expression determines, up to sign, the CG coefficient hav-
ing maximal patterns, which is then used back in the first relation to
determine the general CG coefficient.

For the implementation of this procedure, we evaluate the following
maximal matrix elements of each fundamental shift operator ;- by the
methods of the loop algebra described in Sects. 6.1-6.4, Chapter 6. These
matrix elements have the very simple form given by

<)\+67 tir A > Hpgn psn+1)’2<j<n,
max max e p]n psn)

A+er A _
< max trr max >_ 0,r-

Using relations (7.22), we are now able to implement the strategy
above to obtain the following result:

The CG coefficients that reduce the Kronecker product DP(Z) @ D(Z)
are an invariant function times the matrixz elements of the shift-operator
polynomials D? s(T) :

|06 )G -

1/2
in T 'n_(s' 1)s,
S| et bl (AR | ),
1<i<j<n Pin — Pjn i j 5,
DZ,J(T) = Vald! Z AT each pair a,0 F p, (7.24)
AeM?  (a,0) ~

in which A+ & must be a partition for a nonzero result, (z)q is the rising

factorial (2)q = 2(z+1)--- (z+a—1), and T4 is the ordered product of
fundamental shift operators given by

H tn . H 1 H o, (7.25)
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Proof. For maximal GT patterns, the second CG coefficient in the right-
hand side of (7.18) is 0 unless v = J; hence, we obtain:

max () mazx
<)\+5‘D p ont (@)‘ A >

m” () m
- GG e

A+6\ [pont A
h n—1Y).
) (6 ) (o) v

In the evaluation of the mar — max matrix element in the left-hand
side of this relation, only matrix elements of the max -max form (7.22)
arise in the intermediate GT patterns from the repeated application of
mazx

A > ; that is, the max-max GT
m

patterns propagate to all intermediate GT patterns. Using this property
reduces the left-hand side of (7.26) to

Yo (tir®aqtjr) to the initial vector

max () max
< A+d D p ot | (@) A >
m/l (O[) m
_ MO8 S AHE s sa| A
- M()\) max nn 2211 max
A+9 A
x < o ‘ D? (T) ' - > (7.27)

Using again relation (7.22) to evaluate the first factor in this relation
and combining the result with (7.26) gives the relation:

1/2

G R ES PCTEY

1<i<j<n (pm — Djn + 52.) m
[0 ) 6] .
C K)T\nzj> <p ?;)_1> (m)c\m>] , each § € W, gn-1).
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Evaluating this relation for m = maz and m” = max gives 0 unless
« = 6, in which case, we obtain:

1/2

H (pin — Djn + 6; — 53) A+0 P (T) by
(Pin — Pjn + 9i) max 4,6 mazx

1<i<j<n
oL AL [ A [ o ]| P

But again, using the maxr — max propagation property as above, we
obtain:

1/2
(et | D) | iy Y= | ] st b
1<i<j<n Pin — Pjn i
in — Pjn (52_5 1)s,
% H (p Djn + j + )6_7 (7'30)

1<i<j<n (pin_pjn_éj +1)6j

Substituting (7.30) into (7.29) gives

) () (o). 71
1/2

_ H (Pin — Pjn + 0i — 8;)(Pin — Pjn + 0i — 05 + 1)s,
(pm — Pjn + (51)(pzn — Pjn — 5j + 1)5j

b
1<i<j<n

where we have chosen the positive root. Finally, substituting (7.31) into
(7.28) (changing m” to m') gives the stated result (7.23)-(7.24). O

The entire calculation above can be repeated for the case in which
the ordered product T4 defined by (7.25) is replaced by

H Ll H ti H tr (7.32)

in which (71, 72,...,7) = m(1,2,...,n) is an arbitrary permutation 7 €
Sp- In this case, we define the operator-valued DP—polynomials by

DP §(Tx) =Valds! ) (T”)A, each a,d + p. (7.33)

Al
AeM a,d)

n><n(
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We then have that

[0 )G - i

H (me — DPrjn — 57—_7 + 1)67_7 A +,6 DP (Tw) A '
(pnn — DPrn + 577 - 57'j + 1)6Tj m o8

m
1<i<j<n

This result must, of course, agree with (7.23), although its form is
quite different for each w € S,,. In general, we obtain n! different forms of
the same CG coeflicients from (7.34) corresponding to the permutations
(T1,72y .y Tn) =m(1,2,...,n),m € Sy. For n = 2, the two forms for the
WCG coefficients are those obtained by Wigner and Racah (see Ref. [21],
Vol. 9), which, in turn, are equal in consequence of the Bailey transform
of the 3F5 hypergeometric functions of unit argument. There is a deeper
theory, not explored here, underlying the relationships that exist between
the different expressions for the CG coefficients corresponding to different
permutations 7. In the specialization, however, to the GT patterns m =
max and m’ = max there must be agreement, since the result is a single
product of factors. We have

o) () o) -

1/2
11

(pﬂn — Prjn T+ 07, — 577)(]977;71 — DPrjn + Or, — 57_7 + 1)67_7
1<i<j<n

(pnn — Prn T 5n)(pnn — Prjn — 573- + 1)57.].

which, since the factors can be rearranged, is the same as (7.31).

Relation (7.23) and its general form (7.34), like (7.11) for the C*—
coefficients, are quite nice expressions for the special CG coefficients
in terms of the matrix elements of the operator-valued polynomials
wa(Tﬂ).

As elements of a real orthogonal matrix, the CG coefficients (7.34)
satisfy row and column orthogonality relations. Thus, from the notation
for rows and columns given by (7.20), we have the orthogonality of rows
and columns, respectively, given by

> el )6

atp,meG,

R [y [
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A+ A o1 A
(e I GHI64]
At p,m"€Grta
A+ A P On—l A
xC |:< m" >< (a/) ><m,>:| = 5a,a’5m,m’, (737)

where AJA’ F pand A+ AN+ A’ € Par,. (We have set A = § €
W(p 0" 1), A" =4 € W(p 0" ) to avoid the awkward notation ds s . )

Because the D® 9"")(Z) polynomials (7.14) are invariant under all
permutations of the rows and columns of Z, the CG coefficients (7.23)
are called totally symmetric. They are the elements of the real orthog-
onal matrix that reduces the Kronecker product DP(Z) @ DMNZ) ~
>, ® DX (Z), where p abbreviates the partition (p 0"~!) € Par, and
A 1s an arbitrary partition A € Par,,. The explicit form of the reduction
relation is given for (p 0" 1) @ A ~ X by

(G (B e S

(a),m, (cx’),m (OZ) m

2% ) o

m

There are three other versions of this relation, obtained by using the
orthogonality relations to move either or both of the CG coeflicients on
the left-side to the right-side.

7.3 Binary Tree Structure of the C*—Coefficients

This construction of the C*—coefficients is based on Pieri’s rule (see re-
lation (11.65), Compendium B), as encoded in the corresponding binary
tree. In this section, we prove the following main result, where it is con-
venient to take the partitions in the form (A 0"~!) € Par,,, and also with
A = (A1, A2,..., ) € Pary, so that we are considering partitions that
have at most [ nonzero parts, but in which Z is of order n :

The Main Result: The DA Oy'kl)—polynomials for partitions with A =

(A1, A2, ..., \;) having at most | nonzero parts are given by
m’ m’ 74
Dl x o | (2= > C| x o (A= (7:39)
m AeM? . (a,af) m
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/

m
Cl x ot | (A
m
Al B

“ 2 2 {AO}
BeM? ,(a,)) CeM? (o', ))
max max

xC| X ot | (BC| A ot | (C).  (7.40)
m m’

It is the occurrence of the mazimal GT patterns in the expression for the
C'—coefficient that gives this result special significance, as exhibited by
the CG coefficients at level | in relation (7.43) below.

The detailed notations and coefficients in the two relations (7.39)-
(7.40) are as follows:

1. The matrix Z of indeterminates is n X n, as is the matrix ar-

ray A € M (a,d'); the arrays in the summations are over all

BeM (a,\)and C € MP_, € (¢/,)) because the maximal pat-

nxl
tern in (7.40) forces columns [ + 1,...,n to be 0's. The coefficient

B
{ AC } is the combinatorial structure coefficient of the Maclau-

rin polynomials, as defined and discussed in Sect. 1.6.3-1.6.5, Chap-
n—1l

ter 1. We note explicitly that the GT pattern ()‘ Tg ) of shape

(A0"71) is given by

A\ o - N 0 0
Mip—1 Map—1-" Mpp_10 0

myg1r Moy o0 om0
. (7.41)
mi mag .- My

) ) )

mi2 M22
mi1

where the upper right corner of the array is a triangle of 0's in
which there are j — [ 0's in row j for [ +1 < j < n. The number of
GT patterns (7.41) is given by the Weyl dimension formula (5.11),
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specialized to the partitions (A 0" '), A € Par; :

Dim (X 0"~) = Dim A [ﬁl (Ai:fz >/H (n _Z>]

(7.42)
MM, Agy o N, 077D = MM, Aoy, ), alln > L

2. The C'—coefficients in (7.40) having maximal upper GT patterns
are given by

C ( Amg’{f—l > (B) = /B'M()\) (7.43)

m
a; 01\ £ AG=D)
(o) (i ) o)
The notations for the [—rowed totally symmetric CG coefficients in
this relation have the following definitions:

X Z HC

m(1) 7777,(2) ,,,,7m(“*1) =2

(i). The A®) are the partitions read off the rows of the GT pattern
(7.41), and adjoining 0's, as needed, such that each partition
PONS Par; :

A = (myiomag, .. omig 0070, i = 1,2, 01— 1
)\(Z) = (ml,iamZiv s 7ml,i)> = l7 [+ 1? cee N (744)

The final pattern ¢ = n in the product (7.43) of n — 1 CG co-
efficients (each has [ rows) has A1) = (Mim, Man, ..., M) =
(A1, A2,..., A1), where the GT pattern m™ of | — 1 rows is

maximal. The remaining (I — 1)—rowed patterns m(? i =
2,3,...,n — 1 are general lexical GT patterns. It is very sig-

nificant that the partitions A(?) all belong to Par;.

(ii). The oy, © = 1,2,...,n, are the components of the weight of the
GT pattern (7.41):

A On—l
a:(al,ag,...,an):W< m ) (7.45)

(iii). Each final pattern

() ,
<m(i)> € Gyw, AV ePar;; i =2,3,...,n, (7.46)
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as noted in Item (i), is a full triangular GT pattern of shape
A containing (I 4 1)/2 entries, except that the final pattern
corresponding to A = X\ € Par; has maximal entries. This
occurrence of the maximal labels in the last CG coefficient in

the product is the result of enforcing the row-sum conditions
> j—1@ij = A; on the n x [ matrix array B in (7.40).

. The matrix array B € M?_ (a, \) in the summation has n rows

and [ columns. The sequence 3; = (b;1,bia, ..., b;) is the i—th
row of B, and is the weight of the GT pattern G(,, ¢»-1). Thus,

the center GT pattern in (7.43) is the unique pattern given by
a 0 - 0
(67} Ol_l) :
- ; , 7.47
< (Bi) bi1 + b2 0 (7.47)
bi1
where the top row is a; = b;1 + bjs + - - - + by;.

. The right-most C'—coefficients in (7.40) are defined by the same

formula (7.43) by making the replacements B — C, m — m’
(the upper pattern in (7.39)-(7.40)) and reading off the par-
titions from the GT pattern (7.41) modified by replacing the

m; 4 by m;j :
max
C< Aoont ) (C) = /C'M()) (7.48)
m’
Y () O/ oli-1 )\’(i—l)
(o) () Gurc)|

X Z HC

m ) (=1 i=2

where A = (A, A\, ..., \)).

The CG coefficients occurring in relation (7.43) and given by

C

CHEIED] o

are exactly those of the form (7.38) (n =) that effect the coupling of the

Kronecker product D 97 (Z) @ DX (Z) to DY (Z), with a similar
result for relation (7.48). This result implies:

The C(A0")

—coefficients in relation (7.40), hence, also the DAO""") —

polynomials in (7.39) are completely determined by the totally symmetric
CG coefficients at level 1.
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Moreover, the “master” lower GT patterns (7.41) determines the parti-
tions entering into the top row of each CG coefficient (7.49). A similar
statement applies to (7.48) and the upper GT pattern.

Relation (7.40) is a quite complicated expression for the Ao _
coefficients, containing as it does all the subsidiary special totally sym-
metric CG coefficients. Nonetheless, it is fully specific, since all these CG
coefficients are known from the preceding section. While structurally in-
elegant, compared to relation to (7.11), it still has many combinatorial
features, especially, the occurrence of the combinatorial structure coef-
ficients originating from the transformation properties of Maclaurin poly-
nomials. It also shows that for 1 = 2, the general C**20" %) _ coefficients
depend entirely on the WCG coefficients of angular momentum theory, as
carried out in detail in Sect. 7.53.1 below. Of course, for [ = 1, the above
relations must give the Dg o (Z) polynomials, as they do, accounting for

the [ = 1 CG coeflicients given by C'[(m7;)(m],)(m11)] = dms, m!, +mas -
We complete this subsection by giving the proof of the results ex-

pressed by(7.39)-(7.49). The method uses Pieri’s rule (see Sect.11.2.1,
Compendium B), as encoded in a binary tree, as follows:

Proof. The mapping from the lower GT pattern in the coefficient (7.43)
to the associated labeled binary tree is given by

A Do o N\ 0 0
Mip—1 M2 p—1-"Mpp—10 0
mige1 mogyr o mygyr 0
mip Moy - My
mi2 M2
mi 1

2D = (q; 0171
( 1 )(a2 ()l—l)

A2 (a?) Ol—l)
A3)

7.50)

)\(n—l) \/ (an Ol—l) (

A =(A1, Aoy )



340 CHAPTER 7. THE D*—-POLYNOMIALS: STRUCTURE

The partitions (a; 0°=1),i = 1,2,...,n, each with [ parts, that are as-
signed to the external o points of the graph are the parts of the weight

o= W()‘ 9:4) of the GT pattern on the left in (7.50), as given by

a; = (Mg +mo;+ - +my;)
—(myi—1+moi—1+- -+ mi—1im1), 0 =1,2,...,1
(7.51)
a; = (mi; +ma;+ -+ my;)
—(mii—1 +mo i1+ + ml,i_l), 1=1+1,14+2,...,n,

where a1 = mq1 and A\; = m;,,% = 1,2,...,1. The partitions AD G =
2,3,...,n, each with [ parts, that are assigned to the internal e points
of the binary graph are the rows of the GT pattern (7.43), adjusted with
0 parts, as given by (7.44).

The fork in the binary tree (7.50) with root A(#) given by

)\(i_l) (CMZ' Ol_l) AN 7o OF=1y 7 AG=1)
)\(i)‘\/ - C |:(m(>)( (B:) )(m(i—l)):| ’
(7.52)
corresponds to the i—th CG coefficient in (7.43); it is this family of CG

coefficients that consitute the elements of the real orthogonal matrix that
effects the reduction of the Kronecker product

D@9 (zy0 DNV (Z) ~ DM (2). (7.53)

But now by Pieri’s rule (relation (11.65), Compendium B), the sequen-
tial coupling depicted in the binary tree (7.50) must effect exactly the

coupling to the D® 0n_l)—polynomiad given by
max max A
Dl x ot (2= Y cfx o | o (754)
m AEM () m

where the corresponding C* ") —coefficient is given by (7.43) (replace
A in (7.54) by B). We now use (7.54) to obtain:

D ( Amgff—l > (zy)= ) c( Amgf—l ) (A) (ZX')A,
: !

m AEMP  (a,\ m
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in which Z is nxn and Y is nx[. We now use the multiplication property
(5.50) to obtain

mazx m
Dl x ol Jzv)= > D rx 0*! | (2
m m' €Gy gn—1y m
max
xD| X ovt | (V). (7.56)
m/

The orthogonality of the DA 0"™") _polynomials now gives

/

m
MN\D | x ot | (2)=
m
max max
=D X ot | (Y),D| x 0" | (2Y)
m/ m
max
= ) > Yoo x0Tt | (B)
AeM? (a,o) BeEM? (a,A) CeML ,(a’,N) m
max B
n—I A
xC | Ao (C){AC}Z, (7.57)
m

where the second relation (1.289) has been used to make the replacement

<Yc @> = ) {ABC }ZA. (7.58)

C!” Bl
AeM? (a,a)

nxn

Relation (7.57) gives the coefficient as stated in (7.40) in the main result.
O

The following result can be established by obvious modifications of
the above:

The DA 9" —polynomials for partitions with A\ = (A1, A2, ..., Ay) having
at most | nonzero parts are given by
m’ m’ 74
DI x ol | (2)= > Cc|x ot (A (759
m AeM? . (a,a’) m
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!/

m

cCl x ot | (A)
m

Al C

- MO Z Z { BA }
BEMP,, (\a) CEM?,  (Aa')
m m’

xC | X ov b | (B)C| x ov b | (O). (7.60)
max max

The | = 1 form of relation (7.40) has B and C given by the n x 1
matrices of weights B = col(aq, ag, ..., a,) and C = col(a],dl, ..., al),
in which case we have from (1.275) and (7.15) that

{ABC}:%’ c p(on)—l (4) = /plal. (7.61)

Using these values in (7.40) and M (p 0"~1) = p!, then gives the special
DP—polynomial (7.14). Similarly, relation (7.60) is verified for the special
case [ = 1.

7.3.1 The D*—polynomials for partitions
with two nonzero parts

In this section, we apply the general results of the last section to the de-
termination of the D* —polynomials for partitions A = (A1, A, 0”_28 with
two nonzero parts. As noted in the paragraphs below relation (7.49),
these CG coefficients are just the CG coefficients for [ = 2; that is, the
U(2) CG coefficients, which, in fact, are the SU(2) WCG coefficients
discussed extensively in Chaper 1. It is the purpose of this subsection to
make this relationship explicit.

For | = 2, we obtain from (7.39)-(7.40) the results as follows in which
A = (A1, A2). We repeat the relations fully, since they also make the
general notation clear and provide another check of the general relations:

/! /

m m ZA
n—2 — n—I

D| X 0 2= > cl a0 (A) S
m AeMy ., (a,a') m

(7.62)
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/

m
Cl x 02 | (4
m
Al B
W, 2 {AO}
BeM! ,(a,A)  CeM? (oA
max max
xC[ X on=2 | (B)C| A O” 2 (7.63)
m
The lower GT pattern is given by
A1 A2 0 0
mip—1 Map-10 - 0
3 (7.64)
mi3 M3 0
mi2 M2p2
mi

The upper pattern is an inverted pattern of this form with entries m;]

Applied to [ = 2, relation (7.43) gives

C ( Amgg_2 ) (B) =+/B'M(\)

m

el ) e

where there is no summation in this relation (see below). The matrix
array B is the n x 2 matrix array given by

b1 b2
ba1  boo

B=| o T |, (7.66)
5;1 bgz

with row and column sums given by

[\

j=1 =1
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The entries in the C'—coefficient

mi; mog\ (o 0\ (mi1i—1 ma;—1
’ ’ ’ ’ 1=1,2,...
¢ [( hi ><bz‘1 >< hi-1 >] Y

are the following;:

(i). Partitions read off the GT pattern (7.64):

/\(") — (an mn_l) = (/\17 )‘2)'

(ii). Weights read off the GT pattern (7.64):

a1 =mq = by + bya,
Qo =mqy+ M2 —m11 = b + baa,
o =M1z +mMma; —mii—1 —Mai—1 = bj1 + bio, 1

(iii). Initial and final GT patterns:

)\(1) o mi 0

= I ,
()

AN A
m(n - )\1 ’
hi
h

S5

= A

S

= (le,O) )\(Z) = (ml,i,mg,i), 1= 2,3, ey

. mi,g mMa; .
= ( hi >,2_2,3,...

= byy+bu+---+b1,1=1,2,...,n

n,  (7.68)

_ ]_’
(7.69)
(7.70)
=3,4,...,n.
;N — 17
(7.71)

The conversion of the C'—coefficient (7.63) into SU(2) angular momen-
tum notation in now an exercise in correspondences between notations,
as already used for n = 2 in relation (1.297), Chapter 1. The corre-
spondence is made such that the GT pattern in (7.64) corresponds to a

standard labeled binary tree:

Jn—l + .7 Jn—l - .7 0
Jn—2 + kn—2 Jn—2 - kn—2 0

Jo + ko Jo — ko 0
Si+k -k
251

0
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J1 o J2
k1\</ J3
ko

. 7.72
kp—oe In ( )
J
where J; = j1 + o+ - + Jitv1, ¢ = 1,2,...,n — 1. The weight of this
pattern is « = (271,2J2, ..., 27, ). The invertible relations between labels
is
ji = O(Z'/2, ki = (m1,2-+1 — m27i+1)/2,i = 1,2,. o — 1,
(7.73)
kn—1=(min—m2n)/2= (A —A2)/2=.
The inversion of these relations is
mii+1 = Ji + ki, moi+1 = Ji—ki, 1=1,2,...,n—1. (774)

The general rule is that the angular momentum quantum numbers
(k,j,m) are associated with a GT pattern for n = 2 by the invertible

rule L "
mi2 Moy \ +7 k—J
( mi1 ) - < k+m > ’ (775)
k= (mi2 +ma2)/2, j = (mi2 —ma)/2,
m=mi — (m12 + m22)/2; (776)

mio = k+,moz = j — j, mi1 =m+k.

Thus, for k,j,m either all integers or all half-odd integers, the parti-
tion and betweenness conditions are all met, and conversely. The two
notations encode the same information.

In the present application, we have the following equality between
CG coeflients for U(2) and those for SU(2), the latter being expressed
in angular momentum notation:

c miy  mby Mio Moo miz Moo i
mi, My, mi1 m Mm?

(7.77)

J = (mi2—m)/2, m=my — (m2+mn)/2,
J = (Mis— Ma)/2, M =My — (M + Ms)/2, (7.78)

i = (mhy —mby)/2, m'=mly — (mly +ma2)/2.
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Countably infinitely many U(2) CG coefficients equal the same SU(2)
CG coefficient: the k quantum label in the pattern (7.75) and similar
patterns is irrelevant. This is because the & quantum number corre-

sponds to the choice of a phase e**? factor in the representations of the
group U(2) versus those of SU(2), and the CG coefficients can be chosen
to be real

It is also informative to note the following features of the two nota-
tions. The Clebsch-Gordan series rule is that

mhy ml Mis M- m m
C 12 29 12 22 12 22 -0 779
[( miy My mii (179

unless the partition in the final pattern satisfies the relations

(m,127m/22) €
{(mi2 + My2, mag + Maa), (mig + Mz — 1, mag + Moy + 1),
ooy (mig + Mig — r,mag + Mag + 1)}, (7.80)

where r is the nonnegative integer given by
r = min(mlg — Moo, M12 - MQQ). (781)

This rule is replaced by the addition of angular momentum (triangle
rule) in the angular momentum WCG coefficients:

cl 7 =0,unless j € {j+J,7+J—1,....]5 = J|}. (7.82)

m M m’

The U(1) subgroup rule is that

mhy ml Mis M- m m
c 12 99 12 22 12 22 —0 783
(= ) (50 ) () =0 s

unless m/; = my + M1, and is replaced by the projection quantum
number addition rule

I 77— 0, unless m' = m + M. (7.84)

m M m’

We next obtain the C*1220"7)(A)—coefficients in angular momen-
tum notation. For this, we introduce the abbeviated notation as follows
for the GT patterns (7.72):

Jn—l +.7 Jn—l _j On_2

(J; k)
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Jn—l +.7 Jn—l_j 0 0
Jn—2 + kn—2 Jn—2 - kn—2 0 o 0
= : : : ,  (7.85)
Jo + ko Jo — ko 0
Ji+ ki J—kp
251

Wherej = (jl,jg, e 7jn—1) and k = (kl,kg, . .,kn_g).

The fully explicit C'—coefficient with two parts nonzero and with max-
imal upper pattern is given by a product of n—1 SU(2) WCG coefficients,
as follows:

max
C| Joca+3 Juor—J 0"72 [ (A)

(J;: k)
M(Jp_1 4 j, Jn_1 — j)ANY/?

i
L

% Ckrifl jri+1 k'i (786)

My Mmy, M1, Ma+t M1

Il
—

7

where we have the following relations and definitions of symbols:
(1) k0:j17 kn—lzjv m1+m2+"'+mn:j7

(Jn—1+ 7+ N1 — J)!

1) (7.87)

M(Jp—1+ s Jn—1—3j) =

(11) P = 2Jn—17 a = (2j172j27 cee 72jn)7 A= (Jn—l +]7 Jn—l _.])7

Ji+mi j1—my

Jo+ma2  Jo —mg
A= . . € M, x2(a, N). (7.88)
jn + mp jn — My

The above results are now assembled with appropriate renaming of
symbols and substituted into the main result (7.39)-(7.40) to obtain the

following relation for the DA 0"_2)—polynomials for partitions with at

most two parts nonzero, expressed in terms of angular momentum quan-
tum numbers and SU(2) WCG coefficients:
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"5k
D Jn—1 +.7 Jn—1— .7 On—2 (Z) (789)

(J; k)
(k)
ZA

= Y C| Jacr4j I —j 072 [(A) T
AEM,, xn(a,a’) ’
(J;: k)

where the C'—coefficients have the following explicit form:

(J" k)
C Jo1+7 Jpo1—7J on—2 (A) (790)
(Jsk)
B
= Al 10!
L DS \/—B.C.{AC} 3
BGM{;XQ(O(,A) CGMELX2(QI,>\) mi =+ mo + -+ My, = j
my4+mh+ -+ my, =g
g k k
ki—l ]1 1 k1 :’,—1 -]7/ 1 :
X H Cm1+"'-:m7:7mi+1,m1+~~~+mi+1Om’1+~~~—:m,’i,m,’i+1,m’1+...+m;+1 :
i=1

We recall, for convenience, the definitions of symbols:

1. Matrix array A :

aip a2 -+ Qln

A= [ BB oM () (791
i Gny

p = 2Jp 1, a=(2j1,...,2n), & = (241,...,245),

with Jp,—1 =j1 +Jj2+ - + Jjn.
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2. Matrix arrays B and C':

bi1 b1z
bo1 2o

B = : : eMP_,(a, M),
bnl bn2
Cc11  C12
Co1 €22

¢ = : : € MZT?LXQ(C/?)‘)? (792)
Cnl Cn2

(A, X2) = (r+get+-+jntgr+iet 4 gn— )

3. The structure coeflicient:

{ ABC }: T % (7.93)

HeM, xnx2(A,C,B)

The preceding results, (7.89)-(7.93), can also be applied to the case
Jj = ji+j2+---+7jn to obtain the Dzﬂ(Z) polynomials in relation (1.243)
in terms of angular momentum notation. This provides a check on the
above results, as also does the case for n = 2, which can be verified to
reduce to (1.297). Thus, for j = J,,—1, the lower and upper GT patterns
in (7.89) have k‘l = k‘ll = Jl,kg = k‘é = JQ,...,kn_l = k;z—l = Jn_Q,
which gives p = 2J,_1 and

B = col(aj,ag,...,an) = (241,252, -,27n),
(7.94)
C = col(o),aly,...,al) = (241,255, ..., 240).

Using the value of the structure constant { ABC } = =4, and the fact that

the sum over WCG coefficients gives 1, we reproduce relation (1.243) with
parameters p = 2(j1 + jo + -+ + jn) and a and 5 = o’ given by (7.94).

The result, recognizing that the SU(3) representation functions for
partitions with two nonzero parts could be expressed in terms of SU(2)
WCG coefficients, was found by Rowe and Repka [158] and in the more
general context discussed above in Refs. [115, 122, 123

Another interesting result comes from evaluating the polynomials
(7.89) at the value Z = P, where P, is the permutation matrix of
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order n with elements (Pr)ij = ., :

(4" k')
D Jo1+4j Ju1—35 02 | (Pr) (7.95)
(J:k)
(J" k)
1 , -
= (AW)!C Jn1+j Jno1—7 0" 2 | (An), (7.96)
(Jsk)
where A, is the matrix with elements given by
(Ar) 1 = Ok,m, G5yt (20k)- (7.97)

The nonzero entries in A, are in the same positions as the 1’s in P;.
The entry in row k and column [ is 2j;, = 2j;, where [ is determined by

m =k, for m = (71, m2, ..., m,). The structure constant in (7.90) is given
by
B 1
{ A C } = (5370@, eachm € S,,. (7.98)

Thus, relation (7.89) and (7.90) reduce for Z = P, to the triangle coef-
ficient of order 2(n — 1) given by

("5 k')
D Jno1+3 Ju-1—j 072 | (Pr) (7.99)
(Js k)
Jv ko kao | ST KL Ky
=< J2 g3 o dn | Ja d5 o dn ps
[N SRR S I T P
in which k,_1 = k/,_; = j, and the angular momentum quantum num-
bers j = (ji,7%,-,j,,) are the permutation 7 = (my,72,...,m,) of
j = (j17j27 T 7]?1) given by
J; = jr for the value of I such that m =k . (7.100)

The triangle coefficient of order 2(n — 1) in (7.99) may, of course, reduce
to lower order for certain © € S,,. Relation (7.99) correctly reduces to
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the unit matrix for 7 = (1,2,...,n), the identity element in S, since
then condition (7.100) gives the coefficient value 6, and the triangle
coefficient gives the factor dx x. Results relating the value of special
D—polynomials at level n to SU(2) 3n — j coefficients are largely unex-
plored. As an example of (7.99), we have the identity for n = 3 given
by

273
J2+ iz + K Jjo+js — K 0 0 1
D] ji+g2+is+7J Jit+jet+js—J 0 (O 1 0)
J1+j2+k 1472 —k 1 0 O

271

oo k| K
=< 72 g3 |72 &
kK J K 3

= (=1)1H2H5573 [0k + 1)(2k' + 1) W (j1jajjs; kk'). (7.101)

7.3.2 Recurrence relation for the D*—polynomials

A recurrence relation giving the D*—polynomials at level n in terms of
the variables (214, 220 - - - Znn), (201, Zn2 - - « , Znn) and the D*—polynomials
at level n—1 can be derived, as mentioned in Item (ii), p. 277. We begin
with the general expression (5.6), Chapter 5, and write

ZE TN T o M
I: 'XH—'XH—'XT, (7102)

App: Qin - Anj-
nn i1 Yin j=1

where Z” and A’ are the submatrices of Z and A given by Z" = (2i5) <, i< 4
and A’ = (aij)lgz‘,jgn—l . We now use (5.9) at level n—1 to express %
in terms of the D*—polynomials, p € Par,,_1. This gives

o($)o-zx [(1)](E)

m poom! m!"EG,
a n—1 o — B n—1 ol —p] m///
Znn" z. 0 i Zjn ,
>< mn ><D Z .
at L L ( ", >( i (7.103)

“ B W<)\>’ a/:W<)\/>’
m m

3 = W<“,,>, B’:W< “,,,>, (7.104)
m m

Gnn = an +ap, + ] = [\ > 0.
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The numerical coefficient [---] in this relation has the following defini-
tion:

(% )|( ) )] — o (8 ) e

arempl (B8

(7.105)
in which A € M',:\Ln(a, ') is given in terms of A’ by
a1 — B
A :
QOp—1 — /8”,1
A= . (7.106)
a’l _/Bi...a;‘lfl _6;71 Ann

Since the C*—coefficients, A € Par,, and the C*—coefficients pu €
Par,,_1, are fully determined in terms of totally symmetric CG coeffi-
cients, relation (7.103) must likewise be expressible in terms of such CG
coefficients: The summatation in (7.105) can be re-expressed to give the
following result, which is in terms of totally symmetric CG coefficients:

M(X) ( 7?7, ) ( ’ )] _(a"")wp!l”!zl_[(am)! JHl(anj)!/an!a;!

el 8 Ca)leln) ) ()
()6 ) lG) ) ()] @

where |A\| = p+p'+ |u|. The GT patterns corresponding to the partitions
(p 0"=1) and (p’ 0"~ 1) are uniquely determined by the weights:

n—1 )\l
W(po ) - (aln,aQn...,an_l,n,an)—W(A>—W( 1 )
(a) m m//

/ On—l , >\ )\/
W(P (@) ) = (an1,@n2...,Qnn-1,0n) —W(m/> —W( " ), (7.108)

m

1

c

n—1

n—1
! ! !
p = E am+an,p:§ Anj + Qp,y Qn + Ay = Ann.

i=1 j=1
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Proof. We first give the special polynomials:

(0) n—-1 ain an
LDG On—l (Z) Zin X Znn ,

\/ZT! (a) i=1 (ain)' an'
(a/) n—1 an o, 7109
L/D p/ On—l (Z) _ an « Znn . ( )
7 (0) =1 (any)! al!

The following relation is obtained by using the orthogonality of the CG
coefficients in (7.38) to move both to the right-hand side:

(b/) m///
i) o
n—1 I\ /oan—1 m’
e )G el ) () o (5 )

where the sum is over all X' € (p' 0" 1) ® (u 0). We are free to specialize
still further the GT patterns in the left-hand side of this relation. To
obtain the form (7.103), we use a double application of (7.111) obtained
by multiplying from the left by a D® 0"™") _polynomial, followed by an-
other expansion of the form (7.110). We then adapt the notation to the
special products that appear in (7.103) to obtain:

( (0) ) ( (a') ) m'" m
Dlp 0" (Z)D [p) o' (Z)D( I ) Z D( \ ) (2)
(a) (0) m' Nl m
A ont N N ron—1 w0
- ZC <m> (p (CL) ) ( 77%;ll ) ( 77%Lj/// ) (p (0) ) ( 75;” )
n—1 / ’ ’ n—1 ,LL O
(n)”\u> (p (%) ) (:y)] c (:1) (p (2,) ) ( 7/;Lz"’ >:| - (7.111)

It is very important that the GT patterns in the D 9 —polynomials on

the left-hand side of (7.110) have also been specialized by choosing the

entries in row n — 1 of the upper and lower pattern to be the maximal

value p € Par,,_1. Then, the following identity holds, where now m” and
m/” denote GT patterns of n — 2 rows:

C

x C

"

D|poO (Z)_D( ZL )(Z/). (7.112)



354 CHAPTER 7. THE D*—-POLYNOMIALS: STRUCTURE

The DF—polynomial in the left-hand side of (7.111) has the standard
expansion in terms of (Z’)4"/A’!. This factor combines with those from
(7.109) to give the factor (mboxnumerical factor Z4/A! in the left-hand
side of (7.111), where the numerical factor is the square-root factor in
the right-hand side of (7.107). Thus, the coefficient (7.107) is obtained
from the inversion of (7.111). O

Relation (7.103) can now be iterated upward by starting with n =
2 to obtain the D*—polynomials as the expansion (5.6) in terms of
Maclaurin polynomials. The recurrence relation exhibits vividly that the
C*(A)—coefficients at level n depend successively on the totally symmet-
ric CG coefficients at levels 2,3,...,n.

Relation (7.103) must give the D1 *2) —polynomials for n = 2. The
GT patterns m” and m” are empty; u1 = a;; = (i = f); and

D(u1)(z11) = 2§i*. All other symbols are such that A € M2, 5(a, a'); the

. . . A
summation over 1 = aq; is therefore a summation over A € M‘Qle(a, o).

Also, the relation p + p' = A + A3 — a1 must be satisfied. The C'—
coefficients in the right-hand side are standard SU(2) WCG coefficients.
Relations (7.103) and (7.107) give the following result in terms of the
angular momentum notation (1.304)-(1.305):

) a
O )\1 )\2 (A) = (an)! )\1 )\2 (all)
(a1 a1
2k 2k’ A g VA T
- M Al J, J ]W , J, J“ ]/ ]W , J“'
()‘) <a12> <a21> zj;cﬁ U, mC] —k', K Cn ,—k, m C] , VK
(7.113)
] = (/\1 — )\2)/2,m =] — ()\1 + )\2)/2, m = O/l — ()\1 + )\2)/2,
o= (M= A)/28 = an = (M +A5)/2, &7 =a) — (A +X)/2,

j// = a11/2,k:p/2, I/:alg—]{?, k/:p//2, V/:agl—k/.

The summation in this relation is over all j/ such that the triangles (j'kj)
and (j"k’j') are satisfied. The quantum number j” = a;1/2 is specified
from the left-hand side, as is the sum k + k' = (A; + A\ — a11)/2, but
otherwise k and &’ can be chosen. There is no summation over projection
quantum numbers—they are all fixed by the labels on the left-hand side
and k and k’. Because of the difference in methods of assembly, relations
(7.113) and (7.90) (n = 2) have quite different structures. An identity
between WCG coefficients is implied.



Chapter 8

The General Linear and
Unitary Groups

8.1 Background and Review

Exponential matrices are key objects underlying the relationship between
the classical Lie groups and their algebras. Such matrices are of consider-
able interest on their own and some aspects of the subject are developed
in Sect. 10.4.3, Compendium A. The formal relationship between a ma-
trix X € My xn(C), the set of complex matrices of order n, that appears
as an exponent, and the exponential matrrix Z(t) it defines is given by

1
Z(t):etX:]n+tX—l—§(tX)2+~~, teR. (8.1)

By use of the Cayley-Hamilton theorem, the complex matrix e/X can
always be written as a sum over I, X,..., X" ! with coefficients that
depend on the parameter ¢t and on the characteristic roots of X, but such
functions are Maclaurin series expansions in ¢, where little can be said,
in general, about the domain of convergence in t. The converse problem,
where Z(t) is given, and it is X that is to be determined, is still more
difficult. The matrix Z(t) is called a matriz curve through the identity
Z(0) = I, (Sternberg [166]). It is a known result that the matrix ¢X
does exist for each matrix curve Z(t) through the origin if ¢ belongs
to a neighborhood of the origin. In what follows these properties are
implicit, together with whatever differentiable properties are needed for
the relations to make sense. It is not our intention to be rigorous, but
only to make the connection between matrix Lie groups and their matrix
algebras plausible. Two other basic relations are

det Z(t) = etrace(tx) (8.2)

355
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izt |
| =X (8.3)

The set of matrices defined by Z = {Z(t) | t € R} is an Abelian
group under matrix multiplication, since matrix multiplication is as-
sociative, there is an identity element Z(0) = I, in Z, the product
Z(t)Z(s) = A(t + s) belongs to Z, and the inverse A71(s) = A(—s)
belongs to Z, and satisfies Z(—t)Z(t) = Z(t)Z(—t) = Z(0). Thus,
we have that Z C GL(n,C). It is called a one-parameter subgroup of
GL(n,C). The matriz X is called the generator of the one-parameter
subgroup Z. The matrix X is also called the infinitesimal element at the
identity of the subgroup Z. For traceX = 0, the matrix curve satisfies
det Z(t) = 1. Conversely, if det Z(t) = 1, we choose traceX = 0, and
not traceX = 2mmi, m € Z. While our principal interest is in the ma-
trix group GL(n,C) and its unitary subgroup U(n), it is useful to place
these concepts in a more general setting, before returning below to what
is relevant for this monograph.

The central idea (Weyl [178] (p.260), Sternberg [166] (p.234)) under-
lying the elements of a group G of matrices of order n and its infinitesimal
matrix elements is the mapping of a group element to an infinitesimal

element defined by
dG(t)
dt

where G(t) is a differentiable curve of matrices, which means that each
element g;;(t) of G(t) is a differentiable function of ¢, where the matrix
curve G(t) also satisfies G(t) € G, all ¢ € R,G(0) = I,. A principal
issue is the determination of the algebraic rules that the infinitesimal
elements must obey in order that they are compatible with the properties
of the group from which they are derived. These rules may be inferred
systematically by examining the group laws (see Sect. 10.1, Compendium
A). They fall into three classes:

= A € Myyn(C), (8.4)
t=0

1. Vector space properties: From expt(aA),expt(8B) € G, exp t(aA)
expt(BB) € G, for a, f € C, we infer that if A, B are infinitesimal
elements of G, then A + 6B is an infinitesimal element of G for all
complex numbers a and (. Thus, the set of infinitesimal elements
of a matrix group G is a linear vector space Vg of matrices of order
n over the complex numbers.

2. Multiplication properties: The multiplication properties of the group
G imply multiplication properties for the infinitesimal elements in
the vector space Vg. In anticipation of this, let A * B denote the
product of a pair of elements (A, B) € Vg x Vg, so that A x B is
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a mapping of the direct product vector space to the vector space
itself: Vg x Vg — Vg. An important group element for determining
the product A x B is the commutator of two differentiable curves
G(t) = exp(tA) and H(s) = exp(sB) of matrices defined by

G(t)H(s)G™H () H ™ (s)

:(I+tA+5A2+---)(I+SB+§B2+---)

2 2
x(I—tA—|—5A2+'--)(I—sB+%B2+-~)
=1 +ts(AB — BA) (8.5)
+(terms in s,t of total degree greater than 2).

Based on this product rule for the commutator of group elements,
the product A * B of two matrices in the vector space Vg is defined
by the commutator of these matrices:

AxB=1[A,B] = AB — BA. (8.6)
A closely related result uses the relation
G H(s) G (t) = exp (sG(t)BG™(t)) € G. (8.7)

The matrix G(t)BG~(t) is the element of the vector space Vg
corresponding to the group element G(t)H (s)G~1(t). But we have

A®)B(s)G™H(t) = (I +tA+--)B(I —tA+---)
=1+ t(AB — BA) + higher order terms in ¢. (8.8)

The commutator AB — BA is the infinitesimal element (matrix)

corresponding to the group matrix G(¢)H (s)G~(t). We could also
use the Baker-Campell-Hausdorff identity (see relation (10.122),
Compendium A):

ABe =3 <A’“B> " (8.9)
P Kl

to obtain this result: Group similarity transformations of a matriz
belonging to the vector space Vg are matrices in Vg.

3. Special algebraic properties: The product rule Ax B = AB — BA
for two matrices of the vector space Vg satisfies the rules:

(i). skew-symmetric: B+ A = —Ax B.
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(ii). Jacobi identity: A* (B*C)+ Bx* (C*A)+Cx(A*xB)=0.

It may be verified by the above methods, that the skew-symmetry
is a consequence of the group requirement of an inverse, and the
Jacobi identity is a consequence of the group requirement of asso-
ciativity.

A set of mathematical objects that constitute a linear vector space
over a field for which the product is skew-symmetric and satisfies the
Jacobi identity is called a Lie algebra. For matrix groups over the field
of complex numbers, the product is the matrix commutator [A, B] =
AB — BA, which trivially obeys the rules (i) and (ii), and constitutes
a matrix Lie algebra. The vector space Vg of skew-symmetric matrices
with product of vectors given by the matriz commutator is the Lie algebra
of the matriz group G.

An abstract Lie algebra can be defined by postulating that it elements
satisfy the above rules without reference to a Lie group Thus, while a
Lie group, by the structure of the differentiable manifold over which it
is defined, possesses a Lie algebra, the inverse problem of determining
the group, if it exists, from a given Lie algebra, is a difficult task that
has been the subject of an enormous wealth of literature of the twentieth
century and the last part of the ninetieth.

The discovery that quantum mechanics can be obtained from classi-
cal mechanics by mapping classical dynamical quantities into operators
acting in Hilbert space, and, in particular, that classical angular mo-
mentum of a single particle in R? becomes the infinitesimal elements of
the Lie group SO(3,R3), was recognized early on by Weyl [177], Wigner
[181], and Eckart [54] as a fundamental expression of invariance princi-
ples in nonrelativistic quantum theory. Moreover, the natural extension
of this to the covering group SU(2) provided the mathematical descrip-
tion for the existence of intrinsic, internal attributes of particles called
spin. Thus, quantum theory, applied to many-particle composite sys-
tems at all levels of the microscopic world, molecular, atomic, nuclear,
and particle, became a natural and fertile arena for the development and
applications of Lie groups and Lie algebras. Indeed, group symmetries
and invariance principles are foundational blocks of modern physics.

8.2 (GL(n,C) and its Unitary Subgroup U(n)

We return now from the brief excursus into Lie groups and Lie algebras to
our principal needs: The Lie algebra of the general linear group GL(n, C)
and of its unitary subgroup U (n). For the general linear group, the matrix
X occuring in the matrix curve G(t) = exptX is an arbitrary complex
matrix X € M,,«,(C). Thus, the Lie algebra of GL(n,C) is the vector
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space of complex matrices My wn(C) over the field of complex numbers
C, equipped with the commutator product X Y = [X,Y]. The standard
notation for this Lie algebra is gL(n,C) = Vg c)-

Each matrix X € M, «,(C) can be expressed as the sum

X = Z Lij€ij, (810)
1,j=1

where e;; = ez-Tej is the matriz unit having a 1 in row ¢ and column j and 0
for all other entries. The set of matrix units £ = {e;; | i,j =1,2,...,n}

is thus a basis for all matrices in M, (C). While the matrix units in £
satisfy the multiplication rule

eijerl = 0 kil (8.11)

it is the commutator product
leijs ext] = 0jkeir — dien; (8.12)
that is the key relation for the Lie algebra gi(n,C) with elements (8.10).

For the unitary subgroup U(n) C GL(n,C), a differentiable matrix
curve through the origin is given by

—H.  (8.13)

AU (t
U(t) =exp(tH),H skew-Hermitian; ( Ul )>
t=0

dt

Thus, the Lie algebra u(n) of the unitary group U(n) is given by the set
of complex skew-Hermitian matrices over the field of complex numbers
C with product H x K = [H, K| given by the commutator. Since

H = Z hijeij, (8.14)

1,j=1

with only the conditions h;; = —hJ;, a basis of the Lie algebra is still the

Ji
set E of matrix units.
If we restrict GL(n,C) and U(n) to the subgroups SL(n,C) and
SU(n) having unit determinant, then the conditions traceX = 0 and

traceH = 0 must be enforced on the elements X € gi(n,C) and H €
su(n) of the Lie algebras.

A matriz representation 'y, of the Lie algebra gl(n,C) in the basis E
is a set of n? complex matrices, each of dimension k € N :

Uy = {M;j € Mgxx(C) | 4,5 =1,2,...,n}, (8.15)
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where the matrices in this set satisfy the same commutator relations as
the defining matrix units (8.12):

[Mij, Mia] = 01 Mip — 61, Mp;. (8.16)

An operator representation, or realization, 'y, of the Lie algebra gl(n,C)
in the basis F is a set of linear operators with an invariant action defined
in an inner product space Vj of dimension k :

Fk:{T’Z‘j:Vk—>Vk|i,j:1,2,...,n}, (817)

where the n? operators in this set satisfy the same commutator relations
as the defining matrix units (8.12) and matrix representation (8.16):

(Tij, Tra] = 06T — 01,51 (8.18)

This operator representation is equivalent to the matrix representation,
since each such operator may be replaced by the k x k matrix representing
the linear action of the operator in V.

We next give two differential operator representations of the algebra
gl(n,C) in the vector space Vy of homogeneous polynomials of degree

~ 0
Lij = Zzz'h%, i,j=1,2,...,n; (8.19)
h=1 J
Ri:iz;m-i, i,j=1,2,...,n. (8.20)
! o O

Since each of these operators is homogeneous of degree 0, the action of
each maps the vector space Vy into itself: L;; : Vv — VN, Rij: VN —
Vn. The gl(n,C) operator commutator relations (8.18) are verified for
each set {£;;} and R;;} by direct computation:

[Lij, Lra) = 0; kL — 01,iLj,
(8.21)
[Rijs Rit] = 05k Rit — 61,i R

In addition, we have the property that each operator in the set {L;;}
commutes with each operator in the set {R;;} :

[»Cij;Rkl] = 0, i,j, k,l = 1, 2, N (8.22)

The left and right actions of matrix transformations of the vector space
Vn are the source of the mutual commutation of the associated operator
Lie algebras (8.22), as discussed in detail in Sect. 10.6, Compendium A.
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The action of each of the sets of operators (8.19)-(8.20) on the D*—
nomials is fully determined by the following matrix element relations,
which are a special case of (6.67):

" /

N m . m
bl A @b r |2

m” m

A A

= 57’7’1”’,7’7’1’ < 17 LZJ m > 3 (823)
~ m" R m'
plr Jorid| A2 |2

m/” m

A > , (8.24)

where the operators L;; are defined on each abstract Hilbert space H)y
by

n
Lij=Y sirst, i,j=1,2,...,n. (8.25)
T=1

An important consequence of (8.23)-(8.24) is following: The abstract
operators {L;;} defined L;; = >"_, SZ'Ts;T satisfy the commutation re-
lations

[Lij, Lii] = 6 xLa — 01,iLi; (8.26)
on each space H), hence, on the separable Hilbert space H. Moreover,
we have the Hermitian conjugate relation L;rj = Lj;. These properties
are summarized as follows:

The action of the differential operator realizations {L;;} and {R;;} of
the Lie algebra gl(n,C) in polynomial space is effected by the action
of the realization {L;;} of the Lie algebra in the abstract Hilbert space
H)y, which, in turn, s fully determined by the combinatorially defined
fundamental shift operator action. The matriz representations of {L;;}
and {R;;} so obtained are identical.

We point out that, despite appearances, the realization (8.25) of the
abstract Lie algebra gl(n,C) is not the familiar harmonic oscillator real-
ization, as realized through the boson operators. The boson operator a;;
corresponds to x;; in relation (6.67). The {s;;} and their conjugates do
not satisfy the commutation relations of boson operators.
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Examples: The action of the operators L;; of the Lie algebra in the
abstract Hilbert space Hy for n = 2,3 can be obtained directly from the
explicit actions of the fundamental shift operator and their conjugates
given at the end of Chapter 6:

n=2:
A1 A _ A1
Ev ‘ 1m112 > =pn ‘ 1m112 >,
Eo» ‘ Almlio > = (P12 + p22 —p11 — 1) ’ AlmﬁQ > :
Ey2 /\lmlia > = \/(p12 — P11 — 1)(p11 — p22 + 1) ’ );%Lll)\-ﬁ’l >,
Eo >\1m1i\2 > =V (p12 — p11)(p11 — pa2) );71“1)‘_2’1 >
n=3
Al AQ Ag )\1 )\2 )\3
F mi2 M2z =p11 mi2 Ma22 ,
mi1 mi1
Al AQ Ag )\1 AQ AB
Fao miz Moz = (p12 + p22 — p11 — 1) mi2 Ma2 ,
mi1 mi1
Al A2 A3 A A2 A3
FE12 miz Ma2 = \/(p12 —p11 — 1)(p11 —p22 + 1) miz Ma2 ,
mi1 mi1 +1
A A2 A3 A1 A2 A3
Es mi2 Ma2 > = /(p12 — p11)(p11 — p22) mi2 M2 > ,
mil mi1 — 1
Al A2 A3 A1 A2 A3
FEs3 miz2 Ma2 = (p13 + p23 + P33 — P12 — D22) miz2 M22 s
mi1 mi1
A1 A2 A3
FEis mi2 Ma2
mi1
_ (p12 — p23 + 1)(1713 — p12 — 1)(P12 — p33 + 1)(P11 — p22 + 1) 7)7‘1112 —?—21 n/”\L;g
(p12 — p22) (P12 — P22 + 1) mi + 1
Q — —1 — Daq 1 0 — —1 — —1 )\1 )\2 )\3
_ (p23 — P22 )(p22 — pss + 1)(p13 — p22 )(p12 — p11 ) s s 1 7
(P12 — p22 — 1)(p12 — p22) ma1 + 1
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A1 A2 A3
Ea3 mi2 M22
mii
_ [(p13 —pi2 = 1)(p12 — pas + 1) (p12 — pss + 1) (p12 — p11) 7)7‘1112 _?_21 n%z;? >
(p12 — p22)(p12 — P22 + 1) mi1
(p13 — p22 — 1)(p2s — p22 — 1)(p22 — p3s + 1)(p11 — p22) At Ao A
+ p D V4 P D D p P Mia Mas + 1
(P12 — p22 — 1)(p12 — p22) mi1 ’
A A2 A3
E3 mi2 M22
mii

(P12 — p22 — 1) (P12 — p22)

_ (p12 — p23)(p13 — p12) (P12 — p33) (P11 — p22)
mi11 — 1

A1 A2 A3
mi2 — 1 ma2

| (p23 — p22)(p22 — p33) (P13 — p22)(p12 — p11) %‘1112 7)7‘522 i3l
(p12 — p22) (P12 — P22 + 1) mi1 — 1 ’
A1 A2 A3
FE39 mi2 M2
mii

_ \/(pw —p12)(P12 —p23)(P12 —p33)(P12 — p11 — 1) ‘ At A2 Ag >

mi2 — 1 ma2
(p12 — p22 — 1)(p12 — p22) mii

+\/(p13 —p22)(P23 — pzz)(Pzz - P33)(P11 — p22 + 1) ’ A1 Az As >

M1z Moz —
(p12 — p22)(p12 — P22 + 1) oy

We next derive the general action of the Lie algebra in the Hilbert
space H), results first given by Gelfand and Tsetlin [62] (see also Gelfand
and Graev [60]), and subsequently derived by a number of other authors
(see, for example, Moshinsky [138] and Baird and Biedenharn [7]). It
will be noticed in the examples above that the actions of the generators
{E;jli,j =1,2,...,n—1} defining the Lie subalgebra gl(n—1,C) are the
same in both gl(n—1,C) and gi(n, C). This is, of course, a general feature
that reflects the classification of the representations in accordance with
the subalgebra embeddings

gl(n,C) D gl(n—1,C) D --- D gl(1,C). (8.27)
The general relationship is given by

)\/
/!
< ot

ij

#z> 1<i<j<n-—1, (8.28)
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where the partitions A, X' € Par, and u, i/ € Par,_; satisfy the be-
tweenness conditions p < A and p/ < X. The generators at level n and
level n — 1 are expressed in terms of fundamental shift operators by

n—1

Z S”-SJT, ZTL 2 Z sgg_l)sgz_m. (8.29)

p=1

The proof of relation (8.28) is an application of Sylvester’s identity
(Sect. 11.7, Compendium B): Using the reduction rule (6.19), we find
that relation (8.28) is valid if and only if the following relation is true:

Z H ooyt (Alf(m,y))z =z, H ey (8.30)

vy Yk T L — Tp
kT I#p
The variables = and y variables are given in terms of the partitions A
and p by
T = (:U’l +n—27H2+n_37--~7/~Ln—1)7
(8.31)
y=M+n—1d+n—2,...,\).

This relation is proved by substituting AZT(;E, y) from (6.35)-(6.36) into
this relation. The simplification to the right-hand side is effected by
using Sylvester’s identity to carry out the summation over 7 in much the

same manner as done in proving relations (6.46)-(6.48). We omit the
details. [J

We are now in position to derive the Gelfand-Tsetlin result for action
of the operator Ez(f) on the basis By of the Hilbert space H). From

relation (8.28), we have
} A
m > ‘ ul >, (8.32)
m

A
_ H
R
m m’'eG,
for all 1 < i < j <k < n— 1. Thus, recursively, to obtain the matrix
elements of the family of all generators, it is necessary and sufficient to
determine the action

(n) (n—1)
E;; E;;

A A A A
E m>: Z<m, 2 m>' m> (8.33)
m'eGy
fori =1,2,...,n, since, from these, we can also obtain the action of the

Hermitian conjugate generators ET(;Z)
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The matrix element in (8.33) is given by

A )| A - A
(o [20] 2 ) =2
:Z< )\/ )\—€T><)\—€T ‘S(H)T‘ )\>

— m m m nrT m /’

since s\™T effects the shift ’ 5‘1 > — ’ A—er > From (6.7)-(6.8), the

1T T nT

3(")3(H)T‘ A > (8.34)
m

m

action of the shift operator sgf) in the first matrix element is to effect
the transformation of the initial vector by

A—er A
‘ m > - m'i‘A(Ti,...,Tn_l) >’ (835)

in which each 77,7 < 7; < n — 1, can be any of the values 1 < 7; < [.

)

Thus, the matrix elements of the generators EZ(: in (8.34) are given by

< +A(TZ, o 1) ‘En

X

S
Cal

T‘ 21> (8.36)

We now use relations (6.44), (6.107)-(6.109), and (6.19)-(6.25) to obtain
the factors in (8.36):

A m) | A—es \ _ [ MO
m-i—A(Ti,...,Tn_l) ir m - M()\—eT)
XATnflyT(x; y/) (m + A(Ti7 vy Tp— l) ‘ tgin 11 ‘ m> (837)
A—e A M(X)
T gt — Al .
< m Snrt m > M()\ _ 67—) Tn_l,T(ajﬂ y)v (8'38)

where we have defined z,y, and %’ in terms of partial hooks by
T = (P1n-1,P2n-1s-++>Pn—1n-1)
Yy = (pln7p2na s 7pnn)7 (839)
y, = (plmem e apnn) — €r.
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Using the value of the M(X)/M(A—e;) from relation (6.109) and substi-
tuting relations (8.37)-(8.38) into (8.36), we obtain the following result

for the matrix elements of the generators F;,, = EZ-(:),

i=1,2,...,n—1:

A

< ’I?’L—|—A(’7’Z‘,... ,Tn_l) ‘ Ein

Pen — Prp_1n—1 — 1)

Pin—-1 —Pr,_1n—1— 1)

11«

k=1
n—1
II «

\ 1701

X <m TRYNCT s o m> . (8.40)
As remarked above, each 7, [ = 1,2,...,n — 1, in this relation can be

1 < 7 < [. In obtaining relation (8.40) from (8.36), we have again

used Sylvester’s identity to effect the summation over 7 that occurs (see
(6.33)-(6.36)):

n n

- Yr + ].
E ATn_l,T(a:; y/)AIm_(gj; y) Yr H M
=1 k=1 (yk - yT)
k#T

H(yk’ L1 T 1)

H (r; =z, _, — 1)

=1
l;éTnfl

3 |[
—|=

(8.41)

The matrix elements of the fundamental shift operators in (8.40) are,
of course, given explicitly by the arc digraph rules given in detail in Sect.
6.3, Chapter 6.

From the Hermitian conjugate relation to (8.40), we also obtain the
matrix elements of E,;,j =1,2,...,n—1:
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A
m

n
H (pkn - an,l,n—l)
1

A
< m—A(Tj, ..., Th—1) ‘ En

k=1
I Gins =1 in1)

=1
\ l# n—1

X <m NG ( st ‘ m> . (8.42)
Again, each 7, [ = 1,2,...,n — 1, in this relation can be 1 < 73 < [.

For ¢ = n in (8.36), the above procedure is modified as follows to
obtain the matrix elements of E,,, :

A A> - 2 “ (e — yr + 1)
B | XY =30 (4l o) [ T B2t )
(o ] )= (ahoto)” o TS
k#T
n—1
n yTH(yT_xl_]-)
:Z :nl =e1(y1y---yyn) —e1(x1+1,..., 21+ 1)
=1 H(yT_yk)
ktr

=t ) — (@) — (= 1)
= (an + -+ mnm) — (ml,n_l + -+ mn_l,n_l). (843)

The derivation given above of the matrix elements of the generators
{E;;} of GL(n,C) is purely combinatorial, since the complete results
have been derived from the combinatorially defined fundamental shift
operators and Sylvester’s identity, which also may be given a combina-
‘Eor]i?l proof, as shown by Good [66] (see also the review by Bhatnagar
13]).
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8.3 Complete Set of Commuting Hermitian
Operators

The polynomials

D ( \ ) (Z) (8.44)

m

may be uniquely characterized, up to a normalization factor, as the solu-
tions of a set of partial differential equations. The D*—polynomials are
the simultaneous eigenfunctions of a complete set of Hermitian opera-
tors (Ref. [107]), using the language of quantum mechanical observables.
This characterization is, in turn, a consequence of the Lie algebraic prop-
erties of the D*—polynomials, as we develop briefly in this section.

8.3.1 The Gelfand invariants

The Gelfand invariants of GL(n, C) are a set of polynomial operators in
the generators, each of which commutes with all of the generators. Let
Eij,i,j =1,2,...,n, denote the Weyl basis of the Lie algebra gi(n,C) :

[Eijs Ext] = 6j1Eit — 011 Eg;. (8.45)
We define the n x n matrix F,, of generators by
Eyn Eip -+ Eiy
Eor Egp -+ Egy
E,=1 . , , : (8.46)
Enl En2 e Enn

We define the trace of the power ¢ of this matrix of generators to be the
polynomial in which the generators are ordered, as given by

Tr(E,)" = Z Eiiy Eiyig -+ Ei, - (8.47)

il,ig,...,iqzl

It is nontrivial, but straightforward, to prove from this definition
(Gelfand [58], Ref. [107] ) that

[Tr(E,)?, Eiyj] = 0,i,j = 1,2,...,n; all ¢ > 1. (8.48)
It then follows that
[Tr(E,)7, Tr(E,)?] = 0, all ¢,¢' > 1. (8.49)
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The collection of n ordered homogeneous polynomial forms Tr(E,)? of
degree ¢ > 1 in the generators E;; constitute the Gelfand invariants, or
center of the Lie algebra gl(n,C).

The Weyl generators E;; and the Gelfand invariants Tr(E,)? act in
the separable Hilbert space H introduced in Sect.6.1, Chapter 6. The
operator Ej; is the Hermitian conjugate of F;;, from which it follows that
the Gelfand invariants are Hermitian operators on H. Thus, the set of
Gelfand invariants can be simultaneously diagonalized on the space H.

We have given in Sect. 8.2 the action of the Lie algebra in the space
H, including the subspaces that are invariant and irreducible. These are
the subspaces H) with the GT orthonormal basis vectors By given by
relation (6.5). The explicit action on B of the generators E;; uniquely
determines, of course, the eigenvalues A} ()\) in the eigenvector-eigenvalue
relation

Tx(E,)" | A >=Ag(A) | A > (8.50)

These eigenvalues are the symmetric functions in the partial hooks p;, =
x; = A\; +n — i given by

n

ML) =Y (=D es(@ + Dhgogi (), (8.51)
s=0

where the es(x + 1) = es(z1 + Lzo+1,...,2, + 1),e0(x + 1) = 1 are
the elementary symmetric functions in = 4+ 1, and the hg(x),k > 0 are
the complete homogeneous symmetric functions defined in Sect. 11.6,
Compendium B. We prove this result for the eigenvalues of Tr(E,,)? in
Sect. 8.5 below. The polynomial operators Tr(F,)? corresponding to
q=1,2,...,n are algebraically independent, since arbitrary orderings of
the E;; always gives a form of degree ¢ plus lower order terms, as pointed
out by Gelfand [58]; equivalently, the symmetric functions (8.51) are
algebraically independent for ¢ = 1,2,...,n, since the term of highest
total degree in A} is the power sum symmetric function (z1)? + (x2)? +
a4 (xn)q

The Gelfand invariants (8.47) can be introduced at every level n > 1,
that is, we can define the Gelfand operators forms Tr(Ejy)? for each
k =1,2,...,n, to be the ordered polynomial of degree ¢ in the Weyl
generators E;;,i,j = 1,2,...,k, of the Lie algebra gl(k,C) :

k
Tr(Ey)? = Z Ei iy Eiyig -+ Ei i, - (8.52)

11,02,..,0q=1

Then, because of the embedding of the Lie algebras (8.27) and the as-
sociated action of the generators, the collection of n(n + 1)/2 Hermitian
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operators
Tr(Ep)!, q=1,2,...,k; k=1,2,...,n, (8.53)

mutually commute. The simultaneous eigenvectors of these n(n + 1)/2
commuting Hermitian operators determine, up to choices in the normal-
ization, the orthonormal basis By of the space H) :

’I‘r(Ek)q‘ A > A% (my) ( A > (8.54)

where my = (myk, Mok, ..., My ) denotes row k of the GT pattern. It
is this complete set of n(n + 1)/2 algebraically independent mutually
commuting Hermitian operators that fixes the number of entries m; ; in

the GT pattern (2‘1) to be n(n+1)/2.

8.4 Differential Operator Actions

The abstract results for the Lie algebra of gl(n,C) acting in the sep-
arable abstract Hilbert space H are transcribed into properties of dif-
ferential equations by relations (8.19)-(8.20) in Sect. 8.2. It follows from
these relations that the D*—polynomials satisfy the following differential
equation eigenfunction-eigenvalue relations:

/ /

Te(Ly)'D [ A | (2)=ALm)D | A ) (2), (8.55)
m m
Tr(Re)!D [ A ) (Z2)=Af(mp)D | A | (2), (8.56)
m m
forq=1,2,...,k; k=1,2,...,n, where
k
Tr(Ly)? = Z LiyirLisis - Ligiys (8.57)
’il,’iz,...,iqzl
k
Tr(Ri)? = Z Rivis Risig = Rigiy - (8.58)

’il,’iz,...,iqzl

There are n(n + 1) mutually commuting Hermitian operators in each of
the two sets (8.57) and (8.58) corresponding to 1 < ¢ < k;1 < k < n.
But the £ and R invariants of the same degree at level n are equal:

Tr(L,)? = Tr(R,)Y, ¢=1,2,...,n. (8.59)
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Thus, there are n? algebraically independent mutually commuting Her-
mitian operators in the two sets (8.57)-(8.58), and these operators con-

stitute a complete set: The D*—polynomials are fully determined, up to
normalization, by the set of differential equations (8.55)-(8.56).

8.5 Eigenvalues of the Gelfand Invariants

As pointed out above, the known action of the Lie algebra generators E;;
on the orthonormal basis vectors B) uniquely determines the eigenvalues
in the eigenvector-eigenvalue relation

Tr(E,)?

%>:A%(A)‘ A > (8.60)

Since the eigenvalues depend only on the partition A, we can set m =
maz, so that

Tr(E,)?

m)c\zx > = AL (N ' mfm > (8.61)

which may also be written in matrix element form as

A
mazx

The evaluation of the eigenvalue is a purely combinatorial problem: We
pick a given generator E;;,¢ # j, in a selected single term in the trace
expression (8.47) for the polynomial invariant Tr(E,)? and move it to
the extreme right for ¢ < j, and to the extreme left for ¢ > j, by using
repeatedly the commutation relations

A

Te(E) | " > = AZ(N). (8.62)

EijEy = EpEij + 0 1By — 01 Erj,i < j,
(8.63)
EyFEij = EijjEy 4 6,1 Ej — 01 Eq,1 > j.

The properties

A . .
ma > =0,1 <,
(8.64)

A A C
<maa: ‘E’J‘ max>:O’Z>]’
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are then used to reduce the polynomial Tr(E,)? in the matrix element
(8.62) to a polynomial of lower degree in the generators. One then selects
another such generator E;;,i # j, in the same term and repeats the entire
process. This process is continued until the selected term is reduced to a
polynomial in the diagonal generators F;;,i = 1,2,...,n. Carrying this
process out for each term in Tr(E,)? reduces the matrix element (8.62)
uniquely to the form

A A
< max A%(El]_, E227 e 7Enn) ‘ max > = A?L()\)7 (865)
since
A A .
Ei‘ max > = )\Z max > 0= 1727"' , 1. (866)

Examples: Applied to Tr(E,)! and Tr(E,)?, this method gives:

n

Tr(E,)' = Y Ei— AN =X+X+ -+, (867)
=1
Tr(E,)? = Z Ei;Eji — A2(B11, B, ..., Eny)
ij—=1
= ZEZQZ + Z (Eii — Ejj)
=1 1<i<j<n

— Ag(A):zn:AZ?Jr > (=) (8.68)
=1

1<i<j<n

These two eigenvalues may be rewritten in terms of the partial hook
variables z; = A; +n — i as the first two symmetric functions given by

Ay = p2<x>—<n—1>p1<x>+(§>, (8.69)

- ().

where the p;(x) are the power sum symmetric functions in the n variables
x = (x1,29,...,2,). We have also listed the result of this procedure
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for A3(\). This commutation method can be continued to calculate the
eigenvalues A% (N).

The eigenvalues A% ()\) of the Gelfand invariants Tr(E,)? determine a
new class of symmetric functions, which we next describe, motivated by
the above considerations, but now defined over arbitrary variables z =

(r1,22,...,2y),0 < g < n. After describing briefly these new symmetric
functions, denoted by(z), we will prove that
AL(X) = bg(x), for x; = N\j +n —i. (8.70)

8.5.1 A new class of symmetric functions

In this section, we first define a new class by(z),q¢ = 0,1,2,..., of
symmetric functions of n variables z = (x1,x9,...,2,), and then prove
relation (8.70). The symmetric functions b,(z) in n variables z =

(z1,22,...,2z,) are defined by
Va(@)bg(z) = 2 Vi(z — ¢;), (8.71)
j=1

where V,,(z) is the Vandermonde determinant. We then obtain the fol-
lowing expression for the symmetric functions by(z) :

bo(w) = = " | [ (s —ai = 1)/ [J(2j — 20) | - (8.72)
7=1 =1 {;;

We have included the term ¢ = j in the product [ ;(z; — z; — 1) so
that its reduction to the expression given by (8.73) below is clearly a
symmetric polynomial. Relation (8.72) can be brought to the following
explicit form in terms of the elementary symmetric functions and the
complete homogeneous symmetric functions by using Sylvester’s formula
(see Sect. 11.7, Compendium B):

be(x) = Z(—1)8+163($ +1) Z $§‘_S+q/ H(x] — ;)
%
g+1
- Z(_1)5+1es(33 + Dhg-s41(). (8.73)

s=0
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In this relation, the elementary symmetric functions have the prop-
erties ep(z) = 1,es(x) = 0,8 > n, and the shifted function is given by

es(r+1)=es(z1+ L2204+ 1,...,2, + 1). (8.74)

The second summation expression in (8.73) terminates at s = ¢ + 1 in
consequence of relation (11.317), Compendium B; for g > n, it terminates
at ¢ = n in consequence of the elementary symmetric function being 0
for s > n. Also, we have that ho(x) = eg(z) = 1 and hy(z) = e1(x), so
that relation (8.73) gives by(z) = n.

The symmetric functions b,(z) defined by (8.71) satisfy the following
three identities:

1. The first identity is obtained from (8.71) by replacing « by x +y =
(r1 + a,z2 + a,...,xy + a) for y = (a,a,...,a) and expanding
(x; + a)?. Effecting these steps gives

by(z +y) =) (Z) br(z)a?™F. (8.75)

k=0

2. The second identity is obtained from (8.75) by first setting x,, = 0,
then replacing z; by ©; — x,,i = 1,2,...,n — 1, followed by setting
a = x5, which gives

q
by(z) = Z <Z> br(x1 — Tpy T2 — Ty ooy Ty — T,y O)x‘fl—k. (8.76)
k=0

3. The third identity is obtained from (8.71) by setting x,, = 0, which
gives
bg(x1,22,...,2n-1,0) = by(z1,22,...,2n—1)
—bq_l(.l‘l,.l‘g,...,afn_l), (877)

where we have used (z;—1)/x; = 1—(1/z;) in obtaining this result.
This relation is valid for all ¢ > 1, where by(z1,...,2p—1) =n — 1.

Relations (8.75)-(8.77) are important because they can be iterated
to construct the general symmetric function by(z1,---,y). Thus, one

starts with the initial condition by(x1) = ¥ for n = 1 and all k£ > 0 in
(8.76) and obtains by(z1,0) = ¥ (21 — 1), hence,

bk(l‘l — .1‘2,0) = (33‘1 — .Z‘Q)k_l(aj‘l — T2 — 1), k Z 1. (8.78)
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This result is then substituted into (8.76) to obtain

bo(1,22) = 227+ q a (1 — )k_1($ —x —1)]$q_k

q
= af+af- ) (Z) (21 — zo)F 1", (8.79)

k=1

since by(z1 — 2,0) = 2. The polynomial by(x1, x2) does not appear to be

symmetric, but by expanding (z1 — 22)¥~!, using the binomial theorem,
and performing the internal summation,

zq: (—1)k—s-1 (Z) (k . 1> =1, (8.80)

k=s+1
it can be brought to the symmetric form:

q—1
by(w1,22) = 2 + 2d — Z xfa:g_l_s. (8.81)
s=0

This process can be continued for n = 3 to obtain b,(z1,x2,23) from
(8.75)-(8.76), etc. Polynomials satisfying (8.75)-(8.76) and the condition

bo(z1,z2,...,2,) = n and bg(z1) = m’f,k > 0 uniquely determine the
polynomials by(x1, x2,...,2,), hence, those satisfying (8.71), as given by
(8.73).

The form of relation (8.75) suggests that the symmetric functions
bqg(z) be called symmetric functions of binomial type, since they provide
a generalization to symmetric functions in any number of variables n to
Rota’s functions of binomial type in two single variables = and y (see
Ref. [98, p.125]), which satisfy

oot y) = Z() 2)pyi(y). (3.82)

k=0

This is just the form of (8.75) for n = 1.

8.5.2 The general eigenvalues of the Gelfand invariants

In this section, we sketch the proof that
AL (N) = bg(x), for z; = X +n — 1, (8.83)
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by showing that these eigenvalues satisfy the three relations (8.75)-(8.77).

The relation

n
Z (EiliQ + aéilyiz)(Eiﬁé + a(siz,i?,) T (Eiqil + a(siqyil)

11,02,..,0q=1

_ zq: <Z> Tr(E,)Fa?*, (8.84)

in which TrE? = n, is proved by direct expansion of the left-hand side.
We now apply exactly the same steps to the left-hand side of this relation
as were used in reducing (8.62) to (8.65) to obtain

q

AL +y) =D <Z> AV, (8.85)

k=0

where y = (a a...,a). In thls relation, we first set A, = 0, then replace
Aiby Ay — At =1,2,...,n—1, and then choose a = )\n, which gives
the relation

q
ALY =Y <Z> J\T0 VD VU W VN 1) D\ (8.86)
k=0

Thus, the first two relations (8.75)-(8.76) are satisfied by the eigenvalues
AL (N).

It is somewhat more difficult to prove that relation (8.77) is also
satisfied. We first prove:

(nar || 2 )
i <q_ 1>< mzx ‘TI'(En—l)k mzx > (8.87)

k=1

in which A = (A1, A2, ..., A\p—1); that is, A\, = 0 in the right-hand side of
this relation. The method of proof follows that of Sect. 8.5: The action of
each E;,,1=1,2,...,n on a maximal vector with \,, = 0 gives the zero
vector. Thus, the commutation relations for the generators E;; are used
to move every E;, in Tr(E,)? to the right-most position. We illustrate
this for ¢ = 2,3 :
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n—1 n
Z Ez]E]z — Z Z Ez]E]z
2,7=1 =1 j=1
- Z Ei;Eji + ZEmEm - Z Ei;Eji + ZEW (8.88)
1,j=1 1,5=1

Similarly, for n = 3, we have the sequence of steps given by

n n—1 n n—1
Z E;jE; By — Z Z EijE; Ey = Z EijE; By

ij k=1 i=1 j,k=1 ij k=1
n—1 n—1 n—1
i k=1 ij=1 i=1
n—1 n—1 n—1
— Y EijEjEni+ Y EnEnEri+ Y ExEyi
i, k=1 i k=1 i k=1
+ Z Ei;Eji + ZEmEm
i,j=1
— Z EijEjpEyi + 2 Z EijEji + ZE (8.89)
i,5,k=1 i,j=1

These two results validate relation (8.87) for ¢ = 2,3. The general proof
is considerable more intricate, but can be carried out to validate the

general relation (see Ref. [117]).

In terms of eigenvalues, relation (8.87) is expressed as
q
q
Al = = cey An—1)- .
100 = 3 (7 1)AE 0 A= (e A (890
k=1
Using the binomial coefficient identity
q—1 q q—1
= — 8.91
()= 6o
n (8.90), and, in turn, relation (8.84) now gives

AL(N0) =A? (A +1) = AL (A +1). (8.92)
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We have now shown that the eigenvalues A% ()\) satisfy relations (8.85),
(8.86) and (8.92). But setting AL(A\) = by(z), z; = \; + n — 1, we find
that these relations are just those given by (8.75)-(8.77), which uniquely
determine the by(z). Since relation (8.73) is correct for ¢ = 1,2,3, as
given by (8.69), it is true in general:

The eigenvalues of the Gelfand invariants for the general linear group
are symmetric functions of binomial type.

Remarks: It is natural from the point of view of Lie algebras to consider
next two identical copies of the generators of U(n), each acting in its own
Hilbert space, with the sum of the two sets of generators now acting in
the tensor product space. This is the approach used in the addition of
two angular momenta, which led directly to the WCG coefficients as the
transformation coefficients relating two orthonormal bases corresponding
to the eigenvectors of two different sets of four Hermitian commuting
operators, a set for the coupled and uncoupled orthonormal bases. This
counting does not balance for the Lie algebra of the direct product group
U(n) x U(n) (n > 3), where the counting goes as follows:

(i). Two uncoupled systems: Tr(Eg))q and 'I‘I'(E,(ﬁ))q, 1<m<qg<n.
This gives n(n+1) mutually commuting Hermitian operators, which
determine the uncoupled orthonormal basis.

(ii). Coupled system: 2n U(n) invariants ’I‘I'(Ey(ll))q,q =1,2,...,n, and

'I‘I'(Eg))q, g=1,2,...,n from the uncoupled system 1 and system
2, together with the Tr(E,,)?;1 < m < g < n, mutually commuting
Hermitian operators associated with the coupled system. This gives
2n + n(n + 1)/2 mutually commuting Hermitian operators. But
the degree one U(1) invariant for the coupled system is the sum
of the two degree one U(1) invariants for the uncoupled system;
hence, the number of mutually commuting Hermitian operators is

(n? 4+ 5n —2)/2.

(iii). The deficit of operators between the uncoupled system in Item 1
and the coupled system in Item 2 is (n — 1)(n — 2)/2.

For U(2), the counting still balances for the uncoupled and coupled bases.
For n > 3, attempts to determine and utilize the extra 1,3,6,... oper-
ators have not been very successful (see Racah [145] for an interesting
paper along these lines). We approach this problem through the theory
of U(n) irreducible tensor operators, whose matrix elements provide co-
efficients that reduce the Kronecker product, and also give the sought
after CG coefficients.



Chapter 9

Tensor Operator Theory of
the Unitary Group

9.1 Introduction

Tensor operators arise naturally in physical theory because of their role in
formulating interactions in physical systems modeled by unitary symme-
try. They arise in the study of the properties of the unitary group because
their matrix elements provide the elements (see (6.85)) of a real orthog-
onal matrix C*) that brings the Kronecker product D*(U) @ DMU) to
the Kronecker direct sum form (6.87) in which all repeated irreducible
representations have been completely separated into identical blocks.
Thus, tensor operators have several roles. It is our purpose in this chapter
to define such irreducible tensor operators and to show how their matrix
elements are used to effect this reduction of the Kronecker product.

The space in which tensor operators act is the model Hilbert space
discussed in Sect. 6.1, Chapter 6 . Each subspace Hy C H in the direct
sum space

o
H=Y" " @H, HyLHy, A\#X, norepetitions, (9.1)
p=0 \ePar, (p)

possesses the orthonormal basis

B) = {‘ T)’; > ‘misaGT pattern}. (9.2)

379
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The model Hilbert space H then has the additional properties as
follows:

1. A group action Ty is defined on all of H such that each orthonormal
vector ’ n);/ > € B, undergoes the linear transformation

7g>:§:D<E:%m‘%>,%mUeUm) (9.3)

2. The infinitesimal operators of the transformations {7y | UeU(n)}
define the Lie algebra of the group with basis {E;;|i,7 = 1,2,...,n},
where the elements of this basis satisfy the commutatlon relations

[Eij, Ex] = 6k Eit — 01, Eyj. (9.4)

We now define a general tensor operator in U(n), and what is known
as an irreducible tensor operator in U(n), where the action of these
operators is defined in the model Hilbert space H :

(i). A tensor operator T in U(n) of rank k € P is a set of operators
T={T) | h=1,2,....k}, (9.5)

where the operators Ty, : H — H in the set are called the components
of T, and which themselves, under the group action Ty : H — H
corresponding to the bases transformations By of Hy,A € Pary,,
given by (9.3), undergo the following linear similarity transforma-
tion for each U € U(n) :

TyTwTy-—+ = Dup(U)Th, each k' =1,2,... k, (9.6)

where the matriz D(U) = (Dpp (U)) <p, i<y 18 @ matriz represen-
tation of order k of U(n); that is, D(U)D(U’") = D(UU"), for all
U.U' € Un).

(ii). An drreducible tensor operator Ty, A € Pary, in U(n) of rank Dim A
s a set of operators

) (Bee) o

where the operators T(),) : H — H in the set are called the com-
ponents of T(2) , and which themselves, under the group action
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Ty : H — H of the space H corresponding to the basis transfor-
mations By of Hx, \ € Pary,, given by (9.8), undergo the following
linear similarity transformation for each U € U(n) :

A M A
— /
TUT<M,>TU_1 = Z D| A (U)T<M>, each M’ € G,
MeGy M
(9.8)
where the matriz D(U) is exactly the unitary irreducible matriz

representation of U(n), with all the properties discussed in Chapters
5-8.

We have introduced the notation with the e in place of the lower GT
pattern in (9.7) to denote the tensor operator itself, this notation being
suggestive that the components of the tensor operator are obtained by
replacing e by the GT pattern M.

The infinitesimal operator version of the similarity transformation
(9.8) gives the Lie algebraic definition of an irreducible tensor operator
in U(n) in terms of the transformation properties of the components
under commutation with the generators E;;,¢,7 =1,2,...,n:

()] = X (sl 5 2(0) wo

MeGa
We have already met the simplest tensor operators. These are the
fundamental shift operators

tr = (t1T7 tor, - 7tn7) (910)

that undergo the transformation

n
TUthTUfl = Zuij tir, j = 1, 2, sy N, (9.11)
=1

corresponding to the transformation Ty : H — H of the space H. Thus,
the fundamental shift operator is a tensor operator that transforms in

accordance with the fundamental representation D19 ")(U) = U of
U(n). There are n such fundamental unit tensor operators, one for each
7 = 1,2...,n. The action of each such tensor operator on the space
H has already been given in some detail in Chapters 6-8. Indeed, we
have adopted the viewpoint that these operators are the basic objects
from which the general D*—polynomials over arbitrary indeterminate
variables Z are built, a viewpoint that we now expand.
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9.1.1 A basis of irreducible tensor operators

We have given the main results in Sect. 6.6, Chapter 6 under the guise of
shift-operator polynomials, the properties of which we summarize here:

The power T of the matrix of fundamental tensor operators

tin tiz -0 tin
tor tog -0 top

A . (9.12)
th1  tno o tnn

is defined to be the ordered product:

n n n
T4 =Lt T eee T es (9.13)
=1 i=1 =1

Since the components of each fundamental tensor operator t, mutually
commute, the transformation (9.11) is among commuting components in

column 7 of (9.12). Thus, the transformation of T4 under the similarity
transformation by Ty is well-defined and given by

T
Ty T Ty = (U =>" > (zB,(vz)?) B
ykp BEM? , (7,8)

B
(9.14)

for each A € MP_, (v, B). The inner product coefficients (27, (UZ)?4) in

this relation are exactly the same as those that occur in the expansion
(UZ)A of the Maclaurin monomials Z4 :

B
T,z =W2)t=> >  (2%.W02)?) %, (9.15)
v+ p BEME (v,8) '

for each A € MP'_ | (v, 3). The coefficients defined by the inner product

are given by (1.258), Chapter 1:

(ZzB,(z)Y)y=AB" ) { CAB }UC. (9.16)
CeM?,,(ay)

The shift-operator polynomials are defined by (see (6.75))

T T
D| A |(T)= Z Cl A |4
M AeM?  (W,A) M

nxn

TA

T (9.17)



9.1. INTRODUCTION 383

where W = (W, Wy, ..., W,) and A = (A1, Ag,...,A,) are the weights
of the lower and upper GT patterns:

wow(8), amw(b). 019

The C-coefficients in (9.17) are those occurring in the irreducible unitary
representation D-polynomials given by (5.6). It follows at once from
the transformation property (9.15) that the shift-operator polynomials
defined by (9.17) undergo the similarity transformation 7y; corresponding
to the bases transformation (9.3) of B), each A € Par,,, given by

r M’ r
TyD A | (T)Ty= > D A | @D A |(T). (9.19)
M MeGy M M

Thus, for each shift-weight pattern I' € Gy, the shift-operator-valued
r
polynomials (9.17) define an irreducible tensor operator D ( A ) (T) with

components enumerated by the GT patterns M € Gy :

T T
D A |(T)=<D A (T)|M € Gp p, each T € Gp.  (9.20)
° M

The transformation (9.19) is expressed in the form (9.7) by

r r r
TwD| A | (T)Ty-» =D | A (UT):DA(U)D<A>(T), (9.21)

which holds for each I' € Gy. It is very important to recognize that
there is no such simple rule for transformations T — T'U because right
transformations mix noncommuting (¢;1, %2, ..., ti) in row i of (9.12).

The operator-valued polynomials supply us with a set of Dim A irreducible
tensor operators, one for each upper GT pattern I.

These irreducible tensor operators have a pivotal role in determining the
CG coefficients of the unitary group U(n), as shown below. We refer to

these operator-valued polynomials as D®—tensor operators.

Relation (9.17) is invertible to the same form as (5.9) in consequence
of the orthogonality (5.13) of the C*—coefficients:
T r

TA 1

- ——C| A |(AD| A | (D), (922)
| Z Z M | ’

Al AFp MITEGA(W,A) (A)Al M M
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for each A € MP' (W, A). That the number of operators in the two sets

nXxXn
TA
T |aemaora)l, (9.23)
I
D| A | (D)|AF p M,T € GA(W,A) (9.24)
M

is equal is assured by the Robertson-Schensted-Knuth identity (5.16):

M (W, A)] = Y K(AW)K(A,A). (9.25)
AbFp
This is an important result because it assures that the set of tensor

operators (9.24) is a basis for all tensor operator mappings from the
Hilbert space H) to the Hilbert space Hy,a. It follows that:

The set of tensor operators

r
Dl A | (@

eGaa g, (9.26)

where G A denotes the subset of GT patterns I' € G defined by

()} o

is a set of irreducible tensor operator mappings that spans the space of
all irreducible U(n) tensor operators of type A from the Hilbert space H)
to the Hilbert space Hyia.

More generally, we have the full set of irreducible tensor operators,
DimA in number, as given by

r
Dl A (@

FeGyyp, (9.28)

where the shift-weight A is the weight of the upper GT pattern:

A= (AN, ... A) :W@). (9.29)

Thus, there are DimA irreducible D®—tensor operators, this set be-
ing partitioned into K(A,A) disjoint subsets of the form (9.26): This
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partitioning is exactly right for accommodating every degenerate sub-
set DMA(Z) that occurs in the reduction of the Kronecker product
DMNZ)® DN Z).

In a certain sense, this is a natural solution of the construction of
the irreducible tensor operator of the unitary group, since it is, per-
haps, the simplest possible extension of the irreducible representation
D*—polynomials themselves to operator-valued D*—polynomials that
have the same left transformation properties. It is a very natural result.

As elements of the vector space of operators acting in H, linear com-

binations of the DA —tensor operators can be formed with scalars It that
are U(n) invariants:

r
XMT)= )Y D| A | (DI (9.30)
I'eGa L4

Then, X (T) is a U(n) irreducible tensor operator of type A. We have
written the U(n) scalars to the right in (9.30), so that the matrix ele-

ments in H of the components X ( ]\/}, ) (T) of such a tensor operator

are given by

A

| > :Ip()\)‘ A > (9.32)

The preceding results appear to present a quite satisfactory answer
to the problem of spanning the multiplicity space of identical irreducible
representations DA (Z), but there are still unresolved issues: The ten-
sor operators in the set (9.26) are not orthogonal; hence, the matrix
elements in (9.31) do not provide the elements of a real orthogonal ma-

trix C™N in relations (6.85)-(6.87) that bring the Kronecker product to
standard Kronecker direct sum form. The construction of such a set of
tensor operators requires further considerations to which we next turn.
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9.2 Unit Tensor Operators

We remarked at the beginning of this section that the matrix elements of
irreducible tensor operators provide CG coefficients in the relation for the
reduction of the Kronecker product to Kronecker direct sum form. This
relation is described in detail in Sect. 6.6, Chapter 6. We now analyze
the relation

cAN (DA(Z) ® D*(Z)) (0<“>)T

= Y @ (I,A,A(A) ® D”A(Z)) (9.33)
A e Wy
A AEARN

from the viewpoint of matrix elements of irreducible tensor operators
acting in the model Hilbert space H. We define a unit tensor operator,

denoted
r

T| A |, T €Gy, (9.34)

to be an irreducible tensor operator in U(n) with the additional property
that the matrix elements of its action in H give orthogonal coefficients:

1. The shift action on the basis By of H), each I' € Gj a, is given by

~ r by
7 A ‘m> (9.35)
M
A+A [~ T AN AfA
- s (o)
m'€Gita M

where the matrix elements in this expression are required to satisfy
the orthogonality relations

SR

M,m M
P/
A4+ A |~
X < 7:)|’L_” T A ' T)I\l > = 5m’,m” (51",1"’7
M

each pair I', T € Gj a. (9.36)
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The matrix elements of a unit tensor operator must have the fol-
lowing properties: The set G a of shift-weights must split into

two disjoint subsets, Gg\l’)A and GS\O,)N such that there are exactly
In A(N) shift-weight patterns I' € GS\{)A such that the matrix ele-
ments in (9.35)-(9.36) are not all zero for I', IV € GE\{)A, and there

must be exactly K (A, A) —Ix A(A) shift-weight patterns I' € GES)A
such that the matrix elements are zero:

A F/l
<A;, T| A ‘;>:0,
M
for , A, A+ A € Par,, \+ A € A® X; (9.37)

all patterns m € Gy, M € G5, I € GES)A,m’ € Gygn.

This zero matrix element property is an essential characteristic in
this definition of a unit tensor operator. It is important to observe
that requiring certain matrix elements of an operator to be zero
does not imply that the operator itself is the zero operator.

2. A unit tensor operator (9.34) is an irreducible tensor operator; that
is, satisfies the transformation rule

r M’ r
TyT| A |Ty= ) D A |(OT| A |,
M’ MeG, M M
each I' € Gy. (9.38)

We now use the two properties (9.37)-(9.38) of a unit tensor operator
to deduce the relationship between the matrix elements of a unit tensor

operator and the elements of the real orthogonal matrix C**) in (9.33)
that effects the full reduction to Kronecker direct sum form. We perform
six lengthy, but straightforward steps: (i) Relation (9.38) is multiplied
from the right by Ty; (i) matrix elements of the modified transformation
relation resulting from the first step between initial and final basis vectors

indicated by
A+ A
< * ‘ A> (9.39)
m

m/
are taken, and intermediate states supplied and summed over; (iii) the
matrix elements of Ty in its action on a basis vector as given by the
transformation rule (9.3) are inserted; (iv) the matrix elements of the
Kronecker product are identified from relation (6.89); (v) the orthogo-
nality relations (9.36) are used to move the unit tensor operator matrix
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elements to the left-hand side of the relation resulting from the first
four steps; and (vi) various labels are renamed. This gives the following
relation, which is of exactly the form that effects the desired reduction
of the Kronecker product:

r

A+ A |~ A
o))
(M,m),(M’ m") M
NP A
(A A (proe Do)
M/ (Mvm)’(Mlvm,)
m///
=D A+A | (U), each T € G\ (9.40)
m//

Relation (9.40) is the result needed to identify the elements of a ma-
trix C*Y that effects the full reduction given by (9.33). The rows

(F, ()‘+A)) and columns (M, m) of a real orthogonal matrix C(** that

m//
brings the Kronecker product in (9.33) to full Kronecker direct sum form
are given by

Tr
(C’(A/\)) _/ A+A Ay \
(F’(i://A));(M,m) m' A 2,

m € Gy, M € G5, T € Gy, m" € Gysa.

The elements of the full matrix CA Y of order DimA Dim\ are obtained
by letting the shift-weight A take on all weights A € W,. These matrix

elements of C®Y) can then be arranged in an order that effects exactly
the reduction (9.33).

The main result for tensor operator theory can be summarized as
follows:

The shift action and transformation properties under unitary similarity
transformations of a unit tensor operator imply that its matriz elements
are the elements of an orthogonal matriz that reduces the Kronecker prod-
uct of two irreducible representations of U(n) to full Kronecker direct
sum form.
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This is a very nice result. It places the burden of resolving the multi-
plicity problem for the Kronecker product of two irreducible representa-
tions of U(n) on that of defining unit tensor operators of general type
A. But we already have a basis for all tensor operators of type A—the
DA —operator-valued polynomials. Thus, there is a pathway for defining
sets of unit tensor operators. Indeed, there are several such pathways, as
we discuss, after summarizing in a slightly different notation the prop-
erties of general unit tensor operators given above.

9.2.1 Summary of properties of unit tensor operators

The properties of an orthogonal set of unit tensor operators can be sum-
marized by statements about the action of the operators and their conju-
gates on the basis By of Hy C H. We enumerate a set of orthogonal unit
tensor operators having prescribed shift-weight A by a set of operator
patterns, as we now call the upper GT patterns I' € Gy :

T :t=1,2,...,Iaa()\), each Ty € Gy a. (9.42)

The set of operator patterns I'y € Ga a that have the same shift A con-
tains K (A, A) patterns. We do not yet specify which of patterns (9.42)
are the Iy A(\) < K(A, A) enumerated by T, t =1,2,...,Ix a(A).

The concept of null space is an essential feature of the definition of
unit tensor operators. Relation (9.37) expresses the property that the
entire vector space H) is annihilated by certain of the unit tensor op-
erators even though A + A € A ® A\. We refer to this annihilation of
an entire vector space as a characteristic null space. The existence of
characteristic null spaces of unit tensor operators is unavoidable—the
unit tensor operators must, for all values of the Littlewood-Richardson
numbers, provide orthogonal matrix elements that bring the Kronecker
product D*(U) ® D(U) to Kronecker direct sum form. Since the great-
est value of the Littlewood-Richardson number is given by the Kostka
numbers; that is, I}\I}EX(A) = K(A,A), and there is a denumerable in-

finity of partitions A € Par, for which this is true, all K(\, A) unit
tensor operators for ¢ = 1,2,..., K(\,A) are required, but, for those
Littlewood-Richardson numbers less than the maximum K (A, A), null
operators and associated characteristic null spaces must occur; such null
space properties are controlled by those of the Littlewood-Richardon and
Kostka numbers. For the development of this viewpoint, it is essential
to consider the Littlewood-Richardson numbers as functions Iy A of the

partitions \ € Par,, with values cj\xJ;\A = IaaA(N).

It is convenient to adopt the following R; notation in place of the
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matrix element notation in (9.35):

'y
~ A A+ A A A A+ A
R IF I | 161631 v
M m' €Gxrta
t=1,2,.... Ixa(N): (9.43)
[ Ta\ |
T A ‘m> = 0, r=Ixa(N) +1,..., K(AA) (9.44)
M

It follows from these results that the action of the conjugate unit tensor
operator on the basis Byya of Hy;a C H is given by

N

- A+ A M (A /A +A A

t _

Tl ) = 2 aCIGC )

t=1,2,...,Ix.a(N); (9.45)

- AN a+A

T A ‘ ! > = 0, 7=Ixa\)+1,...,K(A,A).  (9.46)
M

The matrix elements of a unit tensor operator and its conjugate are

related by
I N
A2 A+ A A+A |5 A A
Calr(w ) [a)=(ur e (a2
M M
(9.47)

The action of a unit tensor operators is to effect an upward shift from
a basis vector in H) to a basis vector in Hy4, while that of the conjugate
is a downward shift from Hyya to Hy, this shift property holding when
the respective vector spaces Hy and H),a are not in the characteristic
null space. The null unit tensor operators and characteristic null space
in (9.44) are essential features of the definition of unit tensor operators,
and similarly for (9.46).

To emphasize that the relations in this subsection apply to unit tensor

operators, we now denote the real orthogonal matrix C@AN in relation

(9.33) by R Y. The rows and columns of the elements of this matrix
are enumerated as follows:

() s = o ) ) ()] 0
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We take careful note of the ranges of the various parameters that appear
in this result, which are

MAAN+AePar,, \+ A e AR ),
(9.49)
m e G)\a M e GA» m' € G)H—Av t= 172>' . 7IA,A()\)-

The shift-weight A then assumes all values A € W, such that A + A €
A ® )\ to obtain the matrix RA )| a result confirmed by the dimensional

identity:
> Ix A(A\)Dim(A + A) = DimA Dim. (9.50)
AEWA, A+AEA®N

The unit tensor operators of type A having operator patterns in the
set (9.43), which have nonzero matrix elements, satisfy relations that can
be written as operator identities on the space H, and also as orthogonal-
ity relations. We write the basis vector to the right of relations (9.51)
and (9.53) below to avoid any ambiguity as to the vector space on which
these operator relations hold:

Operator identity:
Ina(\) I IR

= = A A
T A | T| A ‘ o > zaM,,M‘ o > . (9.51)
t=1

M’ M
Orthogonality of the rows:

In,a(N)

A+ A A A A+A\ /A A
2 2| ) ()] 7 O () )]
- 5M’,M (5m’,m . (952)
Conjugate operator identity:
T BN
~ ~ A+ A A+ A
DT oA T A ‘ o > =ova| > (9.53)

MeGa M M
Orthogonality of the columns:

2 GG G027 GO Gl

= 0pr 4 Ot - (9.54)
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We remark again that we have not identified the operator patterns
in (9.43) and (9.44) associated with the split of the set of K (A, A) unit
tensor operators into two disjoint subsets, non-null and null tensor op-
erators. We make such an identification subsequently. Nor have we yet
indicated how the matrix elements of a set of unit tensor operator are to
be calculated. We turn next to these issues.

9.2.2 Explicit unit tensor operators

We have already determined a basis set of all irreducible tensor opera-
tors of type A having operator patterns I' € Gy o with shift-weight A.

These are the operator-valued D* —polynomials, enumerated by operator
patterns, as follows:

INN r% A8
D A |@,D| A |(T),....,D A (T), (9.55)
[ [ ] [ ]

where we still do not identify explicitly the operator patterns I'} €
Gan,s=1,2,...,K(A,A). But, by (9.26)-(9.27), the set of irreducible
tensor operators spans the space of irreducible tensor operator mappings
from H)y to Hyya. It must, therefore, be the case that each unit tensor
operator in the set

PIA F2A Ff(A’A)
T A |, T A |,...,T A (9.56)
[ ] [ o

is a linear combination of those in the set (9.55), and conversely:

[ TA K(A,A) s
T A = > D| A | (DA, (9.57)
° s'=1 )
I K(AD) s
DI A |(T) = Y T A |Bas, (9.58)
° s'=1 ™

where s = 1,2,..., K(A, A) in each of these relations, and Ay ¢ and Bs ¢
are U(n) invariants (scalars in the vector space of operators).
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Consider now the set of vectors in Hy ;A enumerated by

1 2
Ta A A A
p| A | .| A | (9.59)
m m
M M
Ina(A K(AA
Phas® . P2 .
21 S S NC1 [ PO Y I W LG 1 e
M M

There are K (A, A) vectors in this set, but exactly Iy a(A) of them are lin-
early independent, since this is the number of irreducible tensor operator
mappings from Hy to Hy;a. Indeed, each subset of these K (A, A) vec-
tors that contains Iy A () distinct vectors is linearly independent, and we

. 1 2 IM2(X)
take these to be the ones with operator patterns I'y,I'A,...,I'5 , as

yet not identified explicitly. This freedom of choice of operator patterns
in the operator-valued D*—polynomials is proved below (see (9.79)).

We now apply the Gram-Schmidt procedure to the full set of K (A, A)
vectors (9.59) in the order left-to-right. The application of the Gram-
Schmidt procedure to the first Iy A(A) linearly independent vectors pro-
duces an orthornormal set of vectors; equally, if not more significantly,
the continued application of the procedure to the remaining K (A, A) —
In A(N) vectors produces the 0 vector. (It is not generally pointed out
that the Gram-Schmidt procedure can be applied to any set of vectors,
linearly dependent or not, and always produces a set of orthogonal vec-
tors equal to the number of linearly independent vectors in the set and
a number of 0 vectors equal to the number of linearly dependent vectors
in the set (for details, see Sect.10.3.4, Compendium A). Thus, the ap-
plication of the Gram-Schmidt procedure to the full set of vectors (9.59)
generates a set of unit tensor operators with the following properties:

T

ol ol 2 = GGG )
t=1,2,..., 1A A(N); (9.60)
D F/;A (T)‘Ti‘l> — 0, r=IxA(N) 4+ 1,...,K(AA).
M

The Gram-Schmidt procedure leading from relations (9.59) to relations
(9.60) is to be carried out for each shift-weight A € Wy. Thus, each of
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the irreducible tensor operators

[ Ta (T
T A | =D A |,eachA e Wy, (9.61)
[ ] [ ]

each s =1,2,..., K(A, A),

is a unit tensor operator for which the R; coefficients in (9.60) satisfy the
orthogonality relations (9.51)-(9.54); that is, the real orthogonal matrix

RMY) effects the transformation (9.33) (replace CAY by RAN) to the
Kronecker direct sum. This property is true for every choice of opera-
tor patterns in the sequence (9.55), such that the first Iy A(A) of them
are linearly independent: The Gram-Schmidt procedure automatically

effects the split into non-null and null unit tensor operators, as exhibited
in (9.60). We conclude:

There are many unit tensor operators whose matriz elements provide a
set of elements of a real orthogonal matriz that effects the reduction of
the Kronecker product of two unitary irreducible representations of U(n)
to the Kronecker direct sum of unitary irreducible representations.

If there is a natural choice for ordering the set of operator patterns
{T'} that enumerate irreducible tensor operators, it must originate from
additional properties of these patterns that in some manner assign dis-
tinguishing features, as yet unidentified.

9.3 Canonical Tensor Operators

The concept of characteristic null space of an irreducible tensor operator
is unavoidable if the matrix elements of such irreducible tensor operators
are to provide the elements of a real orthogonal matrix that reduces the
Kronecker product of two unitary irreducible representations of U(n)
to the Kronecker direct sum of unitary irreducible representations. It
was Biedenharn [7, 20, 117] who recognized the role of operator patterns
I' in effecting the shift-weight properties of irreducible tensor operators
required to implement their properties into a comprehensible theory of
Kronecker product reduction. While such I'—patterns are GT patterns
in their enumerative aspects, they possess no group-subgroup properties,
which are intrinsic to ordinary GT patterns. In this respect, they may
possess properties still to be discovered. This idea that characteristic
null space had an important, if not definitive, role to play was made
explicit in Ref. [107]. Optimistically, the irreducible tensor operators
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were called canonical tensor operators and assigned the symbols

r Tr
<A>: < A >‘M€GA ,each’ € Gy. (9.62)
° M

The characteristic null space classification works very nicely for all uni-
tary irreducible tensor operators in the so-called class of adjoint tensor
operators, those with partition A = (2,1"72,0) (Ref. [117]).

The properties of the Littlewood-Richardson numbers are a key in-
gredient in the characteristic null space approach to the theory of tensor
operators. As noted earlier in relations (6.102)-(6.105), Chapter 6, we
are led naturally to the viewpoint that the partitions A € Par, in the

Kronecker product DA (U)® DM(U) are parameters that are to be varied
over all A € Par,,, while A and the weight A of the GT pattern (lf\ ) are
taken as fixed. This viewpoint then leads us to regard the Littlewood-

Richardson numbers cf‘\';A = IpA(N) as the values of a function Ip A

defined over the set of all partitions A € Par,,.
The level sets of partitions defined by (6.104)-(6.105) and given by

]P’AA(L) = {)\ € Par, ‘ IAA()\) = L},
(9.63)
Le{0,1,...,K(A,A)}
are basic to the notion of canonical tensor operators. We do not preclude

the possibility that, for certain L, the set Py A(L) can be empty. We
also require the unions of these level sets defined by

K(AA)—s
Py = | Paal@),s=0,1,...,K(AA). (9.64)
L=0

We now define a canonical tensor operator by the following three
rules:

1. Each canonical tensor operator is a unit tensor operator; that is, it
satisfies all the criteria given in Sect. 9.2 for a unit tensor operator.

2. The full set of canonical tensor operators of type A is totally ordered

by the rule
r r’
<A>><A>, (9.65)
[ ] [
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if and only if the operator patterns I" and I satisfy

(5= (4). s

where these GT patterns are ordered in exactly the way described
for ordinary GT patterns by relations (5.18)-(5.20), Chapter 5,

which we repeat: The operator pattern ([13) is greater then the
operator pattern (lﬁ\,) in (9.66), if and only if

(Fn_l,Fn_g,...,Fl) > (F/ /n—2>"‘?F/1)' (967)

n—1>

Each of these two sequences is of length n(n — 1)/2, where the
respective sequences I'; and I}, each of length i, is read off the row
i of the GT pattern:

i = (TyiTey,... 1), i=1,2,...,n—1,
(9.68)
F/ — ( ?l.,l'7 /2’7;7...,1—‘;’7;),7::].,27...,77/_1.

2

The greater than symbol > holds in (9.67), if and only if the first
nonzero difference of the two corresponding sequences is positive.

Canonical tensor operators are here defined to be identical to the
orthonormalized unit tensor operators constructed by the Gram-

Schmidt procedure in Sect. 9.2.2 on the set of operator-valued D*—
polynomials, where the operator-valued polynomials are systemat-
ically organized by the ordering of their operator patterns (read
left-to-right in (9.55):

(FID ~ <r€> Zz < Ff}mm). (9.69)

Thus, we have that

It It
Jj\} m> = D A (T) m>’t:1’2’”"lA’A()\);

1IN
< A > *> = 0, r=Ixa(\) +1,....K(AA).
M m
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Examples: It useful to given examples of the GT pattern ordering
(9.66):

1. A=(2,1,0),A =(1,1,1) :

(22100>><21110>, (9.71)

1 1
in consequence of (2,0,1) > (1,1,1).
2. A=(4,2,0),A=(2,2,2):
420 4.2 0 420 (9.72)
40 |>( 31 > 22 |,
() ) (o)
in consequence of (4,0,2) > (3,1,2) > (2,2,2). .

We restate the factorization lemma (6.96), Chapter 6, in the notation
of canonical tensor operators for the purpose of continuity with earlier
published work:

m/l/ M/ m//
(ﬁ(MA)Q@D(A)@@(A:%m)
m’ M m

Y

t
A+ A L'a A
m’ ]\‘/} m
t=1,2,...,Ixa(N); (9.74)
I"r‘
A+ A A A
m/ A m =0, T:IA,A()\)-FL ,K(A,A)
M
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These last two matrix element relations are expressions of relations (9.60)
and (9.70). The canonical tensor operators appearing in relations (9.73)-
(9.74) are the ones with the ordered operator patterns (9.69).

The choice of the identification of patterns given by (9.69), as illus-
trated in (9.71)-(9.72), is arbitrary from the point of view of unit tensor
operators, except that it must be verified that the set of operator-valued
tensor operators (9.59) corresponding to this choice are linearly indepen-
dent (We do this below). The persuasion for this being a natural choice
based on properties of the operator patterns must be made separately.
We will show in subsequent sections that this choice coincides with that
made in many papers by Biedenharn and collaborators, including the
author. Our view is, however, that it is a reasonable choice based on
natural schema, and not a consequence of there being “no free choices,”
except trivial phase conventions, as often advanced by Biedenharn [14].
Nonetheless, for reference purposes to the published literature, we will
refer to this choice as canonical.

The structure of the factorization lemma (9.73)-(9.74) can be investi-
gated along the same lines as used in Sect. 7.2, Chapter 7. In particular,
if we choose m = m” = max and m’ = m"” = max, the relation reduces
to one in which only the following maximal matrix elements appear:

A+ A
max

since the selection of initial and final maximal patterns forces the lower
pattern M to belong to the same shift-weight set G A as the upper pat-
tern. Thus, the coefficients (9.75) can be arranged into a square matrix

t

I \
/_
< A > ' max >’ t’t - 1>27"'>IA,A()\)7 (975)

t/
FA

L?\J&A of order equal to the Littlewood-Richardson number Iy A(A) :
A+A Fa A
A —
(LA,A )t, . < max < A, > max > ’ (9.76)
) FtA

' t=1,2,... JIaa(N).

The matrix L?\‘&A is of order 1 with entry 1 for partitions A having

one part nonzero (see Sect.7.2, Chapter 7). It is also nonsingular for
partitions A with two parts nonzero, as can be demonstrated by applying
the factorization lemma to the D—polynomials constructed in Sect. 7.3.1,
Chapter 7. We next outline the application of the factorizations lemma
to the general case.
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9.3.1 Application of the factorization lemma to canonical
tensor operators

Canonical tensor operators have been defined by (9.70) in terms of or-

thonormalized operator-valued D™ —polynomials. Nonetheless, it is use-
ful to show the consistency with the factorization lemma.

The strategy for solving relations (9.73) for the canonical CG coeffi-

cients < A;,A ‘ < ]Fé >' %> (9.77)

is to evaluate relation (9.73) first on the maximal GT patterns m” = max
and m"” = max, followed also by m’ = mazx and m = maz, just as we
did in Sect. 7.2 for the case of A = (p 0"~1). Thus, effecting the first step
gives the following relation for each ¢t =1,2,..., 1z A(X) :

<)\an ‘D FK (@)‘ m;w> (9.78)

m/ M m
a(d) Iy
_ [m )\+A Z <>\+A <A> %>(L?\-&A> |
=1 M it
where the L—coefficients in the right-most position are the elements
of the Littlewood-Richardson matrix defined by (9.76). By considering
carefully the action of the fundamental shift operators t;; that effect the
transformation between maximal upper states in the left-hand side of

(9.78) (see Ref. [118]), the left-hand side of this relation can be shown to

reduce to
max Iy max
< A4+ A ‘ D A (©) A >
m

m M

T,

— Ia(N) %< A;;,A ‘D ]\1} (T)‘ %> (9.79)
1/2

Ia(\) = H (Pijn — Pjm + D — Ay) . (9.80)

1<i<i<n (pi,n — Pjnt Al)
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Taking this relation into account, we obtain the following specialized
version of the factorization lemma:

no( A | }4 @] )
SO, e

The choice of max in both the initial and final vectors in the left-
hand side of (9.81) forces the GT pattern M of the operator-valued
polynomial to be a pattern I'y,s = 1,2,..., K(A, A) in the multiplicity
set corresponding to the chosen A € W,. But in effecting the Gram-
Schmitt procedure on the operator-valued polynomials, we have further
restricted these GT patterns to be 'y, t" =1,2,..., Iy A(X). Thus, when

restricted in this manner, (9.81) gives the following relation:

Ftl

50 (s 2| 2 0] )
Ia.a(N)
:<D;\$‘A)t~,t': tz_; (L?\:F’\A>t",t (L?\:F’\A>t',t' (9.82)

In matrix form, this relation becomes
MA _ pata (para)T
Dy\" =Ly (LA,,\ ) . (9.83)

The matrix D;‘X‘&A is known from the action of the fundamental shift
operators in the left-hand side of (9.82).

If L?&J&A is any solution of (9.83), so is Lf‘\'t\A S, where S is an arbitrary

real orthogonal matrix of order Iy A(X). This is an intrinsic feature of
any comprehensive theory that deals with the multiplicity space associated
with reducing the Kronecker product to standard Kronecker direct sum

form, which is linear space of order equal to the Littlewood-Richardson

c?‘;&A number.The factorization lemma possesses this basic property.

We now make a special choice such that canonical tensor operators
become the orthonormalized operator-valued polynomials. We choose
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the matrix Lj\\JS\A to be lower diagonal, as given by the following form:

Liy 0 0 0 - 0
Loi Loz 0 0 o 0

L?\J&A: L3y Lzo L3z 0 -~ O ’ (9.84)
Lryn Lip Lys Lra -+ Ly

in which we have abbreviated I = Iy A(A) and also Ly ; = (L)‘JFA) .
ot

A
Thus, relation (9.81) becomes

Ft/

oy (0|0 A @] )
:Z< A;,A ‘< ZA; >‘ % >Ltl7t()\). (9.85)

This triangular relation is invertible to the form:

o)

ZJA(A);;< A;;,A ‘D Z/i (T)‘ A >L;t1,.
:< A;;,A ‘f) ]F\/g (T)‘ % > (9.86)

wheret =1,2,..., Iz A(X). For t = 1, the factor Io(\)L; 1 is the normal-
ization factor of the operator-valued polynomial with operator pattern
I'y, ete. :

The Gram-Schmidt procedure applied to the operator-valued D™ —polyno-
mials to obtain the unit tensor operators (9.60) is a triangular procedure,
as is the triangular method effected above that solves the factorization
lemma. These two methods yield the same set of unit tensor operators,
where, for consistency of enumeration, we label the successive unit tensor
operators in the two constructions by the same set of ordered operator
patterns.
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We summarize the above results:

An explicit set of ordered canonical tensor operators given by

I Ty Lroa Pr@n)
A > A > > A > > A ,
[ ] [ ] [ ] [ ]

(9.87)
where the operator patterns are ordered by the rules (9.65)-(9.68), can be
constructed from the factorization lemma such that they agree with the
Gram-Schmidt orthonormalized operator-values polynomials,

Iy Iy
< A > =D A | (D), t=1,2,...,1px A(N), (9.88)
M M

and such that the following properties hold for each operator pattern I‘tA €
Gan, each A € Wy :

(O 0= 5 (i)

m €Grya

t= 1,27-~~,IA,A()\)§ (9.89)

Ly
< A >:H)\_>O,H)\EN(A),

T
[ ]

r=IxaN) +1,..., K(AA). (9.90)

The matrix elements of the canonical tensor operators in relation (9.89)
then provide a set of CG coefficients that bring the Kronecker product

DA @ D* to completely reduced form; that is, to the standard Kronecker
direct sum.

We need to identify more precisely the full characteristic null space
N(F/.\gA ) of a given null canonical tensor operator implied by property

(9.90); that is, the set of all A € Par,, such that

T'A
< A >‘ A >:0,a11)\eN<1§>, (9.91)
° m PA

where I'} is any operator pattern I'y € Gaa, s = 1,2,..., K(A,A). It
follows from (9.90), relations (9.65)-(9.68), and definition (9.64) that the
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full characteristic null space is given by
N Y eH (9.92)
rs ) = A- .

The characteristic null spaces of the respective canonical tensor operators
(9.87) as read from right-to-left then satisfy the set inclusion relations

A A A
C...C C . .
N< ri“”) S N(ra) - N<rz> (6.93)

Two of the characteristic null spaces in (9.93) can be equal, as shown
by Baclawski [6]. This can happen if and only if for certain values of L €
{0,1,...,K(A,A)} the corresponding set of partitions Py a(L) defined
by (9.64) is empty. In this case, a contiguous pair of characteristic null
spaces will be equal. If the level sets Py A(L) are all distinct, then
the subset relations (9.93) are all proper, and the characteristic null
space of a canonical tensor operator is a unique signature of the tensor
operator. What actually occurs is, of course, completely determined by
the properties of the Littlewood-Richardson numbers Iy A (), viewed as
functions Iy o of A € Par,, that take on values in {0,1,..., K(A,A)}.

We defer this issue for now, taking it up again in detail in Sect. 9.5 for
U(3).

The results obtained in this section for canonical tensor operators
hold independently of whether or not the characteristic null spaces are
nested in the sense of strict inclusion in relations (9.93). (For n = 3,
strict inclusion prevails.) It is the case, however, that the entire con-
struction of canonical tensor operators and orthonormalized operator-

valued D —polynomials can be carried out for any assignment of op-
erator patterns, not just those in the ordered set (9.87)—every subset
of the operator-valued polynomials containing Iy a(A) such operators is
linearly independent on the space Hy. There is no implication in this
construction that the ordering of the patterns (9.87) is special, nor that
canonical tensor operators are “canonical” in the strong sense of there
being essentialy “no free choices.”

9.3.2 Subgroup conditions and reduced matrix elements

The relation of irreducible tensor operators in U(n) to those in U(n — 1)
is important. Up until now, we have not paid sufficient attention to what
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values the final GT patterns m’ in the matrix element

Ft
e (3)]2) oo
M

can assume for given m € Gy and M € Gy, other than requiring
m’ € Gyya. (We have not paid careful attention to this in other ma-
trix elements as well.) The values that m' can assume are, of course,
dictated by the meaning of the rows of a GT pattern: Rows M, =
(Ml,k7 M27k. ce 7Mk’,k) € Pary and my = (’I?’Ll’k, mag. ... ,m;ak) € Pary,
for k =1,2,...,n—1 are partitions of unitary irreducible representations
of the unitary group U(k), in addition to satisfying the betweenness re-
lations of the GT patterns of shape A and A. The meaning of row m) in
the final pattern is then that it also must satisfy all betweenness relations
for the GT patterns of shape A + A, and be a member of the Kronecker
product My ® my; that is,

my € M @my, k=1,2,...,n—1. (9.95)

We next incorporate these requirements into the matrix elements of a
canonical tensor operator in this and the following sections.

The matrix elements of the set of canonical tensor operator

ALY ) == [0

t=1,2,...,1a A(N), (9.96)

are defined for all values of the shift-weight A € W, that provide ex-

actly those CG coefficients that enter into the rows (t’i‘:,A) and columns

(M, m) of the real orthogonal matrix R that reduces the Kronecker

product DX(U)® D*(U) to the Kronecker direct sum. The orthogonality
relations for these CG coefficients are those given earlier by (9.52)-(9.54):

55 a0

- 5M’,M (5m’,m7 (997)

2 O ) G G007 Gn) ()

= (5t’,t 5m”,m’> t/, t=1,2,... >IA,A()‘)' (998)
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The U(n — 1) canonical tensor operators

L) ) =m (25 (8]

N, N, N+ A € Par,_1, (9.99)
m €Gy, M' € Gy, N+ A € Gyynr,s
'y, e Gaant' =1,2,...,Ip a(N), each A" € Wy,

satisfy orthogonality relations of the same form as (9.97)-(9.98), now
notated at level n — 1.

m/l

<)\/+A/

For convenience of exposition, we assume that operator patterns are
ordered at level n and at level n — 1 in accordance with (9.87). Then,
we also have the split of the set of U(n — 1) canonical tensor operators
(9.99) into non-null and null tensor operators in accordance with the
Littlewood-Richardson and Kostka numbers at level n — 1. In particular,
we have the set of null canonical tensor operators

I, ,
< A >‘ %/ >=0, v =TIy a(N)+ 1. KA. (9.100)
M/

We next give the relationship between the matrix elements of U(n)
and U(n — 1) canonical tensor operators and explain the notation for
the transformation coefficients between the two sets of CG coefficients
before giving the proof:

t

At A FAA A
/ / / _
(oo (2)] X )

M/
FtA t/
A W N I N N Al A Y
Z )\/ + A/ A/ )\/ ml/ A m/ )
=1 M

s,
eacht=1,...,1pA A(N). (9.101)

We summarize the meaning of the notations in this relation:
1. Rows n—1 of the U(n) CG coefficient on the left in (9.101) have been

displayed explicitly as A, A/, N + A’ € Par,,_1, where these parti-
tions also satisfy the betweenness relations A < A\, A’ < A, N+A' <
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A+ A, and the GT patterns satisfy m’ € Gy, M’ € Gp,m” €
Gy 1 and have (n — 2)—rows. These partitions and GT patterns
are those of the U(n — 1) CG coefficient on the right. For U(n)
canonical tensor operators, the shift-weight A belongs to W, and
has multiplicity K (A, A); and the index ¢t = 1,2,...,Ix A(\) enu-
merates the U(n) CG coefficients corresponding to the canonical
tensor operators for which H) is not a characteristic null space. For
U(n — 1) canonical tensor operators, the shift-weight A’ belongs to
W has multiplicity K (A’, A); and theindext' =1,2,...,Ix a/(X)
enumerates the U(n—1) CG coefficients corresponding to the canon-
ical tensor operators for which H), is not a characteristic null space.

. The real coefficient

T
A+ A A A
< N+ A A ‘ N > (9.102)
s,

appearing in (9.101) inherits the two-rowed GT patterns ( )’\\,),

(//\\')7 and (/\),‘iﬁ,) from the parent U(n) CG coefficient on the left;

the lower shift-weight pattern (F/}:) is inherited from the shift-
A/

weight pattern of the daughter U(n—1) CG coefficient on the right.
The matrix elements of the canonical tensor operator in U(n — 1)
on the right inherits its patterns from the U(n — 1) subgroup labels
of the parent U(n) canonical tensor on the left, except for its upper
shift-patterns, which are summed over. The coefficient (9.102) is
called a U(n) : U(n — 1) reduced matriz element. Relation (9.101)
is known as the U(n) : U(n — 1) Wigner-Eckart theorem.

Relation (9.101) can be inverted by using the orthogonality of the CG

coefficients in U(n — 1) to obtain the U(n) : U(n — 1) reduced matrix
elements in terms of the canonical U(n) and U(n — 1) CG coefficients:

A+A A o
=S (v | (A )N < At A
m' M’ m’ A m’ m

'y
Cotia || o) (9109
s,
FtA t

M/
t= 1, e ,IA’A()\); t/ == 1, e ,IA/,A/()\/).
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Accompanying this relation are the zero matrix elements that are a con-
sequence of the characteristic null space of the canonical tensor operators
at level n and n —1:

I
A+ A A A
< A/—i—A/ A, ‘ )\/ >: 07 (9.104)
I3,

where these relations hold for the pair of indices (s,s’) given by the
following two ranges—those not covered in (9.103):

s=1,..., KN, A); 8 =Ty A (V) + 1, ,K(A,A),
(9.105)
s=IaaN)+1,... ., K(AA); 8 =1,..., KA, A).
The initial and final states in the reduced matrix element (9.103) are two-
rowed GT patterns satisfying the betweenness relations. In evaluating
these coefficients from (9.103), the GT pattern m” € Gy, can be

arbitrarily chosen, since the values of the U(n) : U(n—1) reduced matrix
elements are independent of m” : they are U(n) : U(n — 1) invariants.

It cannot be emphasized too strongly that the following conditions
must hold for the reduced matrix elements (9.102) to be defined (see
Examples (9.110)-(9.113) below):

MA+A €Par,, 'y € Gan, s=1,..., K(AA),
NN+ A €Par, 1, TR €Gann s =1,..., KN, A,
N<AMAN <A N+A < A+A. (9.106)

The matrix elements of the canonical tensor operators are completely
determined by the Gram-Schmidt orthogonalization of the operator-

valued DA — and D —polynomials; that is, by the relations:

7 ' s’ s’

AA N AA FA, ) FA, /

A =D A (T)¢ A =D A (T )7

M M M M
s=1,2,...,K(AA); 8 =1,2,...,K(A,A). (9.107)

It is therefore also the case that all canonical U(n) : U(n — 1) reduced
matrix elements (9.103) are fully determined: there are no further free
choices to be made.
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It is possible, however, to take a different viewpoint; namely, rela-
tion (9.101) may be regarded as giving a recursive construction of the
canonical U(n) tensor operators from the U(n — 1) tensor operators once
the family of reduced matrix elements is known. In this viewpoint, the
reduced matrix elements become the basic structural elements of the the-
ory and, accordingly, the properties of reduced matrix elements should
be developed on their own.

We note that the reduced U(2) : U(1) matrix elements (9.103) for
n = 2 are just the matrix elements of the U(2) canonical tensor operator
themselves in consequence of the U(1) tensor operator being 0 unless
A+ A} = N+ A, in which case it is equal to 1, and all the GT patterns
m', M',m" are empty:

Ay

M+ AL A+ Ay A1 A2
A A .

/M HAL A+ Ay
- N+ A

A A A
<A1 A2>‘ 1)\,2>.
A 1

We turn next to the development of some of the properties of re-
duced matrix elements. It is important to make the distinction between
operator I'—patterns and ordinary M —patterns. The entries in the var-
ious rows of a GT M —pattern always have the subgroup significance as
emphasized in relation (9.95). There are no such subgroup conditions
on the various rows of an operator pattern: These patterns encode the
shift-action of the temsor operator in making the transformations between
vector spaces Hy — Hyya and HY, — H), A, It is, however, the case

that the following two group properties must hold:
A+AeARN N +A e NN (9.109)

The second property is inherited from the Wigner-Eckart theorem (9.101):
it is responsible for a weak linkage between operator patterns and sub-
groups. It is this linkage that allows an interpretation of operator pat-
terns given in Sect.9.7.2 based on taking limits of a reduced matrix
element as certain partition labels go to —oc.

9.4 Properties of U(n) : U(n—1) Reduced Matrix
Elements

The view may be taken that the calculation of the U(n) : U(n — 1)
reduced matrix elements in relation (9.101) is the primary problem. This
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would then allow the calculation of all canonical tensor operators to be
completed at level n from those at level n—1, and then upward to level n+
1, etc. The recursive construction of all U(n) canonical tensor operators,
starting at the U(2) WCG level would then be complete. A procedure
for determining the canonical reduced matrix elements at every level
n :n — 1 thus becomes a key objective.

We have remarked earlier that the reduced matrix elements of a set
of canonical tensor operators are defined if and only if all patterns that
appear in it are lexical. It is useful to illustrate this result.

Examples: Consider the following symbol for a special reduced matrix
element (9.102):

I'3.5,3)
AM+3 A+3 A3+3 VRS VAR W
< A1+ AL N AY 6 /3 0 Y ) >7 (9.110)
Ilarap)
where the operator pattern I‘fg 3.3) is any of the four having shift-weight
A=(3,33):
3 3
1 _ 2 o
333 = <6 0> > T35 = <5 1>
3 3
3 4
> Daag = <4 2> >T333) = <3 3>- (9.111)

s

The lower operator pattern F(,A’l Ay can be any of the Dim(6 3 0) = 64
lexical patterns of the form

/ /!
<A1A,1A2 > 6> A} >3,3>A,>0, A} > A > A, (9.112)

The symbol (9.110) is defined if and only if, in addition to the upper and
lower operator patterns being lexical, it is also the case that the initial
and final two-rowed ket-symbols are lexical (satisfy betweenness).

An example of an undefined symbol (9.110) occurs for the lower op-

erator pattern (300) and the choice A1 = Ao + 3. In this case, the initial
pattern is lexical for ] = Ag, A2 + 1, A2 + 2 and for any ), satisfying
A3 < X, < Ag. But, for these initial values, the betweenness condition
Ao 4+ 6 > N > Ao + 3 fails to be satisfied in the shifted final two-rowed
pattern. (It is satisfied for the remaining choice of \j = Ay + 3; the

coefficient is defined.)
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Further examples of defined symbols (9.110) are

I35,
</\3+5 Az +4 )\3+3‘ 6 0 ‘)\3+2 Az +1 /\3>
A3+5 Az+4 ) A3+1 0 Az ’
Pl
6 2 5 3
1 _ 2 _
F(474))—< A >>F(474)—< 4 ) (9.113)

All patterns in this symbol are lexical and the symbol is defined, although
it might be 0. The reduced matrix elements (9.110) take on specific
meanings in terms of the characteristic null space of the canonical U(3)
tensor operators, as discussed in Sect. 9.6 O

It is straightforward to derive from the betweenness rules the following
conditions that the initial two-rowed pattern must satisfy for the final
two-rowed pattern to be lexical:

Let the initial pattern (/<\,) in the reduced matriz element (9.102) satisfy

A € Par,, N € Par,_1, N < \; that is, be lexical. Then, the shifted
pattern ()\),‘iﬁ,) is lexical; that is, A + A € Par,, N + A’ € Par,_1, N +
A" < X+ A, if and only if the initial two-rowed pattern also satisfies the
conditions:

)\z' — )\; Z HlaX(O, A; — Ai), )\; — )‘i+1 Z max(O, Ai+1 — A;),

i=1,2,...,n—1. (9.114)

9.4.1 Unit projective operators

The notation (9.102) for U(n) : U(n — 1) reduced matrix elements has
been written in a form that suggests that the objects
Tr
A |, T,T € Gy, (9.115)
1‘\/
can be interpreted as operators acting in a Hilbert space. We call such
operators unit projective operators. It is useful to develop this idea be-
cause it allows unit projective operators to be written as products of

simpler unit projective operators, much in the same way that tensor
operators can be written in terms of fundamental tensor operators.

A U(n) tensor operator acts in the model Hilbert space

H=Y Y @H, (9.116)

p>0 XePar, (p)
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with orthonormal basis B) of the subspace Hy C H. A U(n — 1) tensor
operator acts in the model Hilbert space

H =) > @Hy, (9.117)
p’>0 NePar,_.(p’)
with orthonormal basis B), of the subspace Hj, C H'.

In the same spirit of the model Hilbert spaces (9.116)-(9.117), we
introduce the model separable Hilbert space

H=> > oM, (9.118)

p>0 \ePar, (p)

with an orthonormal basis of H ) given by

/ .
BA:{ A >‘ A € Parpy; } (9.119)

N A< A
We now introduce the tensor product space as follows:

HeH =) > Y @& (MH\a@H,). (9.120)

p>0 XePar,(p) A=A

This is just another way of expressing the Hilbert space H itself, so that

H=HeH. (9.121)
Each orthonormal vector in the basis Hy C H is now expressed as
A A N ,
X/ >:‘ N >®‘ o >,a11>(< A, allm’ € G,,. (9.122)
m

This form of the vector space exhibits clearly how U(n) and U(n — 1)
tensor operators and the associated U(n) : U(n —1) projective operators

are linked:
A Ay
< X > => A ® < A > : (9.123)
M "l M
with the Hermitian conjugate operator having a similar form:
T
U
< N > => A ® < A > . (9.124)
, I M’

M I
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Multiplication of relation (9.123) from the right by the operator

o\t
I®< N > (9.125)
M/

where 7 is the identity operator on H, and summing over M’, gives the
expression for the unit projective operator in terms of U(n) and U(n—1)
canonical tensor operators:

L L I\ f
A , A
AN | ®F =Z< N > I®< N > . (9.126)
I R Vi M

Here I is the identity operator on H’. From (9.122), the matrix elements
of the operator identity (9.123) between bra-ket vectors

A+ A A
<X+A/ SN > (9.127)
" /

m m

reproduces relation (9.101), when characteristic null spaces are taken
into account. Similarly, the matrix elements of the operator identity
(9.126) between bra-ket vectors

A+ A
N4+ A

‘ j, >I®]I’ (9.128)

reproduces relation (9.103), when characteristic null spaces are taken
into account.

The introduction in (9.118) of the separable Hilbert space H with
properties (9.119)-(9.122) allows us to consider the action of unit projec-
tive operators in this space. The actions on the basis 3y of each subspace
‘H) C H of the various unit projective operators are as follows:

A N

N AA [ A (AN A+A

A ‘X>:< N+a || N ‘)\’>'X+A/>’ (9.129)
s, rL,

t=1,2,... ,]AA()\); t'=1,2,... 7]A’,A’()\/)§
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I'A
A A
N v =0 (9.130)
rs,

r=InaN) + 1, KA A), 8 =1,2,... KA, A);

DN
A A

It v =0 (9.131)

7,,/

A/

s=1,2,..., K(A,A), v =TIy a(N)+1,..., K(N,A).

A unit projective operator inherits it characteristic null space from
its parent U(n) canonical tensor operator and the daughter U(n — 1)

canonical tensor operator. Thus, the characteristic null space of a unit
projective operator is the vector space defined by

A
A
Nl v |= > ®H,, (9.132)
s AEP; A UPY, o/
A/

where the sets of partitions P} A are defined by (9.64) at level n, with a
similar definition of Pf(,’ A at level n — 1.

Relations (9.53) and (9.51), respectively, for unit tensor operators,
can be written in the following form for canonical tensor operators:

' IR
(A A ) =0y, on Hyyn. (9.133)

MeGy \ M M

Ina() / T\t /T4
> < A > < A >:5M,,M, on H,y. (9.134)
t=1 M M

These operator orthogonality relations have been written in forms that
account for the characteristic null space: They are valid on the indicated
vector spaces and the values t,t' = 1,2,...,Ipx A()). There is a similar
set of orthogonality relations for the U(n—1) canonical tensor operators.
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Operator relations similar to relations (9.133) and (9.134) for the unit
projective operators can also be derived. Thus, we multiply together the

two relations (9.123) and (9.124) with T replaced by I'yy and T', respec-
tively, sum over all patterns ( A/}), and use the orthogonality (9.133) for

the respective U(n) and U(n — 1) canonical tensor operators and obtain
the following operator orthogonality relations:

s 'i'
Iy 71 I's

Iar ar(N) A A
> 2 A A | =0y on Hoga
AN=<A V=1 , ,
Pt ’ Ft ’
18" =1,2,..., Ixa(N). (9.135)
We next replace I' by I'}y in (9.124), multiply the resulting relation from
N
the right by //\‘/ ®I,, sum over t”, compare each side of the resulting
r‘2///

relation, and obtain the following operator orthogonality relations:

t 17t
IA,A()\) A A
A A
Z A” A, = 5t”,t’ 5A//7A/7 on H>\7
t:1 t// t/
FA/ F 7

=12, Iya(N).  (9.136)

Relations (9.135)-(9.136) now give the following orthogonality rela-
tions for the matrix elements of unit projective operators:

t t”
N A

A A A+ A A A
A A\ A\ + A A A\ = 6t,t”a

UNINICY

> oY (ia

A'<A t'=1

rs, Ty,
61" =1,2,..., In,a(N); (9.137)
e It
In,a(2) - .
3 A4 A A A A+ A A AN s
— A,-ﬁ-Al A// )\/ )\/-i-A/ A/ A, = O¢/7 ¢ OA AN
N rs,

t”,t/ = 1727 .. .7IA/7A/(>\I).
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The two orthogonality relations (9.137) are valid independently of the
operator interpretation of reduced matrix elements in terms of projective
operators. However, such an operator interpretation places unit projec-
tive operators on a par with unit (canonical) tensor operators, but now
with matrix elements taken between the more elemental orthonormal
initial and final basis vectors having two-rowed GT patterns as their la-

A A+ A
bels: \ > € By and N4 A
projective operators approach determines the matrix elements of these

operators first, and then defines canonical tensor operators by relation
(9.123) with matrix elements (9.101).

> € Byia. An approach based on unit

We emphasize again that the U(n) : U(n—1) reduced matrix elements
are uniquely determined because of the equality of canonical tensor op-

erators with the orthonormalized operator-valued ﬁA—polynomials. We
restate the relations explicitly to emphasize this result:

I'a

A+A | A
< N+A | D //\\, (T) | N >—

m o m’
FtA !’
I At (X)) t

N A+ A A A N+A |5 PA/I | X
Z )\/+A/ A/ )\/ m// A ( ) m/ ?

t! M’

t'=1

Iy,
eacht =1,...,Ixa(N);
- (9.138)
A
A+ A A A\
N+ A AN XN/
rs,
A + A . IZA A )\/ + A/ - FZ’ )\/
Z < A, +”A, D A/ (T) /\,, > < m// D A/ (T,) m/ > )
m!, M’ m m M’
M’

eacht=1,....0aa(N), t' =1,...,Iar ar(N).

9.4.2 The pattern calculus

The arc digraph technique discussed in Sect. 6.3 has a natural general-
ization to unit projective operators. These simple rules for writing out
matrix elements, or factors thereof, are invaluable for calculations. They
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provide explicity defined U(n) : U(n — 1) invariant multiplicative fac-
tors common to every reduced matrix element having fixed shift-weights
A€ W)\,A/ € Wy

We review these rules in this section. The rules consist of five steps:
1. The two-rowed shift-weight pattern. The first step replaces the unit
vector shift-weights in (6.30) by general shift-weights as follows, where
the A;- are written between the A; :

(9.139)

2. The shift-weight labeled points. The configuration of shift-weights
(9.139) is placed at the points of the two-rowed shift-weight pattern to
obtain the labeled set of points:

Aq As As A, An_1 JANS
(o) o o PN le) o o
fe) fe) e o e o o
Al A A n—2 ALy
(9.140)

3. The arrow diagram. A directed arc-line goes between each pair of
labeled points in diagram (9.140) for which the shift-weights are unequal.
This rule applies to all ordered pairs of points in the top row n, to all
ordered pairs of points in the bottom row n — 1, to all ordered pairs of
points between the top row and bottom row, and to all ordered pairs of
points between the bottom row and top row. Multiple directed arc-lines
(arrows) go between pairs of points labeled by the shift-weights as given
by the following rules for the respective four cases:

A, — AZ‘/, for A; > AZ‘/,
/ / / /

A] — Aj/’ fOl“ A] > Aj/,

Az‘ — A;, for Az > A;, (9141)

A; — AZ‘, for A; > A,
The number of directed arcs or arrows that goes between the points is
equal to the difference of the respective shift-weights in (9.141). Once
the arrows have been assigned, the labels of the points by shift-weights

are dropped, leaving behind an arrow diagram, which is just the two-
rowed sequence of dots with arrows going between pairs of dots. Each
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unit projective operator of type A with upper shift-weight A € G A and
lower shift-weight A’ € G A+ has a unique arrow diagram associated
with it.

4. The labeled arc multigraph. The points of the arrow diagram of a
unit projective operator of type A with shift-weights A and A’ are now
relabeled with the partial hooks associated with the partitions A € Par,,
and )\ € Par,_; of the basis vector in By on which the unit projective
operator acts:

Yy = N+n—1,1=12,...,n,
(9.142)
rj = Ni+n—-1-j,j=12,...,n—1

This gives the labeled arc multigraph with labeled points and multiple
directed arrows going between points:

2% Y2 Y3 Yi Yn—1 Yn

le) o o o (e}

1 T2 T Tn—2 Tn—1

(9.143)

It is to be imagined that this diagram contains all the directed arc-lines
(arrows) in accordance with the rules of Item 3. Without knowledge of
the relative magnitudes of the differences of the shift-weights, a generic
diagram cannot be drawn. But the entire process is clear from the exam-

ple (9.152) below. We denote this labeled arc multigraph by éA/,A (z;y).

5. The unit projective operator shift-weight function. The arrow dia-
gram of a unit projective operator is now used to assign a function, called
the shift-weight function and denoted by Aas a(x;y), to each unit pro-
jective operator by the following rules, in which the indices 4,7 and 7, 5’
are pairs of generic points in rows n and n — 1 between which there are
directed arrows satisfying the rules of Item 3 and an associated product
of linear factors:

(i). There are A; — A arrows going from point ¢ to point ¢ within row
n. Linear factors:
(Yi = yir)ai-a. (9.144)

= (yi — Y)W =y + 1) (i =y + A = Ay = 1).
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(ii). There are A’ — A%, arrows going from point j to point j* within
row n — 1. Linear factors:

(a:j —xy + 1)A§—A;/ (9.145)
= (2 —xp + 1)(25 — 2y +2) - (x5 —xj + A = AL).

(iii). There are A; — A;» arrows going from point ¢ in row n to point j
within row n — 1. Linear factors:

(i — 2j)a,-a, (9.146)
=i —xj)(yi —xj + 1) (i — 2y + Ay = A = 1).

(iv). There are A;- — A; arrows going from point j in row n — 1 to point
1 within row n. Linear factors:

(Tj —yi + Dar-a, (9.147)
= (xj—yz-—i—l)(a:j —.Z‘j/+2)---(.Z‘j—.1‘j/+A;-—AZ‘).

We denote the product of all the factors in Items (i) and (ii) for ar-
rows going within rows by Das a(x;y), which is called the denominator
function; the product of all the factors in Items (iii) and (iv) for ar-
rows going between rows by Nas a(z;y), which is called the numerator
function.

The shift-weight function of the unit projective operator in (9.115) is
now defined by

Nara(z;y)

e 9.148
Dara(z;y) ( )

Apra(zyy) = (sign)

This shift-weight function has several important features that we next
discuss:

(i). The betweenness conditions A" < A imply that A} > A;, alld > j+1,
and also )\;- < \;, all 4 < j. In terms of the partial hooks (9.142),
the betweenness conditions \' < A imply that

yi—x; < j+1—id foralli>j+1;

(9.149)
rj—y+1 < i—j, foralli <j.
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(ii).

(iii).

(iv).

Similarly, the betweenness conditions A + A’ < A + A imply that

yi—x; < —(Ai—A)+j+1—4 foralli > j+1;
(9.150)
zi—yi+1 < (Aj—A)) +i—j, foralli <j.

These conditions of betweenness imply that the numerator function
has no zeros for all partitions ' < X\ and all partitions N + A’ <
A+ A.

We next define an inverted factor in the numerator function based
on the signs of the factors in (9.149)-(9.150). A single linear factor
in the numerator function Na: a(x;y) of the form y; — x; + s;5 is
inverted if ¢« > j+1, and a factor of the form x; —y; + s;; is inverted
if 4 < j. This definition of an inverted factor is used to define the
sign in the definition (9.148) of the shift-weight function:

(sign) = number of inverted factors in the numerator function.

(9.151)

A similar analysis can be applied to the denominator function
Dar a(z;y) to conclude: (a) The denominator function contains the
same number of factors as the numerator function; (b) the condi-
tions of betweenness imply that the denominator function has no ze-
ros for all partitions A’ < A and all partitions N'4+A’" < A+ A; (c) the
denominator function has inverted factors of the form y; — y; + s/
for i >4’ 41, and of the form z; — z;, + s;; for j > j'+1; (d) the
number of inverted factors in the denominator function equals the
number of inverted factors in the numerator function.

Only inverted factors can assume negative values, but the ratio of
numerator and denominator functions is always positive. When
considering products of shift-weight functions the square of a neg-
ative number under the radical can be encountered, and careful
accounting of such factors is necessary to avoid the error of bring-
ing a negative number outside the radical, since we always have

a = +/(—a)? for a > 0. The complex number \/—1 is never to be
introduced.

. The shift-weight function is common to all unit projective opera-

S

tors with operator patterns I'A € Ga A and I‘SA/, € Gaar. It is
not, in general, the full expression of the matrix elements of a unit
projective operator; this occurs only for the special ones known as
extremal. Extremal projective operators are those for which the
shift-weights are permutations of the parts of the partition A, for
which the multiplicity of each shift-weight is 1. This is the case, for

example, for A = (1*0"7%) 1 < k < n.
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Example: The following arc multigraph for A = (4,2,0), A’ = (1,3),A =
(3,2,1) illustrates the above rules for n = 3 :

G(1,3)(3,2,1) (w1, 22591, Y2, Y3)

N A ;
Y1 Y2 /Z:&
(9.152)
T T2

N gy3,2,1) (T1, 22,91, ¥2,93) = (y1 — 21)(y1 — 21 + 1)
X(y2 —@1)(w2 —y2 + 1)(w2 —ys + 1) (w2 —y3 + 2),
)32, (T1, 2,91, Y2, 93) = (Y1 — y2) (Y2 — ¥3)
X(y1 —y3) (1 —y3 + 1) (w2 — 21 + 1)(z2 — 21 + 2),
Aq,3)3,2,1) (T1, 72591, Y2, Y3) (9.153)

_ [Nazy@en @z v, y2, ys)
D 3)(3,2,1) (%1, T2 Y1, Y2,Y3)

The sign is plus because the number of inverted factors in the numerator
function (denominator function) is 2.

The fundamental shift operators t,-,7 = 1,2,...,n, introduced in
Sects. 6.1 and 6.2, Chapter 6, are the simplest example of canonical ten-
sor operators and the associated unit projective operators:

T n—1 T p
tir = <1 0"—1>:Z 1ot ®<1 0"—2>,
) p=1 P )

i=1,2,...,n—1, (9.154)

T T
tor = < 1 ot > =1 0! |eT.
(0) (0)
The GT pattern notations 7, p, 7 denote the unique GT patterns having
weight given, respectively, by the unit row vectors er,e,,e;. The gen-

eral pattern calculus rules applied to these fundamental canonical tensor
operators gives the relations in Sects.6.1-6.3, Chapter 6. We have, of
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course, completely defined the fundamental shift operators on their own
in Chapter 6, where their role is primary.

We refer to the articles Ref. [19] and Ref. [117] for the proofs of
properties of unit projective operators based on the pattern calculus.

9.4.3 Shift invariance of Kostka and
Littlewood-Richardson numbers

Properties of the Kostka and Littlewood-Richardson numbers are very
important for the splitting of canonical tensor operators on the space
H, C H into the disjoint subsets of non-null operators that provide
the CG coefficients and the null operators with a characteristic null
space, as described above. We anticipate several such general proper-
ties here so that they may be illustrated concretely in the special case of
U(3) canonical tensor operators presented in the next section. The step-
function expressions for the Kostka numbers are proved and discussed in
Refs. [18-20], and derived again in relation (11.144), Compendium B.

The Kostka numbers K ((A1, A2), (A1, Ag)) for n = 2 are given by the
step function:

1, for A1 < Az < AQ.

0, otherwise. (9.155)

K(AA) = {

The Kostka numbers K ((A1, A2, As), (A1, A2, A3)) for n = 3 are given
by the step function:

K(A,A) :AQ—A3+1—(0'1+0'2+0'3), (9156)
where o; is the step function defined by
g; = max(O, A2 — Al),l = 1, 2, 3. (9157)

The result for the Kostka numbers for n = 2 is trivial, but the closed step-
function formula for the Kostka numbers at level n = 3 is nontrivial; it is
proved in Sect. 11.3.7, Compendium B. The following shift-invariance re-
lations for the Kostka numbers and the Littlewood-Richardson numbers
are also proved in Sects. 11.3.7-11.3.8, Compendium B:

K(A+h A+h)=K(AA),

Ina(A+h) = Ixa(N), (9.158)
Inthat+n(A) = Ina(N),
where h = (h,h,...,h)(n parts) with h an arbitrary nonnegative inte-

ger. These relations are quite important for understanding level sets of
partitions and for relating results in U(n) and SU(n).
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A basic relation for canonical tensor operators is the following: Define
the irreducible tensor operator T'(h) in U(n) by

(i)
Th)y=( h - h ), (9.159)
(h)

in which all entries are equal to h. The action of this tensor operator on
the basis By of H) is to effect the shift h of all entries in the GT pattern:

T(h)‘ % >: inj(Lh})L > (9.160)

where m(h) € Gyyp denotes the GT pattern m € G, in which every
entry is shifted upward by h. The tensor operator T'(h) commutes with
every canonical tensor operator, indeed, with every irreducible tensor

operator in U(n) :
r T
< A >T(h) = T(h) < A > . (9.161)
M M

It follows from this property, applied to U(n) and U(n — 1), that the
canonical reduced matrix elements have the shift property expressed by

Ta(h) I

A+A+h A+ h AN\ A+A A A

N+ A+ 1 N+ R N/ T\ N+ A A A
Ta/(h) Tar

(9.162)
where b/ = (h,...,h)(n — 1 parts). Thus, shifts of all entries in a unit
projective operator by h, with a corresponding shift by h of all entries in
the final vector, leaves the matrix elements of a unit projective operator
invariant. By choosing h = —A,,, we see that the matrix elements of the
general U(n) : U(n — 1) unit projective operator on the right can always
be obtained from the SU(n — 1) : U(n — 1) unit projective operator on
the left having A, + h = 0.

9.5 The Unitary Group U(3)

9.5.1 The U(3) canonical tensor operators

The action of a U(3) canonical tensor operator in the Hilbert space H
is defined by its action on each basis vector of Hy C H. We write this
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action, and some of the subsequent ones, out fully in terms of the tensor
operator notations. While the GT pattern notation is space consuming,
such relations must be exhibited in unequivocal form:

A
< Ar As As > MXAQX& >
Ay A L
M, m“
[N
A+ A Ao+ Az Ag+ As A A A A1l A2 A3
= < L AL+ A < IA/"’A/3> A Xy >
ALLAY miy + My ]\14{12 mi

AL N+ A
mi1 + M1,

X

A4+ A1 A2+ A2 A3+ As
> : (9.163)

where the summation is over all shift-weights (A, Aj) € Wa; o,y such
that the shifted pattern is lexical, and (X} + A, Ay + Aj) € (A],A)) ®
(A, A}). The matrix elements on the right-hand side of (9.163) are 0
for all s = r = Iy A(A) +1,..., K(A,A), and, in general, not 0 for
s =t =1,2,...,Ia A()\). These conditions express the characteristic
null space properties of the U(3) canonical tensor operators.

The matrix elements of the U(3) canonical tensor operator in relation
(9.163) are given in terms of U(3) : U(2) reduced matrix elements and
the U(2) WCG coefficients by the following relation:

AL Az As
AL Aa >

t

Fa
A1 Az As
At A

A+ A1 A2+ As A3+ As
< T AL N+ A

m’u + M{1 Mfl m/11
A
7<)\1+A1>\2+A2)\3+A3 A1 As As A1 A2 A3
= l—|—Al )\/—FA/ A AL PVID
1 1 N2 2 1A/ 2 1 N2 (9164)
1
A/
L M AN+ Ay AN AL A
777/11 +M{1 ! / 2 777/11 ’
M,

t=1,2,...,0a,a(N).

Also, the null operator and accompanying characteristic null space rela-
tions hold:

I'A

A1 As A A1 Az Aa
o VDY =0, r=Ira(N)+1,...,K(AA).  (9.165)
A A 777/11

’
Mll
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The reduced matrix element in (9.164) is independent of the choice of
the U(1) labels m/, Mj;, so that we can choose m}; = A\; and M{; = A
to obtain the relation:

T'a

A+ A Ao+ Az As+ Ag Ay Ay As A1 A2 Az
L+ AT X + A e )| o
max 12 max
Al
IBN
) A FAL A+ A2 A3+ As A1 As As AL A2 A3
o AL+ AL XL+ A AL AS VDY
!
M (9.166)

X< EUNSVUN:
max

A/l / /
(e )0 )
Ay
The U(2) WCG coefficients are expressed in terms of angular momentum

notation by

< AL XN+ A
mi; + My,

A/1 ARV
’ i A1 A j’ i
(45 )t
= (9.167)
J= (1= A9)/2, J' = (A = Ay)/2, 7" = j" + (AL = Ay)/2,
m’ =miy — (X +A)/2, M' = M{; — (A} + A3)/2, (9.168)
5=A) + Ay — A}

Since m' = 5/, M' = j" — 5/, m' + M" = j” in the U(2) WCG coefficient
in (9.166), the explicit value of this coefficient is

Ay Y
N Ay Y| MR NS
122 A/l 353" =3",3"

< P AL X+ A
AY

Y

_ (25" +1)(25")!
G+ — NG +47 + 7 + 1)

_ M+ AT =25 =AY+ DN = A5)!
T\ N T AL A, — A+ A AL D (9.169)

Thus, relation (9.166) becomes
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t

A+ A Ao+ Az A3+ Ag A FAAA[ A1 A2 A3
(RS (e V)
A+ AY 1A/2 A
1
IBN
7<>\1+A1)\2+A2/\3+A3 A1 As As ‘/\1)\2/\3>
B 1AL X+ A A A Ap Ay
Al

(9.170)

y (AL + AT = A5 — Ay + 1A = X5)!
(] = X+ A — ADIY, — X + A — A, + 1)1

t=1,2,...,0a,a(N).

Knowledge of the U(1)—maximal U(3) CG coefficients gives the general
U(3) : U(2) reduced matrix elements, and conversely. These coefficients
can then be used back in (9.164) to obtain the matrix elements of the
general U(3) canonical tensor operator, which then solves the problem
of finding a set of CG coefficients that brings the Kronecker product to
Kronecker direct sum form.

We turn next to the description of the characteristic null space; that
is, the sets of partitions A\ € Parz for which relations (9.165) hold.

9.6 Characteristic Null Spaces of U(3)
Canonical Tensor Operators

It is possible for n = 3 to enumerate the individual operator patterns
having a prescribed shift-weight. The enumeration of all U(3) opera-
tor patterns corresponding to the partition (Aj, A2, A3) and shift-weight
(A1, A9, A3) can be obtained by direct enumeration of all eight cases
from the Kostka number formula (9.156):

A
A71
(ry) AT
A1 A2 A3
= A1+A2—A3—0'3—8+1 A3+O’3+S—1 s
Ay

in which the shift weight (A, Ag, Az) € Wy, A, a,, and the set of lexical
patterns having this shift-weight, is enumerated by s = 1,2,..., K(A, A).
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The characteristic null space for n = 3 is described in terms of the ge-
ometry of level sets in the Mobius plane, where the variables are adapted
to the description of the shift-invariance properties (9.158) of the Kostka
and the Littlewood-Richardson numbers. The Mobius plane is the Carte-
sian plane R? in which the points are described in terms of the real num-
bers belonging to three axes with positive directions oriented at 120°.
Each point in the plane is assigned three real coordinates (x1,x2,x3)
that are obtained by perpendicular projection onto the three axes, and,
accordingly, the three numbers add to zero: z1 + 9 + x3 = 0. The
positive axes are also in the directions of the vertices of an equilateral
triangle positioned at the origin (0,0,0), the three axis being labeled
counterclockwise. This arrangement of axes and perpendicular projec-
tions is shown in Fig.9.1 below. The coordinates (z1,z2,x3) are, of
course, arbitrary real numbers adding to 0. For the description of the
level sets of partitions, we use the lattice points of this space; that is,
the set of points with integral coordinates. We require only the posi-
tive sector of lattice points LT C L, which is the set of lattice points
(x1,29,23) € L that satisfy 1 > 1,29 < —2,23 > 1. The set of lattice
points L™ is now associated with partitions by using the differences
of the partial hooks p13 = A1 + 2,p23 = Ao + 1,p33 = A3, as defined by
(71,72, 3) = (P23 — P33, P33 — P13, P13 — P23); these differences take into
account the shift-invariance properties (9.158). The use of partial hooks
in place of the partitions themselves reflects the natural occurrence of
partial hooks in all of unitary group theory. The partition associated
with a point (x1,x2,x3) is

A= ()\1,)\2,)\3) = ()\3 +x1+x3—2,A3+21 — 1,)\3). (9.172)

In particular, the point (x1,x2,x3) = (1, —2, 1) corresponds to the parti-
tion (A3, A3, A3). Each point in L™ gives the infinite number of partitions
satisfying Ay > Ao > Ag, all A3 > 0. Thus, the Mdbius plane and its set of
lattice points L1 is well-suited for the description of level sets, since all
the points in L™ preserve the conditions on the partitions in the Hilbert
space H), and, moreover, cover all such partitions.

The level set Py a(L) for given L € {1,...,K(A,A)} is depicted
in Fig.9.1 below. The marked points on the x;—axis and xg—axis are
defined by

V(A A) = A3 — Ay — o1+ 1+ L—K,

2P (A, A)=As— Ay — o1 +1;
(9.173)
2V A) =Ny —As—03+1+L—K,

DA A) = Ay —As— 05 +1,
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where we have abbreviated the Kostka number to K = K(A,A). The
level sets of partitions Py A(L) = {\ € Par,, | Iy aA(A\) = L} are subsets

of lattice points in L™ in Fig.9.1. It is always the case that
2V (A, A) >0 and 2V (A, A) >0, (9.174)

as can be shown directly from the Kostka numbers:

T2

x1

L

Figure 9.1. The level set Py aA(L) of partitions.

The level set Py a(L) for given L = {1,..., K} shown in Fig.9.1 is
described in detail as follows (The case L = 0 is described separately in
Fig.9.2):

1. For L = 1,2,..., K — 1, the level set consists of the single bent
line of lattice points marked by L.

2. For L = K, the two e points merge to a single point with coordi-
nates 2\ (A, A) = 2V (A, A) = A — Ag — oy + 1 and 2 (A, A) =

a::(f) (A,A) = Ay — A3 — 03+ 1. The level set Py a(K) consists of all
lattice points in the two-dimensional set of lattice points for
which

1> A3 — A3 —01+1and 23> Ay — A3 — o3+ 1. (9175)
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The level set of partitions Py A(0) for which Iy A(A) = 0 is the union
of the regions I, II, III depicted in Fig. 9.2, as follows:

T2

1 Ag—Az3—01—K+1 Az —A3—o01
| | | L1

Ao —Ag3—03—K+1

Ag — A3 — o3

T3

Figure 9.2. Level set of partitions for which Iy A(\) = 0.

Regions I, I, and III are the subsets of lattice points with the following
descriptions:

I: Strip SV (A, A) :
1<z <A3—A3—07—K+1. (9.176)
IT: Strip ST (A, A) -
1<23<Ay—A3—03— K+ 1. (9.177)
IIT: Equilateral triangle Tk (A, A) :

Asg—A3—01—K+2<x <A3—A3—01,

Ag—A3—o03—K+2<123<Ay—A3—03,

Ag —03+A3—01 —2A3 —2K +4 < —x9
<Ag—o03+A3—01 —2A3 — K +2. (9.178)

The lattice points in Region I constitute a strip perpendicular to the
x1—axis of width Ay — A3 — 03 — K + 1; those defined by Region III a
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strip perpendicular to the z3—axis of width Ay — A3 — o3 — K + 1; and
those defined by Region II an equilateral triangle Tx (A, A) containing
K —1 lattice points on each edge. The triangle of lattice points is disjoint
from the strips; it contains | Tx (A, A) | = K(K —1)/2 lattice points and
is empty for K = 1. The following conventions are to hold in Fig. 9.2:

1. Strip S%)(A, A) (Region I) is empty for K = Ag—As—o1+1. In this
case, the lower left e point of Region II falls on the line 1 = 1 (see

Fig. 9.4 below for an example); otherwise, Strip S%) (A, A) contains
at least one infinite line of lattice points.

2. Strip S%H)(A, A) (Region III) is empty for K = Ag—Ag—o3+1. In
this case, the upper right e point of Region II falls on the line z3 = 1
(see Fig.9.4 below for an example); otherwise, Strip S%H)(A, A)
contains at least one infinite line of lattice points.

3. Equilateral triangle region Tk (A, A) (Region II) is empty for K =
1; otherwise, it contains K (K — 1)/2 lattice points.

The partitions (A1, A2, A3) € Pp A(0) are those for which there are no
representations D*2(U) in the Kronecker product DA(U) @ DNU);
these can be finite or infinite in number. The lattice points for which
the Littlewood-Richardson number Iy A(A) = 0 are a unique signature
of the corresponding canonical tensor operator.

The diagrams above on level sets are obtained by direct calculation
from formula (9.156) for the Kostka numbers, together with relation
(11.178), Compendium B, which expresses the Littlewood-Richardson
numbers in terms of Kostka numbers. The computations are tedious,
but doable (see Ref. [18, 20]).

We recall from relations (9.96) and (9.101) that the index ¢ with range
t =1,2,...,Ix A()\) enumerates the operator patterns I'y € G, a that
give canonical tensor operators whose matrix elements are CG coeffi-
cients, and that the index r with range r = Iy A(X) +1,..., K(A,A)
enumerates the operator patterns Iy € Gp a that give canonical ten-
sor operators having the characteristic null space H). From Fig. 9.1, we
find that the characteristic null space of the canonical tensor operator

1"7“
< A > consists of the partitions A in the set
K(AA)—r
PVy= | Paall),r=Iaa(d)+1,...,K(AA). (9.179)
L=0
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The characteristic null space is correspondingly given by

() (r

The sets of null space partitions ]P’E\T)A exhibit the strict inclusion property

e pxg} . (9.180)

Py c P - c P, (9.181)

as shown diagrammatically in Fig. 9.3:

Z2

A3 —As—o1+1—7r As—As—0o1+1

| | |
| | | L1

Ag—As—o3+1—7r

Ag —As—o3+1

3

Figure 9.3. Characteristic null space partitions ]P’E\r)A.

The set of partitions ]P’E\r)A, each r = Ix A(A) +1,..., K(A, A) consists
of all lattice points interior to and on the boundary of the region en-
closed by the two solid lines containing the common e point at (1, —2,1)
and by the bent solid line containing the other two e points—these lat-
tice points give the vector spaces in the characteristic null space of the

FT‘
canonical tensor operator < A > The set of partitions IP’%,)A, each

t =1,2...,I5A()N), consists of all lattice points disjoint from the set

IP’EC)A —these lattice points give the vector spaces of the initial states of
t

r
the canonical tensor operator < I > , whose matrix elements give the
L]
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CG coefficients that occur in the orthogonal matrix that brings A ® A to
standard Kronecker direct sum form. In all cases, the partitions them-
selves in these sets must be identified from the lattice coordinates by using
the transformation (9.172). The strict inclusion relations (9.181) for lat-
tice points also imply strict inclusion relations for the characteristic null
spaces of U(3) canonical tensor operators:

N<FA1A> DN(FA2A> 3...3N<PA§>. (9.182)

These strict inclusion for characteristic null spaces hold for each I'p €

I
Ga,a. We conclude: Each U(3) canonical tensor operator < A >, FeGy

[ ]
has a unique characteristic null space N(%).

Example: A = (6,3,0),A = (3,3,3), with K =4

%)
1 2 3 4
e
1
2 ¢ o =0, P4_(333)
3 o o
4 o
o
73 /\‘\‘\\ [
" L=1,Ts=(})
i L=2, P2_(531)
\‘\L—S, I = 630)
L=4

Figure 9.4. Level sets of partitions for A = (6,3,0),A = (3,3, 3).

The values of A for which I(53),(3,3,3)(A) = 1,2,3 are the lattice points
belonging to the bent solid lines shown in Fig.9.4; the values for L =0
are the six lattice points o; and the values for L = 4 are all lattice
points belonging to the two-dimensional pie-shaped region with the solid
boundary lines containing the point (4, —8,4), including the boundary.

O

The null space diagrams given in Ref. [18] are valid only for A3 =0, a
condition not always made explicit. This is actually not a restriction in
consequence of the shift identities (9.158). Here we do not adjust A5 = 0.

The methods presented thus far focus on the determination of the
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U(3) CG coefficients. But it is natural also to develop the rules for the
determination of the U(3) : U(2) reduced matrix elements first, and then
use (9.170) to obtain the U(3) CG coefficients. For this purpose, we next
develop additional properties of the reduced matrix elements.

9.7 The U(3):U(2) Unit Projective Operators

The operator patterns (9.171) can also be used to enumerate the explicit
lower operator patterns for the unit projective operators

FS
M+ A Ao+ Ag A3+ Ay A AAA A Ao 3
Ny A+ AN + A e NNy )
A/
s=1,2,... . Kan: 8 =1,2,... Ky n, (9.183)

where we now use the notation A’ to denote the three-part shift weight
A" = (A}, AY, A3) € G(a,,A0,04),(A7,45,44)- The notational adjustment of
the patterns (9.171) is

A A1 A2 Ad
<F5,>— AT+ Ay —As—0o5—s" +1 As+o5+s -1 ,
A A
(9.184)
where ' =1,2,..., K(A,A’), and the Kostka number is given by
K(A A=Ay — A3+ 1— (0] + 05 + 03),
ol = max(0,Ay — AL), i =1,2,3. (9.185)

The action of a canonical unit projection operator on the basis B) of
the Hilbert space H) C H is given by

A
A1 A2 A
Ay Ay As ‘ 1 A2 A3 >
) pVBY
s 1 72
A/
A
B A1+ A Ao+ Ag A3+ Ag A Ao A A1 A2 A3
N M+ AL X+ A P N A
A/
A+ AL A+ Ag A3+ Ag
)\/ A/ )\/ A/ . (9186)
1T A7 Ay + Ay
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Certain of the matrix elements of the unit projective operator in this
expression are zero in consequence of null projective operators and their
characteristic null space Hy, y, »,), described as follows:

1N
A1 A2 A
A1 Ao Ag ‘ 1)\/ 2)\/ ’ > =0, (9.187)
o 172
FA/
for each value of s given by
s=IxAN)+1,...,K(AA). (9.188)

There is no characteristic null space associated with the values of s,
since the multiplicity is 1; that is,

I(A;,A;),(A;,Ag)( /17)‘/2)) = K(( llaA/Z)a( /17A/2)) = ]-7 (9189)

since the partition (A}, A}) € Pary and the shift-weight (A}, A)}) €
Gar,Ay),(A7,Ay) uniquely determine s in

(ALAY) = (A + A, — A5 —of— ' +1, As+oh+s —1).  (9.190)

Thus, the reduced matrix elements in (9.186) have value 0 for the values
of s given by (9.188), and have values # 0 for s =t =1,2,...,Ix aA(N).

Remarks. The result given by Theorem 1.2 in Ref.[18] is incor-
rect. A unit projective operators should not be taken to be the zero
operator on the entire Hilbert space Hj,, all A € Pars, since this im-
plies the corresponding canonical tensor operator (9.163) is the zero
operator; this is inconsistent with the characteristic null space con-
cept, which determines null, not zero, projective operators. Each non-
null projective operator with a specified lower pattern in (9.186) ef-
fects the shift (A}, \,) — (A} + A}, N, + Al) of the initial partition
(A, AS) < (A1, A2, A3) to the final partition (A} + Al, X, + AL), and it is
required that (A} + A, A, +AL) < (A1 + A1, Ao+ Ag, A3+ Ag); otherwise,
the action is undefined (the coefficient in (9.186) is undefined). Unde-
fined coefficients are to be avoided in all relations. Even if Theorem 1.2
is correctly formulated in the form above, the proof that the shifted final
patterns are nonlexical for all A’ < ) is incorrect as shown by the exam-
ple (9.110). The computational aspects of U(3) : U(2) reduced matrix
elements given in Ref. [18] are unaffected by the errors in Theorem 1.2.
These computations lead to new classes of functions with exceptional
properties (see Ref. [112]).

9.7.1 Coupling rules and Racah coefficients

There are many more important relations between canonical tensor op-
erators and unit projective operators, the form of which depends on
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the so-called coupling rules whereby new irreducible tensors are con-
structed from the product of pairs of “simpler” irreducible tensor op-
erators. Moreover, it is from this structure that the concept of Racah
coefficients of the unitary group emerges. We deal briefly in this section
with this algebra.

We consider that the following U(n) CG coefficient is fully known and
nonzero for a given pair of partitions A, A’ € Par,, :

<AJ\;/Z‘<]§,/>H>> (9.191)

where also T’ € G A& 18 a given operator pattern having the shift-weight
A for some A € Wy,. This CG coefficient supplies the numerical “cou-
pling” coefficients needed to construct from two canonical tensor opera-
tors of type A and A’ a new tensor operator of type A + A, as follows:

SO ()

= ) (A;z> E <jr\> <A1::Z>. (9.192)

FNGGA+Z P/ Ml/

The expression on the left is called the “coupling of a pair of irreducible
tensor operators.” This coupling of a pair of irreducible tensor operators
of type A and A’ yields a new tensor operator of type A + A, since the
left-hand side of expression (9.192) transforms under unitary similarity
transformation Ty (---)Ty-1 in exactly the manner required of a tensor
operator of type A + A. This result follows directly from the transfor-
mation properties of each of the irreducible tensor operators on the left
and the properties of the coupling CG coefficients, and those that arise
from the transformation of the product. This property is the analogue
for the vector space of operators of the lower pattern coupling by a CG
coefficient of the Kronecker product of two D—polynomials, DA and
DA, Relation (9.192) is an operator identity on the model Hilbert space
H with basis By of Hy C H; that is, the operator relation (9.192) is to
be applied to a basis vector of B.

Relation (9.192) expresses the fact that the canonical tensor operators

T _
< A+ R > , I € G, g, are a basis for all tensors of type A + A. The

L]
“coefficients” in this linear combination of irreducible tensor operators
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on the right-hand side are U(n) invariants. The notation

r

CAF)O) e

denotes these U(n) left-invariant operators, which we have placed to the
left of the irreducible tensor operators in (9.192) (they could be placed to
the right). These invariant operators are called Racah invariants, since,
it turns out, their eigenvalues in the model Hilbert space H on which the
operator relation (9.192) acts are a natural generalization of the Racah
coefficients of angular momentum theory:

A+ A X, AN L] A+ ar
ING o T m/
~ [ T
A+ A A
e (k) @fees
1‘\/

By convention, when relation (9.192) acts on a basis vector ‘ ;‘1 > € B,,

A+ A
! > .(9.194)

the left-invariant Racah operator has eigenvalue evaluated on the shifted
A+Z)

vector space Hyan, A" = W( o

Great care must be exercised in coupling relations such as (9.192) in
accounting for characteristic null space. Thus, to get a nonzero result
from the left-hand side, we let the operator relation act on the basis
vectors of a subspace Hy C H that is not in the null space of the product
of the canonical tensor operators on the left. Putting these details aside
for the moment, we use the orthogonality relation (9.53) for canonical
tensor operators to obtain the following expression of the Racah left-
invariant operator in terms of the canonical tensor operators (see also

relation (9.199) below):

ESIEICIEREIEBIFY

I r r” t
L gm) e

Next, we take matrix elements of relations (9.192) and (9.195), account
for characteristic null space, and obtain the following relations:
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> (0]
m! M’ M M M’ M
t/ t
Tar\faea /asa |/ Tany
]Awl m/ m/ ]Aw m
LNYNINA ) — T
- A+A ’ A "
:(5 ’ " 7 A )\ A
s B ACEE) (2 ) () o

!
X<A+A+A

"
m

rs,
T4,

A4 A7 . A
M//

L) () ()

— T
A
e, 2 (R

M M M,m/ ;m M’
s, I
A+ A+ A A A+ A A+ A A A
x m A m’ m’ A ’ m >
M’ M
r,
A+ A . A
M//

The GT pattern m” € Gpyar can be chosen arbitrarily in each of these
relations. The ranges of the indices t,t',t” for nonzero CG coefficients
are the following:

t=1,2,... ,IA,A()\)§ t=1,2,... 7]A’,A’()\ +A);
t'=1,2,... 7IA+Z A,,()\). (9.198)

The operator pattern I is any pattern with shift-weight A € Wy..

We recall that canonical tensor operators are identical to the or-
thonormalized operator-valued D —polynomials:

< JXW >‘5< Ag ) (T). (9.199)
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This relation cannot be emphasized too strongly because it implies that
the Racah invariant operators are uniquely defined—no freedom remains
in specifying their properties, except possibly the choice of phase fac-
tors in the orthonormalization of the operator-valued D—polynomials
themselves. The implementation of relation (9.197) to obtain an explicit
formula in terms of the partial hooks p;;, is, of course, a difficult problem.

Relation (9.197) is the U(n) analogue of relation (2.160), which ex-
presses an SU(2) Racah coeflicient as a sum over four SU(2) WCG
coefficients, but thus far in the theory of U(n) Racah coefficients no
simplification of the multiple summation in (9.197) is known.

For given partitions A,A’, A + A € Par,, the number of Racah co-
efficients given by relation (9.197) for each selected shift-weight pattern

reaG A & 1s the product of Littlewood-Richardson numbers given by
IA,A()\) X IA/,Ar()\-i-A) X IA+Z,A+A’()‘)' (9.200)

This counting relation holds, since there are no conditions on the cou-
pling of Kronecker products of the subgroup row partitions as in the
product of canonical tensor operators. For a nonzero Racah coefficient,
it is only required that:

The final operator pattern T, in the Racah coefficient (9.197) is only
required to have the shift-weight A" = A + A’, which is the sum of
the shift-weights associated with the patterns T\ and I'ty, —there are no
subgroup conditions.

U(n) Racah coefficients are objects of great complexity.

Racah invariant operators satisfy orthogonality relations similar in
form to those for the canonical CG coefficients:

RGeS (V. T A
ry A Y
oo At L,
f/
A
( " ) ( A )} = Our e Op 1
T,

—

(9.201)
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where these two left-invariant Racah operator relations are to be applied
to the vector space Hyyaias to obtain the Racah coefficients (9.197).
Relations (9.201) follow from the orthogonality of the U(n) canonical
tensor operators.

Only partitions and operator patterns appear in the definition of
a U(n) Racah coefficient. While exceedingly complex, the coherence
brought to the structure of U(n) Racah coefficients by Biedenharn’s op-
erator patterns is quite striking and elegant.

Examples:

1. U(2) Racah invariants. For n = 2, we use the identification of U(2)
WCG coefficients and SU(2) WCG coefficients given by (9.167)-
(9.168) to write the right-hand side of relation (9.197) in the form

RHS of (9.197)

b k' k cy a k' j
ﬂ 76,34"‘1 a+8,y, a-l—ﬁ-}-'ycaﬁ a+ﬂca ﬁ-l—’y R (9.202)

where the WCG coefficients in this result are listed in the same left
to right order as in (9.197), and the angular momentum quantum

numbers a, b, ¢, j, k, k' and associated projection quantum numbers
a,3,v,m,q,q are identified from the four U(2) WCG coefficients
as follows:

a= (M —A)/2, a=mhy — M} — My — (A1 + X2)/2,
b= (A1 —A2)/2, =My — (A1 +A2)/2,

c= (A} = AY)/2, v = Myy — (A} + A5)/2;
(9.203)

J=M =X+ A=A+ AL = AY)/2,m=a+ B+,
k=M —X+A1—A9)/2, ¢g=a+0,
E=(A —A+A—Ar)/2,d =5+7.

From relation (2.160), the sum over WCG coefficients in (9.202) is
v/ (2k +1)(2K' + 1) W (abjc; kk'). Thus, we have the result:

_ _ A,
A1+ A1 As 4+ Ao A1 As TN
oAl A 7)\
L) () (o
= /(2k + 1)(2K" + 1) W (abjc; kk'), (9.204)
where (A, \5) = (A1 + A1+ AL Ao + Ag + A).
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2. The following Racah invariants are for the coupling of a pair of
fundamental tensor operators (see (9.154) for notation):

1

() e
v - P

()

m 4,5=1
T

T p v
><<1 0"—1><1 0"—1><2 0"—1>;
1 i m
2
(110n—2) L ot (1 0"—1>

gl - P

RO
m ¢,5=1 m ) j

T p y f
x{ 1 o1 1 ot 11o0m2 ) .
1 i m

These Racah coefficient can be calculated from the known matrix
elements of all fundamental tensor operators from the pattern calcu-
lus, and the known matrix elements of all (20"~!) tensor operators
and (110772) tensor operators, the latter being given completely
by the pattern calculus, since all shift-weights are extremal. The
results are nontrivial to display and are omitted. ]

(9.205)

The relations for the coupling of irreducible tensor operators are
formidable. But they simply supply the details for structurally elegant
results: Ignoring the shift-weight patterns of the unit tensor operators in
relation (9.196), it expresses the algebraic property that two irreducible
tensors of type A and type A’ can be coupled to one of type A” by using
a suitable CG coefficient. The additional feature coming from the cou-
pling of unit tensor operator is that the basis property allows the coupled
tensor operators to be again expressed as a sum of unit tensor operators.
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The invariant scalars in the linear combination are then identified as
Racah operators. Moreover, the relationships are more than just formal
in content, since the canonical tensor operators are given explicitly in
terms of the known operator-valued tensor operators in (9.199), and in
some cases directly from the pattern calculus, as illustrated above.

9.7.2 Limit relations

It is a known rsult (see Ref.[21]) that U(2) WCG coefficients have the

following limit property:
'
A1 A
< Ar A >‘ e >=5Mn,rm
My,

(9.206)
where (A1, Ag) = (I'11, A1 + A2 — I'11. Relation (9.206) is an interesting
result because it gives the information that not only does the limit exist,
but also that in this limit the shift-weight operator pattern I'y; becomes
the U(1) group theoretical GT pattern M;j;. This is the weak link be-
tween upper operator patterns and lower operator patterns mentioned in
(9.109), since for n = 2 WCG coefficients and reduced matrix elements
coincide. (The phase choice for U(2) WCG coefficients is such that there
is no sign factor in the right-hand side of (9.206).)

lim AM+HAL A+ Ay
my1 + My

Ay ——00

Let us assume for purposes of discussion that the following pair of
limit relations holds:

(F)n—2
[F]n—l
) A+ A, Aln
)\nl_>_oo< [)\/ + A/]n—l [K\/j]lz_l ' [)\/]n—l > (9207)
(F/)n—2
(F)n—2
A+ Al / [Aln—
= (5[1_‘]71717[/\']7171 < [)\l + Al]n—ll ([A/I\‘/])n:; ' [)\,]n_ll >’
(F)n—Q
. [)\ + A]n—l / [)\]n—l
N _lllin—oo< N 4+ A1 ([ﬁ,])z_; ' Nt >
F)n 2
_ [)‘ + A]n—l / [)\]n—l
B < VAT || } ‘ N > (6.208)
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To make clear the role of various triangular patterns and partitions in
these relations it has been necessary to make the notations more specific.
An arbitrary partition A € Pary is now denoted by [A]; any triangular
GT pattern m containing k rows is denoted by (m)g; and any operator
pattern I' containing k rows by (I')g; and any shift-weight A containing
k components by [A]g. Thus, a unit projective operator of type [A]x is
now denoted by
(T)k—1

([I/‘}%k Jk=1,2,..., (9.209)
k—1

where for k = 1 the pattern consists of the single entry [A]; = A;.

The pair of limit relations (9.207)-(9.208) is hierarchical; that is, ap-
plies for each n = 2,3,... . The symbol on right-hand side of relation
(9.207), which continues to the left-hand side of (9.208), is a new object,
as indicated by the subscript ext = extension. The “matrix elements”
of this object are between partitions of length n in both the initial and
final position. It is called an extended reduced matriz element; it is a
natural symbol for the indicated limit. The limit of an extended reduced
matrix element is then taken again in relation (9.208) to complete the
loop back to a reduced matrix element at level n — 1. The process is then
continued all the way down to the U(2) : U(1) level, for which

(M + A1|[A1] [ M) = 6, 4, (9.210)

To have relations of nontrivial content in (9.207)-(9.208), they are to
be applied only to nonzero reduced matrix elements; that is, [\},, and
[N]rn—1 should not belong to the characteristic null space.

The concept of an extended reduced matrix element can be motivated
beyond its occurrence as a limit. The pattern calculus and the associated
shift-weight function (9.148) for an extended unit projective operator are
defined simply by adjoining a point n to the right-most position in row
n — 1 in the set of rules (9.139)-(9.150), where now [A'],, is assigned to
the extended row n — 1 and the coordinate x,, = p, ,—1 — 1 is the new
variable associated to point n in row n — 1. Two-rowed partitions of this
sort of the same length are considered in Sect. 11.3.3, Compendium B.

The extended shift-weight function Aff,ﬁn ), ([2]n; [y]n) function, where
now z = (1,x2,...,2,) and y = (y1,y2,- .-, Yn), is well-defined.
The shift-weight function (9.148) and its extended version have finite

limits of the form (9.207)-(9.208), subject to certain conditions: Define
the integers N , Da, for the weight function (9.148) and the integers

Nar, D)y, for its extended version, as follows:
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N/An = number of loops incident on point n in row n from
n—1
points within row n — 1= " |A} — A,|. (9.211)
i=1
Da, =  number of loops incident on point 7 in row n from
n—1
points within row n = Z |A; — Ayl (9.212)
i=1
Nar = number of loops incident on point n in row n — 1 from
n
points within row n = Z |A; — A7 (9.213)
i=1
Dy, = number of loops incident on point n in row n — 1 from
n—1
points within row n — 1 =Y "[A] = Al,|. (9.214)
i=1

Then, the following limit relations of the shift-weight functions hold:
ynli)n_looA[A’]n,l,[A]n([‘T]n—IQ [Yln) =0,
if and only if Ny < Da,,
(9.215)
Jlim Apag, g, (s o) = AR, ), (s ),
if and only if Ny = Da

n?

lim AFK,‘?W[ALL([«T]M [y]n) = O’

if and only if Na, < D), ,
(9.216)
lim Afi(,t]mwn([x]n; [Wln) = Aag, 1 al, (=15 [Yln),

Tp——00

if and only if Na» = D, .
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The conditions in the limit relations (9.215)-(9.216) are just the trivial
requirements that the number of linear numerator factors is less than
or equal to the number of linear denominator factors associated with
the point labeled y,, or x,. The reason for giving these results is: The
limit relations (9.215)-(9.216) are wvalid for all cases of extremal unit
projective operators. These are the unit projective operators for which
the only shift-weight patterns that can occur are permutations of the
partition [A],; for extremal unit projective operators and their extended
counterparts, the pattern calculus gives the complete reduced matrix
element. This validates the limit relations (9.207)-(9.208) for all such
extremal cases.

The violation of the conditions in (9.215)-(9.216) for the shift-weight
functions, in which case these functions would be infinite in the indi-
cated limit, does not invalidate relations (9.207)-(9.208) for the general
case, since then there are other factors dependent on ¥, and x, in the
denominator and numerator of the full expression for the reduced matrix
element. Indeed, the validity of the limit relations can be demonstrated
from the explicit calculation (Ref.[117]) of the reduced matrix elements
for the system of all adjoint reduced matrix elements, which are those
for partitions of the form A = (2,1"72,0),n > 3. We conjecture:

Conjecture: The limit relations (9.207)-(9.208) are valid for all n =
2.3,... .

Using this conjecture, we can now understand the origin of the Bieden-
harn operator patterns. Recall the crucial fact that row n—1 in the lower
operator pattern, namely, the partition [A’],,—1, of the reduced matrix
element expression (9.102) is a group theoretical label, since row n—1 ex-
presses the group theoretical property that [N +A'],,—1 € [A]—1 @ [N].
But now from the double limit (9.207)-(9.208), we have

.
r n—1
. . A+ Al Aln
(F/)n—2
(P)n—2
Al ; n_

This double limit expresses the property that the reduced matrix element
is zero, unless row [['],,—1 of the upper operator is equal to row [I'],—1
of the lower pattern in which case [N + A'],_2 € [I'],—2 ® [N]p—2. We
call property (9.217) limit reduction of a reduced matriz element.

The limit reduction process (9.217) can be continued downward to
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n = 2, where relation (9.206) holds. We conclude:

Under full limit reduction of the reduced matriz element (9.102) from
n down to 2, a reduced matrixz element is 0, unless the upper operator
pattern agrees with the lower operator pattern, in which case the group
theoretical Kronecker product relation [N + [Alx € [T @ [Nk, k =
n—1,...,1, holds, where the partition [N']i is the first k parts of [A'],,.

Relation (9.217) can be put in the context of the general U(n) canoni-
cal tensor operator by using the general form of the reduction rule (9.101)
from U(n) to U(n—1), which we now write in the detailed notation above:

(D)1

A+ AL An
(R
(m )n_z (M)n72 (m)n_z

e
_ A+ AL AL ] P
(I)n—2

(9.218)
o < N+ ATn

(m)n—2

(I )n—2 /
(s ) B )

_w A n [ W
() s

It is not necessary to take into account characteristic null space, since
zero CG coefficients trivially satisfy limit reduction.

We now use this relation and the limit relation (9.217) to derive, by
induction, the general result as follows, where we now revert back to the
less-encumbered notation:

The limit relation (9.217), applied to every level 2,3, ... ,n, implies that

T
LIM< AtA ‘< A >‘ A >=5M . (9.219)
m M m ’

In this relation, LIM denotes the sequence of limits described as follows.
Consider the GT subpattern in which the first down-diagonal is omitted:

A2 A3 An
man—1 M3n—-1 " Mp-1n-1
(9.220)

ma3 M33
ma2



9.7. THE U(3):U(2) UNIT PROJECTIVE OPERATORS 445

The operation LIM is described in terms of this modified GT pattern by
the following sequence of limits:

(limy,——c0) (limyp, , oo limy, o)

s (limy, oo My, y oo - My, o)

LIM = (9.221)

where this sequence of limits is to be applied to the U(n) canonical
tensor operator in (9.219) from right-to-left. Thus, limy _,_ is applied
first, followed by lim,, , ., oo, ..., followed by lim,,, ,._~, as read
down the right-most up-diagonal. The limit process continues by next
applying, first limy, , ., ..., followed by lim,, , ., as read down
the up-diagonal having A\, _; in row n. This limit process continues all the
way back to limy, . _, followed by lim,,, , , o, and at the last step
limy, .o . The parenthesis pairs in (9.221) are intended to show the
sequence of limits in the various up-diagonals having Ay, An—1,..., A2 in
the top row n. Relation (9.219) applies to every nonzero matrix element
of the general U(n) canonical tensor operator. It has long known to be
true for n = 2, and it is here conjectured to be a general result, based
on the validity of the limit relation (9.217), which remains to be proved
for the general case.(One method of proof might be from properties of

the Gram-Schmidt orthonormalized operator-valued D™ —polynomials.)

We remark that different choices of phase factors in arriving at the
canonical tensor operators and their reduced matrix elements can intro-
duce a phase factor in (9.219). Phases are to be chosen such that (9.217)
and (9.219) hold for every n.

We conclude this chapter on tensor operators with several remarks:

Remarks:

1. The origin of operator patterns is settled by (conjectured) limit re-
duction: They are uniquely assigned by the limit reduction process.
For example, for A = (4,2,0) and A = (2,2,2), the upper opera-
tor patterns obtained from the lower operator patterns by limit
reduction are

2 2 2
2 2 |, 31 |, 40 . (9.222)
420 42 0 42 0

But the ordering of these patterns, respectively, by F§’373 <T :2))73,3 <

F§73’3 (see (9.65)-(9.68)and (9.71)) is still optional: There would
appear to be no truly “canonical” tensor operators in the sense of
no freedom of choice. But the ordering of objects is such a natural
choice that the term canonical is, perhaps, not inappropriate.
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. Many more results for unit projective operators and Racah coef-

ficients have been obtained in Refs.[16, 18, 19, 20, 21, 107, 108,
109, 111, 112, 115, 117, 118, 119, 120, 121, 122, 123] than can be
presented here.

We have dealt with the reduction of a single Kronecker product.
The consideration of multiple Kronecker products and the implied
theory of multiple copies of U(n) and the associated invariants going
beyond Racah invariants, as was possible for U(2) and the addition
of several angular momenta, is, at the moment, beyond our reach.
The potential relations going beyond the geometry of cubic graphs
is beyond calculation, but perhaps within imagination.

. Biedenharn’s operator patterns are basic to the enumeration of in-

variants associated with the reduction of multiple Kronecker prod-
ucts of irreducible unitary representations of U(n) to standard Kro-
necker direct sum form. An understanding of their structure, such
as a proof of the conjectured limit reduction property outlined
above, are essential to future progress in this subject.

. Tt is difficult to obtain fully explicit formulas for the CG coeflicients

(and Racah coefficients) that effect the reduction of even a single
Kronecker product. We have attempted to formulate most results
in an algorithmic form that allows the generation of such formu-
las, leaving explicit formulas for the future of advanced symbolic
computation.

Many of results presented here on operator patterns and tensor
operators can be extended to ¢g—tensor operator algebras as carried
out by Biedenharn and Lohe [17].



Chapter 10

Compendium A. Basic
Algebraic Objects and
Structures

The material presented in this Chapter 11 and Chapter 12 as Com-
pendiums A and B is intended to introduce vocabulary, notations, and
concepts used in the monograph. We do not require the depth and detail
of entire textbooks on the various topics, and the material is presented
here to avoid digressions in the main text. Familiar topics are presented
in a synoptic format, while less familiar subjects are developed in the
detail required. Proofs, when indicated, are brief, since there are many
excellent expositions on most topics, and it would distract from the main
objective. With these qualifications in mind, we proceed with our col-
lection of topics, often giving an orientation to it that suits our needs.
We also reference textbooks and articles by topics at the end of each
compendium, where in-depth discussions can be found.

10.1 Groups

A group G is a nonempty set of elements in which there is defined a
binary operation %, called product, such that the set is closed under
the operation x, is associative, contains an identity element, and each
element has an inverse. In detail, the following rules hold:

1. Closure: For each pair of elements g, ¢’ € G, the product gx¢’ € G.

2. Associativity: For each triplet of elements g, ¢’, ¢’ € G, the product
rule (gx¢")xg" = g+ (¢’ x¢") holds.

447
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3. Identity: For each g € G, the set G contains a distinguished element
e such that exg =g xe.

4. Inverse: For each element g € G, there corresponds an element of

G, denoted ¢g~' and called the inverse of g, such that g x g~' =

g_l*g:e.

It may be proved from these axioms for an abstract group that the
identity element e is unique, and then, in turn, that the inverse of a
given element is unique. The number of elements in a group may be
finite, countably infinite (denumerable), or nondenumerable. The symbol
* denoting the binary operation in G' has no intrinsic significance, nor
does the term “product.” Any intelligible mark will do, and often group
multiplication is denoted by simple juxtaposition of group elements when
no ambiguity can arise. It is important to observe, however, that in
the definition of a group both the binary operation * must be specified
together with the set G, the pair sometimes being written as (%, G) to
emphasize that the two objects are needed.

A group is called abelian or commutative if each pair of elements in
G commute, that is, gx ¢’ = ¢’ x g, for all g,¢' € G.

The set of all integers Z = ---,—2,—1,0,1,2,--- under the binary
operation of addition, denoted +, with identity 0 is an example of an
abelian group, as is also the set of complex numbers {¢?® |0 < ¢ < 27}
of modulus 1 under the binary operation of ordinary multiplication with
identity 1. An example of a nonabelian group is the set GL(n,C) of
all n x n nonsingular matrices with complex numbers as entries, where
group multiplication is ordinary matrix multiplication, and the identity
is the unit matrix I, = diag(1,1,---,1) with 1 along the diagonal. An
important subgroup of GL(n,C) is the set of unitary matrices, denoted

U(n), where each U € U(n) also satisfies U™! = Ut = (UT)*, where

the operation T' denotes matrix transposition and * denotes complex
conjugation.

The symmetric group S, not only provided the historical context from
which evolved the concept of an abstract group, it is, perhaps, the most
important group in mathematics, physics, chemistry, and biology (see
Lascoux and Schiiltzenberger [101], Lulek [125], and Wybourne [190]).
It consists of elements, called permutations, which we write in the two-

line form Lo
.. n
( i iy e iy > , (10.1)

where the sequence (iq,is,...,%,) iS a rearrangement of the integers
(1,2,...,n). The symmetric group S,, contains n! such elements cor-
responding to all possible n! assignments of the sequence (i1, i, ...,iy).
Moreover, by definition, all permutation symbols corresponding to the



10.1. GROUPS 449

n! rearrangements of columns are equal; for example,

(339)-(313) e

Multiplication of two permutations is defined by

1 92 ... 1 92 ...
(. ) " >( . .”) (10.3)
Ju o J2 - Jn i1 2 ot ip
(i iy e g 1 2 «oomn\ (1 2 - n
- ]{51 ]{52 kn il i2 in o ]Cl ]{52 kn ’

Thus, the columns of the permutation on the left are rearranged such
that the top row agrees with the bottom row of the permutation on
the right, and then the product permutation is read off by canceling
the two common rows, as shown. This multiplication rule is closed over
the collection of all n! permutations; this rule may be verified to be
associative. The identity element is

=(13 7). (10.9

and the inverse of a given permutation is obtained by interchanging top
and bottom rows in the permutation symbol:

-1 L .
(oo i) =(bsh)
For example,
<1 2 3>‘1:<2 3 1>:<
2 31 1 2 3
We often use the one-line notation

w=< b2z - ”):(m,@,...,wn) (10.7)

7'('1 7'('2 o .. 7Tn

QO =
— DN
NNV
N———

(10.6)

for a permutation 7 € S,, when no ambiguity can arise.

10.1.1 Group actions

Let G be a group and X a nonempty set. The group G is said to act on
the set X if there is defined a mapping

Aj:x—a' = Ay(z) € X, each g € G, each z € X, (10.8)
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such that
Ag(Ag(w)) = Aq
Ac(Ag(z)) = Ay(x),each g € G; each z € X, A, = 1. (10.10)

If we define (AgyAy)(z) = Ay (Ay(x)), then we may write the sequential
action (10.9) as the product of actions Ay A, = Ay, on X, each pair
gd',g € G. Closure and associativity of group action then follow from
the composition rule (10.9). The mapping A, is sometimes called a
G—operator and the set on which G acts, a G—space.

1¢(x),each pair ¢, g € G; each = € X, (10.9)

It is sometimes natural to define a left multiplication ¢ -z of G on X.
In this case, we write Lq(x) = g - x, and refer to the left action of G' on
X, which is required to satisfy (10.9)-(10.10) ). Similarly, it is sometimes
natural to define a right multiplication x * h of a group H on X, and
write Ry (z) = x * h, which is required to satisfy (10.9)-(10.10).

Matrix groups, where group multiplication is ordinary matrix multi-
plication, illustrate these concepts nicely. Let G be the group of nonsin-
gular complex matrices of order n, H the group of nonsingular complex
matrices of order m, and X the set of n x m complex matrices. Define
left multiplication by ¢ - z = gz (matrix multiplication of z € X from
the left by g), and right multiplication by h * z = xh~! (matrix multi-
plication of z € X from the right by the inverse of h.) Then, Ly(z) = gz
and Ry (z) = vh~! may be verified to satisfy the rules of group action.
But, in this case, we also have

Ly(Rp(x)) = Ly(xh™') = g(ah™") = gzh ™",
(10.11)
Rp(Lg(x)) = Ry(gz) = (gz)h~" = gzh™,

so that LyRy, = RyLg on X for all g € G, all h € H. The two group
actions mutually commute. This is an important property for many
applications.

Certain subsets of G and of X arise naturally from the concept of a
group action A,. Among these are the following:

1. The orbit [z] of G in X containing z € X is the subset of X defined
by

7] = {4,(2) | g € G}. (10.12)

A point z € X is said to be equivalent to point 2’ € X under

the action of G on X, if there exists a g € G such that Ay(x) =

z’. This equivalence is written = ~ z’. It then follows from the
group property that z ~ z(reflexive), 2/ ~ x (symmetric), and
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x ~ ' ' ~a" imply x ~ 2" (transitive). Since each pair of points
belonging to the same orbit are equivalent under this equivalency
relation, and points belonging to distinct orbits are inequivalent,
the set X may be partitioned into a union of disjoint orbits with
respect to the action of G on X.

2. The stabilizer, little group, or isotropy group S(x) of a point x € X
is the subset of G defined by

S(xz)={9e€ G| Ay(z) =z} (10.13)

The isotropy group S(z) is the subset of all elements of G that is
fized under the action of G on X, where the group property of this
subset is easily proved. Isotropy groups S(x) and S(z) of distinct
points = and z’ belonging to the same orbit [z] of the action of G
on X are conjugate to one another, specifically, if 2’ = Ay(x), then

S(a') = gS(x)g~".
3. An invariant subset Ix of X is the set of points in X defined by
I(X)={xe X | Ay(xz) € I(X), each g € G}. (10.14)

An invariant subset includes itself in its definition; the full set X is
an invariant subset of X. Invariant subsets are unions of orbits of
G on X.

10.2 Rings

A ring R with an identity is a nonempty set of elements on which there
is defined two binary operations, denoted + and x, and called addition
and multiplication, that satisfy the following rules:

1. The set R is an abelian group with identity 0 under the binary
operation + of addition.

2. Multiplication of elements in the set {R — {0}} is associative:
(axb)xc=ax(bxc).

3. Group multiplication x is distributive over addition, that is, for
all triplets of elements a, b, c in R, the following two rules are satisfied:
(a+b)xc=axc+bxe cx(a+b)=cxa+cxb.

A ring is commutative if the multiplicative group {R—{0}} is abelian.
We only consider rings with an identity, an refer to them simply as
rings. Examples of commutative rings are the set Z of integers, the
set Q of rational numbers, the set R of real numbers, and the set C of
complex numbers. The set GL(n, Q) of complex nonsingular matrices is
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a noncommutative ring under the binary operations of matrix addition
and matrix multiplication.

For a commutative ring, the usual summation, product, and binomial
expansion, etc. rules hold:

n
E a; =a1+az+ -+ ay,
i=1

n
[[oi=a1xasx - xan=aias---a,  (10.15)
=1

oo =35 (M)ar

1=0

where (TZ) denotes the binomial coefficient (7;) = Z,(%LZ),, and where the

multiplicative symbol X is replaced by juxtaposition of ring elements.
The axioms for a field are obtained from those for a ring by replacing
ring axiom (2) by
2a. The set {R—{0}} is an abelian group with identity 1 with respect
to the binary operation of multiplication.

The set R of real numbers is a field, as is the set of complex numbers C.

10.2.1 Rings of polynomials

For the definition of a polynomial, we require a sequence a of elements
from a ring, as defined by

a = (ag,a1,a9,...,ak,...), (10.16)

where only a finite number of the ring elements in the sequence are
nonzero. In addition, we require a letter = from an alphabet. The
letter x is called an indeterminate. It has no particular meaning, but
may be individualized in a given context; it must, however, satisfy the
multiplicative rule 27 2% = 277%, for all integers j, k. From the sequence
a of ring elements and the indeterminate x, we form the expression

p(z) =ag +a1x + aza® + - = Zaixi, (10.17)
i>0
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where, by definition, agz = ag, and > ;>0 denotes that only terms

corresponding to nonzero ring elements are included in the summation.
The ring element ay is called the constant term of the polynomial p(x). If
ay, is the last nonzero ring element in the sequence a, the expression p(z)
is called a polynomial of degree n in the indeterminate x with coefficients
in the ring R. In practice, we often write p(z) = Y " ; a;2", and omit all
terms of the form 0z" corresponding to a ring element a; = 0 = additive
ring identity.

The set of all polynomials in the indeterminate x with coefficients in
the ring R is denoted R[x]. The set R[z] is endowed with a ring struc-
ture by postulating the following two rules for adding and multiplying
polynomials:

(i). Addition: p(x) + p/(x) = Y ;50(ai + aj)z’". (10.18)
(ii). Multiplication: p(z)p'(x) = > ;50 > i>0 a;al, "

= Z( Z aal)zt = ahzt (10.19)

i>0 i =i >0

where the indeterminate x commutes with all ring elements. That R[]
is a ring may be verified directly from these properties. The transition
from R to R[z] is known as the adjunction of an indeterminate = (van
der Waerden [173]). This use of a general indeterminate x is important
in our view of polynomials, since we need the freedom of choosing it to
have various meanings.

The generalization of the polynomial ring R[z| over a single indeter-
minate x to an alphabet of n commuting indeterminates x1,xo,..., Ty,
is effected in the obvious way by successive adjunction of the indetermi-
nates, thus obtaining the expression

p(xl,arg,...,xn) = E ail7i27"'7inm11222 Ty
1120,122>0,...,i, >0

each a;, i, i, €R, (10.20)

where all but a finite number of the ring elements a;, 4, ;, are 0. The
expression p(zy,xa,...,x,) is called a polynomial in the indeterminates
x1,%2,...,%T, with coefficients in the ring R. The ring element agy,.. o is
called the constant term of the polynomial. Since the x; can be arranged
in any order whatsoever, the set of all polynomials in the indeterminates
r1,%2,...,T, With coefficients in the ring R may be denoted unambigu-
ously by R, [z] = Rlx1,za,...,Tn].
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The rules of addition and multiplication that endow the set R, [z] of
polynomials with a ring structure may be put in the same form as those
given by (10.18)-(10.19) for a single indeterminate x. This is accom-
plished by the following replacements: z is replaced by the sequence z =
(x1,22,...,2,) of indeterminates, ¢ by the sequence i = (iy,12,...,i,) of
nonnegative integers, ¢ by the sequence i’ = (i},,...,1i,) of nonnega-
tive integers, and i by the sequence i" = (if,d4,... i) of nonnegative
integers, where i + i’ == (i1 +4},4i2 + i5,...,in + i),). Finally, for such

sequences x and ¢, we define
ot = glak ol (10.21)

With these replacements, addition and multipliction of polynomials in
the set R,[x] take the same form (10.18)-10.19) as that for a single
indeterminate. We call this algebraic structure the ring of polynomials
Ry[z] in n indeterminates over R.

In many applications of polynomial rings, it is necessary to choose
the sequence of indeterminates (1, z2,...,zy) to be elements of ring R.
In this case, we still obtain a ring of polynomials if the x; are replaced
by any elements of the ring that mutually commute among themselves
and with every element of R.

Homogeneous polynomials have a central role in that an arbitrary
polynomial in the ring R,[r] may be expressed as a linear combination
of homogeneous polynomials. A homogeneous polynomial hy(z) € R, |[x]
is defined by the expression

hi(x) = Z Wiy gyorin TR o T (10.22)
i1>0,i9>0,...,ip,>0

t1ti2t++in=k
and has the property
hi(Az1, Az2,. .., Axy) = )\khk(m, Xy ) (10.23)

under the substitution x; — Ax;,7 = 1,2,...,n, for each indeterminate,
where A is an indeterminate commuting with all elements of the ring and
all other indeterminates. The polynomial hg(x) is said to be homoge-
neous of total degree k. It is evident that each polynomial p(x) € R, [z]
can be expressed as a linear combination of the hi(z), k > 0 with coef-
ficients A, € R :

pla) = Aphi(a). (10.24)

k>0
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10.2.2 Vector spaces of polynomials

A vector space is a mathematical object obtained from two sets: a field IC,
which is a commutative ring with an identity and inverse with elements
called scalars, and a second set V with elements called vectors, which
is an abelian group with respect to a binary operation called addition
and denoted +. By definition the product of any scalar o € K and any
vector v € V is a vector. It is denoted awv, and, in particular, we require
1lv = v, where 1 is the unit scalar in . The definition is completed by
giving the distributive rules: For all scalars o, 5 € K and all vectors
v,v" €V, we have

alv+7') =av+av; (a+ B)v = av + Pu. (10.25)

Observe that we use the same symbol + for addition of scalars (field
elements) and for addition of vectors, since no ambiguity will arise.

Examples of vector spaces abound. We illustrate first the example
of polynomials, in n indeterminates x = (z1, z2,...,x,) over the field R
of real numbers or the field C of complex numbers. Since polynomials
in set R, [z] or C,,[x] constitute an abelian group with respect to addi-
tion, it is only necessary to observe that multiplication of a polynomial
p(z) = p(x1,22,...,2,) in n indeterminates by a real number or com-
plex number « is defined to be the polynomial obtained from p(z) by
multiplying all the coefficients of p(x) by the scalar « :

ap(x) = Z (aail,imnwin)xillw? e xiln (10.26)
11 20,i2>0,...,in, >0

It now follows from the properties of the underlying field of real or com-
plex numbers that the required distributive rules between field elements
and polynomials (vectors) are satisfied. Thus, the polynomials in the
set R,[z] or C,[x] constitute a linear vector space. The vector space
property of polynomials makes no use of the fact that polynomials can
also be multiplied. This additional property is, of course, essential for
the development of the properties of polynomials. The multiplication
rule for two polynomials,

q(y) = Z b v/ and p(z) = Z aix’,  (10.27)

J120,5220,...,5m >0 i1>0,i2>0,...,4, >0

over the field of real or complex numbers is the obvious extension of
(10.19):

gyp(x) =Y > bjay’a’. (10.28)

Jj=0 =0
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The generalization of the concept of a vector space of polynomials
over the matrix ring of real or complex matrices is an obvious extension
of the above results. A matrix ring of polynomials in n indeterminates,
denoted M,,[z], is obtained by selecting the general ring R,, to be the
ring M,, of complex matrices of order n with unit matrix [I,,, the identity
of the ring. Ring addition and multiplication are matrix addition and
multiplication. A general polynomial P(z) € M,[x] is given by the
expression

P(z) =Y Aia', each A; = Aj, ,.._.i, € My. (10.29)
i>0

The matrix P(z) of order n is a linear combination of ring elements
(matrices) with coefficients that are monomials in the indeterminates
T = (33'1,33‘2, s 7xn)‘

10.3 Abstract Hilbert Spaces

10.3.1 Inner product spaces

An inner product space V is a complex vector space V together with a
mapping rule
(,):VxV—C, (10.30)

such that, for each pair of vectors u,v € V, the mapping (, ) is (u,v) —
C. The mapping ( , ) is called a scalar or inner product on V. This
mapping is required, for all vectors u,v,w € V and all scalars « € C, to
possess the following properties:

Conjugation symmetric:(u,v)* = (v,u).

Additive: (u+v,w) = (u,w) + (v,w).

Linear in second factor: (u,av) = a(u,v).

Antilinear in first factor: (ou,v) = a*(u,v).

A

Positivity: (u,u) > 0,u > 0,(u,u) = 0, if and only if u = 0,
where 0 is the zero vector.

Thus, the inner product space V is the pair, the vector space V and the

relation R:
V=WV,R),R=(,). (10.31)

One and the same vector space V may have several inner products
defined on it: The inner product spaces V.= (V,R),R = ( , ), and
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V' =(WV,R),R = (, ), are distinct mathematical objects. It is the
custom, however, to speak of the inner product space V and to leave the
inner product rule implicit, a practice we shall follow. Sometimes for
clarity we speak of “an inner product on V.”

One of the simplest of inner products is often assigned to sequences
of complex numbers

u=(u,ug,...), v=__v1,0v2,...), (10.32)

in which only a finite number of the parts are nonzero:

(w,0) =D uf v (10.33)

This definition of an inner product also applies to real sequences for
which v* = u,v* =wv,....

A subset of vectors {vy,v2,...,v;}, each v; € V, is said to be linearly
independent if the linear relation

a1v1 + agvg + - +av; =0 (10.34)

implies that all the scalars «o;,7 = 1,2,...,5 are equal to 0. In other
words, a set of vectors is linearly dependent if at least one vector in the
set is a linear combination of the remaining ones.

A subset of vectors W C V is a subspace of V if W is a complex vector
space on its own such that each w € W is also a vector w € V. The vector
space W is usually considered to inherit its inner product from V; it is
therefore also an inner product space. If there exists a nonzero vector
v € V such that v ¢ W, then W is a proper subspace of V, which is
denoted W C V. Any set of linearly independent vectors in V' constitute
a basis for some subspace W C V.

Definitions and concepts associated with the definition of an inner
product (, ) on V include the following:

1. The norm ||u|| of a vector u € V is defined by ||u|| = \/(u, u).

2. A vector u € V is said to be normalized if (u,u) = 1.

3. Two vectors u,v € V are said to be orthogonal or perpendicular if
(u,v) = 0, this property being denoted by u L v.

4. An inner product space V is said to be finite-dimensional if there
exists a set of vectors

B = {vi,v2,...,v, | v; L vjeach pairi,j=1,2,...,n},
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such that each vector v € V is a linear combination of the vectors
in B:

v = aqv1 + agva + - - + apvy, each o; € C. (10.35)

The dimension of the vector space V is said to be n and is denoted
by DimV = n. The set of vectors B is called a basis of V. It is
called an orthogonal basis if all pairs of vectors in the basis are
perpendicular, and an orthonormal basis if all the perpendicular
vectors are also normalized.

5. If the inner product vector space W is a subset of another inner
product space V), these two spaces having the same inner product,
then a vector v € V is said to be perpendicular to the space W if v
is perpendicular to every vector in W.

6. A separable Hilbert space H is an inner product space that possesses
a set B of denumerably (countable) infinite orthonormal basis vec-
tors

B = {(vi,v2,...,0;,...) | (vi,v;) = d;j, each pair 4,5 =1,2,...}
(10.36)
such that: The only vector v € B perpendicular to B is the zero
vector v = 0.

We shall refer to a finite-dimensional inner product space V simply
as a finite-dimensional Hilbert space, and use the term separable Hilbert
space in the context of Item 6 above. The unqualified term Hilbert space
will mean one or the other of these objects, finite-dimensional Hilbert
space or separable Hilbert space, as implied by the context of usage. The
term abstract Hilbert space is used in situations where the space H and
its inner product are not explicitly specified.

10.3.2 Linear operators

Once a set of mathematical objects has been defined, the next step is to
consider the kinds of rules or operations that can be effected on the set
that leave the set invariant; that is, mappings of the set into itself. Our
interest here is in linear mappings that leave a separable Hilbert space
‘H invariant.

A mapping T : H — H of a separable Hilbert space H into itself is
said to be linear if the following properties hold:

1. Additive: T'(u +v) =Tu+ Tv, all u,v € H.
2. Homogeneous: T(av) = aTu, all u € H, all a € C.
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The linear mapping 7T is also called a linear operator on H.

One of the most often used properties of a linear operator that follows
by induction on n from the definition is

T(Z au;) = Zai (Tw;), all u; € H, all o; € C. (10.37)
i>1 i>1

This property subsumes such simpler onesas 70 = 0,T(—u) = —Tu, T (u—
v) = Tu — Tv. We will encounter only linear operators, and therefore
often drop “linear.” We also describe the relation v = Tu by the phrase
“the action of the operator T on the vector u is the vector v.”

Definitions and concepts associated with linear operators include the
following:

1. Equal operators: If Su=Twu, all w € H, then, S =T.

2. Identity operator: If Tu = u, all w € H, then I is the identity
operator on H.

3. Null operator: If Ngu = 0, all u € H then Ny is the null operator
on H.

4. Invariant Hilbert space: A Hilbert space H is said to be invariant
under the action of a linear operator 1" defined on H if and only if
the set of vectors {Tulu € H} is a subset of H.

5. Isomorphic Hilbert spaces: Let H and H’' be separable Hilbert
spaces with inner products (, ) and (, )’. Then, H is said to be
isomorphic with H' if and only if there exists a one-to-one linear
mapping L of H onto H’ such that

(u,v) = (Lu, Lv)', for allu,v € H. (10.38)

The mapping L is called a Hilbert space isomorphism of H onto
‘H'. Hilbert space isomorphisms are very important for this mono-
graph because for the calculation of many quantities such as rep-
resentation functions of the unitary group U(n), Clebsch-Gordan
coefficients, etc., we choose an abstract Hilbert space that is suffi-
ciently general such as to yield the most general possible structures
for these mathematical entities. Applications to special situations
must fall under the purview of the abstract theory.

The product of two operators S and T is denoted by ST, and is defined
to be the operator such that (ST)u = S(Tu), all u € H. Thus, if v =
Tu € H is the vector obtained from u by the action of the operator T,



460 CHAPTER 10. COMPENDIUM A. BASIC ALGEBRAIC OBJECTS

then w = Sv € H is the vector obtained from v by the action of the
operator S. Two operators S and 7" commute on H if (ST)u = (T'S)u,
all v eH.

We have the following definitions associated with the product of two
linear operators acting on H :

1. Inverse operator: If (ST)u = (T'S)u = wu, all w € H, then, the
inverse of T is § = T1.

2. Commutator of two operators: If (ST — T'S)u = Cu, all u € H,
then C = [S,T| = ST — TS is the commutator of S and T.

10.3.3 Inner products and linear operators

Definition of operators associated with the inner product of vectors in-
clude the following: Let 1" be a linear operator T : H — H on a separable
Hilbert space H with the inner product (, ). Then, we have the following
list of definitions and properties, which must hold for all u,v € H :

1. If (u, Ttv) = (Tw,v), then TT is the adjoint operator to T.

2. If (u, Tv) = (T, v), then T'is a a self-adjoint operator, and T = T'.

3. If (Tu, Tv) = (u,v), then T is a unitary operator,and TTT = TTT =
I

4. If (Tu, Tv) = (Ttu, Ttv), then T is a normal operator, and TTT =
T1T.

5. If (u,Tv) = (Tu,v) = (TTu,Tv), then T is a projection operator,
and T=T" =TT.

6. Invertible operator: If (u, Tu) = (T~ 'v,v), then T is said to be an
invertible operator, and T~ is called the inverse of T.

Self-adjoint operators on a separable Hilbert space are also called Hermi-
tian operators. Hermitian, unitary, projection, and invertible operators
are all normal operators.

The concept of operators acting in a Hilbert space is further enriched
by the notions of eigenvalues and eigenvectors. Let T be a linear operator
T : 'H — 'H on a separable Hilbert space H. If there exists a vector u € H
and a scalar ¢t € C such that T'u = tu, the u is called an eigenvector and ¢
an eigenvalue of T'. Definitions and concepts associated with eigenvectors
and eigenvalues are the following:
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1. Diagonal operator on a basis B : An operator D whose action on
the basis B = {u,uq, ...} of H is given by Du; = dju;,i =1,2,...}.

2. Diagonable operator on H : An operator 1" such that there exists a
basis B of H and an invertible operator S such that T'= S~'DS§,
where D is a diagonal operator on B. An operator whose eigenvalues
are distinct on a finite-dimensional subspace of H is diagonable on
that subspace.

3. Set of simultaneously diagonal operators: Any set of mutually com-
muting normal operators can be diagonalized by a single unitary

operator.

4. Complete set of commuting normal operators: A set of mutually
commuting normal operators Ni, k = 1,2,... such that their set of
simultaneous eigenvectors {uj,usg,...} is an orthonormal basis of
H.

10.3.4 Orthonormalization methods

There are two important procedures for constructing an orthonormal
basis of each finite-dimensional subspace of an inner product space, the
Gram-Schmidt orthonormalization construction and the symmetric or-
thonormalization construction. Both make use of the Gram matrix.

Let W,, denote a set of n linearly independent vectors in an inner
product space V :

W,, = {wi,wy,...,w, | each w; € V}. (10.39)

We arbitrarily arrange the vectors into an ordered sequence wi,wo,
..., wy. The Gram matrix of order h of this ordered sequence of vectors
is defined by

(wr,w1) (w1, w2) -+ (w1, wp)
Gp(w) = (w2,101) (wQ’lf}Q)m(wQ’wh) : (10.40)
(whw1) (whyws) - (wp, wp)

each h=1,2,...,n.
Each Gram matrix Gp(w) is a Hermitian positive definite matrix. The
Hermitian property GIL(w) = Gj(w) is evident, since (w;, w;) = (w;, w;)*.

Positive definite means its eigenvalues are all real and positive. This
result if proved by showing that if U is the unitary matrix that diago-

nalizes Gj,(w); that is, UTG}(w)U = Dy, = diag(dgh), dgh), .. ,d,(lh)), then
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dg»h) = (vj,v;), where v; = Z?:l uj;w;. But then by the property of the
inner product and the linear independence of the vectors wy, wo, ..., wy,
we have that each eigenvalue of G, (w) is real and positive.

The Gram-Schmidt construction gives the orthonormal set of vec-
tors corresponding to the linearly independent sequence of vectors wi,
wa, ..., wy, to be the following:

1
U; =
T flunll flwal - - [y
(wlﬂvl) (w17w2) (wl,wj)
(’U)Q,’U}l) (’IUQ,’LUQ) (wQij)
x det : , (10.41)
(wj—1,w1) (Wj—1,w2) -~ (wj—1,w;)
w1 wa Wy
i=12,...,n,

where u; = w/||wy||. The determinant is defined by its expansion by
row j in terms of cofactors, so that we have the relation:

w; = (1) det G (w)) (10.42)
’ | ol - flws] '

where ng‘) (w) is the submatrix of order j — 1 of Gj(w) obtained by

striking row j and column i. Since (w;,u;) is given by a determinant of
order j in which two rows are equal for ¢ = 1,2,---,7 — 1, the vector
u; L w;, each i =2,3,...,j — 1, hence, uy,us,...,u; are mutually per-
pendicular, this being true for each j = 2,3,...,n. The normalization
may also be verified to be unity. Thus, the set of vectors uy,uo, ..., u,
is an orthonormal set.

We point out that the Gram-Schmidt procedure works for any set
of vectors wi,ws,...,wy, linearly independent or not, if we proceed
by calculating, in turn, the unnormalized vectors wf,wb,...,w}, cor-
responding to the numerators of relation (10.42), reject the first vector
wj,, that gives a zero numerator, and then continue the process with
wy, Wy, ..., Wi, Wi, etc., always rejecting a vector with zero numera-
tor. This process is continued until we have moved across the ordered
set w1, wo,...,w, of vectors. We normalize at each step for which a
rejection does not occur. Thus, when the Gram-Schmidt process is im-
plemented with this rejection rule, we arrive at a set of n—r orthonormal
vectors, where r is the number of rejections, which is also the number
of linearly dependent vectors in the original set, each one, in fact, being
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identified explicitly. Thus, this version of the Gram-Schmidt procedure
can also be used to split an arbitrary set of given vectors into a set of
orthonormal vectors and a set that is linearly dependent on those in the
orthonormal set.

Symmetric orthonormalization uses the fact that there is a unique
square-root matrix Gy (w) of a Hermitian positive definite matrix G, (w),

which is defined to be the Hermitian matrix Gyl/ 2(w) = UTDTI/ 2U, where
U is the same unitary matrix that diagonalizes G, (w); that is,

Gn(w) = UTD,U, DY? = diag (x/d@, Vi, \/d,ﬁlm) . (10.43)

There are, of course, arbitrary phase factors exp(i¢;) that may multiply
each column w; of U = (u; uz --- u,) in diagonalizing G, (w), but

whatever these choices are, we use the same U in defining G}/ 2(w). The
relations
G2 ()Gy* (w) = Ga(w), G ?(w) = (G/* (),
(10.44)
G2 (w) G (w) = Gy (w)
are easily verified. The orthonormal set of vectors corresponding to the

linearly independent sequence of vectors wi,wo,...,w, is now defined
to be the following:

n

u; = Z(G,;l/?(w))ij wi, j=1,2,...,n. (10.45)
=1

It is readily verified that

n

(wjour) = Y (G2 ()i (G2 (w))i (wiywy)

il=1
= DGR )ik D (G ()) (G (w))i
=1 =1
- Z(G:L/Q(w))jl(Gglm(w))lk:5j,k. (10.46)

=1

If the n vectors w; are taken as the columns of an n X n nonsingular
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matrix W = (w; we --- wy,), then the Gram-Schmidt and symmetric
orthonormalization procedures are mappings of W to a unitary matrix:

1. Gram-Schmidt: W — Uy = W Aw, where Ay is upper triangular.
This relation is invertible, hence, also W = UWA;VI.

2. Symmetric: W — Uy = WG;Vl /2 This relation is invertible, hence,

also W = UWG‘I,[/,2. The matrices GW,G‘I,[/,2,G;V1/2 are Hermitian,

positive definite.

The unitary matrices are, of course, different in these two mappings.
These results assert that every complex nonsingular diagonable matrix
W may be written as the product of a unitary matrix and an upper
diagonal matrix, as well as the product of a unitary and a Hermitian
matrix. This second decomposition is known as the polar decomposition
of W, since every unitary matrix can also be written in the form U =
exp(i®), where ® is a Hermitian matrix.

10.3.5 Matrix representations of linear operators

Let H,, be a finite-dimensional Hilbert space with inner product ( , )
and orthonormal basis B,, = {vi,v2,...,v,}. Let T be a linear operator
with action on the basis B,, given by

n
T?)j = Ztijvi7 tij = (UZ',TU]'), j = 1,2, N (1047)
i=1

The matrix

t]_l t]_2 P t]_n
to1 too ... ton

My = (tij)hi<ij<n = , (10.48)
th1 tno ... thn

is said to be a matriz representation of the operator 1" on the basis B,
of H,,. Observe that the indexing of rows and columns is such that the
product rule in Item 2 below is obeyed.

Important properties of matrix representations of operators on H,
are the following:

1. On any given orthonormal basis of H,, the linear properties of
operators are inherited by their matrix representations.
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2. If S and T are represented by the matrix representations Mg and
My on the same orthonormal basis B,, of H,, then the product
operator ST has the matrix representation Mgpr = MgMyp on the
basis B,, of H,. In particular, if S and T' are unitarily similar op-
erators, S = UTU, then the matrix representations Mg and Mrp
on the basis B, of H,, are related by the unitarily similar matrices

Mg = MZTJMTMU7 where My is the matrix representation of the
linear operator U on the basis B,, of H,,.

3. If My = (uij)1<i,j<n is the matrix representation of a unitary oper-
ator U on the basis B,, of H,,, and My is the matrix representation
of T on the basis B,, of H,, then the matrix representation of 7' on
the new orthonormal basis

n
B, = {vi,vh,. . up}, vf = wyvi,  (10.49)
=1
1=12 ... n,

of H,, is given by the unitarily similar matrix M/, = M[T]MTMU.

10.4 Properties of Matrices

Some of the more important properties of finite complex matrices are
summarized in this section. One of the unifying concepts in the theory of
matrices is the general result given below on determining the eigenvectors
of a class of matrices known as normal.

The matrix A is diagonable if it is similar to a diagonal matrix D,
otherwise, it is nondiagonable. The class of diagonable matrices includes
the class of all normal matrices, where a normal matrix IV is any matrix
that commutes with its Hermitian conjugate: NNT = NTN. The class of
normal matrices includes the following types (Perlis [142, p.195]): Her-
mitian, skew-Hermitian, real symmetric, real skew-symmetric, unitary,
orthogonal, diagonal, and all matrices unitarily similar to normal matri-
ces. Indeed, a complex matrix is unitarily similar to a diagonal matrix
if and only if it is normal. By definition, a diagonable matrix A can be
brought to diagonal form A = S~'DS, but it need not be normal. It is
normal if and only if its eigenvectors are linearly independent, which is
always the case if its eigenvectors are distinct.

Let Z denote an n x n complex matrix. The determinant det(\ — Z)
is a polynomial of degree n in the complex parameter A in which the

coefficient of A" 7% 0 < k < n, is a homogeneous polynomial of degree k
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in the n? elements zij of Z -

det(\ — Z) = zn:(—n’w—’“:r’k(Z), (10.50)
k=0

where the T},(Z) are the homogeneous polynomials of degree k in the z;;
defined as follows (Waring’s formulas):

Tw(Z) = > Ap(a)(trZ2)™ (trZ2)% - - - tr(Z%)%, (10.51)
a1+2az+--+kar=k

Ap(a) = (1) oo k=0,1,... (10.52)
191qq1202q5! - - - K qy,! T ’

TO(Z) = 1>T1(Z) :tI'Z,

To(Z) = (tr2)* — t2(2)?) /2, ..., To(Z) = det Z. (10.53)

The algebraic equation of degree n given by

det(\ — Z) = i(—l)k)\”_ka(Z) =0 (10.54)
k=0

is called the characteristic equation of Z. The roots of the characteristic

equation Ai, Ao,..., A,; that is, the complex numbers satisfying
[T =) =0, (10.55)
k=1

are the eigenvalues of Z, some of which may be equal.

The Cayley-Hamilton theorem asserts that the matrix Z satisfies its
own characteristic equation; that is,

H eln — 2) =) (1) 2" Fep(A) = 0 (0 matrix), (10.56)
k=1 k=0
where the ex(\) = e (A1, A2, ..., \,) are the elementary symmetric func-

tions in the roots (see Sect. 11.6, Compendium B).

The Cayley-Hamilton theorem for normal matrices Z depends only
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the distinct roots, say, A1, Aa, ..., Am, of Z. Relation (10.56) is replaced
by

[[Oeln—2)=> (-1 2" Fep(A, ... Am) = 0,1 <m < n. (10.57)
k=1 k=0

Every complex matrix with distinct eigenvalues is diagonable, but
need not be normal. For example, the upper triangular matrix

a b
(0 b>’ a #b, (10.58)

is diagonable and nonnormal. The upper triangular Jordan matrix

<8 2>,b7é0 (10.59)

is nondiagonable and nonnormal. For general n, every nondiagonable
matrix is similar to a Jordan matrix (see Perlis [142]).

10.4.1 Properties of normal matrices

Let A be a normal matrix of order n with distinct eigenvalues Aq,
Ao, ..., \r with eigenvalue \; repeated m; times, ¢ = 1,2,...,k, with
mq +mg + - -+ my = n. The principal idempotents E; of A are defined
by

A— NI, .
E; = HA_A =1,2,...,k (10.60)

These principal idempotents of A have the following properties:

1. Hermitian: E; = E, i =1,2,... k.
2. Orthogonal projections: F;E; = 0; ; F;.

3. Trace: trE; = m; = rank of E; = the number of linearly indepen-
dent columns (rows) of E;, i =1,2,... k.

4. Resolution of the identity: I, = Fh + Es + -+ - + F.
5. Complete: A = A E1 + AoFEs+ -+ A\ Ep.

The following relations are consequences of these basic properties:
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Eigenvectors of A :

AE; = E;A=NE;, i=1,2,...,k,

Auj(E;) = A\juj(E;), each column u;(E;) of E;,  (10.61)
7 =12,...,k, where the columns are orthogonal:

uj(E;) Louj(Ey),j #35'0 # 4.

A unitary matrix that diagonalizes a normal matrix is constructed
as follows: First apply the Gram-Schmidt process, using the re-
jection algorithm, to the columns of F4, thereby constructing m;
orthonormal columns wui,...,uy,; repeat the procedure for FEo,
thereby constructing ms orthonormal columns w11, - - -, U, +mss
each of which is necessarily | to the first m; columns; ...; re-
peat the procedure for Ej, thereby constructing mj orthonormal
columns Uy +-tmp_1415 - - - s Umq++my» €ach of which is necessar-
ily L to all previously constructed columns. The unitary matrix U
defined by U = (u; ug --- uy,) then diagonalizes A.

Functions of A : If F(x) is any well-defined function of a single
variable x, then

F(A) =Y F(\)E;. (10.62)

Special applications of this result are: A matrix U is unitary if and
only if there exists a Hermitian matrix H such that U = exp(iH);
a matrix R is real orthogonal if and only if there exists a real skew-
symmetric matrix A such that R = expA.

The idempotent matrices of a normal matrix are very powerful for
dealing with many matrix problems that arise in physical systems. The
book by Perlis [142] offers a concise and very readable account of their
properties.

10.4.2 Inner product on the space of complex matrices

The ring of all complex m X n matrices can be made into an inner product
space by presenting each complex matrix A as a sequence of length mn
made up of its rows:

A — (all,alg, ey 105021,022, . -« s A215 - o o s A1y A2, - -« ,amn),
(10.63)
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and then using definition (10.33) for the inner product of two matrices
A and B, which gives

m n

(A,B) = Z Z a;; bij = trace (ATB) . (10.64)

i=1 j=1
Many proofs of results in standard matrix theory can be simplified by

introducing such an inner product, but it is not the custom to do so.

10.4.3 Exponentiated matrices

The matrix Z(t) of order n presented as the formal power series
2
Z(t)=eX =1, +tX + 5X2 4o, (10.65)

X € Myyn(C),t € R,

is called an exponentiated matriz or simply an exponential matrix. It is
also called a matriz curve through the identity Z(0) = I,, with infinites-
imal element X defined by

=X, (10.66)
t=0

The matrix Z(—t) is presented as Z(—t) = e~*X; it is called the formal
inverse of Z(t). The term formal means questions of convergence are put
aside. The Cayley-Hamilton relation for the matrix X is

X" = zn:(—l)k_lek(x)X”_k, (10.67)
k=1

in which eg(x) denotes the elementary symmetric functions in the char-
acteristic roots © = (x1,x2,...,x,) of X; it can be used to determine
first X"+ then X"*2, ..., as linear combinations of I,,, X,..., X" 1.
Thus, the infinite sum (10.65) can be formally rearranged as a finite sum
of the form:

n
Z(t) = e™* =Y Fi(x,t) X", (10.68)
k=1
for some formal functions Fj(x,t) of the roots x = (x1,x2,...,2,) and

the parameter t. If the matrix X is diagonable, it is always assured that
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the functions Fy(z,t) are analytic, since then there exists a nonsingular
matrix S such that

STIXS =W = diag(wi, w, ..., w,). (10.69)
The exponentiated matrix Z(t) is always defined, as given by

Z(t) = S~ diag(e", e, ..., e"")S. (10.70)

An arbitrary matrix X € M, x,(C) with elements (z;;)1<i j<n can be
written as

n
X = Za:ijeij, (10.71)
k=1

where e;; denotes the matriz unit which has for entries a 1 in row ¢ and
column j, and 0 elsewhere. The set E = {e;; | 1,57 = 1,2,...,n} of matrix

units is thus a basis for the set M, x,(C) of all complex matrices, and,
in particular, of the set GL(n,C) of all nonsingular complex matrices.
The matrix units satisfy the multiplication rule

€ij€Kl = 5j,keila i,j, /{,l = 1, 2, ey N (10.72)

This relation implies the following two useful examples of exponentiated
matrix curves:

Zij(a) = e = I + aej, i #
(10.73)
Zii(a) = e = I, + (e* — 1)ey;, a € C.

A principal result for general matrices is the following:

For X an arbitrary complex matriz, the matriz function € is defined
for all t € R by its power series

X = " th Xk (10.74)
k>0

Given an arbitrary Z = GL(n,C), there exists a unique X € Mpxn(C)
such that
dz(t

Zt) =™ and —=| =X (10.75)
dt|,_g

for each t in a neighborhood of the origin at t = 0.

Thus, in general, the expression Z(t) = ¢/X,t € R has a well-defined
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meaning as a formal series for each complex matrix X, whose convergence
properties can be determined. But, given a nonsingular complex matrix
Z of order n, the determination of a complex matrix X such that Z = eX,
is not so simple, even as a formal series. We discuss this further below
in a formal context, but will not concern ourselves with problems of
uniqueness and convergence, since this is not central to the goals of this

monograph.

The procedure for determining the relationship between Z(t) = !X
and X for diagonable matrices Z = Z(t) and X is straightforward. In
the diagonable case, we have X = SWS~!, where S is the nonsingular
matrix that diagonalizes Z, that is, S~'ZS = diag(z1, 20,...,2n), and
W is any diagonal matrix defined by W = diag(wy,ws,...,w,), where
expw; = z;. (The branch of z; to which w; belongs must be chosen.)

Given a complex, invertible matrix Z of order n, a quite comprehen-
sible method of constructing an X such that Z = eX is provided by the
symmetric orthonormalization procedure described in Sect. 10.3.4, which
gives

Z =UW, U is unitary, W = Glz/ %is Hermitian, positive definite.
(10.76)
Both U and W are known explicitly from the symmetric orthogonaliza-
tion construction. Since U and W are normal matrices, they can be
diagonalized by unitary transformations. For U, there exists a unitary
matrix Uy such that

U{r UU, = diag(e'®, e, ... %), (10.77)

where the e’ e’ ... e'“ are the complex numbers of unit modulus
that are the eigenvalues of U, and the «; can always be chosen as real
numbers in the interval 0 < o; < 27. For W, there exists a unitary matrix
U, such that

U2T W Uy = diag(wy, wa, . .., wy), (10.78)
where the wy,ws, ..., w, are the real positive eigenvalues of the Hermi-
tian, positive definite matrix W, so that w; = €%,i = 1,2, ..., n, where

0; is real, since each w; positive. Thus, we can always find a Hermitian
matrix H and a real matrix K such that

U=l H=U diag(o,a,...,a,) U],
(10.79)
W =i, K = Usdiag(B1, B2, ..., Bn) U

Combining these results, we find that an arbitrary complex nonsingu-
lar matrix Z can always be brought to the form of the product of two



472  CHAPTER 10. COMPENDIUM A. BASIC ALGEBRAIC OBJECTS

exponential matrices:
7 =efek, (10.80)

where the Hermitian matrix H and the Hermitian, positive definite, ma-
trix K can always be determined from Z, although not uniquely, in
general. If the eigenvalues of U and those of W are distinct, then con-
ventions can set the values of the «; and the 3;. But if some eigenvalues
among the a; or among the w; are equal, then the structure of Z alone
admits several solutions of the form (10.80). Nonethless:

FEvery complex nonsingular matriz of order n can be brought to the form
(10.80). Moreover, we can always compute the exponential matrices by
the principal idempotent relation (10.62), which for exponentials reads

k
et =) e, (10.81)
i=1
where the distinct roots of A are ai,as,...,a, and the idempotents

Ev, Es, ..., E refer to those of the normal matrizc A = iH and A = K
in (10.80). No infinite series expansions (10.65) of the exponentials are
required.

Example: It is useful to illustrate the construction (10.80) by a numer-
ical example, which we choose to be a nondiagonable, nonnormal matrix

of the form (10.59):
i 1
7 = < 0 i > (10.82)
The Gram matrix is the Hermitian matrix given by
1 —
G= ( i 9 ) . (10.83)

The eigenvalues of G are given by A\; = (3++/5)/2 and Xy = (3 —+/5)/2.
The Hermitian idempotent matrices F; and FE5 are given by

T 1 15
El_u:—< 2 ! ) (10.84)

- )\1 . )\2 \/5 7 %
G-MnI 1 (156
EFh=——=— 2 10.85
T ha-M V5 ( —i _1‘5‘/5 ’ ( )

These matrices then satisfy E;FE; = 6; ;E;, Eh1 + Ep = I, traceE;, =
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traceFr, = 1,G = A Eq + A9 E5. We then calculate

1 2 —i
G2 = \/ME1 + \/D2Es = % ( i 3 ) ) (10.86)
1 1 1 2 i
G V= —B+—— — ( . > : 10.87
VTRV eV AR 1o
The calculation of the unitary matrix U from the matrix Z and G~1/2
now gives
1 2t 1
We thus obtain Z = UGY/2, as verified by
i1 1 2i 1 1 2 —i
(b 3)=5(T 2 )z (0 3)

We further have that

U=¢ell H= < N (10.90)

(NE
rolx
Q
INER
vl
N———

where « is the angle given by cosa = 1/ V5, sina = 2/4/5. The eigen-
values of U are e'®, —e™**, and the principal idempotents of H are

1711 1 1 -1

Thus, from the principal idempotent method, the relation U = e is

verified from , ,
U=¢“FEy —e "Esy, (10.92)

without the need of the expansion ¢ = I + iH — %H 24 .... The
calculation of the Hermitian positive definite matrix K in

1 2 —i
2 L _ K
G4 == 7 ( i3 > =e (10.93)
proceeds similarly. The matrix K is given by
P (F55) + ke (155) —i(ky — k)

AL ek k() e () )
(
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where k1 and ko are the real logarithms defined by

e = 5 ,62:72 .

(10.95)

The verification of these relations is again most easily carried out by the
principal idempotent method. The eigenvalues of K are the real positive
numbers ki and ks, from which one calculates, as follows:

1 [ 2E 1[5
El = ﬁ ; 1+2\/g s E2 = ﬁ o _1_5\/5 s (1096)

1 (2 —i
K =B By = NG ( : 3 > : (10.97)

O

If we wish to bring Z in relation (10.80) to the exponential form

Z = X, we still must deal with the problem of expressing the prod-
uct of two exponential matrices in terms of a single exponential matrix:
edeP = X If A and B commute, we have, of course, X = A + B as
a solution. In general, we must have X = A 4+ B + C, where C takes
into account that A and B are noncommuting, and, in general, all three
matrices A, B,C are noncommuting. The exponential matrix product
problem e4ef = X of determining X for general complex matrices A
and B is quite difficult, although for normal matrices it is always a
problem in which X never needs to be presented as an infinite sum of
powers of the matrices A and B. Often special pairs of A and B matrices
have properties for which the formal infinite sum terminates, or can be
summed. Perhaps the most striking feature is that the matrix C is al-
ways a sum of multiple commutators of the matrices A and B. We treat
the general problem only in a formal sense, without considering questions
of convergence. This already leads to very interesting problems, finite
and combinatorial in nature, that we present in the next subsection on
Lie bracket polynomials.

The series method of solving the relation for C = C(A, B) in the
expression

edeB = CAB) = T+ Z(A, B) (10.98)

is to expand into a formal infinite series and obtain

24.8)=Y 5" (j) A, (10.99)

s>1 7"t
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(_1)m—1 m
C=In(I+2)=> " (10.100)

m>1

where, for notational economy, we sometimes write C' = C(A, B) and
Z = Z(A,B). Thus, we obtain the following formal infinite series ex-
pression for C':

B (_1)m—1 1
¢= m Z 81! . !

m>1 121, en>1 OL T om
< 3 (0). (O ) A B L As e B (10.101)
ot tl tm

The method of solving for C' is to write this matrix function as a formal
sum of terms C}, each of which is a polynomial homogeneous of total
degree k, which we call the order of Cy; that is,

C(A,B) =) Ci(A,B). (10.102)
k>1

We obtain from (10.100)-(10.102) the following result for k > 1 :

k m—
Ok(AaB) = Z i Z Hsl(AvB) "'Hsm(A>B)v

m
m=1 s1>1,..,sm>1

s1+-+sm=k
(10.103)
where the polynomial H,(A, B), which is homogeneous of degree ¢, is
defined by

i a =01, (10.104)

Thus, disregarding all questions of convergence, we obtain a fully explicit
formula:
edeB = e2nzi CnlAB) (10.105)

Examples: For small k the matrices Cj = Cj(A, B) can be worked out
by hand:

k=1:
Ch=A+B. (10.106)
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k=2:

Cy = %(A2+2AB+BQ) — %(A2+AB+BA+BQ) = %[A, B]. (10.107)

k=3:
Cs = é(/ﬁ +3A°B 4 3AB° 4+ B®)

- i(?AB +3A’B +3AB” + 2ABA +2B° + B*A+ BA® + 2BAB)

+ %(A3 + A’B+ AB?> + ABA+ B® 4+ B’A+ BA® + BAB)

_ %(AQB + AB? — 2ABA + B*A + BA® — 2BAB)

= SIAA B+ (BB AL (10.108)
k=4

Ci = 314, 1B,[4, B]]]. (10.109)

O

A rather remarkable feature is revealed by these examples. In each
case, the matrix Cy(A, B), which is always a well-defined matrix of order
n, is a sum of multiple commutator matrices of the form

(X1, [Xoy oo [Xg—1, X ] -], (10.110)
——

k—1 k—1

where each X; is either an A or a B. This is a general result: Fach matriz
Cr(A,B),k > 2, is a sum of such multiple commutators. The proof of
this property is a combinatorial problem in the theory of matrices of order
n and properties of multiple commutators. The appropriate concept for
addressing the general case Cy(A, B) is that of a Lie bracket polynomial,
which leads to important results for the theory of exponential matrices
quite independent of their application to groups and Lie algebras.

10.4.4 Lie bracket polynomials

A Lie bracket polynomial in two noncommuting variables x and y is a
sum of multiple commutators in x and y. More precisely, a Lie bracket
polynomial is defined recursively as follows: Define Lo(z,y) = aslz,y],
where [z,y] = 2y — yr = —[y,x] is the commutator of z and y, and
a9 is an arbitrary complex number. Then, the Lie bracket polynomial
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Li+1(z,y) of degree k + 1 is defined by

Lk—i—l(ajay) = ak’-i—l[wa Lk’(l‘vy)] +ﬁk’+1[y7 Lk’(xvy)]v k= 27 3> ceey (10111)

where a1 and (x41 are arbitrary complex numbers. We include the
polynomial 0 as the Lie bracket polynomial of degree 0, and Ly (z,y) =
a1 x + By as the Lie bracket polynomial of degree 1. All other Lie
bracket polynomials are true multiple commutators of x and y, and all Lie
bracket polynomials are generated recursively, by degree, in this manner.
We often have in mind that = and y are matrices, but this need not
be the case, and we never impose the Cayley-Hamilton relation. The
results obtained in this section apply to any such pair of noncommuting
variables or indeterminates, where we consider only the vector space of
polynomials in x and y over the real and complex numbers. Lie bracket
polynomials are a subset of all polynomials in x and y and inherit the
vector space properties of the parent vector space of polynomials. But, in
addition, we have the basic properties of the commutator [z, y] = xy—yx
given by

(). Distributive properties:

[z,yz] = ylz, 2] + [z,y]z; (10.112)

(ii). Jacobi identity:
[, 1y, 2] + [y, [z, 2] + [z, [2,9] = 0, (10.113)

where z,y, z are any three noncommuting indeterminates.

Consider an arbitrary polynomial P(z,y) in the noncommuting vari-
ables or indeterminates x and y, with coefficients a;, 4, . ;. that are real
or complex numbers, of the form

n

P(z,y) = Z Qi yiyeoin Lis Tiy *** Ty s (10.114)

’il,’iz,...,’inzl

where each 1, xs,...,z, denotes either an = or a y, and where x and y
commute with the coefficients. Then, we define a mapping of each such
polynomial into a Lie bracket polynomial by the following rule:

n

P($,y) - <P($,y)> = Z iy in,.sin <xi1$i2 T xin>’ (10115)

7;1,2'2,...,2'71:1
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where the notation (z;, ;, - - - x;, ) denotes the multiple commutator of x
and y obtained from the monomial z;, x;, - - - z;, by the rule:

xilxig e min — <mi1$i2 e x2n>
= [$i17 [$i27 R [Zli'rLfl’xin ] ] o ] . (10~116)
~——

n—1 n—1

By definition, the constant polynomial oy € C is mapped to the zero
Lie bracket polynomial; that is, («g) = 0, and the degree 1 polynomial
oy x + (1 y is mapped to itself; that is (v x + B1y) = a1z + S y.

Examples: We give four examples of the mapping rule (10.115)-(10.116):

1. The monomial 22y3z of order 6 is mapped to the Lie bracket polyno-
mial given by 22 y® 2 — [z, [2, [y, [y, [y, 2] ]]]]. Thus, if the brackets
and the commas are ignored in the bracket form, the Lie bracket
polynomial agrees with the original monomial.

2. An interesting feature of the mapping from a polynomial P(x,y)
in x,y to the Lie bracket polynomial (P(x,y)) is illustrated by the
identity

{((ax + By)") =0, n=2,3,.... (10.117)

This relation holds because for each term z7---z,—9%,—1%, that
occurs in the expansion of (cx+ By)™ there is a corresponding term
T1**+ Tp_9TnTn_1, for each n > 2. This is illustrated for n = 2 by

((az + By)?) = (a®2® + af(zy +yz) + F2y%) = a*(z?) + aB({zy) +
(yz)) + 3?(y?) = 0. But, by definition, we have (ax + fy) = a(z) +
Bly) = az + By.

3. The rule for 2*P(x,y) for an arbitrary polynomial P(z,y) is the
multiple commutator given by

<$kP(xay)> = [$7 [x, T [x, P($7y)” T ]7 (10~118)
k k

which by definition is (P(z,y)) for k = 0.
4. The identity e’@¥e* = e¥e¥, where b(x,y) = e*ye~ ", follows from

eb(z,y) — Z( /k»l Z e x/k' = ePeYe %, (10119)

k>0 k>0
Thus, the Lie bracket polynomial (e”e¥) satisfies the identity

(e%e¥) = (L@W)e?y. O (10.120)
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We continue with the development of properties of Lie bracket polyno-
mials. Key relations needed from the previous section are the following;:

exey = 62(%?;) =1+ Z(ﬂj‘,y),
4q 21 sys
q=>0 s=0
k (_1)m—1
Zk($7 y) = ‘ T Z HSI (.’L‘, y) T Hs'm ($7 y) °
m= s12>1,..., sm>1

To these relations, we adjoin the pair of Baker-Campbell-Hausdorff (BCH)
relations, in which P(z,y) is an arbitrary polynomial:

- (z*y)
b(a,y) = e"ye " = B (10.122)
k>0
e*P(z,y)e”* = P(e"xze " e"ye *) = P(x,e"ye™ ™)
(" P(z,y))
= P(z,b(z,y)) = ) — (10.123)
k>0

The first basic BCH identity is not difficult to prove, and various proofs
may be found in many places. Its generalization to P(x,y) is then a
direct consequence of the basic one, as shown. These BCH identities can
be used to prove a number of properties of the formal polynomials

z(x,y) = Z zik(x,y), 2zk(x,y)homogeneous of degree k& (10.124)
k>1

that occur in the relation e®e? = e*(*¥%). These include the following:

1. Functional relation: The functional relation
z(b(x,y), x) = z(x,y) (10.125)
is a consequence of e¥e¥ = (@Y e
2. Symmetry relations:
(a) The symmetry relation

2(—y,—x) = —z(x,y) (10.126)
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is a consequence of (e®e¥)(e Ve ™) = 1.
(b) The symmetry relation

(=1~ a*2(2,y))
s! '

Z(l‘,y) + Z(—QS‘, _y) = Z

s>1

(10.127)

is a consequence of applying (10.123) to z(y,z) and using the
symmetry relation (10.126).

The symmetry relations (10.126) and (10.127) preserve the homo-
geneity of the polynomials zx(z,y) in relation (10.124). Thus, we also
have the following symmetry relations for these polynomials:

Zk(_$7_y) = (_1 kzk(xay)7 k > 17

2y, ) = ()" 2 (w,y), k> 1, (10.128)
) Yty

(1 (-1ap(any) = o B g
s>1

The last of these relations is more than a symmetry relation, as we next
discuss.

The last relation (10.128) gives the following results for £ = 2,3,4,5 :

22 = %[$7y]7
0 = Sl )] - [s22)
-1 1
zy = ﬂ[x,[a},[x,y]]]—l—i[az,z;g], (10.129)
0 = Sploleleleul)]] + le L 2] - fo, 4l

where we have used 21 = x + y and 2z = %[x,y] in obtaining the last
two relations. These relations have the following features: The & = 3
relation is the commutator with = of the k = 2 relation, and the k£ = 5
relation is the commutator with x of the k = 4 relation. This is a general
feature of the last relation (10.128): The odd relation is the commutator
with x of the even relation preceding it. This is not a recurrence relation
in the usual sense: Knowledge of z3(x,y) is needed to determine z4(z, y),
then of z5(z,y) to obtain zg(z,y), - - - . For example, given that z3(x,y) =

((x%y) + (y%x)) /12, we quickly derive zy(z,y) = —(zyzy)/24.



10.4. PROPERTIES OF MATRICES 481

Despite the shortcomings of the direct results coming from (10.128),
we can derive the following result from these relations:

Let k > 4 be even, and let all subscripts refer to the homogeneous degree
of the polynomial they labeled. Assume that z1,zo,...,zk_2,k > 4, have
been shown to be Lie bracket polynomials. Then, necessary and sufficient
conditions that z_1 and zp are Lie bracket polynomials are the following:

(i). The polynomial zj, can be written in the form

2 = (xug—1), uk—1 1 a Lie bracket polynomial. (10.130)

(ii). The polynomial zy_1 is given by

k—2

Zhe1 = Uy — Y (_1):§ii§?3‘1>. (10.131)

s=1

Proof. 1If z, has the structure given by (i), then it is a Lie bracket
polynomial. But then z;_; given by relation (10.131) is just the result of
solving the last relation (10.128) for zj_;, where this solution is obtained
by removal of = from each of the terms (zug_1), (x°zp_s),s = 1,2,..., k—
1. This removal is a legitimate operation that leaves behind a Lie bracket
polynomial for each term of the form (xvg_1), where vj_1 is a Lie bracket
polynomial, which is the case, by the assumption, for all terms except
(xzk_1) = [z, 2K—1]. But if the homogeneous polynomial z;_; contains
no term of the form az®~1, then the factor = can also be removed from
the term [z, z;—1], and relation (10.131) obtains. It is a general property
of the polynomial zj(x,y) defined by relation (10.121) for both %k even

and k odd that it contains no term of the form az® in consequence of
the multinomial identity (10.146) stated below. O

Example: The case k = 4 gives the following relations for (10.130)-
(10.131), where the input data is 21 = x + y,22 = (zy)/2 : The form
(10.110) (also derived above) for z4 gives uz = (y*x)/24, and then

(10.131) gives 23 = (yx)/12+(zy) /4—(wy) /6 = ((2%y)+(y?z))/12. O

The above results place the burden of proof that the homogeneous
polynomials zx(z,y) for both k even and odd are Lie bracket polynomi-
als can be given by showing that the even-order polynomials have the
form z(z,y) = (rug—_1), where ui_1 is a homogeneous Lie bracket poly-
nomial of degree k — 1. Once this is proved, the odd-degree Lie bracket
polynomials z;_1(x,y) are given by relation (10.131) from the explicit
identification of up_1.

It is, of course, known from classical results in Lie algebra that the
homogeneous polynomials zx(x,y) are Lie bracket polynomials. If we
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accept this fact, then relations (10.130)-(10.131) give a practical method
for computing these polynomials. But the proof that a finite-order poly-
nomial is a Lie bracket polynomial should be purely combinatorial in
methodology. We continue in the next subsection with the presentation
of several criteria for determining when a homogeneous polynomial of
degree k is a Lie bracket polynomial.

Lie bracket polynomials and homogeneous polynomials
Let
a=(a,a1,...,ap,),1 <m<k, (10.132)

be a composition of k — m into m parts, including 0 as a part. Then,
each homogeneous monomial H,(z,y) of degree k can be written as

hao(z,y) = 2 yzy - - %y, (10.133)

Hence, each complex (real) homogeneous polynomial P(z,y) can be
written in the form

Z > (aaha(z,y) + baha(y, ), (10.134)

m=1akk—m

in which a,, and b, are complex (real) coefficients. The number of terms

in Py(z,y) is given by 2%, as may be verified by summing the number
of compositions of « into k — m parts over m and multiplying by 2 (see
relation (1.244), Chapter 1).

It is convenient for the description of the Lie bracket polynomials to
use the following abbreviated notations:

ha = ha(z,y), ha = haly,x). (10.135)

k

= (aaha + baﬁa) : (10.136)

m=1aktk—m

The Lie bracket polynomial of Py is given by

k
=2 > (aa<ha>+ba(ﬁa>), (10.137)

m=1atk—m
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(ha) = (xMyx*?y - - x%y) (10.138)
= [x7[$7”'7[x7[y7[$7[x7"'7[x7[yu"'7[$7[x7"'7[xﬂy]] ] .
~ N — 7,1_z

The expression for <7La> is obtained from this result by interchanging x
and y. Each such bracket polynomial is of order k for eachm = 1,2, ... k.

Examples of notation: At the two extremes of m in (10.138), namely,
m =1 and m = k, we have the relations:

(hr—1)) = (&), (hor) = @) =0, k> 2. (10.139)

For k = 1,2, 3,4, we have the following Lie bracket polynomials (10.138)

(ho,0,0) = () =0, (hag) = (zy”) =0,
(ho,1)) = () = [y, [z, 9], (hp)) = (&%) = [z, [z, 9]].

(iv). k=4:

<h 0,0,0,0) ) =y 4> =0, <h(1,0,0)> = <$?J3> =0,

(ho.1,0) = (wey?) = 0, (ho1)) = @Pzy) = [y, [y, [z, y]]],
(h@0)) = (#y%) = 0, (h2)) = (y2?y) = [y, [, [z, 9]]],
(hi1,1)) = (zyzy) = [z, [y, [=,9]]],

(h) = (@°y) = [z, [z, [z,9]]].

The corresponding (i~La> are obtained by interchanging x and . O

It is meaningful to effect the bracket mapping rule (10.115)-(10.116)
on a Lie bracket polynomial simply by writing out the bracket polynomial
as a sum of ordinary polynomials. For example, (xy) = xy — yz, hence,

({ay)) = (wy) — (ya) = 2ay). (10.141)
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A basic property of the Lie bracket polynomials (h,) defined by (10.138),
which are homogeneous of degree k, can be verified to be

((ha)) = k(ha)s ((ha)) = k(ha). (10.142)

Since every Lie bracket polynomial Py(x,y) homogeneous of degree k is

a linear combination of the Lie bracket polynomials (h,) and (h,), it
follows that

(Pi(z,y)) = kPy(z,y). (10.143)
Conversely, if a polynomial Py(x,y) homogeneous of degree k satisfies
this relation, then it is also true that ( (Py(z,y))) = k(Pk(z,v)), so that
the polynomial (Py(z,y)) is a Lie bracket polynomial.

Relation (10.148) is necessary and sufficient for a homogeneous polyno-
mial Py(x,y) of degree k to be a Lie bracket polynomial.

This result is proved in Mielnik and Plebaniski [134]. It is, of course, not
true that every polynomial homogeneous of degree k satisfies relation

(10.143). For example, any such polynomial containing the term z* does
not satisfy (10.143).

It is also useful to have conditions for determining when the commu-
tator [z, Px(z,y)] of z with a homogeneous polynomial Py(x,y) of degree
k is a Lie bracket polynomial. We find the following result:

Let Py(z,y) be a homogeneous polynomial of degree k. The two relations

(I, Pule,]) = e, (Pt ),

(10.144)
[377 (Pk($7y)>] = k[xa Pk($7y)]

are necessary and sufficient that the commutator [z, Py(x,y)] is a Lie
bracket polynomial.

Proof. If both these relations are true, then ([z, Py(x,y)]) = (kK + 1)
[z, Py (x,y)], hence, the commutator [z, P;(z,y)| is a Lie bracket polyno-
mial. If the commutator [z, Py(x,y)| is a Lie bracket polynomial, then
([z, Py(z,y)]) = (k+ 1)[z, Px(x,y)], and the second relation is true in
consequence of the first. ]

Relations (10.143)-(10.144) underlie the proof of the method of con-
struction of the z(x,y) given by relations (10.130)-(10.131). Thus, from
(10.143), the condition that the homogeneous polynomial uj_i(x,y) in
the commutator relation z = [x,ug—1] (k even or odd) be a Lie bracket
polynomial is that ug—1 = (ug—1)/(k — 1). If this is true, then from
(10.144), the relation (zx) = ([z, (ug—1]) = k([z, (ur-1)])/(k — 1) =
k([x,ug—1]) = kzx, and 2 is a Lie bracket polynomial.



10.4. PROPERTIES OF MATRICES 485

It is useful to rewrite z(x,y) given by (10.121) explicitly in terms of
x and y for the application of the above methods:

m—1

k
(e y) =) % > (10.145)

m=1 s§121,...,8m>1

Sitt+sm=k

s1—1t1 Sa—ta oo .. pSm—tm,ytm

- e R Y
X .
Z Z 81 - tl 'tl 82 — tQ) t . (Sm — tm)!tm!

This polynomial has the property that it contains no terms of the form

az® and ay® in consequence of the symmetry in relation (10.128) and

the following multinomial coefficient identity:

(ym :
—_— =0,k>2. 10.14
Z m Z 51,82, +.,5m 0. k= (10.146)

m=1 s121,8521,.0,8m 21

The Lie bracket polynomial of zx(x,y) is given by

k—1 (_1)m_1
(e y)y =D ——— > (10.147)
m=1 s1>1,.,8m >1
s+ tsm=k
X Z i xsl tl y x82 t2 yt2 .« e msm_t'myt'm >
81 - tl 'tl 82 — tQ) t . (Sm — tm)!tm! '

t1=0 tm=

This form can be simplified greatly because each bracket polynomial
under the summation is 0, unless it ends on the right with a single x
or a single y; that is, 2%~ 'my! = x or y. But these relations are too
complicated to give the general proof that (zx(z,y)) = kzx(z,y). For
small values of k, they can be used to illustrate the validity of (10.144)-
(10.147),as shown by the following examples:

Examples. For k = 4, it can be verified from (10.145) and (10.146)
that z4(z,y) = Quayr — yyzz — 2zyzy + zoyy)/24 and (24(z,y)) =
4z4(xz,y) = —(xyxy)/6. Similarly, the method in relations (10.144) uses

pa = [x,p3], p3 = 2yry — yyxr — TYY,
(10.148)
(p3) = 2(yxy) — (yyz) — (xyy) = 3(yxy) = 3p3. O
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The proof of the known fact that z;(z,y) is a Lie bracket polynomial,
using the above results for Lie bracket polynomials and homogeneous
polynomials requires further developments.

Remark. An interesting elementary application of exponential func-
tions to solid state quantum theory is given by the identity

2imx 2imx
exp( Jexp(aD,) = exp(aD;)exp( )
2Tz d
= —exp(T +aD,), D, = PR R, (10.149)

which asserts that the periodic function exp(@) commutes with the dis-

placement operator exp(aD,) (see Zak [194]). This result proves wrong
the often stated result that there exists no function f(z) of the posi-
tion operator x that commutes with a function g(p,) of the quantum
mechanical linear momentum operator p, = —iD,. This is an exam-
ple of two commuting Hermitian operators that can be simultaneously
diagonalized, a result of some consequence for periodic physical systems.

10.5 Tensor Product Spaces

The idea underlying tensor product spaces is that of building new vec-
tor spaces out of given vector spaces. For physical systems, it is the
mathematics that one uses to describe composite systems in terms of
more elementary ones. What is surprising is that the linear properties
of these mathematical objects allows for composite physical systems to
have properties that the individual constituent systems, making up the
whole, do not possesses. As is often the case in mathematics, given a
collection of mathematical objects, one considers how to build new ob-
jects from ordered pairs of the original objects. Here the mathematical
objects of interest are vector spaces, in particular, inner product spaces.

A vector space W is said to be the tensor product of two vector spaces
U and V), written
W=URV, (10.150)

if there exists a mapping P,
¢ (u,v)»w=u®veW,eachu €U, eachv €V, (10.151)

of every ordered pair of vectors (u,v) to a vector w = u ® v € W such
that the following relations hold:

1. The mapping @ is bilinear; that is, linear in the vectors of U and
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in those of V:

(au+dv)@v=alu®v)+d U @),
(10.152)
(u®@ (Bv+ Bv)=Buv)+ 3 (ux),

for all scalars «, o, 3,3 € C, all vectors u,u’ € U, and all vectors
/
v, v € V.

2. Linear independence of the vectors u,u’ € U and of the vectors
v,v’ € V implies the linear independence of u®v € W and v @' €

One of the important properties of the tensor product W =U ® V of
two vector spaces U and V is: There are vectors in YV that cannot be
obtained as the tensor product of a vector in I/ with a vector in V. For
example, the vector a(u®v)+a/ (v ®v') cannot, in general, be expressed
as a tensor product (au + a'u’) @ (bv + b/'v').

If S is an operator acting in & and T is an operator acting in V, so
that S:u— Suecl,eachueU,and T :v+— Tv € V, each v € V, the
operator S ® T is defined to be the operator acting in U ® V according
to the rule: (S®T)(u®v) = Su® Tw.

If H is a separable Hilbert space with inner product (, )y and K is
a separable Hilbert spaces with inner products ( , )k, then H ® K is a
separable Hilbert space with inner product

( > )H@K = ( > )H ( > )/C' (10'153)

This definition implies: If B = {uj,u2,...} and C = {v1,v9,...} are
orthonormal bases of H and K, then B&C = {u1 @ v1,us ® va, ...} is an
orthonormal basis of H ® IC; that is,

(ui ® vj, up ® Ul)B@C = (ui,uk)H (vj,vl)jc = 5z‘,k5j,l~ (10.154)

Let Mg be the m X m matrix representation of an operator S on
a finite-dimensional subspace H,, C H with orthonormal basis B,,,; M
the n X n matrix representation of an operator T' on a finite-dimensional
subspace IC,, C K with orthonormal basis C,,; and Mg ® My the mn xmn
matrix representation of the operator (S ® T') on the finite-dimensional
subspace H,, ® K,, C H® K with orthonormal basis B,, ® C,,. The action
of operators in the respective spaces is the following:

Sup, =) sivtii; Ms = (sik)1<ih<m. (10.155)
i=1
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Tu =) tivj, Mr = (ti)i<jin, (10.156)
j=1
(ST)(up®@v) = Z Z siktji(u; ® vj) (10.157)
i=1 j=1

- Z Z(MS ® Mr)ijm(u; @ vj),

i=1 j=1

where the Kronecker product matriz Mg ® M has its rows enumerated
by the pair of row indices i,j of Mg and Mr and the pair of column
indices k,l of Mg and My :

suuMr  sppMr ... sy My
sorMrp  sooMp ... Sop My

Mg ® My = _ . (10.158)
SmlMT SmgMT e SmmMT

The element s;;t;; in the row indexed by the pair 4,j and the column
indexed by the pair k,[ is actually in row (i — 1)m + j and column
(k—1)n+1 of this matrix of order mn in the usual indexing 1,2, ..., mn.

The Kronecker product A ® B extends to rectangular matrices A
and B in the obvious way. The Kronecker products of such rectangu-
lar matrices A, B,C, D obey the following rules, whenever the matrix
multiplication makes sense:

1. Associativity: (A®@ B)@ C = A® (B® (),
2. Multiplication: (A® B)(C ® D) = (AB) ® (CD), (10.159)
3. Trace: tr(A ® B) = (trA)(trB) for square matrices.

10.6 Vector Spaces of Polynomials with
an Inner Product

We adopt for polynomials the general set-theoretic viewpoint of functions
and their sets of values. For a single indeterminate x, this is symbolized

by writing p : ¢ — > p_axz® = p(x). Thus, coefficients aj are drawn
sequentially from a ring R, multiplied by the power x* of the indeter-
minate z, and the summation performed, thus creating the expression
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p(z). Again, in the sense of functions, we refer to p(x) as the “value of
the function p” at the “point” x. The same procedure is followed for n
indeterminates x = (z1, 9, ..., x,), where to keep the notation concise,
we write

11 .02

i = (i1,49, ... 1), o' = xPak - ale. (10.160)

We next define the inner or scalar product used for polynomials
throughout this monograph, unless otherwise specified. The inner prod-
uct (p,p’) of two polynomials p and p’ in n indeterminates over the field
of complex numbers C ( or R ) with values

p(z) = Z a;z’ and p/(x) = Z alx’ (10.161)

i>0 i>0

is the complex number defined by

(p,p') = ilajaj. (10.162)
i>0
The notations are: ! = i1lis!---4,!;9 > 0 means i1 > 0,99 > 0,...,7, >

0; and only a finite number of the coefficients a; and a} are nonzero. The
notation (p, p’) for the inner product, in which the polynomial functions p

and p’ appear, emphasizes that the mapping is from pairs of polynomials
in function space to the complex numbers.

While the proper language of functions and their values is that given
above, it is often convenient to abuse this notation and write in place
of (p,p’) the symbol (p(z),p’(x)). This notation is incorrect in that the
indeterminates x; should not appear in the left-hand side of (10.162).
Nonetheless, this abuse of notation often makes complicated relations
more comprehensible than the insistence on the distinction between func-
tions and their sets of values. We even go further and speak of the
polynomial p(z).

An alternative definition of the inner product (p(x), p’(x)) of two poly-
nomials over the field of complex or real numbers may be given as follows.

The symbol a% denotes the sequence of partial derivatives

0 0 0 0
— ==Y ..., — . 10.1
Ox <83:1’8;1:2’ ’Oa:n> (10.163)

In analogy to (10.160), we also write

G- @) e
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for each sequence i = (i1,12,...,i,) of nonnegative integers. The com-
plex conjugate polynomial p* to p is, of course, defined to be the polyno-

mial with values p*(z) = 3,5 aj2’, and, analogously, p*(a%) is defined

by |
p* (%) => a <%>Z. (10.165)

i>0

The inner product of the two polynomials p and p’ is now defined by

(p,p') = (p(x),p'(z)) = constant term of p* ((%) P (x)

= p <%> p'(z)

Almost all the applications of inner product vector spaces of poly-
nomials in this monograph take place in the following context. We are
given a set of mn indeterminates {z; | ¢ =1,2,...,m;j =1,2,...,n},
which we configure in an m x n matrix Z :

(10.166)

T1=To=+-=x,=0

211 212 --- Zin
Z91 222 ... Z9n
Z = (zij)1<i<m1<j<n = . : (10.167)
Zml Zm2 --- Zmn

We most often deal with polynomials over commuting indeterminates
2i;, except as otherwise noted, with coefficients that are complex or real
numbers. Such polynomials are denoted by P(Z), where Z signifies that
the polynomial P is defined over the elements of the matrix Z, and not
over the set of all matrices Z. Thus, P(Z) is given by an expression of

the form
pzy=>_c@A [111=7 (10.168)

A>0 i=17=1

where A is a matrix array of nonnegative integer exponents given by

ail a2 ... ain
asl aso ... Agn
A = (aij)i<i<mi<j<n = . . (10.169)
m1 Am2 --. Amn

The coefficients C'(A) are functions of the nonnegative integer entries
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a;; in the matrix A, and not of the matrix; these coefficients are almost
always complex or real numbers. The summation symbol ) -, means
the summation is to extend over all terms for which each exponent a;; >
0. We finally bring (10.168) to the abbreviated form

P(Z)=> C(4)z* (10.170)
A>0

by defining, in analogy to (10.160), the symbol Z4 by

ZA = ﬁﬁzg‘j. (10.171)

i=1j=1

The inner product (10.166) takes the following form in terms of poly-
nomials of the form (10.170):

(.7 = (P2)P2) =P (57) P2, 0am

We leave open the specific nature of the indeterminates z;; that occur
as elements of the matrix Z, except that they be commuting. We write
2ij € Z to specify that the “values” of z;; can range over some set Z.
We then define the set of matrices Z,,xn by

Zmxn =1{Z| Z is m x n; each element z; € Z}. (10.173)

The entries in the matrix A are always nonnegative integers. We also
define the set of all such matrices by

Myxn = {A| A is m x n; each element a;; € N}. (10.174)

We are also interested in the transformation properties of the poly-
nomials (10.170). Such transformations occur at two levels: transforma-
tions of the set of indeterminates Z,,«, into itself , and transformations
of the vector space of polynomials into itself originating from the former.

The transformations of the set Z,,x, into itself take the form of left
transformations and right transformations:

1. Left transformations:

Lx:Zvw— XZ, each Z € Z,,4n, each X € Z,,«m. (10.175)
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2. Right transformations:

Ry :Zvw— ZYT each Z € Zyyn,cach Y € Z,y,.  (10.176)

The product of two left transformations Lx:Lx on the set Z,,x, is de-
fined by

(Lx/Lx)Z = Lx/(LxZ) = Lx/(XZ)
= X'(XZ)=(X'X)Z = LxxZ. (10.177)

The product of two right transformations Ry Ry on the set Z,«, is
defined by

(Ry'Ry)Z = Ry (RyZ) = Ry(ZY7T)

= 2Yy")yY'T = 2(Y'Y)T = Ry Z. (10.178)
These product rules are to hold for all X/, X € Z,,xm; all Y'Y € Z,,«n;
and all Z € Z,,,«n.

Two significant properties of left and right transformations on the set
Zmxn are the following:

1. Commutivity of the product of left and right transformations:

LxRy = RyLx on Z,,«xn,each X € Z,,«m, each Y € Z, ..
(10.179)
This relation is true in consequence of the definition of the product

action: (LxRy)Z = Lx(RyZ)=Lx(ZY")=X2zY7T;
(RyLx)Z = Ry(LxZ) = Ry(XZ)=XZY"T.

2. Equivalence to Kronecker product action: The transformation
LxRy : Z — XZYT = 7' of the indeterminates {zij} is identi-
cal to the transformation

LxRy :col(Z) — (X ® Y)col(Z) = col(Z"), (10.180)

where col(Z) denotes the column matrix obtained by arranging the
n rows of Z into a single column of length mn :

col(Z) = col(z11, 212, - - - » Z1n; 221, 222, - - - , 220}
e Zmly Zm2s - - s Zmm)- (10.181)

Here the Kronecker product X ® Y of two matrices of order m and
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n emerges naturally as the matrix of order mn defined by

xllY xng . (L‘le
xle xQQY . IEQmY
XY = , . (10.182)
$m1Y (L‘mQY . I‘mmy

The column matrix presentation col(Z’) = (X ® Y')col(Z) and the

m X n matrix presentation Z/ = XZY 7T encode the same relation-
ship between the indeterminates z;; and z;J

The left and right transformations of the inner product space P,y
of polynomials of the form (10.170) in the mn indeterminates z;; that
correspond to the left and right transformations Lx and Ry of the inde-
terminates themselves are defined by the following actions in the space
of polynomials and the space of indeterminates:

1. Left transformations. LxP = P’ € P, :

(LxP)(Z)=P(Z)=P(LxrZ) = P(XT2),
each X € Z,,xm; each P € Ppp. (10.183)

2. Right transformations. Ry P = P’ € Py, :

(RyP)(Z) = P'(Z) = P(RyrZ) = P(ZY),
each Y € Z,,4,; each P € P,,. (10.184)

Again, one has the multiplication properties for the action of left and
right transformations in the space P, of polynomials:

Lx'Lx = EX’X, Ry Ry = Ryry, LxRy = Ryﬁx, (10.185)

for all X, X' € Z,,«m; all YY" € Z,«,. In the definitions of the left
transformation actions Lx and the right transformation actions Ry in
(10.183)-(10.184), it is the transposed matrices X* and Y that enter into
the actions of the left and right transformations of the space Z,,x, of
indeterminates as given by (10.175)-(10.176). This feature is essential
for preserving the defining properties (10.8)-(10.10) of operator actions
in the separate spaces, polynomial (function) space and indeterminate
(variable) space; it is a twist that cannot be avoided.

The vector space of polynomials P,,, is a separable Hilbert space;
one in which we have specified a definite inner product (10.172).
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10.7 Group Representations

The concept of a representation of a group can be presented in differ-
ent contexts at various levels of abstraction. In this monograph, the
representation of a group always occurs in the context of a group G
acting linearly on the set of vectors belonging to a separable Hilbert
space H: For each vector v € H, there is defined a linear mapping
Ay v — Ay(v) € H, each g € G. The Hilbert space H is sometimes
said to be a carrier space of the group G, or a G—space. The Hilbert
spaces ‘H used in this monograph are always a direct sum of a collection
of perpendicular subspaces, each of which is invariant under the action
of GG, and we restrict our considerations to this case. Thus, let B be an
indexing set whose elements are used to label the invariant subspaces of
‘H under the action of G. Then, the Hilbert space H may be expressed
as the direct sum

H=>_ @My Hy LMy, allpairsb,b €B. (10.186)
beB

The action of the group on each subspace Hp is to map this space into
itself:

Ay i Hy — Hyp, each Hy C H. (10.187)

The action of G on such an invariant subspace Hp C H is implemented
by introducing an orthonormal basis B of Hj, :

B = {| b1),| b2),...,| bdimH,,>}> (10.188)

where the basis is expressed in terms of the Dirac ket notation, for which
the orthonormality conditions are given by the bra-ket relations

Thus, the separable Hilbert space has an inner product, denoted ( | ), and
the dimension of the subspace Hj, which is invariant under the action
of G, is denoted by dimHj. We formulate the definitions and properties
within this setting.

An operator representation of a group G is a set of linear G—operators
Ac
Ag ={A4y g€ G} (10.190)

that acts invariantly in a separable Hilbert space H. A matriz repre-
sentation Mg(B) of a group G corresponding to the action of G on an
invariant subspace Hp C ‘H with basis B is given by

Mg(B) ={B(9) | g € G}, (10.191)
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where the matrix B(g) is obtained from the action of A, on the basis B :

dime
Ag[bj) = Y Bij(g) | b), j=1,2,...,dimH,,
i=1
Bij(g) = (bi | Ag | bj). (10.192)
Thus, the correspondence
A, — B(g), each ge G (10.193)

between G —operators and G—matrices gives the matrix representation of
the action of A, on the basis B of H; C H : the set of matrices Mqg(B)
is a matrix representation of G. In consequence of the multiplication
properties of the G—operators, the matrices in the set Mg(B) satisfy
the same rules as those for the group G itself:

B(¢')B(g) = B(d'9),
B(e) = Igimp, Ble™") = (B(9)™, (10.194)
B(g") (B(¢")B(g9)) = (B(¢")B(¢')) B(g),

where these properties hold for all g, ¢’, g” € G, where e is the identity
element of the group, and [ dim, 18 the identity matrix of order dimHy.

Examples. We give two examples illustrating these concepts for finite
groups and one example for a continuous group:

1. Let G be any finite group of order n with elements given by

G={g1=e92,-..,9n}. (10.195)

Select any set of n orthonormal vectors from R", and label the
orthonormal vectors in this basis, denoted B,,, by the elements of
the group itself:

Bn = {‘ gl>,‘ gg>,...,| gn>}7<gi ‘ gj> = 5ij7 i,j = 1,2,...,71.
(10.196)
For each g; € G, define the left and right actions, respectively, of G
on B, by
Lgi gk> :| glgk>7 Rgi gk> :| glg];1>7k = ]-727 sy T (10197)

The following properties of the left and right action on the basis
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B,, are now verified directly from the definitions (10.197):
Lging = Lgi!]j’ Rgijo - Rgi!]j? Lgijo - joLgm (10‘198)

for all pairs g;,g; € G. The matrices corresponding to these linear
transformations of the basis B,, are given by

Lg'i = BL(gZ)7 (BL(g’L))hk = (5gh,g¢gka (10199)

Ry, = Br(9i); (BRr(9))hi = 0, gig="> (10.200)

where 1 < h, k < n denote the elements in row h and column k of
the matrix Br(g;) and Bgr(g;).

These matrices satisfy the same multiplication rules (10.198) as the
left and right actions Ly, and Ry, :

Br(9:)Br(9j) = Br(9i95), Br(9:)Br(gj) = Br(gig;)-
Br(9:)Br(9;) = Br(g;)BL(9:), (10.201)

for all pairs g;, g; € G. The set of matrices My, (B) = {B(g;) | g; €
G} is called a left reqular representation of G, and the set of matrices
Mgr(B) = {Bgr(gi) | g; € G} is called a right regular representation
of GG. The fact that these two representations commute can be used
to construct all inequivalent irreducible representations of any finite
group (the definitions of the terms inequivalent and irreducible are
given below). The left and right regular matrix representations
are 0 — 1 matrices; that is, matrices containing only 0 or 1. The
distribution of 0 and 1 into elements of the matrices is intrinsic to
the group structure itself, as determined by the Kronecker delta
functions in (10.199)-(10.200).

. As a second example, let S, denote the group of permutations of

the integers 1,2,...,n, as described in Sect. 10.1. Let E,, denote the
set of basis vectors of R" given by the unit column vectors

En={e1,ea,...,en}, (10.202)

where the 1 X n column matrix e; has 1 in row ¢ and 0's in all other
rows. The action of each permutation

1 9 ...
71'2( " >€Sn (10.203)

7'('1 7'('2 “ee 7Tn
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on the basis &, is defined by
n
Axej=ex, =Y bixei, j=1,2,...,n. (10.204)
i=1

This gives the matrix corresponding to the linear operator trans-
formation A, as
Ar = Pr, (Pr)ij = dix,, (10.205)

so that P is the matrix with unit column matrices given by
Pr=(ex, €x, --- €r,). (10.206)

Thus, we obtain the representation of the symmetric group S,, by
the set of n X n matrices given by

Pg, ={P, | 7€ S,}. (10.207)

The matrices in this set are called permutation matrices.The set of
permutation matrices coincides with the subset of allm xn 0—1
matrices, in which it is further specified that all row and column
sums are equal to 1. Alternatively, the set of permutation matrices
can be obtained as the set of matrices obtained by effecting all
possible permutations of the columns of the unit matrix of order n.
The above procedure could just as well have been carried out on
unit row vectors to obtain still another method of obtaining the set
of permutation matrices of order n.

3. Let Z;, each ¢ = 1,2,...,k, be an arbitrary nonsingular complex
matrix of order n; that is, an element of the group GL(n,C) of
all nonsingular complex matrices of order n, where multiplication
of group elements is matrix multiplication. Then, the Kronecker
product

Z=72102Zy® - @ Zy, each Z; € GL(n,C) (10.208)

is a matrix representation of the group GL(n,C). O

In examples 1 and 2 above, the positive integer n occurs in two con-
texts. In the first example, the group G is any group with n elements,
and the left and right regular matrix representations are by matrices of
size equal to the order of the group. In the second example, the sym-
metric (permutation) group S, of order |S,| = n! is represented by the
permutation matrices of order n. The second example can also be used
to obtain a representation of any finite group G by n x n 0 — 1 matrices
by using the fact that every finite group is a subgroup of a permutation
group Sy, for some positive integer n.
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Given an action of a group G on an orthonormal basis B of an in-
variant subspace H;, C H, one can always determine the action of G on
an arbitrary basis A, not necessarily orthonormal, of Hy :

A={la),|a),....| an)}, (10.209)

where n = dim™},. Each basis vector | a;) € A can be written as a linear
combination

la;) = sij | bi), si; €C, (10.210)

where the transformation matrix S = (s;;)1<i j<n is nonsingular. Since
each operator A, is linear, the action of G on the basis A is given by

Ag laj) = ZSUAQ | bi)
_Z “IMS)j | ar), 5=1,2,...,n. (10.211)

Thus, the matrix representation Mg (A) of G on the basis A is given by
Mg(A) =S 'Mg(B)S ={A(9) =S 'B(9)S | g G}.  (10.212)

The matrices A(g) = S™1M,S satisfy, of course, all the rules required of
a matrix representation.

If A and B are complex square matrices for which there exists a
nonsingular matrix S such that A = S~!BS, then A is said to be similar
to B under S. Similarity is an equivalence relation on the set M, of
all n x n complex matrices; that is, if we write A ~ B to mean that
there exists an S such that A = S7!BS, then A ~ A (reflexive), B ~
A (symmetric), and the two relations A ~ B,B ~ C imply A ~ C
(transitive). Thus, the set M, of all complex matrices of order n can be
partitioned into disjoint equivalence classes under the similarity rule ~ .

A matrix A € M, is said to be diagonable if A is similar to a diagonal
matrix. Since each matrix A € M, is either diagonable or nondiago-
nable, the set M, is partitioned into two disjoint subsets, the subset of
diagonable matrices and the subset of nondiagonable matrices. Diago-
nability is an equivalence relation. The set of nondiagonable matrices is
nonempty for all n > 2. For example, for n = 2, each Jordan matrix of
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the upper diagonal form

-4 1)

satisfies the rules of an additive abelian group, as given by

z € (C} (10.213)

h(0) = I, h(z')h(z) = h(2' + 2), h(—2)h(z) = h(0), (10.214)

and this group of matrices is nondiagonable. In general, each matrix
A € M, is either similar to a diagonal matrix or similar to a Jordan
matrix..

10.7.1 Irreducible representations of groups

Representations of groups can be constructed in many ways, as illus-
trated by the above examples. The direct construction of the class of
representations called irreducible is not so immediate. In the context of
this monograph, this concept is the following: Let G act invariantly on
an orthonormal basis set B of H;, C H. The set Ag = {A; | g € G}
of G—operators is said to be reducible on the space H; if there exists
a nonsingular transformation S of the orthonormal basis B of the form
(10.212) to a basis A such that the matrix representation A(g) of G has
the form

A'(g) Clg)

A(g) = S7'B(g)S = < 0 A > , forall g € G, (10.215)

where A'(g) and A”(g) are square matrices, and S is the same for all
g € G. In this case, each of the sets of matrices M/,(A) = {A'(g9) | g € G}
and M{,(A) = {A"(g) | g € G} is a matrix representation of G, as may be
shown directly from the fact that Mg (A) is a matrix representation. If
relation (10.215) holds, the carrier space Hy is said to be reducible, as also
is the corresponding matrix representation Mg (B). If no transformation
S to a new basis A of H; such that (10.215) holds for all g € G, the
carrier space H; of G is said to be irreducible, as also is the corresponding
matrix representation Mg(B).

In this monograph, we will encounter only Hilbert spaces H such that
each invariant subspace that carries a finite-dimensional representation
of G under the action of G is either irreducible, or possesses a basis
such that it may be expressed as a direct sum of two perpendicular
subspaces, each of which is invariant under the action of G. Thus, the
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subspace H; C H of G in (10.215) must satisfy the following conditions:

Hy = H/b S H//b, H/b 1 H//b,
AG : Hlb — Hlb; AG : H”b = H”b. (10.216)

This property is alternatively expressed as follows: A nonsingular trans-
formation of the basis of H; exists such that the matrix representation
M¢(B) has one or the other of the following two properties:

(i). Mg (B) is irreducible.

(ii). Mg (B) is reducible, and there exists a transformation S to a basis
A of 'Hj such that

= Ag)® A’ (g), forall ge G . (10.217)

This property is referred to as complete reducibility, in contrast to
the form in (10.215).

In the case of complete reducibility described in Item (ii), it is also
assumed that the subspaces, H’;, and H”j, are also completely reducible,
etc., so that by continuing the reduction process, the subspace Hp can
be written as a direct sum of perpendicular subspaces, each of which
is invariant and irreducible under the action of G. We may summarize
these results on reducibility and irreducibility, as implemented in this
monograph, as follows: The separable Hilbert spaces H that occur are
those for which an indexing set J exists such that for each j € J the
space ‘H is a direct sum of perpendicular subspaces, each of which is
finite, invariant, and irreducible under the action of G :

H= Z ®H;, Hj L Hj, all pairs j,j’ € J. (10.218)
Jj€eJ

Some of the invariant and irreducible subspaces in the direct sum may
carry equivalent irreducible matrix representations of G. Matrix repre-
sentations related by similarity transformations are said to be equivalent,
otherwise, inequivalent.

A unitary action Uy = Ay of a group G on a Hilbert space H having
the direct sum structure given by (10.218) is one in which each operator
Uy, g € G satisfies the inner product relation

(Y, Uy19") = (' Ugp)*, all pairs ¢, ¢ € H, (10.219)
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where (, ) is the inner product on H. This property is expressed by

(W [Ugs [ Y) = @ Uy [ )" (10.220)
in terms of the Dirac bra-ket notation, which we use frequently.

A unitary action Ug = {U, | g € G} of a group G on H is represented
by a group
Ua={U(g) | g € G,U(g) unitary} (10.221)

of unitary matrices on any orthonormal basis of each of the invariant,
irreducible subspaces H; C H,j € J :

Uji(9) = (3" Uy | )" = (G [ Uy | ') = Ujjeg™); (10.222)

that is, the matrix U(g) with rows and columns indexed, respectively,
by the pairs j,j’ € J is unitary:

Ulg) = U (9)*=U(g™") = (U(9)) "
Ul(g)U(g) = U(g)U'(g) =1 (10.223)

We will mostly be interested in unitary actions and the associated in-
equivalent, unitary, irreducible matrix representations of groups carried
by a separable Hilbert space of the sort described in this section.

10.7.2 Schur’s lemmas

In physical applications, a principal goal of representation theory is to
find all inequivalent, unitary, irreducible matrix representations of a
given group G, which is a symmetry group of the system. The irre-
ducible representations of such a symmetry group is a principal method
of classifying the quantum states of the system.

A criterion for determining whether a given matrix representation
Mg of G is irreducible is given by

Schur’s Lemma (matrix form): If the only nonsingular matriz C that
commutes with all matrices of a finite-dimensional matriz representa-
tion Mg of a group G is a multiple of the identity matrix, then Mg is
wrreducible; otherwise, it is reducible.

To prove this lemma, let us first consider the following problem: Let
Mg = {My | g € G} be an n x n matrix representation of a group
G, and let C be an n X n nonsingular complex matrix that is not a
multiple of the unit matrix and commutes with the representation M.
The determination of the properties of the matrices in the set Mg is
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intrinsically a problem in matrix theory. It does not depend on the
origin of the matrices, whether they come from a group action on a
Hilbert space, or are just presented outright with no hint as to their
origin.

The matrix C is either diagonable or it is nondiagonable. The class
of diagonable matrices includes the class of all normal matrices, where a
normal matrix N is any matrix that commutes with its Hermitian conju-
gate: NNT = NTN. The class of normal matrices includes the following
types: Hermitian, skew-Hermitian, real symmetric, real skew-symmetric,
unitary, orthogonal, diagonal, and all matrices unitarily similar to nor-
mal matrices. Indeed, a complex matrix is unitarily similar to a diagonal
matrix if and only if it is normal.

Let us next prove the following result from which Schur’s lemma is
an immediate corollary:

Let C # A, be an n X n nonsingular matriz that commutes with an n xn
matriz representation Mg of a group G. Then Mg is one of two types:
(i) If the matriz C is diagonable, then Mg is completely reducible; (ii) if
the matriz C' is nondiagonable, then Mq is reducible, but not completely
reducible.

Proof. (i). If the matrix C' # AI is diagonable, then there exists a non-
singular matrix S such that S™'C'S = D, where D is diagonal. It then
follows from M,C = CM, that (S~'M,S)D = D(S™'M,S). A diag-
onal matrix D has the direct sum form D = c1I1 @ colo ® -+ ® ¢y,
where the ¢;,i¢ = 1,2,...,k > 2, are the distinct eigenvalues of C,
the multiplicity of ¢; being equal to dim I;, the I; being unit matrices
such that Iy @ Io ® --- ® I, = I. But then M,C = CM, implies that

M, = Mg(l) ® Mf) S Mék), where dim Mggz) = dim ;. This relation
hosids for each g € G, since C' is independent of g. Thus, the representa-
tion Mg is completely reducible. A simpler proof may also be given for
the case where the matrix representation is by unitary matrices U(g). If
U(9)C = CU(g), all g € G, then also U(g)CT = CTU(g),allg € G, so
that U(g)H = HU(g) and U(g)K = KU(g),all g € G, where H = C+C"
and K = i(C — CT) are both Hermitian. One, or both, of H and
K are Hermitian, and nonzero. But Hermitian matrices are diago-
nable, in fact, normal, hence, the unitary representation Ug is com-
pletely reducible by a unitary similarity transformation. (ii). If the
matrix C' is nondiagonable, it has at least one eigenvalue A and one
eigenvector v; that is, Cv = Av. But then CM, = M,C, all gc G
implies that CMyv = AMyv, all g € G. Thus, each vector in the set
Yo = {yg = Mgv | g € G} is an eigenvector of C' with eigenvalue .
Moreover, the action of the matrix M, on the set of vectors Y is invari-
ant:

My : Yo — Yo with Mgy, =y, € Yo (10.224)
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Each of the vectors y, € Y is also a column vector of length n; hence,
at most n of them can be linearly independent. But the number must be
less than n, since if equal to n, then C' would be diagonable: The number
k of linearly independent vectors in the set Y satisfies 1 < k < n, since
Y9: = Yidentity = ¥ € Ya. Thus, there must exist a set Vi of linearly

independent vectors given by Vi = {ys, = v,9g,,...,Yg,}, for some
g; € G,i=1,2,..., k. The action of M, on the set V is given by the
linear transformations

k
nggj = Ygg9;, = Z CZ](g)ygm] = 17 2> s 7k' (10225)
=1

The set Vi of vectors can be extended, in infinitely many ways, to
a basis of the space of column vectors of length n by adjoining a set
{y1,92, -, Yn—r} of n — k linearly independent vectors, each of which is
linearly independent of the vectors in the set V. Thus, the set of vectors

{ylay27"'7yn—k7yglaygz7°"7ygk} (10226)

spans the space of column vectors of length n. The action of M, on this
basis set of vectors is given by linear transformations of the form

n—k k
i=1 i=1

(10.227)
k
nggj = Ygg;, = Z Cij(g)ygwj =1,2,...,k
i=1
Thus, the nonsingular matrix S
S = (yl Y2 - Yn—k Yg: Ygo - ygk) (10228)
with columns given by the column vectors in the set (10.226) has the
property
- S(g)  R(g) >
S™1M(g)S = < : 10.229
(9) - (10.229)

This relation is true whenever the matrix C' commuting with the matrix
representation M is nondiagonable. Since 1 < k < n, the representation
My is reducible, but not completely reducible. ]
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An example of a reducible group that is not completely reducible is the
group H given by relation (10.213): Each element h(z) € H commutes
with all elements of H; that is, h(z)H = Hh(z), and h(z) has eigenvalue
1 and only one linearly independent eigenvector col(1 0); hence, h(z) is
nondiagonable. This result generalizes to the abelian group of complex
upper triangular matrices T' given by

T:{t(a,b):(g 2) a,bEC;a#O},

t(1,0) = I,t(d’,¥)t(a,b) = t(a'a,a’b+b'a), (10.230)
t(a™', —ba"?)t(a,b) = t(1,0).

FEach matrix in the subgroup H commutes with each matrix in the group
T. The group T is reducible, but not completely reducible.

We have found the following references to be very useful for our syn-
opsis of topics in this compendium:

1. Linear algebra and Hilbert space: Berberian [10], Fraleigh [56],
Gelfand [59], Halmos [74, 75], Hungerford [81], Perlis [142].

2. Analysis: Boothby [29], Helgason [79], Simmons [162].

3. Lie algebra and Lie groups: Gelfand et al. [63], Fulton and Harris
[57], Goodman and Wallach [67], Hamermesh [76], Humphreys [80],
Jacobsen [84], Littlewood [105], Michel [132], Sattinger and Weaver

[159, Sternberg [166], Weyl [177, 178], Wigner [181], Wybourne

189].

4. General: Roman [152], van der Waerden [172, 173].



Chapter 11

Compendium B. Basic
Combinatorial Objects and
Structures

This Compendium introduces objects from combinatorics that we need
in order to relate the theory of the representations of the unitary group
U(n), and more generally the integer representations of general linear
group GL(n,C), as closely as possible to combinatorics. Much of the fo-
cus of this work is not on the groups themselves, but rather on the class

of multivariable D*—polynomials that yield all inequivalent, irreducible
representations of U(n) (and the integer representations of GL(n,C))
when the indeterminates z;; are suitably specialized. It is accordingly
not unexpected that the present work encompasses many of the basic
combinatorial tools on which present-day approaches to combinatorial
theory are built. We pay special tribute to the books by Andrews [1],
Kerber [88], Macdonald [126], Rota [154] (and his many lectures, notes,
and review articles), and Stanley [163]) for making combinatorics acces-
sible, and also to colleague and collaborator, Bill Chen, for help in the
interpretation. These topics include the concepts of partitions, Young-
Weyl tableaux, Gelfand-Tsetlin patterns, graph theory, expecially binary
trees, digraphs, and cubic graphs, generating functions, the umbral cal-
culus, and group actions. For example, it turns out that MacMahon’s
master theorem is a unifying combinatorial relation underlying the quan-
tum theory of angular momentum of composite systems. Many books,
in addition to those mentioned, are devoted to detailed and rigorous de-
velopment of many of these topics. Of necessity, our treatment is very
uneven: some topics are presented very briefly; others are given great
discussion, depending on our needs. The properties of the Littlewood-
Richardson numbers, which are so important for physics, falls among the
latter topics. We list additional reading at the end of this Compendium.

505
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11.1 Partitions and Tableaux

Partitions are sequences of positive integers (A1, A2,...,\,) satisfying
the conditions

AM>XA>...> A, >0 neP, (11.1)

where the length I(A\) = n of the sequence is any positive integer. The
positive integer ); is called the i—th part of the partition. If > | \; = k
and I(\) = n, then A is said to be a partition of k into n parts. This set
of partitions is denoted by

Par, (k) = {A = (A, Ao, \) | A F k), 1<n <k, (11.2)

where A F k denotes that the parts of A sum to k. The cardinality of
the set Par, (k) is denoted by

pn(k) = |Par, (k). (11.3)
By convention, we take p,(k) = 0, for all & < n. The number p, (k) has
the special values p1(k) = pr(k) = 1,k > 1, and pp_1(k) = 1,k > 2,

since the corresponding partitions are (k), (1¥), and (2,1¥72), k > 2. By
convention, The notation a” for h a nonnegative integer means that the
symbol « is to be written sequentially h times with h = 0 denoting no
occurrence. For all other values of the pair (k,n), the number p, (k) can
be calculated from the recurrence relation (Stanley [163], p. 28):

Pn(k) =pn—1(k—=1)+pp(k —n),2 <n <k, (11.4)

where, by convention, p,(k —n) = 0, for k¥ < 2n. The set Par(k) of all
partitions of k is then given by

Par(k) = | ] Pary(k), k > 1. (11.5)

For example, the set Par(4) is given by
Par(4) = {(4),(3,1),(2,2),(2,1,1),(1,1,1,1) }. (11.6)

The cardinality of the set Par(k) is given by

k
[Par(4)] = > pu(k). (11.7)
n=1
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The set of all nonempty partitions of arbitrary length is given by

Par = U Par(k), (11.8)
k>1

By definition, Par(0) is the empty partition, which we denote by Ay, and
could be included in (11.8). (By convention, the empty set is assigned
cardinality 0.)

In the theory of partitions, the integer 0 is often not admitted as a
part. Our applications of partitions are most conveniently carried out by
allowing zeros.

A partition with zero as part is a partition A to which a sequence of
zeros (0,0,...) has been adjoined at the right-hand end:

(A0 = (A1, Aa, ..., 0, 0,0,...,0), (11.9)
n—l

where [ = [(\) denotes the number of nonzero parts. This situation
corresponds to modifying definition (11.1) of a partition to the following:
A partition with zero as a part is a sequence of nonnegative integers
(A1, A2, ..., \,) satisfying the conditions

M>XA>...> A >0, neP. (11.10)

We use notations analogous to those above for the following sets of par-
titions with zero as a part:

Pary(k) = A= (A1.. s )M >0 > A > 0,0 - k),

(11.11)

Par,, = UIP’arn(k:), (11.12)
k>0

Par = | JPar,. (11.13)
n>1

The sets Par, (k) and Par, of partitions always has n parts, where we
count each repeated zero as a part; Par, (k) contains a finite number of
elements, but Par,, is countably infinite, as is Par. The set Par,, includes
Par,,(0) = (0"”). In general, the number of zero parts is unspecified. For
example, the set Parg(5) is given by

Pars(5) = (5,0,0), (4,1,0),(3,2,0), (3,1,1), (2,2, 1). (11.14)
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In order to avoid the awkward phrase “partitions with zero as a part,”
we refer to such sequences simply as “partitions,” occasionally amplifying
the description of the parts for clarity, but generally letting the notation
P carry the burden that such sets of partitions can have 0 as a part.

The relation between the two kinds of partitions, those with no 0
parts and those with 0 parts is

Par(k) = Pary(k), (11.15)

where Pary,(k) is the set of partitions obtained from Pary(k) by deleting
all zeros from each partition in the set. Similarly, the set Par,, (k) is given
by

Par, (k) = Par(k), (11.16)

where Par(k) is the set of partitions obtained from Par(k) by deleting
all partitions of length greater than n, and adjoining /s, as necessary,
to the remaining ones so that all partitions have n parts.

It is useful to remark further on partitions with no zero parts and
those with zero parts. The viewpoint that one adopts depends on the
information that one wishes to encode in a particular study. In the
description of Young tableaux (see Sect. 11.2), a Young frame or shape is
fully determined by a partition A € Par(k). Thus, (2,1) gives the shape
with two boxes in the first row and one in the second, left-justified, as
depicted by

(11.17)

In the case of partitions with zero parts, each partition (2,1,0,0,...)
containing arbitrarily many zeros is associated with the same Young
frame (11.17).

Associated with each Young frame of shape A\ € Par(k), there is a
set of “filled-in” shapes corresponding to the assignment of nonnegative
integers to the boxes. In particular, such a rule of assignment is that each
row of boxes contains only sequences of nonincreasing integers and each
column only sequences of strictly increasing integers. Thus, in the case
of the shape (2,1), the filled-in shapes are countably infinite in number
as given by

]

_ 0>base (11.18)
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where a, b, c are nonnegative integers. Each such filled-in frame consti-
tutes what is called a semistandard Young tableau (SSY tableau,).

The Young frame (10.17) of shape (2,1) is associated with every par-
tition (2,1,0""2) € Par,(3),n > 2. The rule for filling in the boxes
to obtain a semistandard Young tableau is still that each row of boxes
contains only sequences of nonincreasing integers and each column only
sequences of strictly increasing integers, but now we assign a further
role to n, which counts the number of parts, including 0 parts: The in-
tegers assigned to the rows and columns are to be drawn from the set
{1,2,...,n}. We define the finite set of semistandard Young tableaux
Ty, where \ € Par,,, by

| all semistandard tableaux of shape A 11.19
(A1,A2;.An) filled in with integers 1,2,...,n - (1L.19)

Examples. Sets of semistandard tableaux T(g 1 gn—2) for n =2,3:

T(Q,l):
11 12
B B (11.20)
T1,0 :
1]1] 1]2] 1]1] 1]2]
2] 2] 3] 3]
(11.21)
2[2] 1]3] 1]3] 2[3]
3] 2] 3] 3]
O

We refer to the Young frame itself as having shape A, it being under-
stood that there are no rows in the shape corresponding to the 0 parts
of the partition. For reasons given below, we refer to a semistandard
tableau T\ € Ty as a semistandard Young-Weyl (SSYW) tableau: A
SSYW tableau is a collection of boxes of shape \ such that each row of
bozxes contains sequences of monincreasing integers and each column se-
quences of strictly increasing integers, these integers being drawn from
the set {1,2,...,n}.
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The cardinality of the set T) is given by the famous Weyl dimension
formula derived in Sect. 11.8.1. For example, the cardinality of the sets il-
lustrated in (11.20)-(11.21) can be shown directly, or calculated from the
Weyl formula for general n, to be [T(g 1 gn-2)| = 2(";1). The enumeration
of semistandard Young tableaux based on the set of partitions Par,, con-
tain partitions with 0 parts is motivated by our use of what are known as
Gelfand- Tsetlin patterns. These patterns, which are defined in Sect. 11.3
have a principal role not only in the enumeration of the inequivalent
irreducible representations of the unitary group U(n), but also in the

enumeration of a class of polynomials, called D*—polynomials, treated
extensively in Chapters 5 and forward. Since Weyl introduced partitions
with 0 parts, we refer to the corresponding semistandard Young tableaux
as semistandard Young-Weyl (SSYW) tableaux (see Sect. 11.3.2).

The utility of the enumeration of polynomials by the use of parti-
tions with zero parts can be illustrated quite directly. In applications of
partitions, one often encounters functions of the partitions themselves,
or their occurrence in an ancillary role of indexing other mathematical
objects. Let us illustrate this. The function of partitions of three parts
given by

Dim()\l, )\2, )\3) = ()\1 - )\2 + 1)()\1 — )\3 + 2)()\2 — )\3 + 1)/2 (1122)

is the Weyl formula for the number of semistandard Young-Weyl tableaux
of shape (A1, A2, A3). This function may be viewed as being defined over
all real values of (A1, A2, A3), and in particular over all nonnegative inte-
gral sequences (A1, A2, A2) that satisfy Ay > Ao > A3 > 0. Thus, the
dimensions of the inequivalent unitary matrix representations of the
unitary group U(3), and, equivalently, of the number of semistandard
Young-Weyl tableaux of shape (A1,0,0), (A1, A2,0), and (A1, A2, \2) is
synthesized into a single formula. Another example shows how functions
of several variables are also unified into a single formula:

Fo(z1) = 7,

Az

. (11.23)

r1 X2
A

$)\1 —A2

Fonno) (71,91, 72, 42) =

Fin pone) (T1, 91, 21, T2, Y2, 22, 73, Y3, 23)

A3
Aa—As | 1 X2 T3

Y1 Y2 Y3
21 Z2 Z3

xr1 T2
A

— A1 A2
= 1‘1

Not only are the first two formulas special cases of the last one, but
there is a reciprocity between values of the variables and values of the
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partitions: If we set x3 = y3 = 21 = 22 = 23 = 0 in the third function, we
obtain 0, unless A3 = 0, in which case we obtain the second function; and
if we next set y1 = xo = yo = 0, we obtain 0, unless Ay = 0, in which case
we obtain the first function. Such hierarchical relations and reciprocities
are essential for the explicit construction of irreducible representations
of the unitary groups. Such structures are captured most economically
by using partitions with zero parts.

The development of the properties of partitions is a fairly sophisti-
cated subject with a long history (see Andrews [1]). The cardinality of
various classes of partitions is often available from generating functions.

The simplest case is
[Ja—t)"" =" [Par(k)[t*. (11.24)
§>1 k>0

If constraints are imposed on the parts of a partition, the situation
can become quite intricate. A renewed interest in generating functions
based on interpretations and extensions of MacMahon’s Partition Anal-
ysis (MacMahon [129]) has been carried out by Andrews et al. [4] (many
reference to the published literature are found here).

An example of this, going back to Gauss and amenable to the new
methods, is given by the subset of Par(k) defined as follows: Let k be
an arbitrary positive integer, and let m and [ be any integers in the set
{1,2,...,k}. For each triplet of such integers, define the set of partitions
Par(k;1,m) C Par(k) by

Par(k;l,m) = (11.25)
{N € Par(k) | AF k has at most [ parts with each part < m}.
The generating function for |Par(k;l,m)| is the Gaussian polynomial

G(l,m;t) = G(m,l;t), which is a polynomial of degree Im in the inde-
terminate ¢ :

(1 _ tl+m)(1 _ 75H—m—1) . (1 _ tm-i—l)
1—tHA —t=1)--- (1 —1¢)

Im
= > [Par(k;l,m)|t", (11.26)
k=0

where G(I,m;0) = 1. It is nontrivial to effect the division of the numera-
tor factors by the denominator factors in (11.26) and to multiply together
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the resulting polynomial factors to obtain the coefficients |Par(k;l, m)|
on the right-hand side. We refer to Andrews [1], Chapter 3, for proper-
ties of Gaussian polynomials and additional properties of the numbers
|Par(k;1,m)|.

11.1.1 Restricted compositions

It is quite interesting that the counting of the partitions in the set
P(k;1,m) given by the generating function (11.26) can be generalized
to that of the counting of compositions (see (1.244), Chapter 1) with
restricted parts, where the set of restricted compositions is defined by

(Ck,n(h) = {a = (al,ag,...,an)\a F k,O <qo; < hi,i = 1,...,71},
(11.27)
where h = (hy,ha,...,hy) is an arbitrary sequence of nonnegative in-
tegers. The cardinality of this set, ¢, ,(h) = |Cgpn(h)|, can be given
in terms of the Clebsch-Gordan (GG) numbers N;(j1,J2,-..,0n),J =
Jmins Jmin+1, - - -, Jmax, defined and discussed in Sect. 2.1.1 and Sect. 2.1.3,
Chapter 2. They are obtained as follows: Define recursively the multisets

<j17j27j3>> <j17j2>j37j4>7 s by

(J1, 925 -« Jig1) = {1205 Jit1) | 125 € (1,920 Ji) b (11.28)

where i = 2,3,..., and

(g1,72) = {ld1 = g2ls i1 — Jol + 1, g1 + 2} (11.29)
is the set with elements given by the well-known CG series. Then, the CG
number N;(j1, 2, ..., jn) is the number of times j occurs in the multiset

(41,72, - - -, Jn); they are fully determined from the multisets generated
by (11.28)-(11.29) for all n > 2. Relations (2.36)-(2.39) give

Jmax

Ck,n(h) = Z Nj(jl,j2,---,jn), (1130)

j:jmax_k
where j; = h;/2,i =1,2,...,n. Remarkably, for all h; = s, we have:

Jmax

|Par(k;n, s)| = cpn(s,s,...,s) = Z Nj(s/2,s/2,...,5/2),
J=Jmax—k
(11.31)
where jmax = ns. All coefficients in the expansion (11.26) of the Gaus-
sian polynomial G(n, s;t) are expressed in terms of CG numbers by using
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the symmetry relation
|Par(k;n,s)| = |Par(ns — k;n, s)|. (11.32)

While the above relations follow a different presentation, we first learned
of the relation between CG numbers for equal angular momenta and
Gaussian polynomials from the preprint by Sunko and Svrtan [168].

11.1.2 Linear ordering of sequences and partitions

For the applications considered in this monograph, we require a linear
ordering on the set of all compositions of length IV, which is the set of all
sequences of nonnegative integers of the same length. Thus, we define
the set Ay of compositions for each N =1,2,... by

Ay ={a = (a1,as,...,an) | each a; € N}. (11.33)

We require a linear ordering of all sequences in this set. Notice that
sequences in this set may have 0 as a part. This ordering is defined
as follows: Let o, 8 € Ay. Form the difference sequence (ay — 31,0 —
B2, ...,an — Bn). If the first nonzero difference is positive, write o > 3;
if negative, write a < (; if all zeros, write @ = 3. This ordering is called
lexicographic (page) ordering, which we denote by Ly. The first page
is 0V, where to obtain a page number the parenthesis pair and comma
separators are removed from the sequence notation.

We use this same lexicographic order £, on the set Par, of partitions
with 0 as a part. For example, the partitions in the set P7(6) are ordered
as follows:

(6,0,0,0,0,0,0) > (5,1,0,0,0,0,0) > (4,2,0,0,0,0,0)
> (4,1,1,0,0,0,0) > (3,3,0,0,0,0,0) > (3,2,1,0,0,0,0)
>(3,1,1,1,0,0,0) > (2,2,2,0,0,0,0) > (2,2,1,1,0,0,0)
>(2,1,1,1,1,0,0) > (1,1,1,1,1,1,0). (11.34)

If all 0's are deleted from the partitions in this set Par;(6), the mapping
Par7(6) — Par(6) is obtained and the partitions in the set Par(6) can be
considered as inheriting the order rule. In general, an ordering rule for
the partitions in Par(k) is obtained by adjoining zeros to the right end of
a given partition as necessary to obtain the set of partitions Par, (k), for
any n > k, and then applying the lexicographic order rule to the latter
set, which is then carried back to Par(k).

In the theory of partitions (with no zero parts), one encounters the
notation A D u. This notation refers to any pair of partitions A, 4 € Par
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such that
Ai > g, alli=1,2,.. .. (11.35)

By design, this notation and condition express the property that the
Young frame corresponding to the partition p is contained within (or
coincides with) the Young frame corresponding to the partition A (see
Sect. 11.2 below). The relation A D p is a partial order relation on the
set of all partitions. This relation is only a partial order because, for
example, sequences such as A = (5,4,2) and p = (4,2,1,1), where the
length of u exceeds that of A, are not comparable. The relation A 2 u
can be applied to all sequences in the set Par,, of partitions having the
same number of parts. For this set of partitions, the relation A D pu is
a total order relation; that is, either A D u, u D A, or A = p; moreover,
it agrees with the lexicographic order given above. We use the partial
order symbol A O u only in the context that the shape u is contained in
the shape A in the sense of Young frames.

Another important partial order on the set of partitions is known as
dominance order. It is defined only for partitions in Par(k), or, equiva-
lently, for partitions in Par, (k). For e